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Introduction

s
ﬂ’)‘ OF)‘ ) r.l.
We are pleased to introduce this book to show the philosophy on which the academic content
has been prepared. This philosophy aims at:

1 Developing and integrating the knowledgeable unit in Math, combining the concepts and relating
all the school mathematical curricula to each other.
2 Providing learmers with the data, concepts, and plans to solve problems.
3 Consolidate the national criteria and the educational levels in Egypt through:
A) Determining what the leamer should learn and why.
B) Determining the leaming outcomes accurately. Outcomes have seriously focused on the fol-
lowing: learning Math remains an endless objective that the learners do their best to beamn it all
their lifetime. Learners should like to learn Math. Leamners are to be able to work individually

or in teamwork. Leamers should be active, patient, assiduous and innovative. Learmers should
finally be able to communicate mathematically.

4 suggesting new methodologies for teaching through (teacher guide).

5 Suggesting various activities that suit the content 1o help the leamer choose the most proper activi-
ties for himher,

6 Considering Math and the human contributions interationally and nationally and identifying the
contributions of the achievernents of Arab, Muslim and foreign scientists.

In the light of what previously mentioned, the following details have been considered:

* This book contains three domains: algebra, relations and functions, calculus and trigonometry. The
book has been divided into related and integrated units. Each unit has an introduction illustrating
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is
divided into lessons where each lesson shows the objective of learning it through the tithe You will
learn. Each lesson starts with the main idea of the lesson content. It is taken into consideration
to introduce the content gradually from easy to hard. The lesson includes some activities, which
relate Math to other school subjects and the practical life. These activities suit the students” dif-
ferent abilities, consider the individual differences throughout Discover the error to correct some
common mistakes of the students, confirm the principle of working together and integrate with
the topic. Furthermore, this book contains some issues related to the surrounding environment

and how to deal with.

* Each lesson contains examples starting gradually from easy to hard and containing various levels
of thoughts accompanied with some exercises titled Try 10 solve, Each lesson ends in Exercises
that contain various problems related to the concepts and skills that the students learned through
the lesson.

* Each unit ends in Unit summary containing the concepts and the instructions mentioned and
General exams containing various problems related to the concepts and skills, which the student
learned through the unit.

* Each unit ends in an Accumulative test 1o measure some necessary skills to be gained to fulfill the
leaming outcome of the unit.

* The book ends in General exams including some concepts and skills, which the student learned
throughout the term,

Last but not least. We wish we had done our best to accomplish this work for the
benefits of our dear youngsters and our dearest Egypt.
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% Unit introduction

Fibonacci (1170 - 1250 )

Fibonacci was born in pisa in Italy. He oniginally delivered his education in Maghreb Countraes, He
had brought the Arab numbers and algebraic exponents used up today. Furthermore, he had introduced
and identified the accounting systems to Buropeans. These systems had greately exceeded the Roman
systems which had been widely spreaded on that time in Earope. He had been best known for a problem
that leads us to the following number sequence which has been named after him up to date. This
sequenceis:(1,1,2,3,5,8,13,21,34, 55,89, 144,_)

It is noticed thal each number starting with the third number is the sum of the two numbers preceding
directly to it The rule of this sequence is identified as follows:

Tooy=T,+7T,,, . foreachne Z*

Fibonacer's numbers had been used for analyzing the financial markets and the computer algonithms such as
Fibonacci technology for scarching and structuring the overstock of Fibonacci's data, It clearly appears in the
biological orders such as branching of trees, ordering of leaves on the stem and the order of the pine cone

Unit objectives

By the end of this unit and doing all the activities
included, the student should be able to :

2

Identify the concept of the sequence
Distinguish between the sequence and the
SCTICS.

Identify the arithmetic sequence.

Deduce the general term of an anthmetic
soquence in different forms |

Find the arithmetic mean of an anthmetic
soquence.

Identify the finite and infinite senies.

Find the sum of a finite number of the terms of
an arithmetic sequence in different forms.
Identify the geometric sequence.

Deduce the general term of the geometric
soquence

Find the geometric mean of a geometric
soquence.

Pure mathematics - Second form secondary - Science-section

Deduce the relation between the arithmetic
mean and the geometric mean of two different
positive numbers .

Find the sum of a finite number of the terms of
a geometric sequence in different forms.

Find the sum of an infinite number of the terms
of a geometric sequence.

Find the sum of an infinite geometric serics.
Convert the recurming decimal into a common
fraction.

Function the arithmetic and 'biam’lm
sequences 1o interpret some life problems such
as overpopulation,

Solve life applications on scrics.
Use the cakulators to solve math and life
problems using the sequences and serics.

2019 - 2020



‘ Key terms

Function

Term

Finite Sequence
Infinste Sequence

Increasing Sequence

Summation Notation
Arithmetic Sequence
Common Difference
Arithmetic Mcans
Arithmetic Senics

Decreasing Sequence Geometric Sequence
Series Common Rabo
Q Lessons of the unit

Lesson (] - 1) Sequences.

Lesson (1 - 2) Senes and summation notation.

Lesson (1 - 3); Arthmetic sequences,

Lesson (1 - 4 Arthmetic senies.

Lesson (1 - 5); Geometric sequences.

Lesson (1 - 6). Geometric series.,

Geomers sequenie  AMThimet sequence

Gesmetric mean  Arthimetic mean

Relatson betmesn srrten otc and gromets < means

Al Ashraal Printing House

Geometric Means
Geometnic Senies
Infimite Geometric Scries

Infimity

— Materials

Scientific calculator - Graphics.

A Unit planning guide

Sequences

Aterrating Decwssing Incressing

Geometricseries  Arithmetic saries

S of The st W termns of 4t
Samn of o vt mumbser of s boems

Student book ~ Second term
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Unit One

g g\ o/

B vouvillieam Introduction;
» Definition of sequence You have previously leamed the patterns such as (1, 3,5, 7, ...) and
» Finite and infinite se- learned that the pattern is an order of a set of real numbers . In this unit,
p—— we are going to shed light on some of these patterns and leam them
» 0™ term of a sequence, deeply
» Increasing and decreas- N s— -
ing sequence. N
-9« Think and discuss
Leam the following pattern, then answer the questions: (1,4, 7,10, .
1) What is the relation between cach term and me
ﬂ Key - terms the term next o it?
» Sequence 2) Can you find the next two terms of the pattern?  1he  fanction ks .:
» Finite Sequence 3) Can you find the ninth term of this pattern . two sets X and Y so
::t::emme (don't try to find the previous terms)? x“ — ‘::.&:
h projection only ome time
» Increasing Sequence @ Learn in 2 Umited ordered
» Decreasing Sequence ) padrs of the relation.
» Constant Sequence
» The sequence is a function whose “o
domain is the set of the positive integers
. o o (1) Terms of a sequence
Z* orasubsetofitand ilsrangeisasel Lol oo onts of the
term is denoted by T, the second term () The symbol (T)
is denoted by T, and the third term is  ©XPresses the sequence
- denoted by T, and son on.... and the 1® et por 1 ®
Matrials . : expresses its n'™ term.
term is denoted by T the sequencecan — (3) The sequence s
» Scientific Calculator ° .
be expressed by writing down its terms  subjected to the order
* Graphic programs between two brackets as follows: of I demmb waile
T..T..T T the set Is not subjected
1 DTyl 1) to the order of Its
or denoted by the symbol (T). clements.
(4) The elements of the
. set don not recur while
Refinition: the clements of the
Finite and Infinite Sequences sequence may recur.
The sequence is finite if the number of its terms is finite (i.e. can be
counted) the sequence is infinite if the number of its terms is infinite
(an infinite number of elements)

4 Pure mathematics - Second form secondary - Science-section 2019 - 2020



Sequences | 1= 1

N P -

Q Example
(1) Write down each of the sequences whose n® term is given by the relation:
8 T, =n"~-1 (wfive terms starting with first term)

BT = ;(n—'):l (to an infinite number of terms starting with first term)
O solution
2 Jetn=1 lhch.:(l):-l:() , lktn=2 Ihch2=(2):-l=3.
letn=3 thenT,=(3)*~1=8 , letn=4 thenT,=(4)*-1=15,

letn=35 lhchsl(S):-an‘t
the sequenceis: (0, 3, 8, 15,24)

1y 2
bletn=1 thenT,= 1= letn=2 tenTy=535=1
letn=3 MT}=%='—_} . lkitn=4 [hch‘z,—%:.Ll:%
0 _ -
letn=5 thenTy= "2 =
The sequenceis: (-, . 5. . ;1. )thesequence in this case s called an altermating

sequence (Le. aterm of its terms 1s positive and the other is negative or vice versa).
E) 1ry to sotve
{1 Write down each of the sequences whose n® term is given by the relation:
a T =1+ ,2_ (1o an infinite number of terms starting with first term)

N
b T, =sin % (to five terms starting with first term)
General Term of a Sequence

The gencral term of a sequence (it is sometimes called n™ term) is written as T, where T, is the
image of the element whose order is n and can be found sometimes through the given terms of
the sequence by realizing the relation between the value and order of the term.
For example:

# The general term of the sequence of even numbers: (2, 4, 6, 8, ) 8T =2n

# The general term of the sequence of odd numbers:( 1, 3,5, 7,..) sT =2n-1

3 = L =) 1 Wt = D"
# The general term of the sequence:( 3 4 56 ) mT.-n‘z
Qm
(2) Write down the first five terms and the general term of the sequence (T,) which is defined
as follows:

T,=2and T,,,=2T, where n > 1

Al Ashraaf Printing House Student book - Second term 5



\Unit one: Sequences and series [

© sotton @O
by substituting the value of n = 1,2, 3,4, 5 in the relation T, =27,
letn=1 T,=2T, §e:T,=2x2=4=2"(bysubstitutingT, =2)
ltn=2 T,=2T, ie:T,=2x4=8=2"(bysubstitutingT,=4)
ltn=3 T,=2T, ie:T,=2%8=16=2*(bysubstitutingT,=8)
letn=4 T,=2T, ie:T;=2x16=32=2"(by substituting T, = 16)
The first five terms of the sequence are: (2, 4,8, 16, 32)
The general term of the sequence (T ) is: T =2"

Think;

1= How can you check the solution above?

i
1l
sif

i
i

(L3,87..)

E) vry to solve
(2) Write down the first six terms of the sequence (T,) where: T, , =T, , +T wheren =1,
T,=2and T,=3

Increasing and Decreasing Sequences

Check the following sequences:

1 ¢5,-1,3,7, 11,15, ........) (What do you notice?)
» @.2,1,3,. 1.1, —. ) (What do you notice?)

» In the first sequence: -1 >-5 ie. T,>T,, 3>-1 ie. T, >T,and soon for the
rest of the terms. Le. each term of the sequence is greater than the directly previous term.

» In the second sequence: 2 <4 ie. T,<T,, 1<2 ie. T, <T,and soonic.cach
term of the sequence is lesser than the directly previous term.

Definiton: @ENO

» The sequence (T,) is called increasing  if T, >T, . ]
» The sequence (T,) is called decreasing  if T, , <T, mml' ."‘_l' - "'::
T, =a. It may be finite
Q € . or infinite.
3 Show which of the sequences (T,) 18 in increasing , decreasing or otherwise.
® T,=2n43 b T,=_! e T,=L 44
3n-1 2n

6 Pure mathematics - Second form secondary - Science-section 2019 - 2020



Sequences [ 11

Yy

g
O Solution
& Find T, as follows: T,,;=20+1)+3=2n+5
Find the resultof: T - T : T,,-T,=(2n+5)-2n+3)=2>0

T,,, >T, ie. the sequence is increasing for all the values of n
b FindT,,  asfollowss T, ,=— =1

1T 3me -1 3.2
Find the resultof: T - T : T ..T=_1_._1 2 -l

3
T (Gn+2)(3n-1)

T,.; < T, ie. the sequence is decreasing for all the values of n
+1 +1 +1
T._(l)" Co_cnet et

<0

cT

sel” 08T 2mel) 20 2(nel) 2n
et (! A oy (Ara+l
=)™ '2(n+l)’ 2n =1 |2|1(n+l)l
el (20t
=D |2l(n+l)'

This expression is positive when n is an odd number and negative when n is an even number

1.¢. the sequence is neither increasing nor decreasing.

E) 1ry to sotve
(3) Show which of the sequences (T,) is increasing . decreasing or otherwise.

a T.:%-s b 'r.=(%)n € T,=(20

@ Exercises (1-1) @
Complete:

(l) The sequence is a function whose domain is or

{2) The seventh term of the sequence (T,) where T, =2 n% + 3 is

(3) The fourth term of the sequence (T,)w!mT_:':TTl is

(&) In the sequence (T,) where T,, ,=nT,,.n21ifT,=1 thenT, =
{5) In the sequence (T,) where T, =3n* - 1 if T, =74, thenn =

{6) The n™ term of the sequence (1, 8, 27, 64,  )is

70 The n™ of the sequence (-1, 4, -9, 16, )is

Al Ashraal Printing House Student book - Second term
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\Unit one: Sequences and series [
Complete the following using: >, < or=

(8) The sequence is decreasing if: Tast T, forcachnz1
{9) The sequence is constant if: y WS T, forcachnz1
30) The sequence is increasing if: T, T, [forcachn=1
Choose the correct answer:
30 The sequence whose n™ term is T, = % - 1 where n € Z* represents:
8 [Increasing sequence b Decreasing sequence
¢ Constant sequence d Altemating sequence

32 The general term of the sequence (2 x 3), (3 x 4), (4 x 5), (5 x 6), .)is

& (n=1)n+1) b nin+l) € 2nin+1) d n+1)n+2)
Answer the following questions:
33 Show whether cach of the following sequences is finite or infinte:

a (1,4,7,11, )

b 3,5,7,9, , 21)

€ The sequence (T,) where T, =n°~1, neZ*
d The sequence (T,) where T, !%#3. ne{l,2, 3,4, 5)

ﬁ@ Wirite the first five terms for each of the following sequences whose general term is given by
the following rules:

a T =n+n’ b T"zzn—l-s' ¢ T..:(%)'
d T,=sin(§ m d T,=(-1"n-2)7 e Tag(-'::)'
35 Write down the general term for each of the following sequences:
°2.5.8. 11, ) 0d. 3,24 )
€ (1.8,27,64, ) da, L, L, o)
¢ (-1.2,-4,8.-16, ) f (t‘l)s%.cm%.cosﬂ.tm%r. )

36 Show whether each of the sequences (T,) is increasing , decreasing or otherwise in each of
the following:
8 T, =3n+5 b T,=142
O T, =1y 4 T, =1 @+1)

8 Pure mathematics - Second form secondary - Science-section 2019 - 2020



sequences | 1= 1

N y

ﬁi Sperts: Karcem does physical fitness exercises for 8 minutes in the first day and increases
the training period for two minutes daily.
8 Write the first five terms of this sequence.
b Find the general term of this sequence.
€ How long does karcem take in the seventh day?
d  In which day does karcem take half an hour? Explain.
18 Discoverthe error;
@ Each function whose domain is Z is a sequence.
b Each function whose domainis {0, 1, 2, 3, 4, .} is an infinite sequence.
¢ In the sequence (T,) where T, =n® then T, > T, _,

Creative thinking: In the sequence (T)ifT, =9 , T,=36andT__ =T +nx,find the
value of x,

e,

i

N ctivity ]
1- If(T,) is a sequence whose termsare (1, 1,2, 3,5, 8,13, ).
@ Study the patiern of the sequence , then find the eighth and ninth terms.
b Represent the first nine terms of the sequence graphically.
€ Do we consider such a sequence increasing , decreasing or otherwise? Explain.

d  Write down the relation between the terms of this sequence.
d  For more information about fibonaccr's sequence, 1og in (wwwgohrwcom FAbonace) .

Al Ashraaf Printing House Student book - Second term 9



UnitOne Serfies amnd summatiom

1-2

. You will learn
» The concept of series
» Finite series
» Infinke serles
» Algebrax properties of

summaton

ﬂ Key - terms

b Seren
» Finie Sertes

» iefnde Serves

B Matriais

» Schentific Caloulancr

e lant
v*dl\
Sermamatien . (T,)
e "> Z
he firu /'l = ] T
vabee of v
swrbes
rule

notatiom  /

In our daily language, we use the two expressions; sequence and series as
two equivalent words. Although those two words are correlated meaning
fully, there is a mathematical difference between them. The sequence is
an ordered list of numbers whereas the senes is the sum of terms of the
sequence.

Forexample: (2,5, 8, 11, )isasequence while 245484 11+ is
the series correlated with the previous sequence. The summation notation
*Z* can be used for writing the series in short forms and can be read as

"sigma” .
@ Learn

Finite Series

Itis written in the form: T + T, + T, + +T +..+T,
where n is a positive integer, T, is the terms whose order is n in
the series and the numerical value of the finite series is called
the sum of the terms of the comresponding sequence.
1'I|cﬁniles'c|ria:a|+a,+a_,+...+a, ...+ @ can be writien in
lheformrgxl (a)and read as the sumof a fromr=1tor=n

Qw
1. Expand each of the following series, then find the expansion sum.
7
a i(r’) b ¥ (2r-1) c i‘ (.1
e=1 r=1 r=1 r+l r
o;«w?
a zl(r‘)=|3+23+31+42=|+u9+|6=30
=
7
b zl - =2x1=-D+2x2-D+2x3-1)+(2x4-1)
r=
+(255-1)+2%6=-1D+2xT=1)
=1 +3+5+7+9+11+13=49
1 yed had h,dd |- .9
- r:zl (ﬁ‘T)-(2~l)¢(‘-2)+(4")§ *(ﬁ';)
1 1 1,1 1
=3-l0;-5#z-3+ +ﬁ-%
=1 1=1-n-1_ ~-n
n+l n+l n+1

1 0 Pure mathematics - Second form secondary - Science-section 2019 - 2020



Series amd summation notation 1-2

N /
E) ey to soive
(1) Write down the series in the form of an expansion , then find its sum:
5 . 9
o I (48 b I (r+2) 0 b (.1,
r=1 r=1 r=1 r+2 1+l
Infinite Series

The terms of the infinite series cannot be counted . For cumplc the scncs
-349-27481-243+ can be written in the form of }.‘ (3) The symbol = is used
to express infinity.

Qm
(2) Use the summation notation £ to writc downtheserics: 2 » 3 4+ 3 x 4 4+ 4 « 5 +
> Solution

'.'ﬂngenenltcnnofmeseqmis:T =(r+1)(r+2) where r € Z*

S2x343x444x54 =}.‘(r+l)(t+")
s 2]

ﬂmtom
{2) Use the summation notation £ to write down the serics:
I 2 x3+3 x4 x54+5x6x74+

Algebraic Properties of Summation
1-l((l")and(5,)ml\wscqm‘cs.nel' and C € R, then:

n
a Yy C=0Cn b z CT . z T
ral r=1 r=1
¢ ;: (T £E) = i': T + E E,
r=1 " r=1 T r=
n a n : )
2- } =200 3 o a0eDGaeD)
Qm
4
'3 Find in two different methods }:1 B-2r+1)
Is
> Solution

1- Mcthod 1 (direct substitution)
£ B-+) =(B=-2x14+1) + 3-2x242H) + 3-2x3+3) + 3-2x4+4}
r=1
=24346411=22

Al Ashraaf Printing House Student book « Second term 1 1



\Unit one: Sequences and series |

2- Method 2 (using algebraic properties of summation)

- , 4 4 '
F G=-2+)= f 3-2F r+ L ¢
r=1 r=1 r=1 r=1
=3,.4-2,“(4,'1)‘,‘(4-1)(2-4‘1)
- 6
- ‘st 4=5x9
-12-2._2 ¢ 252
=12-20430=22

Using the Scientific Calculator to Find the Sum of a Series

» Press the summation notation button £ according to the specific color .

» Write the rule of the sequence (3 = 2r + %) as follows:

o0 @EBE DI E DD

7 Use the button (aeeeay) to move as follows:
» Upward, write 4 and downward, write 1

» Press the button = to give the sum 22 on the screen (@

ﬂ Try to solve <
3) Find in two methods: £ ' (2r° = 3r + 5) known that:
r=

For=0meD oy F op- 0@

r=1 2 r=1 6

@ Exercises (1-2) @

:n) Complete:

@ Thescries: 5+ 104154204 4 50 is written using the summation nolation in the

form of

b Theseries: Tx147%247x34 47 x20is writlen using the summation notation in

the form of

1, L

. 1.1
€ Theseriesi 3+ 4 -3+ ¢

is written using the summation notation in the form of

d Theseries: 9+ 994999+ 9999 + 1o n terms is written using the summation notation

in the form of
(2) Write down the following series using the summation notation:
8 1+2+3+44+5+ +20 D 2444648410+
€ 3+6+9+12+15+18+21 o 2+|+%+i+%+
1,1, 1,1
e | +4+9+16+ +64 f stiotista*t

1 2 Pure mathematics - Second form secondary - Science-section
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\Saimmdumnm' notation 1-2

\3, Expand each of the following series:

5
a zl (3r-2) b I (- 1) +4n)
rs=
(1] 1
c 1) = d L
r-’:l((z) I) rxxl (l' I"l)

(4,llymkmmlml }.‘ r= ""‘;"m £l I‘-M usc the properties of the
r-

summation nouuon Z to find the value for cach of the following:
12 N
a8 ¥ 2r+5 b X (2°-3n
r=8§ r=5$

5
NS
a Thcscncsnal’mcum whose domain is the set of the FB]IIVC llllchI’S(l'l subsct of iL

b 20 2r+1)=143+5+7+9
rs=

{6) Mining: A gold mine produced 4200 kg of gold in the first year and the production is
decreased at a rate of 10 % yearly of the directly previous year.
7 Use the summation notation to write the sum of production of the gold mine during the
first five years, then find this sum.

7) Geometry: The figure opposite represents an equilateral triangle
whose side length is 32cm. Its sides are bisected and the interior
triangle is drawn and this pattern lasts interiorly till we get three
triangles including the first triangle

: : . . : f*<—3Rem *!
8 Write down the series of the triangle perimeters using the

summation notation .
b Find the sum of all the triangle perimeters in centimetres.
(8) Technolegy: Karcem has electronically mailed a message for three friends, then each friend

has e-mailed the same message to other three friends and
so on .. E-mailing the messages lasts the same pattern

(known that cach person has received the message once)

8 Write down the series using the summation notation. |/ ~‘--‘-~ st
b How many persons do they receive the message in- |- ._: ::;::i g
the fifth stage? ey
€ Find the sum of all persons who will share this
message tll the fifth stage.

Al Ashraaf Printing House Student book - Second term 1 3



Unit One

1-3

l You will learn

» Definition the arithmetic
sequence.

» The graphical represen-
tation of the arithmetic
sequence.

» o™ term of the arithme-
tiC sequence,

» identify the arithmetic
sequence

» Definition of the arith-
metic mean.

» Insert a Anite number
of arithmetic means
between two numbers.

€ Key-tem
» Arithematic Sequence
» n™ Term
» Commen Difference
» Order of a Term
» Arithmetic Mean

Bl matrials
» Scentific Calculator
» Graphic programs

14

\

Sequence

Pure mathematics - Second form secondary - Science-section

Doaa has started 1o read a novel. On the
first day, she read 10 pages, on second
day , she read 15 pages, on the third
day, she read 20 pages and she kept
reading in this pattern. The sequence

of the number of the pages read on
eachdayis: (10, 15, 20, 25, ..)
What do you notice in this sequence?

Arithematic Sequence

The arithmetic sequence is the sequence in which the difference
between a term and the directly previous term 1o it equals a
constant and it is called the common difference of the sequence.
it is denoted by the symbol (d)

ie:d=T,,  ~T, foreachneZ*

n+l
: Harmonic Sequence
1. Which of the following is an 'lhnmle.)l
arithmetic sequence? why ? a harmenic sequence
If the reciprocals of
a8 (7,10,13,16,19) its terms form an
arithmetic  sequence
b (?7‘|21‘:9‘| 15, 11,.....) e
€ G345 d.31.5
O Solution
..-Tz'TI=T‘—T2=T‘_T.‘=TS_T‘=3
.~. The sequence is arithmetic and its common difference =3
b T,-T,=23-27=-4 T,-T,=19-23= 4,
ST, =T, -T,=T,-T,=T;-T,=-4
.". The sequence is arithmetic and its common difference == 4
.o =1.1_.1 1. 1__ L
¢ T-Ti=3-2%"% B-Ta=4-3= 12

5T, -T,uT,=T,
. The sequence is not arithmetic
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Arithmetic Sequence 1-3

NG -

n Try to solve
{1) Which of the following is an arithmetic sequence ? why
& (33,33,28,23,18,..) b (-14,-8,-2, 4100 € (23,28, 33, 38, 42)
() Example
(2) Show which of the following sequences whose n® term is given by the following relations is
anthmetic, then find its common difference in case it is anithmetic.

& T,=2n+3 ) T,=342
O Solution
8 T, -T,=QM+1)+3)-2n+3)=2n+24+3-2n-3=2

.*. Th sequence is arithmetic and its common difference is 2

b -.-T.,,-T.=(n-f| +z)-(%+2)

=3 .S -n-3m-3- 3 goesnot equal to a constant.
n+<l N nin-+1) nin+l)

. The sequence is not arithemtic.
n Try to solve

(2) Show which of the following sequences whose n® term is given by the following relations is
anthmetic, then [ind its common difference in case it is anthmetic.

& T ,=5-3n b T,=(n+1) jn EEEEEEEEE

Graphical representation of an arithematic *

sequence - ! ! J

() Example BEE .

(3 Find the next four terms of the arithmetic sequence |~ I : 1
(10, 7, 4, ). then represent the seven lerms !
graphically. Y

> Solution B n
wd=T,-T,=7-10=-3 MEEEENENEEN,
.. the next four terms are: 1,-2,-5,-8 < *
the domain of the sequence is {1, 2, 3,4, 5,6, 7...) | ‘

The range of the sequence s {10, 7, 4,1, -2, -5,-8..) |« - -

The opposite  figure shows the graphical =+ ™1

representation of the sequence. ™ | ’ Nl
A

From the figure opposite , we notice that: A
# The points that represent the terms of the arithmetic sequence are collinear .
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\Unit one: Sequences and series i
This means that the arithmetic sequence is a function of the first degree in n where n € Z*
and the coeflicient of n is the common difference of the sequence.

From the previous, we deduce that:

# The relation between the two variables nand T is T, = d n + b where b and d are two
constants and d is the common difference of the sequence .

7 The sequence is increasing ifd >0, and is decreasing if d <0
Using the scientific calulator to write the arithmetic sequence:
To write the anthmetic sequence in which (a = 10 and d = - 3) we do as follows:
7 We write the value of a(10)then press (=) and put the value of d by pressing
(=) then (3 ) and press (=) 1o give the second term of the sequence. By
repeating the process of pressing (= ) the next terms are given and so on

El ey to sotve
(3) In the sequence (T,) where T, = 3n - 5:
& Prove that (T)) is an arithmetic sequence and find its common difference.
b Show that this sequence is increasing.
€ Find the fiftcenth term of the sequence. @ What's the value of n if T, = 85?

The n* Term of the arithmetic sequence
From difinition (1) the n* term of the arithmetic sequence (T,) whose first term is a and common
difference is d can be deduced as follows :
T,=a ,T,=a+d and T, = a + 2 d and by keeping this pattern, we find that the n™ term of this
sequence is :
(T,=a+(n-1)d)and if T, = ¢ (where s the last term, then | £ =a + (n-1)d
() Example
4 | In the anithmetic sequence (13, 16, 19, ..., 100)
8 Find the tenthterm. B Find the number of the terms of the sequence.
O solution
~.” The sequence is arithmetic Sa=13,d=16-13=3
a '.'T.!a+(n-l)d .'.Tloxl3+(10-l)~3
=1349x3=13+27=40
b The required is to find the value of n when 7 = 100
T, =a+(n-1)d S100=134n=1)x3
S 100=13+3n-3 ie:3n=100-10=% soon

é
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Arithmetic Sequence | 1 = 3

-

E 1ry to soive
{4) Find the number of the terms of the arithmetic sequence (7, 9, 11, ..., 65) then find
the value of the tenth term from the end.

Identifying the Arithmatic Sequence
The arithmetic sequence can be identified when its first and common difference are known,
Q Example
5 Il the seventh and fiftcenth terms of an anithmetic sequence are 18 and 34 respectively, find
the common difference and the first term then find the n® term of this sequence.
O solution

T,=18,T =34 from the given data

'.'T.=a+(n— Id

SAa+6d=18, a+ l4d=34

S8 =16 by subtracting the two equations
d=2 By dividing by 8

Sa+6x2=18 by substituting in equation 1

Sa=18<~12=6

To find the n™ term , substitute in the rule: T, = a + (n - 1) d about the two values of a and d
T,=6+M-1)x2=6+2n~-2=2n+4
The first term equals 6 the common difference equals 2 and the n™ term is 2n + 4

E) 1ry to soive
{5) Find the arithmetic sequence whose sixth term = 17 and the sum of its third and tenth terms = 37.

Arithmtic means

When there are two non-consecutive terms in an anthmetic sequence, then all the terms lying
between those two terms are called anthmetic means. This concept can be used to find the
missing terms between those two terms in the arithmetic sequence.

Ifa, band c are three consecutive terms in an arithmetic sequence, then b is called the

anithmetic mean between the two terms a and ¢ where b- a = ¢-b,
ie:2b=a+c Mb-%So:(a.‘;c.c)bﬂanm
scveral arithmetic means: x, , X, , X,, , x, can be inseried between the two numbers a and

b in a way that the numbers : (a, x, . x, . x,, ,x . b)form an arithmetic sequence.

Yerbal expression: What is the relation between the number of the arithmetic means and the
number of the terms of the sequence involving such means?

Al Ashraaf Printing House Student book « Second term 1 7



\Unit one: Sequences and series ¥
Inserting a Finite Number of Arithmatic Means Between Two Numbers
Q Example

6 ' Insert 5 anithmetic means between 6 and 48

O Solution
1= Find the number of the sequence terms.
Thera are five means between the first and the last terms of the sequencer. Thus, the number
of the terms of the arithmetic sequenceis n=2+5=7
2~ Find the value of d
The 0™ term of the arithmetic sequence is: T, =a+(n - 1)d
by substituting: a =6, T, =48 and n =7
AB=6+(7-1)d Le.:6d =42
by dividing the two sides by 6 d=7
3~ We use the value of d to find the required arithmetic means

@.13,2, 27, ¥, 4,@®

NN N N NS LS
+7 , 47 ., +7 ., 47 , #7 , +7

The required means are: 13 ,20,27,34 4]

ﬂ Try to solve
(6) Insert seven arithmetic means between the two numbers - 24 and 16

&79‘ Exercises (1 - 3) @

Determine which of the following sequences are arithmetic and which are non-
arithmetic, then find the common difference in case the sequence is arithmetic:

00 (34, 30, 26, 22, 18) Q). 12,17, 22,27)
3)(-12, -18, - 24, -30, - 36) &7.7.7.1.7
Complete:

{5) The seventh term of the arithmetic sequence (2, 5, 8, ) is

(6) The cleventh term of the arithmetic sequence (T,) where T, = 3n -5 is
(7) The n™ term of the arithmetic sequence (81, 77, 73, ) is

{8) The arithmetic mean of the two numbers & and 12 is

{9) If the arithmetic mean of the two numbers x and 26 is 21, then x equals

1 8 Pure mathematics - Second form secondary - Science-section 2019 - 2020
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y

N

Choose the correct answer:
30 All the following sequences are arithmetic except :

& (3.7.11,15, ) b (-11,-15,-19,-23, )

2 6

DI
31\, Of all the following sequences, the anthmetic sequence is:

o (Ty=("tD) b (T)=(+1y

3 3.

e (T)=(; m+2) 4 T)=(3-0)
ﬁilf(‘l‘.)isanarillumﬁcscqucmewbar'l‘.zl'an+2.lhenlhcm'ilhmclicmcanbctwoen

Tsand T, equals:

a g b 16 c 2 d 26

A3 1f2a+1 . Sa=1 and 6a+ 3 are three consecutive terms of an arithmetic sequence , then
a equals.
2| b 2 c 3 d 5

34 Ifaand b are two arithmetic means between x and y. then: :—: equals:
a2 b 3 € 4 d 6
DRiscover the error:
45 The common difference of the arithmetic sequence is defined as the difference between a
term and the term directly previous to it L.e.:
d=T,- T

w.y forcach neZ*

36 The relation between n and T_ of an arithmetic sequence is given as follows: T =an +b
where a and b are two constants and b is the common difference of the sequence in this relation.

Answer the following questions:
37) Find the number of the terms of the arithmetic sequence (2, 5, 8, ... 80).
48 In the arithmetic sequence (63, 59, 55, , -133)find :
8 The value of the seventh term b the number of the sequence terms.

QQ Find the order and value of the first negative term in the arithmetic sequence (67,64 .61, )

@ Find the order and value of the first term whose value is greater than 180 in the arithmetic
sequence:

ﬁg\, Wiite down the first three terms of the sequence (T )=( 2+ 5n), then find the order of the term
whose value is 72 of the sequence and find the order of the first term whose value is more than 100

Al Ashraaf Printing House Student book - Second term 1 9
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E\Vhalislhevalueofn in the anthmetic sequence whose firstterm =3, T =39 and T, =797
n 2n
find the sequence.

23 Find the arithmetic sequence whose fifth term = 21 , and the tenth term = 3 times the second
term .

ﬁ; (T,) 1s an arithmetic sequence in which T, + T, = 9 and T; = 22, find this sequence.

25 Find the arithmetic sequence whose sixth term = 20 and the ratio between the fourth and
tenth terms is 4: 7.

26 Find the arithmetic sequence whose fourth term = 11 and the sum of the fifth and ninth terms
= 40, then find the order of the term whose value is 152 in this sequence .

27) Find the arithmetic sequence in which the arithmetic mean between its third and seventh
terms is 19 and its tenth term is greater than twice of its fourth term by 2.

QC (T.)isanarilhmclicmumwcinwfnich:T’+T‘=42mul T‘x‘l“ = 315, find this sequence.
29 If(8,a, b, 68)form an arithmetic sequence of sixteen terms, find the values of a and b.
@ 1136 .a,24 b are consecutive terms of an arithmetic sequence, find the value of a and b,

31 If the arithmetic mean between a and b is 8 and the arithmetic mean between 4 a and 2 b is
20, find the value of a and b

ﬁi Insert 16 anithmetic means between 27 and - 24

33 Find the arithmetic sequence whose ninth term = 25 and the arithmetic mean between the
third and fifth terms is 10

@ Find the number of the arithmetic means are inserted between 1 and 17 and the seventh
mean equals three times the second mean

35 Physics; Karcem has started to ride his motorcycle from the highest point of a downbhill.
He covered a distance of 100 ¢m in the first second . In each next second, he was covering
a distance that increases in a magnitude of 120 cm from the directly previous distance. Find
the distance which he covers in the tenth second .

QG Irade: A man has bought a motorcycle and he has agreed with the seller to pay its price in
monthly installment forming an arithmetic sequence whose n™ term is 120 n + 80. If the last
instaliment was 1400L.E., find the number of the installments .

37) Creative thinking; If #and m are two arithmetic means between xand y where 7 > m,
prove that: /- m =§ (x-y)
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Sum of Arithmetic Series

The students has made lowd noise in the class and
their teacher wanted to punish them indirectly.
He had them sum the numbers from 1 up to 100
o involve them at work for longer time and o

get quiet. After a few minutes, a seven - year old
child named (Kad Gauss) had told the tecacher that German scientist-

the sum is (5050) . In turn , the teacher asked Karl Gauss
1777 - 1888

him how he reached the correct answer.

The child had answered that the addition sum of 101 is repeated from
adding the following numbers:

1+100, 2+99, 3+98, | 50+ 51 for fifty times

Thus, the addition sum is 50 x 101 = 5050

5 -

The Sum of the First n Terms of an Arithmetic Sequence
First: the sum of n'™ terms of an arithmetic sequence in
terms of its first term(a) and the last term (7)

its common difference d, the number of its terms is denoted by the

symbol S, and is given by the following series:

S,=a+ @+ d)+(@a+ 2+ +(-d)+/ (1
The series can be also written in the form:
S,=l{+({d)+({-2d)+..+(a+d)+a (2)

By adding the two equations (1) and (2), we deduce that:

25, =(a+H+(@a+H)+(@+ )+ +(a+!)tontimes

i.€. 28 =n (a + 7) by dividing the two sides by 2 | S;=2 (a+7)

Q Example )50 the summation notation £ e
: Gl

1) Find £ (4r-3) iz

r= 5 vabue of v \
. " T
* £ n
he first /'! = | T
vaduse of ¢
srws
rule
Al Ashraaf Printing House Student book « Second term
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1-4

You will learn
» Arithmetic series.

» Find the sum of n terms

of an arithmetic series

in

terms of its first and last

terms

» Find the sum of n terms

of an arithmetic seres

n terms of its first term
and the common differ-

ence
Key - terms
» arithmetic series

» Summation notation

o

Matrials

» Scientific cakculator
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\\Unit one: Sequences and series Vi

O Solution
n =24-5+1=20 Find the number of the sequence terms
T,=4n-3 n" term of the sequence
Ts=4x5-3=17 , Tu=4)-24—3=93
S, = 5 @+0) summation formula
Sy = A (17+93)=1100 by substitutinga=17,/=93,n=20
E) 1ry to soive
(l)Fmd:
a 22(:) (6K +5) b ;:2 (12 - 5m)
K=1 m=7
Qlu-rlo
'2) Find the sum of the arithmetic series 24+ 5+ 8 4 ... + 62
O Solution
¢ =a+(n-1x n" term of the sequence
62=24+(n-1)x3 bysubstituﬁnga:Z.d=3and(n=62
eildn-3+2=62
3n-1=62 then n=21
S, = (a+0) summation formula
Sy = 4 (24 62) =672 by substituting a = 2, n = 21,T, = 62
E) 1ry te soive
(2>F|nd:

8 The sum of the terms of the arithmetic senes 89 + 85 + 81 4+ ...+ 33

b The number of the terms of the arithmetic sequence whose first term equals 3, last term
equals 39 and the sum of the first n terms equals 210
Second: Finding the sum of n™ terms of an arithmetic sequence in terms of its
first term and its common difference.

You know that  =a + (n- 1) dand S, = 3 (a + 1)
by substituting from the first relation in the second relation, then:

S.-%[a+a+(n-l)d| ie: |S, %IZlﬂn-l)dl
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Arithmetic Series 1-4

@) Example
(3 In the arithmetic series 5+ 8 + 11 + ... find:
@ The sum of its first twenty terms of the series .

b The sum of ten terms starting from the seventh term .
€ The sum of the sequence terms starting from Tw up o T:o

O Solution
a=5 , d=8-5=3
a S =2[2a+(n-1)d] summation formula
Sy = A x[2x5+(20-1)x3] by substituting a=Sand d=8-5=3
S, = 10(10+19x3)
=10 x 67 =670 by simplifying
BT =a«m-NId n® term of the sequence
T,=a+6d
=5:6x3=23 by substitutinga=5, d=3andn=7
Sip =5 *[2T;4(10-1)x3] by substituting in summation formula
S =5x[2x23+27)
=5x73 =365 by simplifying
€ The sum of the sequence terms starting from T, up 0 T,
T,=a+Mm-Id n” term of the sequence
Te=a+9d
=5+9x3=32 by substitutinga=5, d=3
Ty=a +19d=5 +19 x 3=62
S, =3 @+0 summation formula
Sy = 121 (Typ+ Ty
=4 (262)=517 by substituting T, =32, T, =62,n=11
Think;

A:ellmolhctwhukmswﬁmlll\csumo[lltmpcncclcnnssmning[m'l‘l lplon
0

E) vry to soive

(3) In the arithmetic sequence (9, 12,15, ... ), find :
@ The sum of its first fifteen terms .
b The sum of the sequence terms starting from the fifth term up to the fiftcenth term.
€ The number of terms whose sum equals 750 starting from the first term .
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() Example
'4) Find the arithmetic sequence in which : T, =11, T, =87 and S_ =980
> solution
® Finding the value of n
S,=5 @0 summation formula
980 = 3 (11+87) by substituting T, =11, T, =87 and S, =980

985 =980 then: n=20terms by simplifying
b Finding the value of d

T, =a+(n-1d n" term

87 =11+19d by substituting T, = 1l,n=20and T =87
19d=87-11=76 by simplifying

d =4 and by dividing by 19

€ Forming the sequence: T, =11 +4 =15, T,=15+4=19
The arithmetic sequence is (11, 15, 19, ..., 87)

ﬂ'l’ryhm

(4) Find the arithmetic sequence in which:

& T,=23, T,=86, §,=545 b T,=17, T,=-95, §,=-585

@) example

Physics:

5 An object fell from a height of 490m under the effect of the gravity. Disregarding the air
resistance, it covers a distance of 4.9m in the first second, 14.7 in the second second and 24.5
in the third second and so on.. , Find:

8 The distance covered by the object in the sixth second.
b The sum of distances covered in the first eight seconds.
€ When doces the object hit the ground?

O Solution
The distances covered in the first three seconds respectively are: 49, 147, 245,

The distances represent an anthmetic sequence in which:a =49 andd=147-49=98
8 By substituting: a=49 and d=9%inthcrule: T =a+(n-1)d
T,=a+5d thenT, =4.9+5 938 =539 meters

b By substituting: a=49 and d=98,n=8 inthe rule: Sn=%l2a’(no 1)d]
Se=3 (2549 +7x98)=313.6 meters.
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Yy

¢ bysubstitutinga=49 ., d=98S =49 in the rule: S, = % [2a+(n-1)d]
490 =3 [249 +(n-1)x95] by expanding the brackets and simplifying

490 =n(4.9+49n-49) i.e.: 4.90% =490

by dividing the two sides by 4.9 then n’ = 100

by taking the positive square root of two sides: n = 10 (notice that n > 0)
ﬂ Try to solve

(s) Sports: Karcem is preparing himself for a long-distance race. He has decided to run 4 km
on the first day, then increased the distance for half a kilometer daily.
8 Find the distance , which kreem covers on the seventh day.
b Find the sum of the distances, which kareem covers in the first week (A week is seven days).

€ How many days does kareem need to cover 81 km, if he continues to exercise according

to this pattern? .
@ Exercises (1 - 4) @
Complete

{1 The sum of the first n terms of an arithmetic sequence whose first term is a and last term is £ is

(2) The sum of the first n® terms of an arithmetic sequence whose first term is a and its common
difference isd is
o\ S
3, k£| 2k+1)=
{4 The sum of the first ten even number in the set of the natural numbers equals
{5) The sum of the odd natural numbers which is greater than 10 and less than 30 equals
{6) The sum of the natural numbers which is divisible by three and included between 30 and 50
equals
Choose the correct answer
5
(7)) The value of the arithmetic serics zl (2r + 1) equals:
r=
a 2§ b 30 € 35 d 40

(l)'l‘bcvaluoﬂhcscﬁcs:4+9+l4+ + 5n = 1 by using the summation notation equals :
n n n Sn-1
a ¥ (5r-1) b X (5r+ 1) e X (5r-1) d ¥ (3r+l)
r=4 r=1 r=1 r=1
{9) The value of the series: 7+ 12 4 17 + 22 by using the summation notation equals:

4 4 4 4
a ¥ (5r+2) b ¥ (4r+3) c ¥ (Tr+1) d ¥ (3r+4)
r=1 r=1 r=1 r=1
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ﬁimwmdlhclcm\soflhcarithmicwqmﬂ. 5.7, ., (2n+ 1)) starting from its
first term equals :
2 nin+l) b nin+2) € nin+5) d n(n+2)nin+3)
Discover the error

310 To find the greatest sum of an arithmetic sequence, we find the number of its positive terms
by putting S_ > 0 1o find the value of n, and then we can find the greatest sum.

12 To find the least sum of an arithmetic sequence, we find the number of its negative terms by
putting S, < 0 1o find the value of n and then we can find the least sum.

33 To find the number of the terms of an arithmetic sequence at which the sum is vanished, we
put S =0 thena+(n-I)=0
[where n # 0], then we find the number of terms.

34 1f the sum of the first n terms of the terms of an arithmetic sequence is given by the relation
S,=3(n+S)thenT, =S, ,-$

- .
nel n

Answer the following questions
35 Find the sum of the first ten terms of the arithmetic sequence (14, 18, 22, ).
i

Find the sum of the first thirty terms of the sequence (T) where T, =2n + 3

o

37) Find the sum of the terms of the arithmetic sequence (2, 5, 8, , 80).

38 Find the number of the terms necessary to be taken from the sequence (16, 20, 24, )
starting from the first term to get a sum equal to 456

39 Find the number of the terms necessary to be taken from the sequence (27, 24, 21, )
starting {rom the first term (o vanish the sum.

20) If the sum of n-terms from an arithmetic sequence is identified by the rule: S = 2n(7 - n), find:
a T,
b The number of terms necessary to be taken from the sequence starting from the first
tlerm to make the sum equal Lo - 240

ﬁl) Find the least number of terms that can be taken from the sequence (89, 81, 73, ) starting
from the first term to make the negative sum,

éi Find the greatest number of terms that can be taken from the sequence (25, 21, 17, ) starting from
the first term 1o make the positive sum
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23 In the arithmetic sequence (5, 8, 11, ) find:
@ The sum of its first twenty terms.
b The sum of ten terms starting from the seventh term.
€ The sum of the sequence terms starting from T, up to T,

24) In the sequence (T,) = (32,2824, ).
a Find the order and value of its first negative term.
b Find the number of terms which makes the sum greater than zero.

23 In the arithmetic sequence (25, 23,21, ), find:
@ The greatest sum of the sequence.

b The number of terms whose sum = 120 starting from the first term * Explain the existance
of two answers”,

26 Find the arithmetic sequence whose first term = 12, last term = - 26 , and the sum of its
ferms = - 140,

27 Find the arithmetic sequence (T, ) whose second term = 13, and the sum of its first ten terms = 235 .

Qi An anithmetic sequence in which T, = 0. If the sum of the first n terms = twice the sum of
its first five terms, find the value of n.

@ If n arithmetic means are inserted between | and 31 and the ratio of the seventh mean to the
laslmnislz:}ﬁndnmulsumoflhcscqmt?

30) Find the arithmetic sequence in which T, =24 and the ratio between the sum of the first
five terms to the sum of the next five terms directly is 1: 2.

31 What is the arithmetic sequence whose first term is greater than twice its fifth term by 2 and
the arithmetic mean of the third and sixth terms is 167 How many terms should be taken
starting from the first term to make the sum equal to zero?

32 Saving; Zyad saves 15 L.E from his daily work. If he saves an amount of money increasing
for 2 L.E every day more than the day before directly. Find the sum of what he can save
within 15 days.

33 Arts; A school stage accommodates for 16 rows, if the first row contains 16 seats and each
row next to it contains a number of scats more than the directly previous row for 4 scats, find
the number of seats in this stage.
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34 Income; Kareem has started his working life with a yearly salary of 19200 L.E. If he gets a
yearly raise of 480 L.E, how much he will get by the end of the tenth year

5§ Irade: A man has borrowed an amount of money, he has handled to pay it back over 10
instaliments. How much is the loan if the first installment is 500 L.E and each next installment
is more than the directly previous installment for 200 L.E?

36 Maintenance; A company has assigned one of its buildings 1o be completely maintained
and it has stated a date to receive the building. There was a condition in the maintenance
contract stating that ; in case of delaying the date of receiving the building, the contractor
will pay 100 L.E as a fine for the first day and this fine increases 100 LE more than the day
before . How much will the contractor pay if he delays to receive the building for five days?

@Mm

Kareem has a store for food commaoditics. He arranges the tuna cans in rows so that he puts 12

cans in the (first) lowest row , 11 in the next row and 10 in the next and so on

- w‘ u\ a./‘

Cag '\" Ly
e

1- Find the number of the tuna cans in the seventh row.

2- In which row are the tuna cans three cans?

3- Find the number of the tuna cans starting from the first row up to the last row containing one
tuna can.

4- Tell why Kreem arranges the tuna can in rows in this way.

5~ Log in internet and search for the places where tuna widly live. What are the healthy benefits

of tuna?
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1-5

Check the small triangles in cach of the following ligures, then find their

numbers. What do you notice? You will learn .
» Definition of the geo-
/ metrc sequence
» Graphical representa-
= . - tion of the geometric
N2 SN2 NS sequence
N R
fic sequence
) R 2 » Kdentifying the geomet-
The sequence (T_) where T_ # 0 is called a geometric sequence e soquence
1 .
if **" = aconstant for cach n ¢ Z' D "
o » The relation between
The constant is called the common ratio of the sequence and is an arithmetic mean and
denoted by the symbol (1) 3 geometric mean of
two numbers
Key - term "
Q ¥ » Geometric Seqence
1. Show which of the following sequences (T)) is geometnic , then s 0™ Term
find the common ratio of cach : » Increasing Seqence
a (‘r")-(z, 3!) b (T")'(4 nz) » decreasing Sequence
' T = - » Alternating sign
€ The sequence (T,) where: T, = 12,T, =1« T, _, (wheren > 1)
OW«% : » Geometric Mean
o LA
CYER TR LE gy "PY BT (constant)
e oo,
.. the sequence is geometric and its common ratior = 3 .
» Scientific Calculator
.r 2 . »
b - ;"' - 4(: *1y (is not a constant) |* SPhicprograms
L ] n
.. The sequence is not geometric
¢ T, =i «T,_,(wheren > 1)
T,
= constant
T4 ( )
e Thquucmcisgcomclticnndilscmnmnmthr:i
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EJ vy to solve

(1) Show which of the following sequences is geometric , then find its common ratio in case it
IS & geometric sequence:

a (T)=(9, 48,24, 12, 6, 3) B (T)=(35 "33 53
€ (T)=(5x2" d (T)=C3m+1)%

Graphical Representation of The Geometric Sequence

Qw I+

2) Find the next four terms of the geomelric sequence | *| '+
(%, 4, 2, )thenrepresent the first seven terms graphically. .

O Solution .
mmntammnmzémmcmlﬁummmz ‘ .
1 111 ) ;

ot 0 Rl , L
thedomainis{1,2,3,4,5,6,7)} ) L
therangeis {8.4 .2, 1.1, 4. 1) - W
- got p P P PO T A

From the graph , we notice that:
7 The terms of the sequence are decreasing wherea >0, 0<r< |
7 The graphical representation of the geometric sequence follows the exponential function
and not a first - degree function as in the anthmetic sequence .
Verbal expression: Write down a description to the geometric sequence so that it is (increasing
. decreasing or alternating sign) in cach of the following cases.

First term

COmmon

r>1 ~1<r<0|r<-1|r>1 | 0<1K1

“~1<r<0 |r<-1

ralio

0<r<1

.

description | e B T e Alernating sign | oo

E) try to solve

(2) Find the next four terms of the geometric sequence (% « o+ 3 ) then represent the first
seven terms graphically.

The n ** Term of the geometric sequence

From definition (1) the o™ term of the geometric sequence (T,) whose first term is a and common

ratio is r can be deduced as follows:

T,=aT,=arand T, =ar®, by continuing this patiem, we find that the n® term of this sequence is: [T, = a !
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o

@) Example
3 In the geometric sequence (2, 4, 8, ... ), find:

a The filth term b the order of the term whose value is 512
O Solution

cas=2, r=3=2, T,=ax*!

S Ty=art=2x24=2x16=32 i.e. the value of the fifth term is 32

wT,=axre! s2x20°1=512 By dividing the two sides by 2

. 20-1528 Sn=-1=8 Son=9

1.c. the term whose value is 512 is the ninth term.

E) 1ry to soive

{3) Prove that the sequence (T,) where T, =2 « 3% is a geometric sequence, then find its
seventh term.

Identifying The Geometric Sequence

The geometric sequence can be identified whenever its first and common ratio are known (given).

Q Example
4 (T))is a geometric sequence and all of its terms are positive. If T, + T, = 6T,, T, = 320, find
this sequence.

> solution
T+ T, =6T, sar+art=6xar
sar(r+r)=6-ar by dividing the two sides by ar (where a and r donot equal zero)
S E4+r=6 eir+r-6=0

Sr-2)(r+3)=0 or=2or r=-3 refused (because the terms are positive)

“T,=32 . ar® = 320 by substituting r = 2
coax20=320 .64 a =320 by dividing the two sides by 64
J.am$ the sequence is (5, 10,20, )

Using the scientific calculator to write the geometric sequence

To write down the geometric sequence in which a =5 and r = 2 we do the

following:

We write the value of a (number 5) then press ( = ) then press( = ) and put
the value of r (number 2) then press ( = ) then we get the second term of the
sequence. By pressing ( = ) repeatedly, we get the next terms and soon ...
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E) 1ry to sotve

(4) (T,) is a geometric sequence in which T, =8 T, , T, + T, =240 . find this sequence.
(s) If the sum of the second and third terms of a geometric sequence is 12 and the product of its
first and fourth terms equals 27, find this sequence.
() Example
5 Education; If the number of the students accepted in the high school stage in an educational
administration increases at a rate of 4% yearly. How many students will be there after 6
years if the number of the students is 2400 students right now?
> solution
*.* Number of students now = 2400
.- Number of students in the second year = 2400 (1 +0.04)
= 2400 (1.04)
.*. Number of students in the third year = 24000 1.04) + 24000 1.04) = 0.04
= 2400(1.04) (1 + 0.04) = 2400(1.04) and so on
i.€. the numbers of students form the geometric sequence
(2400 , 2400(1.04) , 2400(1.04)%, )
a=2400,r=14, n=6 by substituting the rule of n® term of the geometric sequence

T,=ax/@-! T, = (2400) x (1.04)* = 2919.966966
1.c. the number of students after 6 years equals 2920 students approximately.
E) 1y to solve

(6) Physics: A rubber ball falls from a height of 240 above the ground surface. How high is the
ball after the seventh bounce, If the ball bounces back 3 of its directly previous height?

Geometric Means
The geometnic means are similar (o the arithmetic means. They are the terms located between two
non- successive terms in the geometric sequence . the common ratio of the geometric sequence is

used 1o find these means . no

If ., b and ¢ are three successive terms of a geometric ..,: of ,.::-,.:
sequence, then b is known as the geometric mean  valves

) b C T Tp Ths s T,
between the two numbers « and ¢ where: = - ¥ RN 0

Definition

iie.b'=acthenb=+, ;¢ root of the product of
these values, Le. the
M“I
Verbal expression; v T XTyX.. XTn

The geometric means which can be inserted between two numbers depend on the sign of those
two numbers. Explain.
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D
Inserting a number of geometric means between two known quantities:
@) txample
6 ' Find the geometric means of the sequence: (4, ..., oy ey vy won s 2916)
O Solution

1- Find the number of the sequence terms
There are five means between the first and last terms in the geometric sequence
Thus , the number of the terms of the sequencen=2+5=7

2- Find the value of «
By using the rule: /=apr "'

2916=4x¢ ! by substituting: a=4, / =2916,n=7

Le:dxr"=2916 by dividing the two sides by 4 ®=T729
esr=(+3) then r=43

3- Use the value of r to find the geometric means required
The terms are:

A2 3 108 324 M2 @
, ., ’
x =3 x-3 x-3 x=-3 x=-3 x-3

the required means are 12, 36, 108, 324, 972 or - 12, 36, - 108, 324, - 972

e -«uO
(7 Insert six geometric means between .l‘ and 32

The relation between the arithmetic and geometric o e
Tare positive real

means of two numbers: e
lr.:.yeR'.{#y | oy | T,+T,+T,+.T,
then: the arithmetic mean (A) = ~— and the positive n

geometric mean (G) =y xy i :‘ I;T'.u »

" - -
(vx SV
‘. =—‘y).>0

=
(by putting the expression in a form of a complete square)
A > G. So that the positive geometric mean is greater than the negative geometric mean

Then the arithmetic mean of two different positive real numbers is greater
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Critical thinking: What do you expect about the relation between the arithmetic and geometric
means of two equal positive real numbers?

Q Example

7)1f 6a, 3b, 2¢, 2dare positive quantitics in an arithmetic sequence, prove thatbe > 2ad

> Solution
*.* 3bis an anthmetic mean between 6a and 2¢
where the arithmetic mean > the positive geomeltric mean

S 3b> Y 6ax2c by squaring the two sides

S 9b2> 12ac (n
Similarly 2¢ is an arithmetic mean between 3b and 2d

S22 > 3bx2d by squaring the two sides
4c? > 6bd (2)

from (1) and (2)

9b% x 4¢* > 12ac x 6bd
By dividing the two sides by 36bc (b, ¢ € R))

sbe>2ad
@ Exercises (1 - 5) @
Complete

(1) The fifth term of the sequence (T,) where T, = 2 x (3)*~ ! equals

(2) The 0™ term of the geometric sequence (3, -6, 12, )is

(3)1'hcsixlhlcnno[ gwmclricseqmme(izj. ilT' 2'—7 )is

{a) The geometric mean of the two numbers 4 and 16 is
(s) If the geometric mean of the two numbers 9and y is 15, then y =

(6) If a, b and ¢ are three consecutive positive terms of a geometric sequence , then b <

choose the correct answer
(7>mncxll«mo[lhcgamicscqmc(8.6.%.%. ) is:
11 21 9 81
e 3 b 46 ¥4 Y2
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 a—

A
(a) All the following sequence are geometric excepl:
a (3,-6,12,-24, ) b (loga, loga®, loga’, loga*, )
3 . 2 4 3 . 6a 124
c(z"‘.“g) ‘(28‘3' blbz)
(9) Of all the following sequence |, the geometric sequence is:
a (T)=@n")foreachn =1 b (T.):(T"-r 1) foreachn =2
€ (T)=(2"-1)forcachn =1 d (T,)=(log(3x2")forcachn = |
6@ Ifa , b and ¢ three consecutive positive terms of a geometric sequence, then:
a4 +4cC a4 +¢C
> b <
a 3 b 3 b
c ‘2“’ =b d bl=a +c¢
Discover the error:

@I) The terms of the geometric sequence are represented by a set of separated points which are
collincar .

T
32 The sequence (T,) is called geometric if T " equals a constant known as the common ratio
of the sequence (for each n= 1), o

33 The geometric sequence is decreasing if its common ratior € |- 1, 0f

@E The geometric means are known that they are the terms lying between two non-consecutive
terms of a geometric sequence and can be found whenever the value of those two terms are
known,

15 The arithmetic mean of two different real numbers is greater than their geometric mean.

Answer the following questions:
0 If(T,) is a sequence where T, =5 » 2 prove that it is a geometric sequence, then find its
first three terms.

ﬁilnlhcgwmcuicsemcme(%. S D 1

0D |

1
%
a [ts tenth term,
D The order of the term whose value = 1024
48 Find the geometric sequence whose common ratio =1 and its third term = 24 .
29 Find the geometric sequence in which T, = 12 and T, = 384.
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@Sbowlhalheseqm'e(l‘“)whm:T_-%(z)' is a geometric sequence | then find its eighth
term and the order of the term whose value is 768
21) Find the geometric mean between 16 and 49.

\Mmﬁeqnmmmdm

éi Find the two numbers whose arithmetic mean is 5 and their geometric mean is 3.
ﬁ@ Find two positive numbers whose positive geometric mean is greater than one of those two
numbers by 2 and is less than the other number by 3.

éi\«hw“ﬁvcmsilivcgeomcuicmansbctwocn%, l;’-

ﬁi If several geometric means are inserted between 2 and 1458 and the ratio between the sum
of the first two means 10 the sum of the last two means is 1:27, find the number of these

means.

26 Find the geometric sequence whose all terms are positive, the first term is four times the
third term and the sum of the second and fifth terms = 36 .

27 1fx, y, zand ¢ are positive quantities of a geometric sequence , prove that x + £ > y + Z.

28 Enyironment; Water is poured in a water tank at a rate of twice the directly previous day.
How many days does the water tank hold 1536 liters if 12 liters has been poured in the tank
on the first day?

29 Population; The population of a city increases at a constant rate of 3% per year. How
many populations are there in this city after 5 years if the populations are 600000 at present?

30) Percentage; The price of a new brand car is 120000 L.E. How much is that car after § years
il its price decreases al a rate of 12% yearly?

QI)m'l'hcsnlaryo[ancmployv:cislZ(l)LEmdhcchsaycaﬂycmslmﬂmiscalamlc
of 6% more than his salary in the directly previous year. How much is his salary after 6
years?

32 Creative thinking:

a lfa+ b+ c=1 where: a, b, ¢ aredifferent and positive quantities.
prove that: (1-a)(1-b)(1-¢) > 8abc

b If:xeR', x #1
pm\-clhal:x+%> 2
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\@mmm/1_6

Sum of the Geometric Series

We know that the geometnic series is the sum of the terms of the geometric

sequence and the sum of n terms is denoted by the symbol S, . You will learn .
» Sum of the geomet:

Sum of the First n Terms of a Geometric Series e s

First: To find the sum of n terms of a geometric series in |, ¢ o0 v eometic
terms of its first term and common ratio: sequence
Ifa+ar+ar’+ +ar" !isa geometric series whose fist termis aand  |* Infinite geometric series

its common ratio is 1 , then the sum of S, of this series can be found as ~ |* 5%™ o Infinite geomet:

B nC senes.
follows: ) —
By multiplying the two sides by r then: mon fraction .
S, =arsar +ar'+ +ar" 4t (2)
By subtracting the two equations, then:
S, -1, =a~-a"
i n n Kl,-m "
Le: S (1-n=a(l-r")
T, s » Geometric Serles
By dividing the two sides by (1 -r)inacondition 1 -r#0 | St
a(l-r)
S, = — NE!
Q Example
(1) Find the sum of the geometric sequence in which:a=3 r=2 n=8
© Solution matrials [l
» Scientific Calculator

S, =2 - the sum formula of the geometric sequence
1-1 » Geaphical Programs

Sy = ”:—22’) by substituting: a=3,r=2and n=8
Sy =3x255=765 by simplifying

E) 1y to soive
{1) Find the sum of the following two geometric sequences in which:

a a=4.r=3,n=6 b a=l()00.r=%.n=l()
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Second: to find the n terms of a geometric series in terms of its first and last terms

We know that: s = a-ar” (n
I-r
and: 7=ar""" by multiplying the two sides by r
then fr=ar (2)
by substituting from (2) in (1) then: | S, = 'l'_"‘-r #1
Qh—plo
2) Find the sum of the geometric series : 1 + 349 + ... + 6561
©> Solution
s, =a-(r the sum formula of the geometric sequence
I-r
S=1-6561x3 by substituting :a = 1, r = 3 and 7 = 6561
1-3
s = 12082 - 984 by simplifying
El vy to soive
(2) Find the sum of the following two geometric sequences:
8 a=9, r=3, (=656l b al2048.r-%. (=128
Using the Summation Notation
) Sl
12
3)Find X 32!
g r=3
O Solution
Tg=a=32"'=48,r=2,n=12-5+1=8
S,=230-1 the sum formula of the geometric sequence
1-r
S, = 480-2% by substituting: 1 =48, r=2,n=8§

1-2
S, =48 x255=12240 by simplifying
Think: Can you find the sum in the previous example in terms of a, 7 and r ? How?

ﬂ'l’ryhodvo
(3) Find the value for each of the following two geometric series:
16 11
1 -1 Lyraa
a <2 16(5)°
r-z'l 8( 4 > rxz3 (2)
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Yy

Q Example Eorming the geometric sequence
Q If the sum of the first n terms of a geometric sequence is given by the rule: S =128 -2 -8
find the sequence and its seventh term.

> Solution
let:n=1 .'.S,:I28-2"'=l28-64=64i.c.'l'|=8
let:n=2 58, =128-27-2=128-32=9
VT +T,=8, 644T,=96 . .T,=96-64=32
let:n=3 c,=128-27-3 ie.S,=128-16=112
T, +T,+T,=8, ie. T,=S,-8§,

S Ty=112-96=16

<. the sequence is: (64,32,16, .), T,=a"=64(1 *=1
mfmmmepmiws.wcandedwe(halT.xSn-S._,idﬁndﬂnelwovalucsofaam
r then T’=s,-s,,=(|zs-2’-’)-(128-2’-‘*)=-|+2=|

E) ey to soive

(&) I the sum of the first n terms of a geometric sequence is given by the rule S | = 1024 2100
find the sequence .

(5) Find the geometric sequence whose first term = 243, last term = 1, and the sum of its terms = 364

@ mxample

(5 Geometry The opposite figure shows an equilateral triangle whose
side length is 40cm. Another triangle is drawn interiorly through
connecting the points representing the mid-points of the greatest

tnangle. The interior tnangles are repeatedly drawn the same way, l 20 con I
find the sum of the perimeters of the first 10 tnangles in this pattem to

the nearest integer.

O Solution
The perimeter of the greatest triangle = 3 x 40 = 120 o
The perimeter of the next smaller triangle = 3 » 20 = 60 Perimeter of equilat-
The perimeter of the next smaller triangle = 3 x 10 = 30 eral triangle = 3 * Mts

1. the pattem is : 120, 60, 30, ... 10 10 terms .
sum of perimeters = 120 + 60 + 30 + ... it is the sum of a geometric series

the sum formula of the geometric sequence: S | = %ﬂ
T
bysubslituling:a:l20.r=%.n=lo |2o(|-(1)'°)
By simplifying and using the calculator S, = —12 = 240
1-
2
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ﬂ Try to solve

{6) Biglogy:; Culturing bacteria is replicated every day (in a nutritional medium) . How many
bacteria are there after ten days if their number is 800 on the first day ?

Infinite geometric series

%) Think and ctocuss |

& )

Zyad has wanted to move a box in the direction of

a wall distant 20 m from him over some stages so

that the distance traveled by the box equals half the

remaining distance after cach stage. Can Zyad reach

the wall? ‘
20 meters

You can answer this question through learning

infinite geometnic series .

The infinite geometric series has an infinite number of terms. If their sum is a real
number, the series is convergent because its sum gets near 10 a real number . If the series
doesnot have a sum , it is divergent

In Think and discuss, the sum of the distances traveled by Zyad
is given by the series 10 + 5 + 2.5 +1.25 + ... when ever its

terms increase, the sum gets nearer to 20 m. It is the real sum | b
of the series. As a result , we can assume that Zyad will reach
the wall when the terms of the sequence increase infinitely,
The figure opposite illustrates the graphical representation of
the sum of S_ , so the sum of the convergent series gets near (o
a rcal number where Iri< | and the series is divergent if the sum

does not get near to a real number where Irl 2 1

() Example

6 ' Which of the following series can you sum an infinite
number of its terms 7 Explain

8 75+45427+... b 24436+54+ ... @

8
+ +
‘
1o+
‘-
+

Sum of terms
EEEEr

-
-

-

+
H

O Solution
. . . ) 45 3 I 0l < 1 then:
a Find the common ratio of the geometric scncsr:ﬁ=;.lhcn .1<r<1
the series is covergent because - 1 < £<l el 2 1 then:
. : o 63 rZlorrs-1
b Find the common ratio of the geometric series r==<""= = then

24
the series is divergent because: 2 >1
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N

El try to sotve
7) Which of the following geometric series can you sum an infinite number of its terms?
Explain

8 7421463+ b f"’l+g+3+2+...
Sum of Infinite Geometric Series
We knew that the sum of n terms of the geometric series is given by the relation §_ = 2 (1 -

I-r
and when we sum an infinite number of its terms, then 1" gets near to zero when - | <r < |

a
l-r

Critical thinking: Can the sum of an infinite geometric series be found when il 2 17 Explain .
Verbal expression: Can you find the sum of the geometric series in think and discuss? Find
the two values of a and b and use the rule of the sum of an infinile number of terms of a geometric

Q Example
'7) Find the sum for cach of the following two geometric series if found:

and the sum is: | S.=

8 ,27,9 2,3,
IRk e R b F+g 3t
O solution
a Findtbccannnnnlioo[lhegcomﬂicwqwnec:r:%’:%‘:%x%:%
'.'-I<§<l .. The series has a sum
'.'a=—88i. r=% by substituting in the sum formula §_ = 'fr
*S.= ‘1 = %1:&
"1 3 8
b Findlbccommnmbo[thcgcomﬂicwqmnoc:r:%%:%x%:%
'.'%)I .*. The series is divergent and has no sum
E) 1ry to sotve
{8) Find the sum for each of the following two geometric series if found:
a 9648 +24- 12+ ... b %+f—(')+%+....

Q Example |Jse the summation notation
8 Find ¥ 42 G
r=1
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O Solution
Sum formula of the geometric sequence: S | = :

by substituting: a = 42 and r=$: then S, = —5¢- = 294
E) vy to solve
©) Find: I $6(3)" !
r=1 4
Converting a Recurring Decimal Into a Common Fraction

@) Example

9 Put 0.432 in the form of a common fraction

O solution
first: using the sum of an infinite geometric series
0.432 = 0.432 + 0.000432 + 0000000432 + ...
sum formula of the geometric sequence: S, = _ *

l-r
it
1 - yoho

oL a2 by simplifying

=42 -1 -
leta= 000" ' = 7000 then S, =

ﬂ Try to solve
30 Put cach of the following decimals in the form of a common fraction 0.6, 063, 046, 0654

Applications on the Sequences
Q Example
10 The following table represents the salary of an employee in five consecutive years in L.E
known that this income is subjected to a geometric sequence.
third } fourth ‘ fifth

Year first second
== a
a Find the common ratio of the geometric sequence.
b Find the salary of that employee within the fourth and fifth years,
€ Find the sum of what this employee deserves during this period in LEE.
d  Find the monthly average income of this employee during this period.

O Solution
a " The sequence is geometric  .°. The common ratio (r) = Rl LLL N AR = &
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S

b The monthly income of the fourth year =T, r = 648 » 5 = 962 LE,
The monthly income of the fifth year =T, xr =962 3 = 1458 LE

¢ The sum of what the employee deserves = 12 (288 + 432 + 648 + ... to five terms)
- _oa(l-M
Se=

3
., =-288x12 G3)'-1) - 45576 LE

n
l-5

Use the arrangement of the calculator buttons as follows:

OPO@OIDSODEOOM@DE
QOO I@DEe@DOE®

sum of income 45576
= = 6
number of months 5 * 12 196LE

Critical thinking: Can you find the monthly average of the employee’s income by dividing
(288 4+ 432 4+ 648 + 10 5 terms) by 5 years ? Explain.

d The monthly average of the employee's income =

ﬂ Try to solve

30 Physics: A small ball of iron has been rolled over on a horizontal plane. If the ball covered
25m in the first minute , then it started to cover 60% only in cach next minute from the
distance it covered in the directly previous minute. Find the total distance which the ball

covered ull it stopped completely.

B s B

Choose the correct answer
{1) The sum of an infinite number of terms of the sequence (8, 4, 2,...) is:
a 16 b 20 c 24 d 30

(2) If the sum of an infinite number of terms of a geometric sequence whose common ratio is %
is 131 then its first term equals :

a6 b 3 c 9 d 12

(3) If the sum of an infinite number of terms of a geometric sequence whose first term is 12 is
96 . then its common ratio equals:

1 1 7 3
.3 bz °8 ¢4

O A geometric sequence in which the sum of the first n terms is given by the relation S = 3°
+1-4, then the third term equals:

a I8 b 23 ¢ 54 d 77
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(s) A geometric sequence whose first term equals the sum of the next infinite terms, then its
common ratio equals:
a 05 b 0333 € 025 d 0.666

Discover the error:

{6) The sum of an infinite geometric series can be found when Il < 1

{7) The sum of an infinite number of terms of the sequence (16, 8, 4, ....) is greater than twice

its first term.
Answer the following questions:
(s) Find the sum for cach of the following geometric sequences:
a (6,12, 24, 1061terms) b (125, 25, 5,...106 terms)

€ (3,-6,12,... 768)
{9) Which of the following geometric sequences can be summed up to o , then find the sum if
possible:
e (24,12,6,..) b (3,-6,12,..)

o4,k 1. d (2x5!-m

30 Find the sum of an infinite number of terms for each of the following geometric sequence:
a 3.V3.,1,) b (T)=(3"")

30 Put each of the following recurring decimals in the form of common fractions using the
infinite geometric sequence: 07 , 023 | 0863

32) Find the geometric sequence whose first term = 243, last term = 1, and the sum of its terms = 364

33 Find the geometric sequence whose sum is 1093 , last term is 729 and its common ratio is 3

34 How many terms are to be taken from the geometric sequence (3, 6, 12, ) starting from
its first term to make the sum of these terms = 3817

35 Prove that the sequence (T,) = (10 x 2°-2) is a geometric sequance, then find the number of
its terms whose sum is 2555 starting from the first term.

46 Find the number of the terms of the geometric sequence whose sum of its terms is 121 § and
its first term equals 18 and the last term equals } .

37 (T,) is a geometric sequence whose terms are positive in which T, = 6 and T, - T, = 9. Find
the sequence and sum of the first twelve terms.

38 Find the geometric sequence whose sum of its first five terms = 7.75 and the sum of the
consecutive five terms = 248 .

i; The first term of a geometric sequence of an infinite number of terms = 18 and the fourth
term = 1% What is the sum of this sequence?

375

20) If the sum of an infinite geometric sequence is 2>, and the sum of its first and second

terms is 90, prove that there are two sequences and find them .
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Geometric Series 1-6

A

o

21 Find the geometnic sequence whose sum of its first and second terms = 16 , and the sum of
an infinite number of its terms = 25,
22 Find the infinite geometric sequence whose terms are positive, its first term is greater than

135
B

23 (T,) is a geometric sequence in whichT, + T, =70, T, + T, = 60, prove that there are two

its second term by 30 and the sum of an infinite number of its terms equals

sequences and an infinite number of the terms of one of them can be summed and find this
sum starting from its first term.

24) (T,)is a geometric sequence in which T, - T, = 45 and the first S, = 180 find the sequence
and show that there are an infinite number of its terms can be summed and find this sum .

ﬁi Find the infinite geometric sequence whose first term = the sum of the next infinite terms of
it and the sum of its first and second terms = 9.

26 Find the infinite geometric sequence in which any of its terms equals twice the sum of the
next infinite terms of it, and its fourth term =3,

27) Mining: A gold mine produces 4200 kg in the first year. If the production of that mine
decreases at a rate of 10% yearly of the production of the directly previous year, [ind the
production of that mine in the eighth year, then calculate the production of the mine within
the first eight years.

ﬁ@ Income: A worker has started to work at a factory for a yearly income of 7200 L.E so that he

got a yearly raise of 0.6 % of the directly previous year. Calculate his income in the seventh
year and the sum of what he got within the first seven years.

Applications on overpopulation:

@ s

If the population of a city by the end of year 2000 was %
a milion populations and it is supposed to be 8 millions in

year 2016. If the increasing of populations is constant and is

subjected 1o an arithmetic sequence.

Calculate:

1- The constant ratio of the increasing populations.

2- The lincar equation of estimating the number of populations.

3- Estimate the number of populations in year 2020.

4- Estimate the number of populations in year 2025.

5- Login the Internet and do a report about the steady increase in the number of population in Egypt,
how much it badly effects the national income and the suggested solutions of such a problem.
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\um summary I

sequence: 11 is a function whose domain is the set of positive integers Z_ or a subset of it and its
range is a set of real numbers R with regarding the follows:
7 Terms of the sequence are the image of its domain clements,

# The symbol (T,) expresses the sequence while the symbol T, express its n® lerm.
# The sequence is subjected 1o the order of its elements and these elements can be repeated.

# The sequence is finite if the number of its terms is finite . The sequence is infinite if the
number of its terms is infinite.

» The sequence is called increasing if T

n+l

>T,
» The sequence is called decreasing if T, | < T,
» The sequence is called constant if all of its terms are equal

# The sequence is represented graphically as a function throughout representing  the ordered
pairs by separated points on the coordinate plane.

Series: it is the sum of the sequence terms. The summation notation * L * is used to write the
series in a short form .
» Finite series: it contains a finite number of clements and it is writien in the form fl )
r=
7 Infinite series: its clements are countless and it's written in the form fl (T)
r=
Arithmetic sequence : it is the sequence in which the difference between cach term and the
directly previous term equals a constant called the common difference of the sequence. It is
usually denoted by the symbol (d) whered =T,

nel

7 The anthmetic sequence can be formed in terms of its first termda) and its common difference (d).

-Tll forcachne Z*

# The relation betweennand T is T, = dn + b where d and b are two constants and d is the sequence
commeon difference. This is a liner relation and it can be graphically represented by a set of points.

# The sequence is increasing if d > 0 and is decreasing if d < 0

» The n® term of the arithmetic sequence (T, ) whose first term a and common difference d is
given by the relation : T =a+(n-1)d

# Ifa,bandc are three consecutive terms of an arithmetic sequence, then b is known as the

arithmetic mean between the two numbers a and ¢ where b = #
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Unit summary

N

» Several arithmetic means can be inserted between two number to form an arithmetic sequence
and the number of the sequence terms = the number of the means +2
# The sum of the first n terms of an anthmetic series:
First: in terms of its first and last terms: § = 2 (a + /)
second: In terms of its first term and the common difference : S .= f [2a+(n-1)d]
Geometric sequence: The sequence (T ) where T # 0 s called an arithmetic sequence if ;—'
= aconstant for ne Z _and the constant is called the sequence common ratio and 1s denoted 13y
the symbol (r)
» The n'™ term of the geometric sequence (T,) whose first term a and common ratio 1 is given
by the relation T =ax "

# Il a, band ¢ are three consecutive terms of a geometnic sequence, then b is known as the

geometric mean between the two numbers a and ¢ whereb=+ ¢ ac

The relation between the arithmetic and geometric means:

# The arithmetic mean of two different positive real numbers is greater than their geometnc mean.
7 The arithmetic mean of two equal positive real numbers is equal to their geometric mean,

# The sum of the first n terms of a geometne series:
_a(l-M

First: in terms of its first term and common ratio : S | l JrE]
o |
Second: in terms of its first and last tlerms: S,= a-fr JO#E
l-r
The infinite geometric sequence: has an infinite number of terms and it has a sum if

I <1
» Th sum of the infinite geometric sequence S, = _* r# 1

(@ enricnment Information

Please visit the following links.
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@ Accumulative test @
(I) Find the solution set for cach of the equations in R:

8 F-3x-4=0, b x+%=3.
{2) Find the solution set for cach pair of the following cqu;uimsinR :

8 x+2y=5 2x-y=5 b a-b=1,a+2b=10

€ x-y=2 xy=3 d 3a451=21,2a-7(=-17
(3) Factorize cach of the following thoroughly:

& ar-ar bly+xy-2xy

¢ atar+ar d l+r+r+r

(&) Find the solution set for cach of the following equations and inequalities in R:

g2!"3%59 a(g)"=<om

Comparisons: Show the aspects of similarity and difference betwee cach of the following:

(s) Sequences and series.

{6) The n® term of the arithmetic sequence and the n term of the geometric sequence.

{7) The sum of the arithmetic series and the sum of the geometric serics.

Short answerd questions:

Find the value of the first term (a) in each of the following sequences and series:

(8) The arithmetic sequence in which: d =3, T =32

<9>Thcgemmuicscqucnccinwhich :rz%. T‘=—116

30 The arithmetic series in which: d =6 , the first $ =128

31 The geometric series in which : r=2, the first S, = 255

42 The geometric series in which: =1 and S =128

Multi answered question:

33 Write down three sequences so that one of them is arithmetic, the second is geometric and the
third is neither arithmetic nor geometric and cach one of them starts as follows : 2, 6,

34 Write down three geometric sequences such that the first term of each is 16 and the first
sequence is increasing | the second is decreasing and the third is constant, then find one of
these infinite sequences .
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General exercises

-

25 Write down the geometric series 64 + 32 + 16+ in two different ways using the summation
notation.

QCmmmw;mtﬁcmhavcammmdwhcnitdocsn‘thavcasum?
Justify.

Life application:

Long answered questions:

@,‘ If(15, 3k +2, 4k~5, ) form an arithmetic sequence, then find the value of K.

38 Find the arithmetic sequence whose sum of its fifth and tenth terms equals 20 and its seventh
term is 3 times of its fourth term .

29 Find the arithmetic sequence whose twentieth term equals 41 and the sum of its third and
sixth terms is greater than its ninth term by a unit.

20) Find the geometric sequence (T,) in which T, = 5 , I_’= .

200fa, 2b, 2 mdempmilichumlilicsin;naﬁlhmclicmucmc. prove that :
2b°+¢?) >ac +5bd.

22 An arithmetic sequence in which T , = 38 , T, = 245, find the sum of the first fifteen terms.

ﬁi An arithmetic sequence in which the sum of the nincteenth and twenticth terms equals 144,
and the sum of the twenticth and twenty first terms equals 152, Find :
a The twentieth term .

b The number of terms necessary to be taken from the sequence starting from the first
term 1o make the sum equal 160.

ﬁg\, Find the anthmetic sequence whose terms are positive, the sum of its [irst four terms equals

50 and the product of its second and third terms equals 150, then find the sum of its first
fifteen terms..

ﬁi Find the geometric sequence whose terms are positive, the sum of the first twelve terms
equals 273 times of the sum of its first four terms, Find its common ratio if its cight h term
= 640,

ﬁ; If the sum of the first seven terms of a geometric sequence is 7, and the sum of the next
seven lerms is m, prove that the sequence common ratio = jg

vae General Exercises =

For more exercises, please visit the website of Ministry of Education,

v
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Unit introduction

Counting is an important part of the basic skills in mathematics. We regularly face a lot of problems that
nced to be solved. We need to do counting operations in deferent ways to solve them. In this unit, we are
going to identify different strategies for counting such as the fundamental counting principle and the
most important applications of il

Permutations. They are used to know the number of methods used to order the clements of a set with all

possible methods

Combinations. They mean to choose disregarding the order

Scientists such as Omar Alkhaiam, Isac Newton and pascal had played a great role in this field which is
still ongomg up to day

Unit objectives

By the end of the unit and doing the activities involved , the student should be able to:
Mentify the counting principle and  simple Use the computer to cakculale each of permetatsoms and

applications on it combinations

Identify an introduction about the permutation and
combination and the relaton between them

Key terms

Ferdamental Couting Princple Factonad Oncler
Condtional Courting Principle Permutations Comematiee
Opecation Combratiorn ‘wstnet
“see Duagram ementy
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Lessons of the unit Materials

Lesson (2 - 1): Counting Principle . Scientific calculator - computer - graphic
programs

Lesson (2 - 3): Combinations




-@i) M“dlncuu. ‘ :
B wewiliam , TshintB  TshinA

How many ways arc there to

* The concept of count- choose, if you are asked 1o wear a

ing principle and simple t-shirt and a pair of pants out of 2
applications on it. t-shirts and 3 m of P"“-"-’

» Fundamental counting
» Conditionsl couning 1. How many ways are there

principle. tochoose a male student out
of three students ( Ashral - Pants x Pants y Pants 7
Mohamed - Hassan) and a
female student out of two students (Samar - Mona)?

W e O Solution
» Fundamental Counting In this example, we find that it is easy to know the number of ways
Principle of choosing. For example, we can choose Ashraf, Samar or Ashraf,
» Operation Mona or Mohamed, Mona or Hassan, Samar .. etc. We are going 1o
» Tree Diagram express that by the following graphical diagram called tree diagram:
hraf Ashrals Samar
< Moaa Ashrafl> Mona
N <: Mona Mohamed: Mona
Samar Hassan* Samar
Hassan <:
Mona Hassan- Mona
The number of ways to choose a male student out of three students
B watrials
=3 ways.
» Scientific Calculator The number of ways 1o choose a female student out of two students
+ Graphic program =2 ways

". Number of ways of choosing = 3 x 2 = 6 ways
E) rry to soive
(1) In think and discuss . How many possible ways of choosing are there?

@) Example
2 How many three- digit numbers so that the unit digit is from the
clements {3, 7} the tens digit is from the clements {2, 4, 9} and the
hundreds digit is from the elements is {1, 5} are there?
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From the tree diagram, we find that:

The number of ways to choose the unit digit x number of ways to choose tens digit x number of
ways 10 choose hundreds digit =2« 3 x 2 = 12 ways

The previous examples support the following definition:

& |

Fundamental Counting Principle
Refinition: If the number of ways to perform a certain task is m; way , the number of ways 1o

perform another certain task is m, way and the number of ways to perform a third certain task is m,
way and so on ..., then the number of ways to perform these tasks together = m, x m, xm, * .. xm_

) Example
@Ho;ywaysmnkhledhwauwwoflhecmh(w-chicm-ﬁsh)md a
dnink out of three drinks (orange - lemon - Mango)?
O Solution
Number of ways to choose a meal = 3 ways and the number of ways to choose a drink= 3

ways.
The total number of ways (o choose =3 x 3 =9 ways.

B 7y to soive

(2) A restaurant presents 6 types of pies, 4 types of salads and 3 types of drinks. How many
meals can the restaurant present daily so that a meal includes a type from each of pics, salads
and drinks?

‘ Example Conditional Counting Principle
@ How many different three -digit numbers can be formed from the numbers {0, 1,2, 3 ,4}?
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> Solution
Start with the conditional hundreds digit (Zero can't be used left side)

Number of ways of choosing the digit in tens

digit=4

Number of ways of choosing the digit in unit digit = 3

. The total number of ways of choosing = 4 « 4 » 3 = 48 ways

E) vry to soive
(3) How many ways can a different four -digit number be formed from the numbers {2, 3, 4,7},
s0 that the tens digit is even,

@ Exercises (2-1) @

Choose the correct answer:
(l)mnnnbetofmysolsiuim4mm4minamwequls:
a | b 444 € 4.4 d 4x3x2x1
@mmnnbcroflhedﬂatulwo-digilmmrmlhcwmbcn{5.3.0.2}eqnls:
a 3x2 b 4x2 € 3«3 d 34
@mmwonhedimmm-dignoddnmbmukmlmmemben{z.3.6.8}
cquals:
8 8x6x3 b 44343 € 4x3x2 d 2:3x1

@ How many three -digit numbers can be formed from the elements {2, 3, 5}7

@Howmydiﬂaeufow-dgiluwmmbefamedﬁomlheeknm{2.3.6.8}90“
the unit digit is 67

{6) The licence plates of cars in a governorate start with three letters followed by three digits
except Zero, How many plates can be got assuming that there is no repetition for any letter
or digit in the licence plates?

@Howmydiﬂamlunec-digilmmbasanbeumﬁommcnmbm{zs.&”som
these numbers are less than 9007

{8) If you know that the set of the numbers of mobile networks in a country is made up of an
cleven-digit number. If the number (025) is constant on left side, find the greatest number of
phone lines which the mobile network can stand .
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Use what you learned in the previous lesson to answer the following

questions:
1) How many ways can 4 students sit on three seats in a row?

2) How many ways can 5 racers stand on the edge of a swimming pool
10 jump?

== )
Factorial: The factorial of a positive integer n is written as L8
and equals the product of all the positive integers which are

lesser than or equal n where:
M=n(n-1)(n-2)..3x2x1

» Whenn=0 thenl0 =1 » Whenn=1 then L =1
4 =4x3x2x1=4 13,
16 =6x5<4:3:2x1 =65

Ingeneral: [0 = nlo-1 wherene Z'

@ mamete
@ @ Find 25 B 1110 = 120 find the value of n =
L8 —— 3
Obb'll-um_ i + Screntific calculator
_l0x9 = i .
a ¥ RS =10x9=9 Graphical programs
b |0 =5x4x3x2x] S0 =15 thenn=5
E vy to soive
A LS Lz L2
UFnd: & 7 YETT
Qm
(2) Find the solution set of the equation:- === 30
m - L.z.
Al Ashraal Printing House Student book - Second term
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» Factorial of a number
» Permutations




veeET e =% Son(n-1)=6x5 S m=6
B vry to soive
®"|_:._ : n2.| = :‘2 find the value of n

Critical thinking: if: L2 = L9 find the value of a.

Permutations

Introductory example: How many ways can different three-digit numbers be formed from the
set of numbers {2, 3,5} 7

The numbers are: 532, 352 523 253 | 325, 235. Each number of these numbers is called a
permutation of the numbers

and its number =3 x2x 1 and is written as ‘p, and is read as (3 p 3).

The following table llustrates that:

3 2 1
So, the permutation for a number of objects is to put them in a certain amangement

The number of permutations of n different objects taking r at a time is denoted by the

symbol “p, where:

p=om-)(n-2)..(n-r+l)wherer<n, re N, ne Z'

P, =1
For example:

- 3x2x1 _ L& 2x1 . L
)‘p,lszxdx 3xaxT ~ B3 s p -716!514)!3!2)(‘ = o
=y

= £TT@
from the previous , we deduce that: P TS
'p,-$WMreN.neZ'.t<“ noted by the symbel

la-r %, in the calculator
Example and we use the but-
® e . toms (55 (=) To cab
(3) Find the value for reach of the following: culste e valse of
a 7p, b ‘p, ¢ ‘p, 'p,ty:du*tn.
O Solution ;m
a 7') =Tx6x5x4=840 = :
i
b ‘p‘-4x3x2xl-24 The answer = 20
€ p,=4x3x2=24. What do you notice in the two phrases b and ¢?
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E) try to soive

(3) Calculate the value of the following: LR b ;%:.

K
@) Exampte
(4) Find the number of the different ways, for 5 students 1o sit on 7 seats in one row.
> solution

We have 7 scats. Among the 7 seats, 5 should be selected cach time
. Number of ways ="p, =7 x6x5x4x3=2520

Use the calculator: (7)) Suws) () Clnped) (50 (=)

B vy to soive
{a) How many words can be formed from five different letters?

@) Example (Arranging (ordering) in a circle)
@Howmanywayscn4pamﬁlon4milthefomohcimle?
O Solution
In this case , the first person sits in one way, second person sits in three ways, third person
sits in 2 ways and the last person sits in an only way.
The number of ways of their arangement =3 x2x1=13 =6

Critical thinking: Can you deduce how many ways n of persons can be arranged in a circle?

E) 1ry to soive
(s)wamywaysm9pasmnin9mbcumgedinmcfonnofacick?
‘m 840 | 7
o 120 6
(6) 1f "p, = 840, find the value of [1-4. 2 |s
O solution 4 |4
Start by dividing the number 840 by 7, then divide the quotient by 6, then |
divide the resulted quotient by 5 and so on till you reach number 1
. Number 840 =7 x6 x5 x4 ="p,
~p,="ps sor=4 4 =10 o
E) 1ry to soive
(6) 11 %, , = 504, find the value of [F21
Critical thinking: 1) Find the value of: 'p, . [7_. What de you notice?
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Choose the correct answer:
@Mmympmammmm&wﬁmalz-m
committee?

a2 b 23 c 66 d 132
(2) 1 5p, = 60, then r equals:
a4 b 3 e 2 d s

(3) 1f "p, = 120, then the value of n equals:
a6 b 5 c 4 d 3

@mmwawmwmmmnormmmwz
a4 b 9 c 10 d 24

@ The number of ways to select a different two - digit number of the set of numbers {3, 4, 5, 6) equals:

a 48 b 3 c 12 d 4
{6) The number of ways to arrange 7 children in a circle equals :

a | b 7 c 720 d 5040
() Aphone number is made upof 8places| 9 J ¢ | | | | | | |

¢ should be a number of 3,4, 5, 8 while the rest of the digits are made up of any unconditional
digit. How many different telephone numbers are available?
8 499999 b 4000000 € 4999999 d 10000000

@Howmmywaysmﬂosunhveanmlouommenmlsmoﬁa-dicm-ﬁsh)anda
drink out of two drinks (Juice - soft drink)” Represent it using the tree diagram.

@Howmynysmatwo-dig’ambubefamedfmnmembasl. 2,3, 4

@Hawmymysmadiﬂmm-dighmmb«befamedﬁmthemmbu:l. 2,3,
47

41 How many ways can a different two -digit even number be formed from the numbers
1,2,3, 4

@Howmymysmacoumimdamandambefomedﬁuanmmd
4 woman?
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43 An lce-cream shop offers three sizes (small - medium - large) and five flavors
(strawberry , mango, lemon , milk, chocolate )
How many ways are available to buy an ice -cream cone?
44 From the set of the letters {a , b, ¢, d, ¢, f}, find
8 Number of ways to select a letter.
b Number of ways to select two letters,

15 Find the value of the following:

8 LL:ls b 32-13 € Spx 2

d Jp},‘sz e ‘plo‘pz 1 7poo7p7
@Mlhenhedlwﬂchm&e'm

(LAN

a (n =24 b ol =42

c 'Sp =2730 d ", "p, + "p, =50
@Fudlhcvallxofnif:

8 p,=210 b ni2n.1=12

38 1f *p, = 14« *2 p, find the value of n.

@ Find the number of ways to select a president, vice president and a secretary out of a ten-
person commitiee.

®wamnywuysmmcphyskaledncahnimdnoscummdcm(mana
another) 1o participate in the teams of soccer , basketball and volleyball respectively from
cight students?

2 .
20 Prove that: == =""p,

@ Activities ]

1- Ifx={2.3.5.7,9)
& How many ways can a different two-digit number be formed from these numbers?
b How many ways can a two-digit number be formed from these numbers?
€ How many ways can a different three-digit number be formed from these numbers?
d

How many ways can a different three-digit number less than 500 be formed from these

numbers?
e How many ways can a different four-digit number whose unit digit is 2 be formed from
these numbers?
Al Ashraaf Printing House Student book ~ Second term 59
——=rmesaat




ﬂ Key - term
» Combinations
» Elements

» Committee
» Subset

» Scientific calculator
» Computer

OlI»

Combination can be
written in the form

of *C, -(f)
|

60 Pure mathematics - Second form secondary - Science-section

Two clubs of a four - club set { a
, b, ¢, d} are to be selected for a
soccer match, then the possible
permutations are:

(a, b), (a, ¢), (a, d), (b, a) , (b, ¢),
(b, d), (c, a), (¢, b), (¢, d), (d, a), (d, b), (d, ¢).

From the previous data, we notice that selecting (a, b) is different from
selecting (b, a) and so on...

If we want to select from the previous disregarding the order, then all
the possible choices are: {a, b}, {a,c}, {a,c}, {b,c}, {b,d}, {¢,d}. and
cach choice of these choices is called” Combination”

Combinations

The number of combinations formed from r of objects
chosen from n clements at the same time is "C, where,
r<n,reN,neZ

In the previous introduction , we find that:

the number of combinations of two elements taken from four elements
is denoted by the symbol *C, and is read as (4 ¢ 2) or by the symbol ( %),
In the introduction above, we notice that the number of ways ol'cbmsi.ng
= 6 ways

-, 4x3 »
s L= e = =60, T
R b
Q Example
1 Find the value of each of the following
a Cy b °C, ( what do you notice)?
O solution

8 C.= Pe =7'-()J'5,-.-l'3=2 b 7 =7*6=2
C, s Sra 21 1 C: . |

2019 - 2020



We notice that: 'C;='C, (5:2=7)

Important corollaries: k'cll—l'.‘m— °C =°C

T nr
E) 1ry to soive
() Find the value of “Cy; 'C,, without using the calculator.

@) Actviey | Using the catculator
The buttons 58 (5 can be used from left to right to write the symbol of combinations("C,)
1) Use the calculator to find the value of *C, +C,
om
Press the following buttons consecutively

start — (8) @ (3) (@) ) D &) () 2D @
The sum = 26

) Example
@ ":—icl-uch.n

> Solution
. acn"ca-a
either: r=2r-471c:r=47
it is greater than the value of n, so it is refused.

or: r+2r-47=28 S3r=75 Sr=25
E vry to soive
@) ¢ =>C,, . then find the value of .
.w
@Howmynysmnt«r-pammbcchmenlmma%mm?
©> solution

So that the choice disregards the order, then each choice is called a combination.

Number of choices =°C, = %- 126

ey to soive

@ 7 people have participated in a chess game so that a game is held between cach two players.
How many matches are there?
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. Unit two: Permutations, Combinations ‘I—‘

Q Example Counting principle
4 ' How many ways can a committee of two men and a woman be selected out of 7 men and 5
women?
> Solution
Number of ways 1o select 2 men out of 7 men = 'C_ =21
Number of ways to select a women out of 5 women = °C =3
According to the counting principle, the number of ways to form the committee = 21 » 5 = 105 ways

Critical thinking: How many ways can a committee of 4 men and 3 women be selected out of
6 men and S women ?

ﬂ Try to solve
{4) How many ways can a five-member commitiee formed from 3 male students and 2 female
students be selected out of a class contains 10 male students and 8 female students?

1)
@ Activity Pascal's triangle

Blaise pascal (1623 - 1662):

Blaise pascal 1s a [rench philosopher, mathematician and physicist. He

had stated the theory of probabilities and designed a triangular array

of numbers called pascal's triangle in calculating the probabilities.

Furthermore, he had invented a calculator to perform the addition

and multiplication operations

Check the opposite number triangle , then answer the following questions:

1= What do you notice about how numbers are written in this triangle?

2- Is there a relation among the number
of clements of cach row and the row
directly next to it?

3~ Is there a symmetry among the numbers
existed on the two sides of the triangle?

After performing the activity, we can
notice that:

# First row: represents (n = 1) of the
clements taken off fromr=0orr=|

So: 'Cy=1, 'C, = 1
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7 Second row: represents (n = 2) of the elements taken off from r=0or r=1 or r= 2 in each time.
then: ZC',SI.’Q:Z.’C, =1 and so on.

As we notice that:

» Each row starts with one because °Cg = 1, and ends in one because °C_ = 1

7 Each number in any row except for the first row equals the sum of the two numbers located
above it in the row directly above it.

7 Inthe third row ,wefind: 1, 1 2, 21,1

7 Inthe fourthrow ,wefind: 1, 13, 3.3 3.1, 1andsoon.

7 There is a symmetry about the number located at the middle of the row (if n is even)

7 There is a symmetry about the two numbers located at the middle of the row (if n is odd)

7 This coincides the previous relation 'C,="C_.,

Application on the activity:

Prove that: °C, + °C, +C, +°C, +C, +C, =2
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B oees B

Choose the correct answer :
@mmbctofwayslocm3peopleouoffmpeoplceqnls.
a5 b 10 c 2 d 35
@mmbctofwayswmdqmmaiymnofa&wmcmm&
a 30 b 15 € 24 d 10
{3) The number of ways to choose a red ball and a white ball out of 5 red balls and 3 white balls
equals.
a |5 b 5 c & d 2
Answer the following questions:

(&) Cakulate the value of °C,, *C, . '*C, and 'C,

() If °C, = 120, find the value of °C,

(&) 16"'C, =3 *C,, find the value of n. @ 17, =1 30m, find the value of n.
{8) How many ways can a five-people committee take the majority of a decision?

@meywysmafm-mwﬁtymfanndfmmmkmdem
and two female students out of a class contains 10 male students and 8 female students?
@Wﬁwbmofpumiommhofz

0%, b Pc, ¢ G, 4Gy

31 Use the form *C, 1o write each of:
o P b Py e py a P
[EN 4 o

2
@ Activities )
You have previously leamed that the diagonal of a geometric
figure is the line segment connecting two non-consecutive
vertices and you also knew that:
The number of the triangle diagonals = zero
The number of the quadnilateral diagonals = 2
The number of the pentagon diagonals = 5
Can you find the number of the diagonals of the following
figures:
1) Hexagon, octagon and decagon.
2) Can you use combinations to write the rule by which you can find the diagonals of any
geometric figure? Check with your instructor using internet.
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Unit summary
Fundamental counting principle: If the number of ways to perform a certain task equals n way an
the number of ways to perform another task equals m way, then the number of ways to perform
the first and second tasks together = m x n ways,
Permutations: Il X is a set ol n - elements, then cach order for some or all the elements ol this
sel is called a permutation,

Let X be a set of n-clements, then each order of r-clement can be formed from the set X is called
a permutation where 0 < r < n and the number of the sub-permutations formed from r clement
taken off from a set of n clements is denoted by "p, (and read as n pr)

Theory: The number of the possible permutations from a set of n - elements equals n(n - 1)(n - 2)
.. x 3% 2% 1 the previous product is denoted by the symbol Lo and read as (factonal of n)

Combinations: I X is a set of n- elements | then each choice of 1- elements where (0 <1 <n)

can be taken off from the elements of the set X disregarding the order is called a combination,

7 The number of possible combinations formed from r element and taken off from n element
is denoted by the symbol *C_ (and read asn Cr)

(@ Enricnment Information

Please visit the following links.
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Choose the correct answer:

(l)mmmofwayslofamadiﬂmlm-dighwime number of the set of the numbers
3,4, 5is.

a6 b 3 c 1 d zero
{2) The number of ways o form the number 5476 from the numbers 4, 5, 6, 7 is

a 24 b 16 €1 d zero
@ The number of ways 1o form a 3-digit number of 5 numbers except zero is
a 5«4x3 b 5:4:3 € 5«5x5 d 32«1
(&) 1f the letters of the word CAT are used to write a different three- letier word, then number
of the words resulied equals:
a3 b6 €9 d |
@’P.«Nlb
2 9«8x7 b 9«8xT6x54 € |9 d 6
(6) Find:

815G+ €, + 3G+ 1G4+ C, 4G
B G- 1€, 1 66 1€, -
@M.Ps"l’z"l’l
(0)5po(m:ueonaplmsothuthmmmanydmepdmanauﬁgbﬂhe.ﬂowmy
triangles can be formed from these points?

@Howmydiﬂetcuthmc-di;ilnumbeumbcfawﬁomthemo(m{l.2.3.4.
5,6)?

30 Find the value of each:
a b 1O L+2+3

c d (5.4

FI- [~ Bl
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AWix={-2,-1,0,1,2,3)
and z={{a.bla#b, a, bex}, find the number of z clements.

@ Find the value of n in each of the following cases:

8 |[n =720 b pl2-! =60

c 'C._zlzs d .'2P‘356¥.|!2
1 2 » m

¢ —= 1 -
T T p,=24 C,

If you can not answer any of these questions , you can use the following table:

B ittt § ]t

vae General Exercises ]

L For more exercises, please visit the website of Ministry of Education.
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Unit preface

1727

Isanc Newton (1642

independently

) had invented calculus and Letbemz (1646

1716) had competed him

I'he result was that the differentiation or denvation had been onginated to be related 1o

the problem of finding the tangents of curves and to calculate the maximal and minimal valves of the

functions of pure mathematics or functions modeling socsal and economacal problems

For meegratson

Newton had considered that it is a reverse operation of differentiation while Leibeniz considered it a limuat

of summations. The letier S to express mtegration from summation is related (o ham, then the letier S

is changed into the letter known currently [ which is closer to S. Calculus has been developed by many

scientists such as Berkeley, Lagrange

analytic geometry has helped to develop calculus

Unit objectives

Laplace, Gauss and weerstrass and the process of mventing the

By the end of the unit and doing its activities , the student should be able to:

Identify the comcept of the function of vanation
average rale of change and rate of change

Deduce the first denvative of the function

Identify the geometnic imterpretation of the first
denvative (shope of langent)

Investigate the differentiability of the function (right
denvative- lefl denivative)

Deduce the relation between  differemtiation  and
contimuty

Determine some differentiation rules

» Derivative of the constant function
» Denvative of the functron f: fix K"
» Derivi

P Denvative of the functon /- f(x 2 A

tive of the functon f : f(x) =x

»  Denvative of the sum or the difference between
WO fusctons
»  Denvative of the product of two fusction

*  Derivative of the guotient of two fusctions

ure mathematic Second form seconds

»

»

»

Denivative of the composiie function - chain ruk

Derivative of the function v = (f (x))*
Denvative of the tngosometne fusctions
Use the denvatives m goometng applicatsons such
as finding the equations of the tangent and the
pormal of a curve at a poant on it

lll.lill) the o oo of micgration - antidenvative

Identify and deduce the following integration
rulcs
*dx - e ( where o
54
Af)dr=all(0OF r where 2 5 2 Ccomstamt
DxraNds = fidrzinds
s x+bFdax (ax+h) + Cwherensd |

cos ax + C where 2 s a2 comstant

conaxda sin & x4+ C where & i a comstant

[sec’ axda tan a x + C wheve a 15 a constan

fF YO laOrdas /(o)) N |
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Key terms

Variation

Averuge Rase of Change
Rate of Change

Farst Derivative

Left Denivative

Right Denvative
Differentistion

Materials

Scientific calculator - Computer -
Graphical program .

Unit planning guide

function of variation
average rate of change
rate of change
first derivative of Interprectation
the function of the first derivative
rigth derivative
Differentiability St
The relation between
differentiation and continuity
Rules of differentiation
G . equation of tangent
applications equation of normal

Al Ashraaf Printing House

Differintiable Functions
Product

Quoticnl

Chain Rule
Trigonometric Fusctions
Integration
Antiderivative

Lessons of the unit

Lesson (3 - 1) Rate of change.

Lesson (3 - 2). Differentiation.

Lesson (3 - 3):  Rules of differentiation

Lesson (3 - 4): Denvatives of trigonometric
functions.

Lesson (3 - 5): Applications on the derivative

Lesson (3 - 6):  Integration,

concept of rules of

shepe of tangent
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Unit three

3-1

B vouwill learn

» The concept of the func-

tion of variation,

» The concept of the aver-
age rate of change.

+» The concept of the rate
of change.

ﬂmm

» Function of Variation

+ Average Rate of Change
» Rate of Change

» Schentiic calculator
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Rate of

@M“M]

If a table tennis ball and football fall down from the same height and at
the same times disregarding the effect of air resistance, which ball will
hit the ground first ? Explain.

Differentiation interests in leaming the change occurring in a vanable
as a result of the change of another variable. The change occurred in
the time of the ball motion (1, - t,) leads o a corresponding change in
its velocity (v, - v,), so the average rate of change of velocity can be
compared in regard to the time unit of the two balls by calculating the

rate Y271
L1,

5

Iff: Ja, b| — IR where y = f (x), then any change in the value of x
from x, 10 x, in the domain of f corresponde a change in the value of y
from f (x,) to f (x,), thus:

The amount of change in x = A x(readas Deltax ) = x, - x, ,

| Function of Variation

The amount of change iny = Ay = f(x,) - f (x))

Let (x, , f (x})) be a point y |
on the curve of the function

f. then cach change in its x
coordinate from x, 1o x, =
x,+hwherex, +he]a, b
and h # 0. A comesponding <
change occurs in its y |
coordinates and it can be
identified by the relation: V(h) = f(x, + h) - f(x,)

o, e, fix,+h)

-y

the function V is called the function of variation in f when x = x,

Notice: Both symbols A x or h represent the change in x

2019 - 2020



OMf)=32+x-2
and x varies from 2 to 2 + h , find the function of variation V, then calculate the change in f
when:
a8 h=03 b h=-01

O Solution
Cf)=32+x-2, xvariesfrom2t02+h
Sxy=2, f(2)=3x442-2=12 then:
fR4+n)=32+h7+2+h)-2=12412h+3h’+2+h-2
=3+ 13h+12
Vih=f(2+h)-f(2)
=(3¥+13h+12)-12=3h"+13h

& whenh=03 b whenh=-0.1
V(03)=3(03¢F +13 =03 VE0)=3(-01 )R +13(-01)
=4.17 =-1.27
B rry to soive
() I f(x) =2 - x+ 1, find the function of variation V when x = 3, then calculate:
a V(0.2) b V(-0.3)
@M ]Amgolhudm&mcm

By dividing the function of variation v by h where h # 0, we get a new function a called the
average rate of change function in f when x = x, where :
v _ flx+h)-fix) By _ fix)-fix)
A h h - Ax X, - X,
Qm
(2) 1 f: [0, %[~ R where f(x) = x> + 1, find :

8 The average rate of change function in f when x = 2, then calculate A (0.3)
b The average rate of change in f when x varies from 3 10 4

O Solution
& flx)=f2)=(2F+1=5 . flxy+h)=f(2+h)
S fR24h=Q2+hF+1=h+4h+5
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'.'A(h)= f(xlﬂ;')'f(x,)

.-.mu:%:nn then A(03)=43

b when x varies from 3 0 4 then x,=3,x,=4
adf(3)=9+1=10, f(@)=16+1=17

Average rate of change = I(X;)-f(xa - lz-:o=7
2" % -

B vy to soive

20 I f(x)=2 +3x- 1, find:
8 The average rate of change function when x = 2, then find a (0.2)
b The average rate of change when x varies from 4.5 to 3

@) Example

(3 The opposite figure shows the curve of r = f (1) where 7 U
r is the total sales of a computer store approximated in
millions L.E and t is the time in months.

From the graph, find the average rate of change in the total
siles when the time varies from:

a 1= = b (= - T
t=4 1o 1=8§ t=8 1 t=10 24 6 81012

- WA wn

© Solution
& From the graph : f(8) =4.4 . f(4) =1
unawmeordmgeinfsﬁ‘.‘i’_:f‘_(ﬂ- “-‘4" = 0.85 of million L.E / month
Le. the average of the total sales increases 0.85 of million L.E monthly during this period.

b From the graph : f(10) = 2 and f(8) = 4.4

the average rate of change in f -f“l“;'{(" =2 '2‘-‘ = - 1.2 million L.E / month

Le. the average of the total sales decreases 1.2 million L.E monthly during this period.

E) rry to soive
(3) Use the graph in example (3) to find the average rate of change in the total sales when time
varnes from :

2 t=4w1=6 b 1=6wt=10 € t=4w1=12
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The opposite figure shows the curve of the function f
where y = f (x). Determine the intervals in which the

average rate of change in f is constant. Explain ® ol
2a\[ 12345878
Rate of Change Function

If:Ja, bl —=Rwherey=f(x)andx,, x, +he |a, b then:

mcmdchngcfmbnhfwbcnxﬁhﬁm &%&')‘ﬂm A (h) in a condition the
—0 —0

limit should be existed.

@) Example

@lednmeofchngeﬁmcﬁonin]wbenx:x,faachofdnfollowing.lhenfndthis
rate at the given values of x .
8 f(x)=3742 when x=2 bf(x)=% when x=3

O Solution A
a o f)=374+2 .whenx=x then f(x,)-lxl +2,

S +hP =30 +hF 42237 46, he 30742
Thcnleo!chmgefunctionin]-hlim &L’;L&:l
—

= lim _6xh+3h° h+3h? = lim (6x, + 3 h) =6,
h o

h—o
When x =2 Sox =2 and the rate of change in f =6x2=12
b '.'f(x):% . when x=x, , then :
. S S
Sl +h)-f(x) s 2
= hl'Z'le'zh"z = '2h
(x; #+h-1)(x, +h) ey +h-I)x, - 1)
the rate of change function inf= lim —f“"":'f“"
h .o
= lim !« -2h = -2
heo b Goab-Dx oD - 1Y
whenx=3 ..x =3 and the rate of change inf = 2 _=. 1

@3-1p 2
vy to soive
{4) Find the average rate of change function in f where f (x) = x-fz when x varies from x, to
x, + h, then deduce the rate of change in f when x = 5.
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QM
(5 Find the average rate of change function in f where f(x) =y x+3 when x = x,, then find

the rate of change in f when:
a y=6 b x=.2
O Ssolution
8 f)=Vxed Sodomainof f = -3, =|
when x=x,, then: f(x,) =y x +3 ' S, +h) =y +h+3
then:

Average rate of change function in f = A(h) = f(xn":'luﬂ

= VX +h+3 ~yx +3

h
Rate of change function in f= lim A(h)= lim “1*'”-‘“""1*’
h.o h-o
=tim ¥ 5, +h+3 -V x+3 Y 5ehed 44 x 43
h.o h Y x+h+3 +4 x 43
ho hlVx,+he 3 44 x+3]
|
=————wherex, >-3
2V x 43 !
: 1 1
8 whenx=6 .. Rate of change in f = ——"v =
geinf 2/6+3 6
. 1 1
b Whenx=-2 . Rate of change in f= ———— ==
&inf 2/-2+3 2
E) rry to sotve
(s) Find the average rate of change function inf where f(x) =+~ x-5 when x = x,, then deduce
the rate of change in f whenx =9
Can the rate of change in f when x = 5 be calculated? Explain
Life applications
@) Example

(6) A piece of stone has fallen in calm water, a circular wave has been formed and expanded
regularly so that the wave has kept its circular Shope. Find the rate of change in its surface
mwilhrcspecuoilsndiuslmglhwirnlhcradiuslengmis3.5(il--z.-,z-).
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Modelling the problem:

Let the radius length of the wave = x cm
s Area of the circle a =7 em?
Thena=f(x)=7 2

When x varies from x, tox, +h

Mmeolchmemncﬁonina=.ﬁm &’?J‘L’
—
= lim T (x + W7 - x]
h -0
2
sﬂhﬁm —Lu'*h)z : =27 x
0

Whenx=x,=35 ."the rate of change ina =2x 3% x 35.=22

B vry to soive

(s)ammmmymmmm.mmuwmdwm
its surface arca when its side length varies from 3cm to 3 4cm, then calculate the rate of change
in its surface arca when its side length = 5 cm.

(7) In a chemical reaction whose a final product is substance a, it's found that the product
afler t second is given by the relation y = t* mg. Find the instantancous rate 1o produce the
substance a when t = 2 seconds .

> Solution

Lety=f()=0", then:

The instantancous rate 1o produce substance a is the same rate of change in f.

When t =1, , then the rate of change function in f = lim .L('*_';)_L(')_
)

= lim _(t+h' -t =3¢
h—o h
when [ =1, = 2 seconds
.". the instantancous rate to produce substance a = 3(2)* = 12 mg /sec
B vry to soive

7) The size of a bacterial culture at any time t (measured in minute) is given by the relation
£(1) =21 + 100 mg, find the rate of the instantaneous growth of the function f when t = 5
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@ Exercises 3 -1 @

Choose the correct answer :
(l) If the average rate of change in f= 2.4 when x vanies from 3 to 3.2, then the change in fequals

a (.32 b 048 € 36 d 72
(2) If the average rate of change in f =5 when x varies from 2 to 4 and f(2) = 6, then £(4) equals
s .4 b 7 c K d 16

(3) The average rate of change in the cube volume when its edge length varies from Sem to 7em
equals

8 125 b 343 ¢ 218 d 109
{4) The opposite figure shows the curve of the function f where 4

y = f(x). In which of the following intervals the average rate of

change in £ is the greatest?

a [a,b] b [b.c]

€ [c.d) d[a,e]

X

Answer each of the following: FALEXK
G) If f(x)=x*+2x- 1, find the variation in f when

8 x varies from 210 2.1 b yx=-2andh=1

(6) Find the average rate of change function in f when x = x,. then deduce the rate of change of
Jfat the shown values of x, in the following :
a2 f(x):lr‘_ x.=2 b f(x):%, x,:()
x-
{7) Find the average rate of change function in f where f (x) = Y -3 when x = x,, then deduce
the rate of change in fwhen x =7

(8) Argas; A squarcd lamina shrinks by cooling and maintaining its square shape. Calculate the
rate of change in the surface of lamina with respect 1o its side length when the side length is
Scm.

(9)“Amlspbcmcxpmdsbyhcatmgandmaimmingitssplmicalshapc. Find the
rate of change in the sphere volume with respect to its radius length when the radius length
is 7 cm.
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10 Discover the error ; A rectangular lamina its length is twice its width expands regularly by
heating so that it maintains its shape and the same ratio among its dimensions. Calculate the
rate of change in the arca of the lamina with respect to its width when the width is 10cm.

First solution

Let the width be x, and length 2x
Area = length x width.". f (x) = 2
lhkddw-.lh Sy +h)-fxy)
= h
= lim 2h(2x, +h)
ho h
= lim (4x, + 2h) = 4x,
h-o
when x, = 10cm
rate of change = 40

Agriculture;

Second solution

lalengthbex.ndwm%x
Arca = length x width . f ()= 1

Rate of change = 7 L1+ -SE5)

1
= hx +zh)
h.o

h
- g (x, *%h)'ﬁ
when x, = 10cm
rate of change = 10

ﬁt if y is the quantity ( measured in kg) which represents the average production of an orange tree
depends upon the number of kilograms x of insecticide used to spray the tree according to the

42

relation y = 100 - _'l , calculate the average rate of change in y when x varies from 1 to 2,

I+

Geometry:

32 A sphere shaped soap bubble expands regularly to maintain its spherical shape. Calculate the
average rate of change in its sphencal surface arca when its radius length varies from 05
em to 0.6cm, known that the surface area of the sphere equals 4 7r® where r is the sphere

radius length .

33 A triangular lamina whose base length equals twice its corresponding height. it expands by
heating maintaining its shape . Find the average rate of change in its area if its height varies

from 8 cm o 8.4 cm.
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Unit three

3-2

anferentlatlon

w

\

“h, fix,+h
.\buw.l @mum) 4 o (x, + )
» The first derivative of 1. The opposite figure (1) shows
the function.
» The left derivative of the ““W"'—':_."" bl— R (x,, f
function . where y =f(x), CD mtersects s K
» The right derivative of
the function. it at the two points C (x,, g
.P:amm ity at fx ). D (x, +h,f(x, +h). | 3 ok -
» The relation between , — fig. (1)
differentiation and Find the slope of the secant CD.
continuity B
'2) let x varies from x, to x, + h, compare the average rate of change
function in f, and the slope of the secant CD. is the next relation
true?
o — S -fix) _
’W : The slope of the secast €D = tan U 3 A(h)
» First Devivative 31 C (x,, f (x,)) is a constant point on the curve of the function f
* Lak Dashative and point D moves on the b 14
» ¥ Pl
S R— curve so that it gets near 1o —
e int C to let CD take the
) point u.)_ C e
position CN and become a
tangent 10 the curve at C.
ic.he—?0
Find the slope of the tangent to
- ol the curve of fat C
» Scientific calculator Notice ;
» Graphical programs msmo‘wwmc=m9= lim !(x.#l;l)-l(.ﬁ).ir[onw
h-o
i.e.
[ lhcslopol‘lheumllothecmvcoﬂhefmumfmte
y =/ (x) at point (x, f(x,)) equals the rate of change in f when
3\..‘x-x, ,
N v
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(1) Find the slope of the tangent to the curve of the function f where £ (x) = 3x% - 5 at point A
(2, 7). then find the measure of the positive angle which the tangent makes with the positive
direction of x-axis at point A (o the nearest minuie .

O Solution
f(2)=312P-5=17 . point A (2, 7) belongs to the curve of f
The slope of the tangent at (x = 2) = the rate of change in f when (x = 2)

= lim JQ+h-f(2)

h-.0 b
. Theslope of the tangent = lim 32+W?-5-7 _ iy 12h+3W
h.0 h h0
= lim (12+43h)=12
h'o
Then tan 6= 12 o B=tan-'(12) ~ 85"14°

B rry to soive

{1) Find the slope of the tangent to the curve of the function f where £ (x) = x* - 4 at point
A (1,- 3), then find the measure of the positive angle which the tangent makes with the
positive direction of x-axis at point A to the nearest minute.

&) Learn | The Derivative Function

For each value of the variable x in the domain of f is corresponded by a unique value 1o the rate
of change in f , thus , the rate of change is a function in the variable x and called the "denvative
function” or the first derivative of the function or first differential coefficient.

Iff:]a,b|—Rand xe]a,b, then the derivative function /' :

~
-

fi(x)= lim ‘“".)' () _in a condition that this limit is existed.

-0

Symbols.of the derivative function.;

Il y = f(x), then the first denvative of the function £ is denoted by

y or f' and read as " derivative of y " or derivative of [ *

%i’- read as " dy by dx " or * derivative of y with respect to x*
Notice that the slope of the tangent to the curve of y = f(x) at point (x,, f(x,)) is f'(x,)
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@ teamie

(2) Find the derivative function of the function f where f(x) = x* - x + | using the definition of
the derivative, then find the slope of the tangent at the point (-2, 7)

O Solution
'.'j(x)t.lz-xi»l
Sfxeh)=(x+hP-(xeh)+1 =+ 2xh+h-x-h+1,
Sx+h)-f(x)=(2x+h-1)h

-‘afl(x)= lim ](,l’fh)-!(,l‘) .‘.f'(1)= lim (hfh'l!h
h .0 h h.0 h

fx)= h“m (2x+h-1) f'(x)=2x-1

—00
VA= (-2F- (-2 +1=7 . point ( - 2, 7) lies on the curve of f
the slope of the tangent at point (-2, 7)=f'(-2) =2(-2)-1=-5

B 1y to soive
(2) If f(x) =3 2% + 4x + 7, find the derivative of the function f using the definition of the
derivative, then find the slope of the tangent at the point ( - 1 , 6)

&) Loarn ' Differentiability of a function at a Point
It is said that the function [ is differentiable when x = a (where a belongs to the domain of the

function ) if and only if £'(a) is existed where f'(a)= lim M+ﬂﬂ
h.0

If a derivative is found for the function [ at cach point belongs to the interval | ¢, d [, we say
that the function is differentiable in this interval.

In example (2) : we find that for cach x € R there is a derivative to the function f where
f'(x) = 2x - | so the polynomial function is differentiable on &

Qw
(3) Prove that f (x) = -~ L_ i differentiable when x = 2

x+1

O Solution
 domain of f=R-{-1} .~.f is defined when x=2.f (2) = |

2+h-1
f(2)= lim fQ+h)-f(2) = lim 24hel 3
h.0 h h.0 h
= lim 3+3b-3-b_ k20 _2cm
h.o 3h(3+h  p .0 w3+n ?

.. fis differentiable when x =2
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B vry to sotve
(3) Prove that f (x) = 2 - x + | is differentiable when x = |

Right and Left Derivatives

If the function f is defined when x = a (where a belongs 1o the domain of the function), and the
function rule on the right of a differs from its rule on the left of a , we discuss the differentiability
when x = a by finding the right derivative of the function which is denoted by the symbol f(a *)
and the left derivative denoted by f'(a ) where :

The right derivative'(a*) = " w teft derivative @)= 1™ fla+ t;) -f(@)

The function is differentiable at a if and only if f'(a*) =f"(a ), and the derivative of the function
is denoted by the symbol f'(a )

‘m
(@) Show that the function fwhere f(y= |©  WRAXS2i 00 differentiable when x = 2
& x+2 whenx <2

~ Domainof f =R

. The function is defined when x=2 and f(2)=(2F =4

ho” ho* h
- lim @+hP-4 = lim Gth+2)-4
h 0 . . +0 h
= lim 4+l = lim L:l
h .o h h +0
2 )=4 S fRY=1
O LURYYES2) 0 f1(2) 1 notexisted. Le. the function is not-differentiable when
x=2
"""‘"’ -5 when x<2
4, Discuss the differentiability of the function f when x=2 where f(x) =
3, uss ity f x=2wheref(x) [4:-9 when x 22

Critical thinking ;

7 Discuss the continuity of the two functions in Example (4) and try to solve (4) and deduce the
relation between the differentiability of the function at a point in its domain and its continuity
at the same point.

# Is the function f where f(x) = L - 2| differentiable when x =2 ?
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Differentiation and Continuity

»  Ifthe function f where y = f(x) is differentiable when x = a, then it is continuous
at this point.

The opposite figure shows that: y

1 = The continuity of a function at a point does not necessarily mean
it is differentiable at the same point as in the two functions r
and g.

2 - If the function is discontinuous when x = a, then the function is
not-differentiable when x = a as in the function f .

Important note:  when discussing the differentiability of

a function at a point in its domain, it is

favourable o discuss its continuity at this point first. If it

is continuous, we discuss the differentiation and if it is
discontinuous, then the function is not-differentiable

]

4
e

B

@ tcamie

P . Ly . 2¢-1 whenx <3
.5 Discuss the differentiability of the function fat x = 3 where f(x) =

7-x whenx =3

g 7
Discuss the continuity at x = 3 :ﬂxhh'l 4 J@=7x 2
(N f(3)=7-3=4 -x 3 ®
2)f37)= lim 2x-)=5, f(3*)= Im (7-x)=4

x.3 x.3
fB)#Ff(3Y) S limo f(x) is not existed and s discontinuous at x = 3
X3
= f is discontinuous at x = 3 S f 18 not-differentiable at x = 3
) 1ry to soive

©+2 when x31
{5 Discuss the differentiability of the function fwhere f(x) = [ x=1
2r+1 when x <1

“Y+a  when xg?2
O Iff(x):[ is differentiable at x =2 then a + b equals:
ax+b when x>2
a4 b .4 ¢ -8 d 3
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Answer the following:

(1) Using the definition of derivative, find the derivative of the function f where f(x) = x* - 5
when x = 3 and show the geometric meaning of the denivative of the function when x = 3.

{2) Using the definition of derivative, find the derivative of the function f where f (x) = 1 - 5x
- 3x% at point (- 1, 3), then find the measure of the positive angle which this tangent makes
with the positive direction of x-axis to the ncarest minule.

(3)Find the derivative function for each of the following functions using the definition:
& f)=Vixsl b f(x)=%

AT . e 3 4. when x<1
4, Discuss the differentiability of the function f where f(x) = x=1
2x+1 when x> 1

{5) Find the value of the constant a if the function f is differentiable at x = 2 where
2x+3 when x<2

(x) =
d {ax’+8x-l when x22

N\ , ar+1 when x<2 :
6, If the function f where f(x) = is continuous at x = 2, find the
4x-3 when x <2

value of the constant a , then discuss the differentiability of the function when x =2

&) I f(x) = a2 + b where a and b are two constants, find :
8 The first derivative of the function f at any point ( x, ¥).
b The two values of a and b if the slope of the tangent to the curve of the function at point
(2, -3) lying on it equals 12,

{8) Compare the right derivative and the left derivative for each of the following functions and
prove that each of them is not-differentiable at point x = .

4 4

4
3 3|/
_.-
)
3 4 I EEEEEE RN
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Unit thtee

3-3

B vouwill learn

+ Derivative of the con-
stant function.

» Derivative of f{x) =x*
+ Derivative of f{x) = x

» Derivative of f(x) = ax*

» Derivative of the sum
and difference of two
functions.

+ Derivative of the prod-
wct of two functions.

+ Derivative of the quo-
tient of two functions.

+ Derivative of the com-
posite function (chain
rule) .

» Derivative of y = (f(x))".

74 Key terms

» First Derivative
» Product

» Quotient

» Chain Rule

'Ikﬂ "‘ ",

Rules of leferentlatlon

Explore

1 - Find by using the definition of the first derivative of the function
the dernivative for cach of :
fix)=x flx)=2

2 - Can you discover the derivative of f (x) = x” without using the
definition?

3 - Can you deduce a rule for the derivative of the function f where
flx)y=27

@Mu \

Derivative of a Function

1 - Derivative of the constant function
Ify=c where: ce & then: %{-:0
Notice :
y=f=c, fix+h=c

iL:f’(,t): lim Jx+h)-f(x)
h.0 h

LY =f'(x)y= lim _€-€ =zero(h#0)
. h.0 h

d
2 - Derivative of the funciton [ (x) = x*

fy=x"® where: ne R then:%’-:nx"'
X
- ., dy _
B aterials My=x e o1=1
» Scientific calculator fy=ax" where: a.neR  then: %:anx"'
» Graphical programs. Q
Example
(1) Find %L in each of the following:
X
a y=-3 b yz,"‘ c yng
d y=_3 e y=,/ "
O Solution
a '.'y=-3 .‘.AL=0 b y:.\‘. .‘.ﬂ=4x~‘
dx dx
2019 - 2020
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€ y=5x n4Y =5

d '.’y-%xilx"" .'.-2’—8-6.:"

e '.'y-@-xs ,'.i’.-%x L%fTwhcrex)O
B rry to soive
(1) Find _:i_ in cach of the following:

ay=.42 b y=§ﬁ P c y:'?f. dy=¥x

Derivative of the sum or difference between two functions

If z and g are two differentiable functions with respect (o the variable x , then z £ g is also
differentiable with respect to x and %(ztgh%t%.m]mw:

Iff, . [, ... [ are differentiable functions with respect to the variable x then:
:_x(f,ifzztf,i...tf.)(x) = 'O 0 (0t +f 1)

@) example
@Find%i—incxhofmcfollowing:
8 y=2"4x" b ygﬂ-Zx
vx
O Solution
Vx -2x
e =2 +x? B y=
y y = ‘
.-.%:129-9;:-'0 =1-2/x =1-2¢

%{-10-2)(%:"!--1'!
B vry to sotve
2) Find 9Y_if:
@ Fina X i:
a y=3 2046041 b y=;:+x./T+'/.Tx-4
The derivative of the product of two functions:

if z and g are two differentiable functions with respect 1o the variable x, then the function (2. g)
is also differentiable with respect to the variable x and %(z.g)-z%q.%
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@) exampie

O Fmd_:i_ify-(x3+l)(.r’+3).thmﬁnd%i_w|nnx--l

O Solution
cy=(R+ 1) (L +3) ,-,%{.:(xz+l)x3x’+(r‘+3)*2x
=30 430 + 26 4 6x
=50+ 37 + 6
whenx=- | AL =503 1P 46(-1)=2
) vy to sotve

a3) Fmd%’-ifyz(dx"- 1 )(7x‘+x).lhcnﬁnd%7_whcnx =1
X X

Derivative of the quotient of two functions:
lfzandgalclwodmmmiable functions with respect to the variable xand g (x) #0
lhcnmcfunclion(%)isa!wdiﬂmhblcwilhmspcamnwvuiabkx

g_-z.‘ll.
Illdl(_l)= x 5 dx
dx g*
7-z2¢
ie(—) = ¢
g
Qw
P~ dy = 2.1
‘4 Find o Ify -
O Solution .
oy= Bl Lody D2 (@) X3
: 4l T dx TS
gy 2da2-3deag
" ax (417
e Xl
(.r‘<l»l)z
E) rry to sotve
7N dy iy £¥223-1
4 =
4/ Find dx ry x+5
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the composite function (Chain rule)

{3 work togother

Work with a classmate
=(32- 1), find 4Y_
fy=@3e- 1), find £

Do you need long mathematical operations? Have you faced difficulties to find the derivative
function?

You have previously leamed the composition of the function and known that :
(Fen)=fIr(x)]
If £ and r are two functions where y = f(z) and z = r(x), theny = f[r (x) ]

and we say that y is the composite function of x

If y = f(2) is differentiable with respect to the variable z , and z = r(x) is differentiable
with respect (o the variable x, then y = f (r(x)) is differentiable with respect o the

- dz
variable x and: 4Y = d¥
ax  dz  dx

This theorem Is known as the chain rule

-y
-
-
o |
-

Qﬁ!ﬂo
5) Iy =(-3x+1)°, find _:"Ix_

> Solution
letz=x-3x+1 SyszS

it is clear that y is differentiable with respect 1o z (polynomial at z) md_:{_:.',z‘

and also z is differentiable with respect to x (polynomial at x) md:—:=2x-3.

dz
B ing the chain rule .- 9Y¥ = 4y . =52 %(2x-3
y applying the chain ru T | ( )

By substituling 2
_:Yx_ =5(P-3x+1)=(2x-3)
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E) vy to sotve
) ﬁnd%i-mhgdwchainmkinworktogabuudchectyomptﬂiomwut.

@) Example

©My=y7 . 2=x-3x+2, find 4L

O Solution
ry=gt %i“%"i
vz=x-3x+2 :_:gzx.g

dy _ dy . dz - | 3 N 'i’.:l . ) _i
ag=gbgr =32y sl =3(2x-3)(0- 242

B‘l‘rylo.dn

7N\ ) ) 5 d
6, My=372-1,2z=2, find LY
&, y=o2 7 = ! dx

Derivative of the function [f(x)]"
If z= [f(x)]* where f is differentiable with respect to x and n is a real number ,
then: 4% = n [fOP 1 fi(x)
dx
@) Exampie
@ﬁm%u
3 10 b X-1 48
8 y=(6r'+3x4+1) y-(—x”}
O Solution
a y=(6'+3c+ )"

A 106l #3417 x4 (6t +3x+ 1)
dx dx

=10(18 2 +3) (6 +3x+ 1)
=306+ D60 +3c+1)?

b y=(2-Lly .ody _gex-lg (xeDx1-x-Dx1
y (x*l) dx 5(1*')"‘ (x+ 1)
§( X1y x+l-x+1
=eaT (x4 1)
= 10 x( x-1 ,‘g |g&-|!‘
(x+ 1) x+1 (x+1)
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Bl 7y to sotve

AN dy ; &3 3
@ Find 4Y ify = (3 )

@) example
(8) 1f(x) =4 x* -2 + 5x- 4., find the values of x which make f'(x) =2
O Solution

f@=1x32-2x 2x45x1

=r-4x+5

When fi(x)=2 S -4x45=2 and ¥’ -4x+3=0

C(x-1D(x-3)=0 x=1 or x=3
B rry to sotve
{8) Find the values of x which make f'(x) = 7 in each of the following:

8 f)=x-5x+2 b f(x)=(x-5)

@ Exercises 3-3 @

Complete:
A T Lo N d -
S ‘H(‘F)- 2 F(Sl)-
O " @4 ()=
3/d— x°) & dz (77-)
)L P +3x42)= dL(./_x -_+x)-

Find the first derivative for each of the following functions with respect to x.

& y=x(32-/7) @,.%
X

Wy=G-D(x+DE+ D+ DEE+ D)0+ 1)

Find the first derivative for each of the following functions
Ry=(F+H*-3c+ 1) WBy=(2-V7 ) (2+2/7)
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Wy=(22-3+4)(F-+Vx +-2) g3 y=_3x-2
X S x+1
£+2c+8
. AP y=_ X-2
Oyt By=—s
ﬁeﬁw—:i'-whwx=2fora\choﬂlnfolk)wim:
8 y=(x'4x-9) b yi=37-4
€ y=) ' +4ax+3)P d y=7 | z=32-2
L] =27 = - f = z-1 =J'l
y=22" , z=8x-1l yz”.z -—

19 Ify=a x’+b.r’and%i'—=8wlnnx= 1, and the average rate of change of y when x varies
from - 1 10 2 equals 7, find the values of the two constant a and b.

20) Find the value of %{_ at the point shown in each of the following:

8 y=(£2)7 whenx=0 b y=(+ 1) (F-x41)* whenx=1

@ty |

21 Yolumes if the oil is poured at a rate of 10 cm*/sec in a cylindric barrel whose radius length
of its base is 90 cm, find the rate of rising the oil in the barrel.

Creative thinking
2 ﬁw%(y').wimeyisafunmionofx.

20 y=324+landz=y/ T 2, ﬁnd%’-. Is one of the following two solution wrong or both
X
are true?

First solution Second solution

y=32+1 v y=32+1 n4Y =62
dz
2=y 22 z=(.|3-2)l
4z _ 1.3 4 . X
By substituting , we find that e 2(13 2)* x2x Vo r
dy dx dz dx
4y =6 =647 X =6
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Derivatives of|

G etors |

Ay You will learn '

In our leaming here, the measures , » Derivative of the trigo-
of the angles are in radian /'_ nometric functions
measurement. y= sin x 1) = sin x

) flx) = cos x
the opposite figure shows the curve 2 ()= tans
of the sine function y =sinxand ' | 2
when it is translated to the left of a PrEmRESTer

magnitude of . _ the curve of the cosine function y = cos x is drawn
also : cos x = sin ( % +x)=sin(iz-x).so.iliscnoughloﬁndme

derivative of sin x using the definition and deducing the rest of the other | Koy terms b
tnigonometric derivatives. » Derivative
» Trigonometri Function
Derivatives of Trigonometric Function
@M }Md«hmlndslmfunctlon
If f(x)=sinx then f'(x)=cosx
* f(x)=sinx, flx+h)=sin(x+h)
f )= lim fl+h)-F(x) _ Jim sin(x+h)-sinx
h-0 h h-0 h
= lim _Sinxcosh+cos xsinh-sinx
h-0 h
= lim [ _cosxsinh , sinx(cosh-1) | aterials -
hs 0 h h e ——
=cosx lim sinh , oo lim cosh-1 » Graphic programs
h-s0 h hs0 h

=cosx xl4+sinxx0=cosx

Le: (L (sinx)-oou)
dx

* (The proof Is not required from students)
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In general  If z is a differentiable function with respect to the variable x, then :

9 (sinz)=cosz. 42 [ chain rule]
dx dx

@) exampie

(1) Find %J_ for cach of the following :
X

& y=S5sin x b y=x'sinx € y=2sin(3x+4)
©> Solution
& y=Ssinx s4Y 25 ¢ (sinx)=5cosx
dx dx
b '.'y:x‘sinx o4y = B d (sin X ) 4 sin X » (x'
dx dx dx

=x'cos x + 3 4% sin x
€ y=2sin(3x+4)
putting z=3x-4 then: y=2sinz
- ﬂ. = A’.: i i dy _ dy dz
e 3 <, T 2 cos z and by applying the chain rule ( 3 i dJ‘)

d
.. %:2«51!3=2ms(3x+4)’3=6cos(3x+4)

We can find %i_ directly using the generalization above as follows:

_gi_ =2xcos(3x+4)x3=6cos(3x+4)
) vey to sotve
4 Find %i_ for cach of the following :
8 y=r"4sinx b y=sin_§.-7sinx € y=5sin(3-2x)
& Learn ]
1- Derivative of the cosine function
Ify =cos x then _:Y;a.sinx

2- Derivative of the tangent function
If y=tan x then —:Yx-= sec? x
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d = 9 [si : _d_ e |
mw«mx) == lm(lzl W) (2) —(anx)= = (

COS X % 008 X - (-sin X) * sin X

= A . x)x- -
cos(2 x)x-1

cos ¥ x
= - sin x _ cos 2 x4 sin x N S
cos i x cos® x

@) Example
(2 Find the first derivative for each of the following :

8 y = 2cosx-tan Sx b y=tan(l-x) € y=cos® (4-7)
O Solution
8 " y= 2c08x-tanSx

. —:i-=2(-sinx)-sec35n5 =-2sinx-5sec’Sx
b y=tan(l-x) %:m’(l-x’)x-h: 2xsec¥(1- %)
€ v y=cos'(4F-T) lety=cos’z where z=4x°-7

oo AY =3costzx-sinz=-3sinzcos’z, 4z -gx

dz dx
. dy _ dy , 9z _ ;
dx dz ) dx x sinz cos’z

%{. =-24 xsin (4 - 7) cos? (4¢7-7)
B vry to sotve
@ ﬁnd_:i- for cach of the following :

8 y=2anlx by = 2c0s(4-30) € y = 2sinxcosx

d y=2xtanx e y=tan’3x f y=tand’

@) example

= mmcrin -5l dy - dy =
3y T pmvclhu(lsmx)_di- I.lhmlinddxwlmx :

> Solution
v ym o 47 o (LSn)(tin)-conx(-cou )
1-sinx dx (1 - sin x)?
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; in? 2
- §i + .
dy _ -Smx+sin®xtcostx o

dx (1 -sinx)* (1 - sin xp* e
ay !

ie:(1-sinx)4¥ =)
dx | -sinx dx

sinfr+cosii=1
whenx= . then (1-sin Ay dY =)
6 dx

(l-'l)iy_zl _‘.ﬂzz
27 dx dx

) vry to sotve
(3) If y = 2x sin x cos x prove that: %{-:sin‘.’x+2xcm2x

"

@ ety

4 Mechanics: A force of a magnitude F has acted on an object of weight (w) in the direction
that creates an angle of measurement 6 with the direction of the motion and the magnitude

of the force is given by the rule F= e

m sin @ + cos 6
where m is constant called the [riction
coellicient

@ Find the rate of change of the force F
with respect to the angle 6
b When does the rate of change equal zero?

Answer of the Activity:
8Fs—2% = m w (m sin 6 + cos 6)'
msin 6 + cos 0
the rate of change of the force with respect to =:_;
_ : . -mw (m cos 6 - sin )
= -mw (m sin @ + cos ) (m cosO - sin 0) = @ sin 0+ c0s OF
b whcn:—;ﬂ Lomw (mceosf -sin@) =0
Someos@-sin@=0 m cos 0 = sin 6 m= 300 -0
cos O
Application on the activity,

@ y=sin®x-cos2x-4x:
8 Find the rate of change of y with respect to the variable x .
b Find the values of x € J07 | when the rate of change equals -1
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Creative thinking: Find -4 if:
dx
8 y=sin (tan3 x) b y = sin x where x is measured by the degree measurement

@ Exercises 3 -4 @

Choose the correct answer:

() fy=sin(2x+5), theny =
a 2¢os v b -2cos2x

(2) fy=3x-cos2x, theny=
@ 3.sin2x b 34sin2x

() Ify=3cos(2-4x), theny'=
@ 4sin(2-4x) b 12sin(2-4x)

(t)lrf(x)-un(sx-x).menf'({.)- .....

as b 5/2
Complete :

(S) % (cos x-sinx) =

(7)% (cos2mT) =
OF XL RE
m%umamtm
A0 y=sin(4x+7)
33 y=cos (5x+3)

35 y=tan (- 52 + 19)

Qy= tox
- - X
39y =

D y=_ SinX
iyy I +cosx

Al Ashraaf Printing House

€ cos(2x+5) d 2c0s(2x +5)

€ 342sin2x d 3.2sin2x

€ -6sin(2-4x) d - 12sin(2-4x)

c 10 d 107

AR -
&) & (an3x)
(l)%(oos’x«i-silv’x):
30 Find lim sinx-sina

Xes X-a

32 y=sin(*+3)
39 y=31an(2c+3)
36 y = sin (cos’x)
38 y=xsin(3x-2)
20 y=2sin(2°+5)

2D y=secix-1
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B y=sin(%) 20 y=tan /%

25 y =4 cos'x 26 y=4x+5sind x

9)’ J 3x- ®y=m&‘(::—|)

@Y'J“"(S‘) @y-cm(cosx)
N _ lanX+tn

5!/’- 1-tan X tany

Find the slope of the tangent for each of the following curves:

32 y=5-sinx when x = -{- 33 y=sinx+sin2x whcnx:-g-
3 y=xcos2x when x = % 3 y=xy/Sinx whcnx-%

@ Prove that the tangent to the curve of y = cos x whcnx:-%- makes with the positive

direction of x-axis a positive angle of measurement 3‘1
37 Ify=sin’x-cos’x, Prove that d’ =2sin2x
38 Ify=(sinx+cosxy®, Prove that ' =2c082x

39 Ify= —5"% __ Pprove that ( 1 +cos x) "’ -
I 4cosx

40) 1f y = sec4 x, find the rate of change of y with respect to x when x = z
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Applicationsion'

Introduction

Geometric applications on the derivative of the function require finding
the equation of the straight line in terms of its slope and a point lies on
it. Remember the relation between the two slopes of the two parallel
straight lines and the two perpendicular straight lines.

Slope of the Tangent and the Normal to a Curve

In this unit, you knew that:
7 The first denvative of the function f where y = f(x) means the slope

of the tangent to the curve of this function at any point (x, y) lying
on it

i.e.: The slope of the tangent
to the curve of y = f(x) ot Y4

point a (x,, y,) lying on
it= (4
= ldxl('l'h)

then
)

dy
tan 6= -5 le .y

where 6 is the measurement of the positive angle which the tangent

makes with the positive direction of x-axis .

Notice :

7 It mand m, are the two slopes of two known straight lines 7 and
¢,, then:

7 //t,ifandonlyifm,=m, (parallel condition)

7, Lt ifandonlyif m m,=-1 (perpendicular condition)

You will learn

» The shope of the tangent
1o the curve of the func-

» Slope of the normal

Key terms
» Slope of the tangent
» Slope of the normal

<10

o Slope of the straight

slope of the normal on the curve of y = f (x) at point (x,, y,) line

ar+bysc=0

: : 1

lyingonit=-

e <X ""%

dx (-ryl)
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@) Exampie

(1) Find the points which lic on the curve of y = x* - 4x + 3 at which the tangent makes a positive
angle of measure 135" with the positive direction of x axis .

> Solution
Cy=ceaed a8y ey

.. the tangent makes an angle of measure 135° with the positive direction of x-axis
.. the slope of the tangent = tan 135 = -1

'.—:L=3.x"-4=-l co3d=3 Soa=td
X

when x = -1 Soys(1)P-4-1)+3=6
,whenx =1 Soy=1-443=0

.". the points are (-1, 6),(1,0)
B vy to soive
(1) Find the points which lic on the curve of y = x* - 2x + 3 at which the tangent to the curve is :
8 Parallel to x-axis b Perpendicular to the straight line x -4y + 1 =0
@) Exampie
(2) Find the slope of the normal on the curve of y = tan (77 - 3 x) at point (7./3 )
O Solution
Ty -m(z-§x) %"% ”‘2("_%‘)
the slope of the tangent (o the curve at point ( ./ )= -3 secz(z--zg-)

2 22 = ]
l-3scL T.3X4‘3

the slope of the normal at point (7, ¥ ) = 3

B vy to soive

{2) Find the measurement of the positive angle which the normal on the curve of y = v 2347
makes with the positive direction of x-axis at point (-3, 5) 1o the nearest minute .

Creative thinking.:
Find the value of a which makes the straight line y = 4x + a is a tangent to the curve of y = x> + 5
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The equations of the Tangent and Normal to a Curve

I (x,, y,) 1s a point lying on the curve of the function f where y = f(x) ;and m is the slope of the
tangent at this point, then:
1 = The equation of the tangent to the curve at point (x,, y,) Is :

y-y,=m(x-x,)

2 - The equation of the normal to the curve at point (x,, y,)is :
8
Y'Y|=a (x-x,)

@) Exampte

(3) Find the two equations of the tangent and normal to the curve of y = 2x" - 4x® + 3 at the point
lying on the curve and whose abscissa = 2

O Solution
vy =200-474+3
Sowhenx=2 Sy=220 42 +3=3
2,3

. point (2, 3) lies on the curve
=6 - R (g 5 =627 -82) =8
* the slope of the tangent = 8 and its equation is

y-3=8(x-2) e y-8x+13=0

thcskpcdthcmnnal:% and its equation is

yo3=%(x-2) 1e.8y+x-26=0

B ey to soive

a) Fimllhctwoa]ualionsofllnlangcmamlmtmallomccmeofy-:_:’:.allhcpoinl
lying on the curve and whose abscissa = 1.
Does the point A ( -3, 4) lie on the tangent ? Explain

 p—

(4) Find the equation of the tangent 1o the curve of y =4 x - tan x at point (%.f(!‘L))
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Wy =4x-lanx %zd-m'zx

whenx= & m=4-sect & =2
4 4
andbysubsumungnl} inlheequaﬁoooflhecmweﬂndlhﬂ:y:l-lan%:ﬂ-l
Les poim({-.l-l)liaonlhcc\me
.-.uheeqmuononhemgenmpoim(§. A-1)is: y-(x -1) =2(x- {. )
y-x+l-2x-!é_ y-2x+12- -1

E) rry to sotve
{4) Find the equations of the tangent and normal 1o the curve of y = x sin2 x at point
&, X
PR
Qm
(5) If the curve y = ax’ + b touches the straight line y = 8x +5 at point ( -1, -3), find the two
values of aand b,
O Solution
* point ( <1, -3) lies on the curve y=ax' +b
w3=acDib-1)yP ie. a-b=3 (1)
lheslopeofmeungenllolhccumaanypoimmil-%-3u3+2bx
* the straight line y = 8x 4 5 is a tangent 1o the curve at point ( -1, -3)
" [y 3= the slope of the straight line =8
“3a(-17+2b-1)=8 ic. 3a-2b=8 (2
By solving the two equations (1) and (2) we find that: a=2 ,b=-]

B vry to sotve
{5) Find the value of the two constants a and b if the slope of the tangent to the curve of
y =2 +ax+batpoint (1, 3) lying on it equals §

"’:"’ Areas

(6) If the tangent 1o the curve of y = % at point C at the first quadrant intersects the two
comimlcaxcsnlmclmptimsMxmd N, prove that the arca of the triangle M O N is
constant and doesnot depend on the position of point C lying on the curve of the function.
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LetC(a, ) o by
a dx

'. !hcslopco(lhclangmlllC(a.%)upnb%
a
the equation of the tangent at Cis @ y - %:- i(x-a)

3
as

=4
°

By multiplying <a* .. o’y -da=-dr+4a
. the equationof MN isa’y+4x=8a
to find the intersection point of the straight line MN with x-axis, then y =0
. x=2a Le. OM = 2a of units
to find the intersection point of the straight line MN with y-axis, then x =0
Ly=% ie. ON =% of units
a i

e AmAMON:-% x2a~£=85qum:lnits
a

it is a constant amount which doesnot depend on the coordinate of point C lying on the
curve.

B vy to seive

Areas:

{6, Find the surface area of the triangle formed from x-axis , the tangent and the normal to the
curve of y = ° - 6x + 13 at point (4, 5) lying on iL.

@ Exercises 3-5 @

1) Complete each of the following:

& The slope of the tangent (o the curve of the function fwhere y = f(x) al any point on it
IS

b muopeofungeuwu.ecumofy=cosxw|mx=!§_e¢mls
€ If the straight line y = 8 - 3 x is a tangent 1o the curve of the function f at point (3, -1)

then f(3) equals
d The tangent to the curve of y = (3 x -5)" at point (1, 2) makes with the positive direction
of x-axis a positive angle of tangent equals
Al Ashraaf Printing House Student book - Second term 101




€ The slope of the normal to the curve of y = sin 2 x at the point which lies on the curve
udilsx-coonimlc:-%-eqnls

f The equation of the tangent to the curve of y = (x- 1)* at point (2, 1) is

Answer the following:

) Fmddlenmnofllnposiliveanglc.whichmewlgelnloﬂnmofy=ﬁ+lx-l
makes with the positive direction of x-axis when x = |

@) Fmdunnnasunonhepmitivcmgk.whichthcmmtwdncumofy=§;:m
with the positive direction of x-axis at point (3, 6)

(4) Find the point lying on the curve of y = x* - 6 - 15x + 20 at which the tangent is parallel 1o
X-axis .

{5) Find the points on the curve of y = 3x* - 11x + 5 at which the tangent
8 Parallel to the straight line 2 x + y - $=0
b Perpendicular to the straight line 25y + x= 6
€ Makes a positive angle with the positive direction of x-axis whose tangent = -11
{6 Find the equation of the tangent to the curve of the function y = (x - 2) (x + 1) at its two
intersection points with x-axis.
<), Fmdmeeqwionofllnnamalon(hcungenuolhecwvcy=f—'; when x =0
(8) Find the equation of the tangent to the curve of y = 2 sinx + cos x at point (0, 1).

{9) Prove that the tangent drawn 1o the curve of y = + x -1 at point (1, 1) is perpendicular to the
tangent drawn to the curve of y = 2 - {x at the same point .

30 If the curve of y = (x? - 2¢) (a x+b) touches the x-axis at point (2, 0) , and touches the straight
line y = 2 x at the origin point, find the two values of a and b.
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Integration

&3 explore ]

K is continou
You have already leamed the differentiation g *
and able 10 find the derivative K' e —— F
and now you are . i : nrcd t ' A ——
|fywknuw|hc(|mclumkwhcrck(x)=d_ ,_d.l_ Amction
k(x). In this lesson .wcarcgoinglolcamtﬁc | d‘x » integration of some
antidifferentiation operation. In other words, How algebraic functions.
can we get the oniginal function if the derivative » Integration of some
K" is known? F trigonometric functions.
to find the onginal function whose derivative
with respect to x is Sv* | Let f(x) = 5x*
Let's start with an inversed operation to the .
differentiation operation l t
nx* =54 “n-1=4 n=5 - Key "
- iy ' o BESS——
then F(x)=x"or ©+3 o -2 » Integrass
the function [ is called the antiderivative function or the original
function of the function f
&) Learn | Antiderivative
Ify=x muuenmdalvwveis_:)'_=2x
X
But deducting the function y from the derivative function %Lis
x
called the integration operation or the antidenvative .
For example +* is the antiderivative to the function 2x, notice that 2x
has several antiderivatives suchas - 1, @ +2 P+ Cwhere Ce R
.. and all its derivatives are 2 x. aterials -
.‘.dd_x(x2+C)=2xmrc(C)'macmwalhcfollowingﬁgmu » Scientific cakulator
illustrate that. S g
y=sf'(x
f,u)zﬂ‘z
len')'x’
fy)=x2-1
- . B
/l £ = 2x fdmatsC
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It is said that the function F is antiderivative to the function f,if F'(x) = f(x) for each
x in the domain of f .

Q Example
@P Prove that the function [ where F (x) = % x* is an antiderivative to the function f where
flx) =20,

O Solution
Find the derivative of the function F . then F‘(x)s-%ntx‘:Zr‘
SF@=f i.e. the function(F) is antiderivative to the function f
B vry to soive

(1) Show that the function F where F (x) = %x"isanamkktivuivclou:c function f where
[ =3

Critical thinking ;

What is the relation between F, and F, if cach of them is an antiderivative Lo the function f?

Indefinite Integral

The set of the antiderivatives to the function f is called an indefinite integral of this function and
is denoted by the symbol [ f(x) d x [and read: integral of f(x) with respect to x]

IF (x)=f(x), then [ f(x)fx = F(x)+ C

where C is an arbitrary constant.
Motice; - (x'+5)=3¢ 38 dr=xr+C
4 (-3 =s¢ o f54de=x54C
@)= 14 s 14 dv=2¢+C

To identify the value of the constant C, it is necessary to know the value of integration at a
certain value of the independent vanable x it is out side your study .

Q Example
‘2 Check the correctness for each of the following:

o jPdx=ldsc b ;ﬁm:/ua +C
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a -.-.!.(lx'+C)=x’.-. Jia=ldec
b —(J 1+ +Q)=
711»:’ JHB
Af X _dx=J1+2 +C
1+
B} 1y to soive

(2) Check the correctness for each of the following:

a fx"dx=:3lx"+C

b fxed=laediec

+C where Cisaconstant ,and n # -1

3) 8 [Fdr b [ xldx
c [}dx d ITl—;dl
© Solution
R it LAk b [ xria= £ sc=-lateC
3
c ;}dx-%x“hc d fv|_dx=fx d x
x
s
=%x§ +C -% 4% -ng +C
5
E) rry to soive
) Find
a (Fdx b ]xidx
¢ [V Fdx d [ 7x ;dx
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Properties of Integration
If f and g are integrable functions on an interval , then:

1= faf(x)dx=a [ f(x)dx where a is a constant # 0
2- [[ftr (O)dx=[f()det [r(x)dx

@) Example
(&) Find: & [(4x+3) dx by 242 g,
O Solution "
8 [(4x +30°) dx b f%idx
= faxdx+f 3 dx =[L:_"*_‘ dx
=4f xdx+3 [@¥dx =[x dx+ f4dv+ [aridx
=3843x Wsc =ldsxarlsc
=2 +x+C
B vry to soive
(4) Find:
a ;(2+/T+J;T)ax b ](%+G+3)dx
Some rules of integration

+1
. (ax+h)"

1-f@x+by de=! +C.n#-l

2- [ fWOPF f'(x)de= + C, where C is a constant and n is a rational number # -1

1- Can you check the comrectness of the two previous relations through the definition of the
antiderivative? Explain.

u'u)llol
n+l

@) Exampie
's Find:
a [((3-20°43)) dx b J AL
(x-2)
€ [(x-3x+57(2x-3)dx 4 J(3F-2+ D (x-Ddx
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> Solution
& ((3-20°+3)dx =[(3-20°dx+ 3 [dx

=0-29°% L34 0 =2 (3-20043x4C
6x-2 12

x+3
e (x-2)+§ x-2 5
b I(x-Z)‘ dx =f e dx 'Iﬁ-z dx+]—;“_2) dx

=[(x-2)Ydx+ 5 [(x-2)4dx

-9 Sx-2)

|
BRI +C'2(;:-2)"3(,:’-2)’*C
€ J(F-3x+57(2x-3)dx
=23 +5, 0 f'()=23
o (2354 8) 7 (2x-3)dx = “"3+5"+ c
==6'-(x3-3x+ 5%+ C
d J(3F-2x+ 1) Bx-1dx
=30 204 1,
2 fUx)=(6x-2)
A aR 20 ) 6r-2)dx =) w+ c
=-z%(:u¢-zx+|)"+c
B rry to soive
) Find:
& [ (3x+5)%dx b [(x+1)(x+3)7dx
€ J ¥+ 3x-2)?(2x+ 3)dx d [ x(4-32+4)° (- 1)dx
Mmmemmol‘ho\vledpwmloﬁﬂ:]%dx
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Integration of Some Trignometric Functions o

1- [sinxdx=-cosx+C Seme  (rigsmemetrte
refations

8 cosPye sinirml
D cos?y-sin?x

2- [cosxdx=sinx+C

3- fsec? xdx=tanx+C

=coslx
where C is an arbitrary constant C 1etanirmsecis
=sin2x

:6: Find the following integrations:

8 [(x-sinx)dx b f(dcosx+——+1)dx
S

O Solution

a [(x-sinx)dx:%x-’+cmx+c

b f(d4cosx+ l, + 1)dx= f(d4cosx+seci x+1)dx

cos® X
=4dsmx+tanx+x+C

B vry to sotve
{6) Find the following integrations:

8 ((6eosx-8sinx)dx b (B+4un’x)dx
Important Corollaries

1-[sin(ax+b)dx =-£cos(ax+b)+C
2- fcos(ax+b)dx = Lsin(ax+b)+C
B-Isocz(a.r+b)dx=£m(ax+b)+c where C is an arbitrary constant

Critical thinking:
1= Check the correctness of the previous relations by finding the antiderivative using the chain
rule.

@) example

(7) Find:
8 [cos(2c43) dx b [ (sec? %-sin(-%—-x))dx
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om
8 [cos(2x+3)dx = %m(znsnc

b Isecz(-;-x)dx-]sin(-g--x)dx

=fun%- :—:cos(-l‘--x)]+c
2
= X cos (X
2tan2 c:otl(4 xn+C
B vry to soive
) Find :
8 [sin(3x-5)f dx b jcos(%-z)dx
@ Exercises 3-6 @
Complete each of the following:
(1) The antiderivative of the function (3x° - 2t + 5) is
) .5 E = G .sin& =
@/I(JT* s dx 3) f @x sin ) dx
@& fx+5 dx= G [+ +4x-Tdx=
N\ A oo Mg /s cos? -
(&) J (cos xcos -~ sinxsin ) dx= \Z)I“—’;xdx-
@ [2anxsec’xdx=
Calculate the following integrations :
) 9 dx 30 f12x3dx
v /5 Vo dx 2 4 clde
33 [2372-5)d7 39 [3°+x-2)dx

@ I3 .’T-%)dx
@ Jxx+3)dx
39 [(x-20x+2)dx

20 [(/x -1 dx

Al Ashraaf Printing House

36 f(ad+5x+c)dx
@h’(lx-%) dx
20 f(x-5)(x+ 1)dx

22 [(n-% Pdx
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@I—;—u“dx

iw" ! ax

r48
d
Q/f e O

®f«x.z)-dx

80 [(8-30'dx

B (?.x ﬂ)‘

3% f(x-1)(F-2c+ dx
87 [(P-2) dx

39 (52 +2)7 dx

@V [ (Tsinx-2cosx) dx
@3 [ Kcos x-sec? 3 x
@3 fsin(Sx-1)dx

) fsin(%w-g-)dx

49 [2cos’ xdx

@ Ix’-4::0x‘ ax

L]
& =2 dx
x-3

N o -S5046
28 f 0 dx
30 3xr+3)*dx
32 223 dz
-’»r

x+4
30 Va3 (x-3)'dx
@[1(113-5)’(!.:

W

42 f(sin2¢-3cosx)dx
a9 [(345secix) dx
@6 fcos(2-x) dx

48 [(cos’x-sin’x) d x

59 J(4-sin?x)dx
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Unit summary

Function of variation & rate of change
7 Ily=f(x)and x vanies from x 10 x + h, then the function of vanation v(h) = f(x + h) - f(x)

» The average rate of change function A(h) = Jix+ .;1) -f(x)

# The rate of change function = lim flx+h)-flx)

h .0 h
# The rate of change is called the first derivative of the function and is denoted by the
symbol f'(x) where :
fi(x)= lim Mlﬂnl’mld«ivativcismwdbymo(m symbols :
h-.0
4y oy
T ory'orl(x)]
Differentiability:

# Itis said that: the function f(x) is differentiable when x = a if and only if:

@)= lim winm@, f(@"= lim w‘“""‘“‘
h.o k-0*

fi(@) =f"(@*).

If £ (x) is differentiable at x = a, then its continuous al x=a

The continuity of the function at a point doesnot necessarily mean that its is differentiable at
this point.

If the function is discontinuous at point x = a, then it is not - differentiable at x = a

The table of the derivatives of some functions:

o ny-! sinax acosax
ar® anx ! cosax ~asinax
a 0 tana x asec’ax

Derivative of the product of two functions:

» Uy= gx). 2(x) » lhcnilzg.i'u.i&
dx dx dx
Derivative of the quotient of two functions:
| AR
dy _“""dax "8 &x
» Ify= B where z(x) £ 0 then = :
) . (20
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> Uy=[f@)]" then X =n [ f(0) "' f'(x)
> Ify= - dy - dy , 47
 Hy=f(z),2=f(x) then o 5 -

o » lﬁ=f(xithenlhcslopeo(dnlmgenllolhecmoﬂbefunction] at any point on it
=4y
dx
I (x, . ¥,) is a point on the curve of the function y = f(x), then the equation of the tangent at

point (x, , y,)is given by the relation y - y, = m (x - x,).
whcrcm:(—:’x—)ismcslopcomlcmngcmmpdnl(xl.y.).

# The equation of the normal on the tangent at point (x, , y,) is given by the relation y - y,
= (x-

—x-x,
whcrcm:(—gi-)isllnsklpcom\ccwvcalp(imu,.y,).
Antiderivative of the function:

» It is said that : the function F is an antiderivative to the function [ if F'(x) = f(x) for cach

X in the domain of f.

» HF (x)=f(x), then [ f(x)d x = F(x)+ C where C is an arbitrary constant.

paraial_ =

Iff and g are integrable functions on an interval , then :
1- faf(x)dx=a [ f(x)d.x where a is a constant # 0

2- [[f(0) tgldx=[f(x) det [ g dx

» [x"dx=x"*1 4C
n+l
€ [ (ax+b) de= (x4 b**' 4 Cwheren#-1
am+1)
n+l
a4 [ f"f'(x) de= U((:i'n +Cwheren#-1
e [ sinx dr=-cosx+C f [ cosxdr=sinx+C

9 [ secxdr= tanx+C
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a | b sec’{. €0 d 2
{4) The slope of the tangent to the curve of the function y = sin x cos x equals

8 Cos xsinx b cos’ x - sinx € sinx-cosx d sin’x + cos’y
(5) The function y = lx - 2 | when x =2 is :
8 Continuous and differentiable b Continuous and not-differentiable
€ Discontinuous and not-differentiable d  discontinuous.
© fax-2  dx=
8 ¢34 C B 4(x-2f4C € (x-20'+C a L sc

) Find % in cach of the following:

a y-z+%.:z-l b yi=(r-4xr+4)?
€ y=xlan3x+cosx d y=_r°
{8) Find the following integrations: h
& [(x-1Mx+l)de b j(2 Vx-67)dx
€ [(14+cosx) dx d [4x(3-2¢)°% dx

{9) Find the equation of the tangent to the curve of the function f where f (x) = x* - x* at point
(2,-4).

@ 1ry=_=-! prove thatx* 4t =3

x
30 If the tangent 1o the curve of the function f where £(x) = ax + b x + 5 at point ( -1, 3) lying
on it makes with the positive direction of X-axis a positive angle of measure 45°, find the two
values of aand b,

Z= General Exercises
| For more exercises, please visitthe website of Minisry of Education. ]
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¢ Unit introduction

g Mohammed bin Jaber Bin Sinan Abu Abdullah Al-Battans (850 - 929) was one of the most famous astrosomers

®

&

and mathemsaticzans . He had cared much about trigonometry and had separated it as an mdependent scaence
from the astromomy. He had been the first 10 use algebra in tngonometry. Furthermore, he had onginated the
cosine tables (cos) , sin angle (sin) ,cotangent angle (cot), and tangent angle (tan) from 2ero 1o N, These tables
are still wsed wp to now with listhe amendments. He had developed a lot of trigonometric identitics. on the other
hand Mobammed Bin Yahya Bin Ismail Bin Abbas Abou EI-Wafa Al-Buzjani (9490 - 998) leamed the works
of Al-Battani in trigonometry well and he had explained the mysterious points. He had invented the imverse of
cosine (sec) and inverse of sine(csc). He had onginated tables for sin and tan for cach 10 minutes and he had
known trigonometric identitics named after him such as :

. . A A sin A
sin A = 2sin = Cos —- ,tan A=
- - CoOs J

ot A=1 + tan’A s A= 1 + CO’A and others -

This umit involves the study of life applications including angles of clevation and depression as a practical
applications on the cosine and sine rules and also the stady of the special trigonometric identitics of the sum
and difference of the measures of two angles and the double angle. At the end of the unit, stadents are going to
identify Heron's Formula to solve the triangle in terms of its side lengths and to solve life applications on them

Unit objectives

By the end of the unit and doing the
activities, students should be able to:
Solve applications on solving the tnangle

Identify and deduce the special
trigonometric identitics of the double and
half - angle.

114

include angles of elevation and depression
and cardinal points (main directions).
Deduce the special tngonometric identitics
of sum and difference of the measures of
two angles.

Pure mathematics - Second form secondary - Science-section

Deduce (Heron's Formula) and use it to
find the arca of the tnangle and solve
applications on it.

Use the calculator to solve problems on
the tngonometric identities
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‘ Key terms

Ange T Trgenometri Function of the Diffesence Between the Measuses of
Arggie of Ebevanon Two Argles

Angie of Depression ¢ Ingenometri functions of Dostie ~ Angle

Tegenometric Funciion Trgenometnc furctors of Mall — an Angle

Sine Function Mevon s fomrass

Cosine Funcion

Trgorometra Funclons of e sum of Measures of Two Angles

. Unit Lessons — Materials
]‘ esson (4 - 1) Angles of elevation and depression Scientific calculator- Internet
(Application on solving the triangle).
Lesson (4 - 2): Trigonometric functions of sum and
difference of the measures of two
angles,
Lesson (4 - 3): The trigonometric functions of the
double-angle.
Lesson (4 - 4):  Heron's formula.
) X Unit planning guide
BEER trigonometric

functions double 2nddifferenceofthe  Angles of elevation
Horon's formute -ll::.. measures of two angles  and depression

surface area of tigenemetric  wigesemewk  trigonometric trigonometric

trianghe functions of functions of the
e hakt-angle double - angle functions of the functions of the sum Solving the
difference of the of the measures of

tan 9% g measures of two two angles g
A 4 2 angles
e 2 B 2
golantiens cos(A-B) sin(A-B) tan(A+B) cos(A+B) sin(A+B)
tan(A- B)
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UnitiEour;

4-1

B Youwilliearn

» Concept of the angle of
elevation,

» Concept of the angle of
depression

» Solving applications on
solving the triangle in-
cluding angles of eleva-
tion and depression

” Key terms
» Angle
» Angle of Elevation
» Angle of Depression

» Sclentific calculator

\nglesiofleleyvationtandidepres
sionf(fapplicationsfonis o lyimegthe

trran'ed’e))

@Mm

You have previously leamed the angles of elevation and depression as
an application to solve the nght angled tnangle. You can find the height
of a minaret of the ground surface while you stand far from it for a
known distance without measuring this minarct practically.

And now, after you learned the sine rule cosine rule and solving
the tnangle in general using those two rules, you can learn deeper
applications on solving the tnangle including the angles of elevation
and depression in general .

» Look up the mathematical refereces at your school library or log in
(Internet) for various situations using the angles of elevation and
depression 1o solve them as an application on solving the tnangle
in general, Now, we are going to review the concept of the angles
of clevation and depression with you.

angles of elevation and depression

@ Learn

Angle of elevation

If person A observed point .
C higher than his honizontal Angle of elevation
eyesight level AB , then the 07'@ A
angle between AR and AC

is called the angle of elevation C of the horizontal eyesight of person A.

Horizontal line B

Angle of depression

If person A observed point D lower
than his horizontal eyesight A B , then
the angle between AB and AD is
called the angle of depression D of the
horizontal eyesight of person A.
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Notes; " Horizontal ray
1= In the opposite figure:

/ CAB is the angle of elevation of the balloon with respect o to the B/"
the A Angle of
person at 4. depressio,
2 D B Ais the angle of depression of the person at A with respext to
the ball
o Angle of
in this case & = f8 a elevation
---------- - >

where & is the measurement of the angle of clevation and 3 is the Horizontal ray
measurement of the angle of depression.

2- 10 locate a point with respect to the cardinal points (main directions) from a known point, we
find from the following figure that: North

A lies Eastof O
B lies north of cast of O
C les in the direction of 70" north of west of O

250~ O o

D hies in the direction of 25° south of west of O

D
E les Souhof O 10
]
(7 example oy ¢ the sine rule:
1. From a point on the ground surface, a man observed the top of ::“: m“n
a tower of an angle of elevation of 25°, then he walked straight tional to
a head for 57 m at the horizontal level toward the tower base o the sines of the
find that the angle of elevation of the tower top is 52° 30/, Find the opposite angles.
height of the tower to the nearest meter. <« the measurement
O Solution of any exterior
from the opposite figure : angle of a triangle
m (/C A D)=52"30-25" equals the sum
—27° 30 of non-adjacent
in AACD: interior angles.
AC _ 87
sin 25° sin 27° 30
. AC = 37xsin25" (n
sin 277 30
in A ABC:
AB  _ AC

§ins52 0 sin90"
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. AB=AC xsin 52" 300 (2)
By substituting from (1) in (2), then:
AB=37xsin 25" G 520 3
sin 27° X
AB = 41m, i.e. the height of the tower is approximately 41 meters.

—~stat D WE DO EH D@D OEDE
@D OEOO=E

B Tey to soive

(1) From a point on the ground surface a man observed the top of a tower at an angle of elevation
of 20", He walked on a horizontal way in the direction of the tower base for S0 meters, the
measurement of the angle of elevation of the tower top is 42°. Find the height of the tower to the
nearest meter .

@) exampie
(2) A tower of height 100 meters is constructed on a rock . From a point on the ground surface
in the honizontal level passing through the rock base, the measure of the angles of elevation
of the top and base of the tower were measured to give 76" and 46° tcspccuvcly Find the
hight of the rock 1o the nearest meter.
O Solution
m (/ AD B)=76"-46" = 30"
m(/A)= 9" -76"= 14"

In the triangle AB D: _BD_ - 100

E

sin 14" sin 30° 100 m
BD= 100 sin 14° o
sin 30°
In the triangle BC D: - BC_ - BD_
sind6”  sinN
B C =B D sin 46° 2)

By substituting from (1) in (2) we deduce that

BC=100sin 147, Gy 46" ~ 35m
sin 30

Use the calculator respectively as follows:

start — CDCDCD@@CDCD(D@@CD@@

©) @) (30 ME
B} oy to soive
(2) Atower of height 12 meters is constructed on a hill. If the measures of the two angles of
clevation of the top and base of the tower from a point on the ground surface are 32° and 24°
respectively, find the height of the hill to the nearest meter.
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@) Example

3 ' From the top of a hill , a man observed the measures of the two angles of depression of the
top and the base of a tower to give 22" and 30" respectively. If the height of the tower is 50
meters, find the height of the hill to the nearest meter known that the two bases of the tower
and hill are in the same horizontal level .

O Solution
From the opposite figure:
m(/DAC)=30"-22"=%"
m(/CDA)=%"+22"= 112"

In the triangle ACD _AC_ = 50
sin 112  sin§°

A c=0sally (n

In the triangle A C B

AB _ _AC_ s A B=A Csin30° (2
sind)°  sin %0°

By substituting from (1) in (2), then:

A B=30sin 112 xsin 307~ 167 meters.
sin 8

start 5 (0 () (6ln) (1) (1D (2D D @ 6l) (3D O D @ Gm) (O D @
B vy to soive
(3) From the top a rock of height 80 meters, the two angles of depression of the top and the base
of a tower were measured to give 24" and 35 respectively. Find the height of the tower to the
nearest meters known that the two bases of the rock and tower are in the same honizontal level.
) example
4 ' From the top of a building of height 8 meters, the measurement of the angle of elevation of
the top of a tree was 18” and the measurement of the angle of depression of its base was 297,
find to the nearest two decimals the distance
between the bases of the building and the 72
tree and the height of the tree known that 0
the two bases of the building and tree arc in - gy < - A
the same horizontal level .
O Solution
m(/A)=9"-18"=72"
m(/BDC)=9%"-29"=61" C B

nABCD: v 8% _=_BC_
sin29"  sin61°
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L BC= BSn6U 1443 meters.
sin 29

the distance between the two bases of the building and tree = 14.43 meters
InAAED:

o DE - ED  potice that (ED =B C)
sin 18" sin72

~AE = 018 .gc s AE=S018 443~ 469m
sin 72 sin 72°
. Height of the tree =~ 8 + 4.69 =~ 12.69m
B} ey to soive

{4) Two men stand on horizontal land to observe a flying balloon at the same time. The first man
found the measurement of its angle of elevation is 63° whilke the other found the measurement of
its angle of clevation is 39°. If the distance between the two men is 800 meters and the two men
and the balloon are at the same vertical level and the projection of the balloon lying between the
two men, find the height of the balloon from the ground surface to the nearest meter.

@) example

@ From point A on a riverbank, a man observed the position of a home at point B on
the other riverbank to find it in the direction of 20° North of the cast. As he walks
parallel to the riverbank in the direction of East for a distance of 300 meters to
reach point C, he found point B in the direction of 46° North of the cast. Find the
width of the river to the nearest meter known that the two riverbanks are parallel
and points A, Band C are at the same horizontal level,

©> Solution
Let the width of the river is B D
In the tnangle AB C

§

m(/ ABC) =46"-20" =26" ’

Bc _ 30 North *
1 .

sin20  sin 26'
B C = 300 sin 20° () 300 meters
sin 26 South South

- BD _ BC . gp-BCxsind6’ ..BD=3005020", G 46t~ 168 meters
sin 46" sin 90° sin 26"

start — (37 (o)) (o)) (x) (sim) (27 (07 (1) () (sim) (a7 C67) (0 (+) (sm) (20 C6 (0 (=)

B Try to sove

{5) From point A on a riverbank, a man observed a tree at point B on the other bank. He found
B is in the direction of 37° North of the east. As he walks parallel to the riverbank in the
direction of west for a distance of 200 meters to reach point C, he found that point B is in the
direction of 15° North of the cast. Find the width of the river to the nearest meter .
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Q Example
6 From a point at the horizontal level passing through the base of a hill , a man observed the
angle of elevation of the hill top to find its measure 27°. As he ascends the hill for a distance

of 200 meters on a road inclined to the honzontal by an angle of measurement 147 to find
the measure of the angle of elevation of the hill top is 38°. Find the height of the hill 1 the

e <<I0
> Solution

In the triangle ACD the measurement
m(/ACD)=27"-14"=13 of any exterior
" Angle A E B is an exterior angle to the triangle AE C angle of a triangle
. m(/EAC)=38"-27"=11" equals the sum
- m(/ ADC)=180"- (11° + 13") = 156" of non-adjacent
In the triangle A D C interior angles..

AC 200

" an156"  sinll’

In the triangle AB C
AB AC

" osin27 sin%°
. AB=A Csin27" (2

-
By substituting from (1) in (2), we find:

A B=200xsin 156"  Gn 27" ~ 194 m.
sinl1°

ﬂ Try to solve

6, A man measured the angle of elevation of a hill top from a point on the ground surface to
find it 22°. As he ascends the hill for 500 meters on a road inclined to the honizontal by an
angle of measurement 7°, he found the measure of the angle of elevation of the hill wp is
64°. Find the height of the hill to the nearest meter .

@) Example

7 ' Marine nayigation: A ship sailed from a certain point in the direction of 68° 25" south of
the west at speed of 15 km/ h and at the same time , another ship sailed from the same point
in the direction of 53" 48' North of the west at speed of 8 km/ h. Find the distance between

the two ships after 3 hours to the nearest two decimals.
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O Solution

<10

T Cnemschey + i) Comeru

Distance covered = uniform velocity = time taken to cover the distance

. AB =15x3 =45km 5 .

AC =8x3 =2km c .

5. m(Z BAD) =9%"-6825=21"35 . :

s.m(/ BAC) =21"35'+53" 48 Med-TheemiA

=75"2% thencos A=

In the triangle AB C b4+ cl-a?

By applying the cosine rule 2be

(BC) =(45)+ (24)*-2x45x24 and so on with respect

cos 75° 23 - BC = 4534km tothe other side lengths
and measurements of
angles.

sart - (WO @ OVOOHOAPOWEO®E@@W®GCs

@OEFEARD®OET) &
B} vy to soive

(7) Marine navigation; A ship sailed from a certain point in the direction of 70" East of the
south at speed of 12 kmvh and at the same time, another ship sailed from the same point in
the direction of 55° North of the cast at speed of Skmvh. Find the distance between the two
ships after 2 hours to the nearest two decimals .

@) Exampie
(8) (Theoritical proying); A pilot observed two observatory stations A and B on horizontal
land where A B = s meter to find the measurement of their two angles of depression @ and =
respectively. If the plane and the two observatory stations are at the same vertical level, the
height of the plane on that ime above the ground equals h meter and the vertical projection
of the planc € A B, prove that: C

h=+ Horizontal
colé oot x

fm(/ 0)=48"31' m(/ %)=75"15" ,s = 1290 meters ,
Find the value of h.

> Solution
cmo:"TD . AD=hcote (n s
eotx=BD . BD=hcot = (2) —

b
By adding (1) and (2)

station B

e s meler ———™
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S AD+BD =hcote+zcot = =h(colé+col x)
s =h(cot e+ cot x)
ieh= S

cot @ + col =
whenm (7 6)=48"31' m(/ =)=75" 15, s = 1290 meter
s h= Lo ~ 11242 meter

ool 48° 31"+ cat 75° 1§

OOV WOHOOHOO@M®
a@OEOEHOEO®HOO

B vy to soive

{8) Theoreticalproving: Aladder of length L is placed by one of its ends on a vertical wall and the
other end on horizontal land, the ladder inclined to the horizontal by an angle of measurement
= and the lower end of the ladder moved for a distance s meters far from the wall and it inclined
to the horizontal by an angle of measurement 6. Prove that L = >

QOs § - Cos X

s=40cm, m(/ 0)=30", m(/ =)=40", find the ladder length.

e

(1) A man observed the angle of elevation of a tower top from a point on the ground surface to
find its measurement is 20° 35°. He walked on a honizontal road in the direction of the tower
base for a distance of 50m to find the measurement of the angle of elevation of the tower top
15 42°. Find the height of the tower to the nearest meter .

(2) From a top of a house of height 15m , the measurement of the angle of elevation of a tower
top is 67° and the measurement of the angle of depression of a tower base is 35° . Find the
height of the tower to the nearest meter known that the tower base and the house base are at
the same horizontal level.

{3) From a tower top of height 65 meters, the two angles of depression of points A and B at the
horizontal level are measured to give 32° and 217 12" respectively. If D represents the tower
basc and A € B D, find the length of A B to the nearest meter.

4) From a hill top, an observer found that the measurement of the two angles of depression of
a tower top and its base are 15° and 26° respectively. If the height of the tower is 50 meters,
calculate the height of the hill to the nearest meter known that the two bases of the hill and
tower are at the same horizontal level.

(5) A ship on the sea observed a lighthouse to find that it is located at a distance of S0 km towards
the East, then the ship sailed in the direction of North of East and after two hours the lighthouse
lied in the direction of 50° South of East. Calculate the velocity of the ship.

(6) Alighthouse of height 60 meters is constructed on a hill close to the seashore. The two angles
of elevation of the top and base of the lighthouse were measured from a boat on the sea to give
70" and 45" respectively. Find the height of the hill from the sea level to the nearest meter.
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7) In the opposite figure: two balloons A and E of height 100 /2 and 50 meters. A body (C)

on the ground lying at the vertical level passing through the
balloons is observed . If the measurement of the two angles
of depression of the body are 45" and 30"respectively, find
the distance between the two balloons to the nearest meter. 50

{8) From the top of a rock 80 meter heigh, the two angles of  p 3
depression of the top and base of a tower were measured 1o give 24%and 35" respectively. Find
the height of the tower known that the bases of the rock and tower are at the same horizontal level.

() From a top of a house, A man observed a car at the rest at the same horizontal level of the house
10 find the measure of the angle of depression is 70", when this man descends vertically down for
a distance of 12 meters, he observed the measure of the angle of depression of the car was 30°.
Find the height of the house to the nearest meter and the distance between the car and house,

30 Three villages A, B and C: the village A lies west of village B where A B = 20km and
village C lies in the direction of 48" East of North of village A and 60° North of west of
village B. Find the distance between the two villages B and C 1o the nearest km.

41 From a point on the ground surface , it is found that the measurement of the angle of elevation
of atop of a tree is 50° and from another point distant 45 meters from the previous point and
above it exactly, it is found that the measurement of the angle of depression of the top of the
tree is 30°. Find the height of the tree to the nearest meter .

ﬁiﬁumlhcpdohmaindhcigh 100 meters above sea kevel, a man observed the angle of
depression of a rock top to find its measurement is 42° 37" Find the height of the rock above sea level
i it is distant from the mountain 22 meters known that both of them are at the same horizontal land .

33 Two people moved from the same point and at the same time. The first moved in the direction of
40° west of north at speed of 32 meter/ min and the second moved in the direction of 70° south of
wesl at speed of 38 m/min . Find the distance between them after § minutes Lo the nearest meter .

34) From a point at the horizontal level passing through a hill base a man observed the angle of
clevation of a hill peak to find its measurement is 24°. As he ascends the hill for a distance of 400
meters on a level inclined to horizontal by an anghe of measurement 15°, he found the measurement
of the angle of elevation of the hill peak is 36" . Find the height of the hill to the nearest meter .

33) A plane C is observed from two stations A and B at the time it passes through the vertical level passing
through the straight line A B where A B = 3000 meters to find the measurement of its angle of elevation
from A is 53" 21", the measurement of its angle of clevation from B is 34 26" and the vertical projection
of the plane € A B . Find the height of the plane from the ground surface o the nearest meter.

36 Maringnavigation; A ship sails Northcast at a uniform velocity of a magnitude of 28 km/h. A passenger
on it watched two constant points in the direction of 37° West of North and after 3 hours, the passenger
found that one of those points was in the direction of 24° south of west with respect 1o him and the other
point was in the direction of 19° North of West with respect 1o him. Find the distance between the two
points 1o the nearest Km known that the two points and the passenger are al the same horizoatal level .

1
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@Mand“x
Use geogebra to graph the following functions :
fix)=sinx ,y=sin(x + %), mx) =sin(x - 7)

What do you notice from your learning 1o the concept of the geometric
transformation?

Notice that the second function shown in the second graph includes the
adding of the two angles xand%

and the third function shown in the third graph includes the subtration
of the two angles x and 8{

As a result, it was necessary to use the rules of the trigonometric ratios
of the sum or difference of two angles in order 1o find the trigonometric
functionsof acertain angle. forexample, to find the value of sin 75°, wecan
putitinthe formof sin(30° + 457) .and also cos 15° can be putin the form of
cos (60° - 45%) or cos (45° - 30%) and so on....

& Loarn ]
Trigonometric functions of sum and difference of the

measures of two angles
From the opposite figure :  (proof is not required)
Notice that m( .~ A) = m ( ./ Z L M). Why?

L
s x  MX LM
sin ( ’"ﬁ;’ “LE LE
ZY LM 4
un T —
LE LE
ZY ZE LM LZ
*LE "7t *LE "1z
2Y ZE LM LZ X Y
=T7E “TE 'Lz “Lp (noticethat: ZY=MX

- why?)

=sinAxcos B cosAxsmB

Al Ashraal Printing House
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Then | si{A+B)=sinAcosB +cosAsin B
By putting (- B) instead of B, we get:
sin[A+(-B)] =sinAcos(-B)+cosAsin(-B)

sin(-A)=-sinA
sin(A-B)=sinAcosB-cos Asin B cos (-A)=cos A
tan (-A)=-tan A
Use the same figures to prove:
cos(A+B)=cosAcosB-sinAsin B
then , we deduce that: cos(A-B)=cosAcosB +sinAsinB
@) Exampie
1) Find:
a sin75° b cos I5° what do you notice?
©> Solution

8 sin 75" =sin (30" + 45%) = sin30" cos 45" + cos 30° sin 45°
alel B laledi, 2 ERTL

2 202 23 V2 i

b cos 15" =cos (45° - 30’)-cos45'ms30"sm45‘sin30'
=1 ‘f— N b _l_ﬁ v’_ V2 +J 6

22 ./‘ Y, TS S

we notice that: sin75° = cos 15°
B} vy to sotve

() Find.

a cos 105° B sin 75" cos 15" + cos 75 sin 15" @

€ cos 80° cos 20° + sin 80° sin 20°

Q sin (180-A) =sin A
— ©0s (180-A) =- cos A
(@) I sin A= where 90" <A < 180", cos B= ¥ sin (180+A) = - sin A
where 180° < B < 270° a8 (I00sA ) m-cas A
findcos (A-B), sim(A+B)
126 Pure mathematics - Second form secondary - Science-section 2019 - 2020
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> Solution

A€ second quadrant ., smA-% cmA-T‘
) 3
. ; =12 =
B € third quadrant sinB = 3 cos B T -
then: -
cos(A-B) = cmAcnstinAeinB 'l
=G GEH D (=8
sinfA « B)y=sinAcos B + cosAsin B -12

=P EH+EHED=

ﬂ'l‘rytosom

2) lfcosA:-and cosB = '2 3 Where Aand B are the measurement of two acute angles , find
without mmg the calculamr

a sin(A+B) b sec(A-B)

- 5
3 Inthe triangle ABC , cosA= 5~ and sinB= 75 , Find sin C without using the calculator.
Q lxlﬂo

Electricity: If the electric current intensity is given by the relation : C = 2 sin 16571

@ Rewrite the previous relation using the sum of measures of two angles.

b Find the electric current intensity after one second (without using the calculator)
O Solution

C= 2 sin 165" 1 given relation
C= 3 sin (45" 1+120° 1) because 165° = ‘45 + 120°
= 2 sin (45" +120°) by substituting n =1 second
= 2 [ sin 45° cos 120" + cos 457 sin 120°] using the expansion of the sum of measures
of two angles
PO RS PO A .
= 2| = ( 2)4 7 3 ) by substituting the values of trigonometric ratios
s Y31 V2 . .
2% T by multiplying both numerator and
denominator x 2
& —
M—é'zl by simplifying
Al Ashraaf Printing House Student book ~ Second term
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B} ey to soive
(4)uuncmmmimizyisgivcnbyunmlaionc=§cos285'n

8 Rewrite the previous relation using the difference of measures of two angles.
b Find the clectnic current intensity after one second (without using the calculator)

Tangent function of sum and difference of the measures of two angles

sin (A +B) _sinAcosB*cosAsinB
cos (A+B) cosAcos B-sinAsinB

By dividing the nominator and denominator by cos A cos B / 0, then:

tan(A+B)=

tan A +tan B

e L) gy

when putting (-B) instead of B, then:

tan A - tan B
an(A-B)=1 " Awnn | whercAand B# % 20+ I)andne Z

an:pb
(3) Without using the cakculator , prove that:
1 +tns’ . cosA - sinA
& ansS0" = |- tans’ b tan (45 -A)=r‘:iu
©> Solution

& The left side = tan50° B :
=(an(45" + 5°) = 1amdS ctanS  _ 1 :tanS = the right side

|-tand5” tanS°  1-tanS’
b The left side = tan(45° - A)
.
o _tand5 -tanA | -tanA o
I +tandS” anA | T 1anA sin A
sinA WA= CeA

= COSA  cosA _ cosA-sinA _ . .
T p, SmA “CosA moﬁm_u‘nwm

B} vry to sotve

() I cach of A and B are the measures of two positive acute angles where sin A = 12, and
sinB=%, find the valuc of tan(A - B)

&) er.Bdeuememmonhemmofamkassg. tanC =7, prove
that A = 45°

@ UanA=? andtanB= . prove that (A + B) = 45°
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@) Exampie

4 ' Find the solution set for each of the following equations where 0° < x < 360 °
@ anx+tan 20 *+ tan x tan 20" = | b sin(x+30")=2cosx

O Solution

& Utanx o+ @n20 ¢ tanx tan 20° = |
Sotan x s tan20° =1 -tan x tan 20°

. tanx + tan 20°

" 1 -tan x tan20°

i tan(x - 20°) =1

Sox0 20 lies in the first quadrant

s tan (x + 20°) = tan 45° x+ 20" =45° x =25

or x+20° lies in the third quadrant

tan (X + 20° ) = tan 225° X+ 20" = 225" x = 205"

Solution set is {25°, 205°}

b rsin(x+30")=2cosx

Sosin X cos 30 T cos xsin 30 "= 2 cos X
vy 3 1
“—— SInX+ 5008 X =2c0s X

-

vi .. . _2

5 SinX = 3cosx
By dividing the two sides by cos x ., where: cos x # 0
. B 3 2 =fF = /7
'L1)§X-2‘ =43 i.e. lilnx-.3>0

Y
. x lies in the first or third quadrant and
x=60" or Xx=60"+180"=240"
Solution set is { 60°, 240" }
B Try to solve
{8) Find the solution set for each of the following equations where 0 < x < 360 *

. - . v y ‘
8 sinxcos 20 -cosxsin20 ‘=

1D =

b cos2xcosx+sin2xsinx=

By
-
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URETTTTR, |

Complete:
(1) sin 40" cos 10" - cos 40° sin 10° =.
s lan75° - tan 15°

1+tan75" tan 15°
(3) cos 70" cos 20° - sin 70° sin 20° =,

(&) sin (X + Y) cosY - cos(X + Y) sinY =
& A= nB=1, thentan(A+B)=

Choose the correct answer:
@sin@ 7)<
o Lcosh /T sinf)
€ (/T cosd+ sinb)
(7) sin75" cos15” + cos75" sinl5" equals
8 zero b !

2
(8) sin 5x sin 3x + cos 5x cos 3x equals

a cos2x b cos8x
(9) tan 15" equals
2 2+/3F b ./3-2
@lfunA:%.mBz%.thenm(AoB)eqmls
s
a | b -2

Wener-3=
a2/ b 2./7

-%(cosﬂosilﬂ)
%(.'.T cos@ + /7 sind)

| a V3
2

sin8 x d sin2x

vy3-2 d2-/3

1 s

6 ¥

2.3 d /3-2
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Putin the simplest form:

32 cos(A - B) - cos(A + B)

3 sin(A + B) - sin(A - B)

S

N

49 cosAcos(A + T+ sinA sin(A « T 13 cos40" cosx - sind0" sinx

36 1 you know that sinA =3 where 180° <A< 270", cosB= 53 where 90" < B < 180"
Without using the calculator find the values of:
8 cos(A-B) b sin(A+ B) € tan(A-B)

37 1M tan(@ + 45°) = 2 , find the value of tan®.

L

cos(A + B)
cos(A - B)
then prove that: 2tanA = cotB and if you know that tanA = 2, find tan B , and then find
tan(A - B) '

38 1f you know that

1, prove that 2sinA sinB = cosA cosB

39 If Aand B are two acute angles where lam\:% , tan B=‘l) , prove that A + B =45".
@ IfcosA=0.6, cosB =08, where A and B are the measures of two acute angles,
Find without using the calculator the value for each of the following:
& sin(A+B) b cos(A-B) € tan(A-B)

20 If Aand B are two acute angles where cosA = % andlanB:% . Find without using the
calculator the value for each of the following: '

8 sin(A+B) b tan(A-B) € sec(A-B) d col(A-B)

22 If sinA sinB = J and cosA cosB = 1 , where A and B are the measures of the acute angles ,
find the value of: cos(A + B) and cos(A - B)

23 I sinA = where0° < A< 90" and tan B =-7 where %0° < B < 180", prove that A + B.= 135'

@lfxoyoz=90'.pmvc!halmnxlan)"umylanr'mnnanxﬂ
25 Creative thinking: If tanA = 2 where 7 < A < M anB=!wherco<a<Z,

find the value for cach of: tan(A + B) , cos(A + B) , then prove that A + B = 3%
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UnitiEour;

4-3

B vouwilliearn

» Deduce the trigono-
metric functions of the
double -angle.

» Deduce the trigono-
metric functions of the
half-angle.

» Solve various applica-
tions on the trigono-
metric functions of the
double -angle

» Use the identities of the
double-angle to prove
the correctness of other
dentities

ﬂ Key terms
» Trigonometic function
» Double - angle
» Hak - angle
» Sine function
» Cosine function
» Tangent function

-mlab

» Sclentific calculator

hedlirieonometr'diunctions
o fitheiDoublesAnel'e

éﬁ‘ Think and discuss
You have already learned the trigonometric functions of the sum and
difference of the measures of two angles. Now, we are going 10 raise a

question:

From what you learned in the previous lesson can you deduce the
trigonometnic functions of the double-angle A if A is the measurement
of a given angle?

Discuss with your instructors the answers you reached.

) rearn

The trigonornetric functions of the double - angle

You know that:
sin(A+B) =sinAcosB 1 cosAsinB
(by putting B = A)
Sosin (A YA) =SINACOSA r cos Asin A
. sin2A=2sinAcosA foreachAe R (n
Similarly:
c0s 2 A= cos® A - sin® A We
forcachAe R The basic
=2cos’A-1 relations among
=1-2sinP A the trigonometric
21an A functions:
lan2A=m where tan A is s C+cosiC=1
defined, tan* A # 1 tan? C + 1= 502 C
Verbal expression: cot’ C+1=csc*C
I- Write the form of the previous rules if we double oo C. “.Lc
the angle 2A 10 be 4A . A b
cos C
Q S Trigonometric identities of uc'éﬂ%
the double -angle cot C 'df
1. If you know sin A = i:— where 0° < A <90° ..nc_;,‘]F
find the value for each of the following without
using the calculator:
8 sin2A b cos2A € tan2A

1 32 Pure mathematics - Second form secondary - Science-section 2019 - 2020




> Solution

O osin A =% . Alies in the first quadrant .
. COSA = % (positive because A is an acute angle) 4
a sin2A =2sinA cosA=2x3x =2 < A .
b cos2C =1-2sin°A =1-2x 32 =31 ‘

(you can use the other forms of the cosine rule of the double-angle)
¢ un2A= SR, =P

B} vry to sotve

) HcosA= % LOF <A <90 find the values for cach of the following without using the
calculator:

a sin2A b cos2A € tan2A

Q Example  1rigonometric identities of the double-angle
2 Find the value for each of the following, without using the calculator , :
& 2sin15"cos15 b 2c0s722°30r- 1
O Solution
8 2sin 15" cos 15" =sin 2% 15" =sin 30" =
b 2c0s?22°W0-1=cos(2x22° W) =cos 45" =

-
sl

B} vy to sotve

{2) Find the value for cach of the following, without using the calculator:

& 2sin 22°3W'cos22°30° b 2¢0s* 75" -1 € cos’ 67.5° - sin’ 67.5°
d 2tan 22° 30 - 2c08° 165°- 1
1-1an? 22° 30 sin 75% cos 75°

The trigonornetric functions of the half-angle

&) voarn

You have previously learned that: cos A= -2 sin’ % (identity of double-angle)

Le.: 2 sin’ % =]-cosA (from the properties of algebraic expressions)
il = loc A (By dividing the two sides by 2)
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2

mA-tJ eo._-t,/ " Jan A A tj A where cosA#-1

1icosA
hmsmmwthemdwmmmglmn

Q Example Trigonometric identities of half-angle
(3 Find the value for each of the following Without using the calculator :

a sing.knmdm.sino:-§.1w°<9<m° b cos75°

€ tan 22" 30
O Solution

‘rsin s [Io550 o
~. sin -g—::tJ l-(-g) =

2
csinQet 2 =32
win ot 2 =23/F

A

"+ 180" < @ < 270 by dividing by 2, then 90" < -02_ < 135°
-.-sin-g-=§l?(mmummmnuumunmmdqm-u)

b cos75° '520. (because 75° = T)

- {um& (0 < 75" < 90°) lies in the first quadrant so the value is positive
J = ? J ; by multiplying numenator and denominator - 2
2'2’5 by simplifying

-7 (358 [

2 2 2
3N _ g JT
22 B
¢ wn220=un 4~ (becawse 225°= 4
1 - cos45

=T cosdS” 0 < (225" < 90%) it lies in the first quadrant so the value is positive

/'- J’ /_ by multiplying by the conjugate of

denominator (2-2)
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_[2-v7 2-v2 _ [@242

= - LW ey - 4
2+¥2  2-Y2 4-2
- | EEE————
=y3-2/2 =J22/3-1 = Y 2-1P=/2 -

B vy to sotve
(3) Find the value for each of the following without using the calculator:

8 cos & known that sinf=-%,180° <0 <270
b cos22° W € tan 5"

Q Example Proving the correctness of a trigonometric identity
4 ' Prove the correctness of the identity: ¢sc2 x + cot 2 X = cot x , then use the previous identity
to find the value of cot 15°.

O Solution

Thelefiside =L (S2% _ 108
sin2x  sin 2x sin 2 x

-
_1#2co8x-1) _ 2¢os’x  cosx
T 2sinxcosx  2sinXcosx  sinXx

= cot X (the right side)

By putting x = 15"  in the identity: csc 2 x + cot 2 x = cot X
oot 15" =csc 30" ccot 30 =2+ VX

B‘l’ry(osoln . T
A | - tanx I -tan* 15
3, Prove that: cos 2 x = — then find the value of 7375

1 tan*x 1+tan~ 15

@) exampie Finding the value of a trigonometric ratio
5 IM4¢cos2C+ 3sin2C =0, find without using the calculator the value of tan C , where C
is the measurement of a positive acute angle.

> Solution
4cos2C+3sin2C=0 o 40082C=-3sm2C
. siC _ 4 . _4
“ s 3C -3 ..lanZC-_3
2 tan C
"—"‘”— =3 S6anC =4 4an’C
1- tan’ C 3
SAan’ C-3an’C-2 =0
2tanC + 1) (tan C - 2)=0 ~tanC=-1 (refused)ortanC=2

Think: Use the tigonometric functions of half-angle to find the value of tan C.
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B vy to soive
)14 sinE+ 3 cos E=3, prove without using the calculator that tan £ = . Where E is the
measurement of a positive acute angle.

.""'_"" Solving the trigonometric equations
@ Find the values of x included between 0 and 2 7 which satisfy the following equations:

8 sm2r=sinx

b cos’x-sin’x=-%

c M’%OZImizl

2
©> Solution
& - sin2x=sinx ®) cos’ x-sin x =-1
2 sin x o8 X = sin x cos?.x---%
(because: sin2x = 2 sin x 08 x) (because: cos2x = c0s_ X - sin- x)
sin x (2cos x- 1) =0 d&erous2x=cos(-z31 +2n)
sinx=0 c“x=1 ﬂml=m(% + 2n7)
2 where n ey
x=
‘=% “,=L‘JL =24 oy
the values of x which satisfy ' ’ T3
the equation are: 2x=53l 20T
I aol By dividing by (2)
xX= {- +An x =_Z‘1 nx
think: Do you have other solutions? Find one of bypuuh.;no.l ' ’
x AR
D .. mz%*zlm%:l I= 3 P X = 3
X x x:ﬂ.x:ﬁ
e Zun?:I-m’? 3 3
2tan ¥ the values of x which satisly the equation
e —I—mzx =] Stanx=1 e:
1-
2 X 2 A S
(positive tangent in both the first and third 33 "8 73
quadrants)

in the first quadrant: x = -}
in the third quadrant: x = 7T + 441 -

S
4

.. the values of x which satisfy the equation are -g- o:a"‘ﬂ
B try to soive

(6) Find the values of x included between 0 and 2 7 which satisfy the equation cos X + cos 2x =0

&) Geometoy: X Y Z is a triangle in which x = 12cm, y = 18cm, 2 = 15em, prove thatm( ./ Y) =2
m(~ X).
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P;g Exeorcises 4-3 @

Choose the correct answer:

() Ifcos C=1, then cos 2 C equals
a 0

b Tz c 97 d 2
(2> sinA cos A equals
a %stA b sin2A € cos2A d %cosZA
3) cos? C - cos 2 C equals
a sinC b cosC € sin’C d unC
(&) 1-2sin? 50 equals
a sin 100° b cos S0° € cos 100° d sin 50°
5) 1+ cos 4A equals
2 2cos’4A b cos’2A € cosd JA d

2cos® 2A
{6) Find without using the calculator the values of : sin 20 , cos 2 0, tan 20 if:

8 sinf =10 <O<w b csf=lo<oc X
¢ cxf=37<0< ¥ d cot =3, 180" <@ <270

(7} Find without using the calculator the values of: sin 20 , cos 2 0, sin 9 cos

—;1:
2 cosf = 1.0°<O< b sind = 3.90° < 6 <180°
¢ wb =3x<o< ¥ d sind =13, 3 <9<
8) If you know that cos A = 3

[

{3 » Where A is measurement of a positive acute angle, find
without using the calculator the value of:

sin 2A , cos 2A, tan 2A cm%

(9) If A is the measurement of an acute angle and cos 2A =

:(l; Jwithout using the calculator,
find the value of: sinA | cosA . tan2A
30 If sin % =1 without using the calculator, find the value of: cos % ,Sin A, cosA
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ii Express cach of the following in the form of an only trigonometnic ratio:

tan 40°
@ sin 35° cos 35° b - € sin 25° cos 35" - cos25" sin35°
1 - tan* 40
tan 50" - tan 40° 1 - cos O+ sin@
2 < ol LR TR
1+ tan 50° tan 40° ® cos?25- sin®25 1+ cosB + sinf
33 Find the values of X included between 0° and 27 which satisfy each of the following
equation:

® sin2x=sinx b sin®2x+2sin2x:1=0 ¢ oosx-hin’%mo

34 Prove the correctness for each of the following identities:

1-cos2A _  sinfA b cot§ -1 = cos2 0
Jicos2A 1icos A cot@+1 = 1+sin20
45 _Mechanics; A football player kicked the ball by an angle of measurement 30° with the

ground surface with initial velocity of a magnitude of 14.7 msec. If the horizontal distance
Swlichtheballcomisgimbylhcmlalion:S=£92m‘o—“0whengislheﬁeefdl
acceleration and equals 9.8 m/sec2 and V, represents the initial velocity.

First: put the previous relation in the simplest form

Second: Find the horizontal distance D which the ball covers in meters.

(Y activity | Using the graphical calculator

36 Use the graphical calculator or a graphical program of a computer or a tablet to graph the
curve of the function  where :

f(x) =sin 0 cos -g—-coso sin {-ﬁm:-Zﬂ( 0<2m
8 Can you deduce the function F from its graphical representation ? Explain.

b Prove the comectness of the deduced function from the graph using the rules.
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Historical introduction: You will learn .
Heron lived in Alexandnia B.C. He credited the heron’s formula to find + Finding the surface area
the surface arca of the triangle in terms of its side lengths. There is a of the triangle in terms
thought that this formula is known before Heron but it is credited for of its side lengths.
him because it is found in a part of his factory called Metrica, This part | * Finding the radius
included several geometric knowledge in plane geometry, solids, arcas length of the inscribed
and cirche of a triangle
SO On.
touching its sides
Finding the surface area of the triangle in terms of its
side lengths
Let a, b and ¢ be the side lengths of the triangle A B C where: Key terms ”
+ Heron formula
a+bic=2P (where Pis half the tnangle perimeter )
From the cosine rule, we know that:
2obi-
csCu 2206 M
2ab
and from pythagoras' identity: sinC= ¢ 1 -cos’C
(2)
(Notice that: 0" <C < 180" then sinC > 0)
By substituting from (1) and (2), then:
sinC=/ 4‘:"2'(‘::2;:’2“2’2 by unifying the denominators
) 1 Materials -
sinC=——e  (ab+ (11~ ) Qub-(a? b6 .
factorizing the difference between two squares iy
=t (@R -l - - by
: ‘bpnltlng the expression in the form of a perfect square
L]
=W (@a+bec)brc-a)(arc-b)(ar+b-¢)
By factorizing as a difference between two squares
= : / W@+bsc-2a)(a+bic-2b)(a+bic-2¢)
2ab
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=—1 _J 2p@p-2a)(2p-2b)(2p-2)

2ab
1
. b .
= { 16pp-a)(p-b)(p-c)
=22 | pp-a)(p-b)ip-¢) 3
2abl!
B-l::(AABC).—.% ab sinC 4

By substituting from (3)in (4) a(AABC)={ p(p- aXp-Hb-¢)
Le: the surface arca of the triangle whose side lengths are a, band ¢ is:
A={  pp- 0 (-b)(p-¢)  where Pis half of the triangle perimeter

Important note : ( proof is not required)

Prcoyr

Log in internet 1o prove the correctness of Heron's formula.

) Example

@Fmdlheswfaceamoﬁhetriamlewmsidelenglhsmasm 10 centimetres using
Heron's formula

> Solution
v 2P=6:8:10=24cm P=12cm

P-a=12-6=6¢m , p-b=12-8=4cm , p-c=12-10=2¢cm

~Arcaof A=Y plp aXp-a)(p-c)
= /I2x6:4x2= 24cm?

Critical thinking: Can you find another way to find the surface arca of the triangle in the
example above? Explain.
B ey to soive
(1) Find the surface area of the triangle A B C in which:
a=5cm ,b=12cm, ¢ = 13cm using Heron's formula.

@rewva

Finding the radius length of the inscribed circle of a

triangle touching its sides.

(1) Tell the relation between AA B C and the triangles M AB ,
M B Cand MAC.
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{2) Can you find a relation between the radius length r and the surface arca of triangle AB C ?

1
2
2

We can deduce that: a(AABC)=3 ar -;bxr-%c:

I pp-akp -bMp-c) = xP

) / p(p - aXp - bXp <) AAABO)
1LC. I s -
P P

@) example
2 ' Use the relation above to find the radius length of the circle intenorly touching the sides of
the tniangle AB C whose side lengths are 7,9 and 14 centimeters 1o the nearest decimal.

O Solution
C2P=T7+9 1 4=30cmP=15cm,p - a=8m, p-b=6cm, p-¢c =1cm

By substituting in the relation above:

r-d plp -a)Mp -b)p -¢) - 4"—”_8'6” i e
. = — Yy Om
P 15 S

Critical thinking: What do you expectif:p - a or p - b or p - ¢ is negative or equals
zero? Explain .
Q Example
3 Find the arca of the following triangles.

& A nangle of side lengths 7,9 and 12 centimeters.
b Atnangle of two-side lengths 24 and 40cm and the included angle of measurement 30°.
€ s the tnangle whose side lengths are 12, 14 and 30 existed? find its area if possible.

> Solution

a "2P=28cm .. p=l4cm,p-a=Tcm,p-b=5cm,

S @
By applying Heron's formula:

Arcaof the triangle = V 14%7x5x2 =14/5 cm? The sfhes ans of

@ triangle in terms of
. I ) two side lengths and
b Arca of the triangle = 3 x 24 x40 x sin 30 the included angle.
. Area of triangle =
= % -24140*% = 240 cm* %M‘um
€ 2P=56cm .. P=28cm, p<aside Wim e ok i
. there is no triangle to find its arca
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Think: Can you use another way to prove that there is no triangle to be drawn ? Explain.
B} try to soive
{3} Find the area of the following triangles:

8 A triangle of side lengths 6 , 6 and 8 centimeters,

b The tiangle whose side lengths are 24, 36 and 60 centimeters. Find its surface arca if
possible.

€ A triangle of side lengths 10, 24 and 26 centimeters.

@) exampie ;
Geometry

(4) The opposite figure illustrates a quadrilateral picce of
land , find its area. MUm

© Solution
Draw BD
in triangle A B D which is right angled at A
(BD)?=(AB)?+ (AD)? Pythagoras theorem
=100 + 576 = 676 SBD=26m

a(AABD) = JABxAD = 1 «10x24=120m’

in triangle B C D:

2P =20+34+26=80 S P=40m
a(ABCD)=/30x20x6x 14 =40 /2 m?

Area of the piece of land = areaof A A B D+ areaof ABCD

=120440/32 =403+ Ja22)m?

B vy to soive

{4 The opposite figure illustrate a picce of land of
dimensions shown in the figure.
Find its arca.
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P\ Exercises 4-4 @

Complete:
(1) The surface area of the equilateral triangle whose side length is 6cm equals...

{2) The surface arca of the isosceles triangle which one of its side length is 10cm and the
measurement of one of its base angles is 45° equals...

(3) The surface area of the triangle whose side lengths are 3, 4 and 5 centimeters equals...

(4) The surface area of the triangle whose two side lengths are 6 and 8 centimeters and the
measurement of the angle included between them is 30 * equals...

Find the surface area of the triangle A B C in each of the following cases:

5) a=15cm, b=12cm, ¢ =9cm (6)b=16cm, ¢ =20cm, m(/ A) = 60"
) a=16cm, b= 18cm, ¢=24cm (8 a=32cm, b=36 , ¢ =30cm
Choose the correct answer:

(9) The surface area of the triangle whose side lengths are 6¢m , 8cm and 10cm in cm? is :

a 24 b 0 c 40 d 48
30’ In the opposite figure : surface area of A A B C equals cm?

a 20 b 4/5

€ 2/5 d |0

"
4cm
30 If the perimeter of a triangle is 60 cm and the length of one side is 26cm | then the lengths
of the other two sides in centimeter can be:

a 4.3 b 3.3 € 20,14 42,32

Find the surface area for each of the following figures using the given data shown:

12 5 cm 13 8 cm
12 - 13 -
13¢cm
4 cm
5 cm
-
[ 8cm
17 em
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Trigonometry
1) D) 3cm
10m ‘,@'
10m 4om
6m 4cm
8m

0 9cm @ _Iom
§
-

17 cm

12 ¢cm

15 cm
B

I

@ Find the surface area of the quadnlateral AB C D in whichm(/ B) =9%0°",AB=5m ,BC
=12cm, AD=CD=13cm.

49 Find the surface arca of the triangle A B C in which:

a a=8m.b=1llcm,c=13¢cm
b a=12cm.b=17cm,c=25¢cm

€ a=40cm,b=24cm,c=32¢cm
d a=1llcm.b=8m.c=6cm

20 Yards; A triangular yard at which the ratio among its side lengths is 7: 5 - 3. If the perimeter
of the yard is 300 meters , find its surface area .

(@ acuey )
21 Enyironment; The following diagram illustrates a triangular
yard, find its surface arca
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A

Unit summary

Angle of elevation: if it is supposed that there is an observer at ¢
point A and looks at a body at point C above the eye sight level,
then the angle included between the horizontal ray and the ray
AC connecting between the observer's eye and the observed ” <
@y |s- called lhg angle of elevation of the observed body C I r's eye
with respect o point A

A

Aiighe o dapressions if it is supposed that there is an observer » -] e
at point A and looks at a body at point C down the eye sight observer‘\
level, then the angle included between the honzontal ray

AB and the ray AC connecting between the observer's o caruad body

eye and the observed body is called the angle of depression
of the observed body C with respect to point A.

The measurement of the angle of depression C with respect 1o A equals the measurement of
the angle of elevation A with respect to C

The tngonometnc functions of the sum and difference of the = B

measures of two angles: of

7 If A and B are the measures of two angles, then: Angle ion
sin{AtB)=sinAcosBtcosAsinB -o

elevation
Ccos(CEtB)=cosAcos B+ sinAsinB

tan (A4 B)= “MALTEB Cpeeas L K1), B# X (2K« 1), tanAtan B #
1 #lanA tanB - =
t1 Kez
The trigonometric functions of double -angle:
sin2A =2sinAcos A ForcachAeR
cos 2A=cos’ A-sin’ A
=2cos’A-1 =1-2sin’A ForcachA €R
mzAz%.memAis&EMaMmzA# 0 we can deduce that:
- lan*
sin A =2 sin %cm é
2an L
cosA:cm:%-sm:%=2¢052%~l=l-2sm:% lanA = o
} : ) - 2 A
1. tan )

The surface area of a tnangle in terms of two side lengths and the included angle = .l,
product of its two sides = cosine of the included angle .

I a, b and ¢ are the side lengths of a tnangle whose perimeter is 2P then:

Surface area of the triangle = | p(p -aXp -b)p -¢)
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B rccumunie wee &

First: Multi - choice questions
(l)Cboosclhccomctanswu:
sin 3x cos 2 X + cos 3 x sin 2x equals
(1) cos 5x (2) sin 5x (3)sinx 4)cosx
2) Inthe triangle A B C if a= Scm, then b equals
Ssin A Ssin B Ssin A SsinC
M sin B @ s A @) sin C “ sin B
(3) The triangle A B C in which a: b: ¢ = 3: 2: 2, then cos a equals
» | 1 1 i |
m-3 @-3 @5 “-3
(&) Inthetriangle ABCifa=15cm,b =25cm, ¢ = 35cm, then the measurement of the largest
angle in the tnangle equals:
(190" (2) 40 (3) 120° () 150°
Second : short answered questions:

(5) Find the radius length of the circumcircle of the triangle A B C in which m (£ A) = 30", a = 10cm.

(6) Inthe triangle ABCif 2sinA=3sinB=4sinC, finda:b: ¢

(7) Find the measurement of the largest angle in the triangle A B C in which a=6cm b= 14cm,
¢=10cm

@® nA=], wnB=] findtan(A+B)

{9) Find the value of tan 15° without using the calculator.

30 IfsinA= 1 find the value of cos 2 A

Third : long - answered questions
31 Solve the triangle in whichm (/ A) =2 m (/ B) = 86" , ¢ = %cm
32 The triangle X Y Z in which x=9.4cm, y = 15.6cm, m (/ Z) = 54°
find Z 1o the nearest decimal and the area of the circumcircle of the triangle.

33 Find the measurement of the smallest angle in the triangle A B C in which a= 13cm , b =
l4cm , ¢ = 15¢m, then find its surface area.
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34 A pilot observed a ground target 1o find the measure of its angle of depression is 45° and
when he flew down for a distance of 2km vertically, he found the measure of the angle of
depression of the target was 30°, Find the height of the plane at the beginning of observation
1o the nearest kilometer .

j§ Find the surface arca of the isosceles triangle whose perimeter is 30cm and the length of one
of its sides 1s 12cm.

36 Find the surface arca of a triangle-like picce of land whose perimeter is 180m and the ratio
between its side lengths is 2: 3: 4 1o the nearest meter.

< 2> General Exercises

For more exercises, please visit the website of Ministry of Education.

(@ Enrichment Information

Please visit the following links.
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First : tests of algebra

Exam 1 Algebra
Answer the following questions

Question 1: Choose the correct answer :
Goulnsl =30Ln_1_ then the value nis

as b s c 29 d 30
@)ﬂnvﬂucomncscﬁcs'gl(ﬁonl)is

a8 1375 b 3720 € 14400 d 2232000
@)mnmmoﬂhcmonhcuidmﬁcmn.ll.lS.....Z?l)is:
a3y b 67 ¢ 169 d 9313

@lfx>0.thcolhecommonmioomngeomuicmocc(4.x-3.2x*6....)is:
a | b 5 c 3 d 24

Question 2:

Q0 16%P, =2 %P, find the value of 1.
{2) Find the order of the first negative term of the terms of the sequence (152 - 9n), then find
the greatest sum can be got from the terms of this sequence .

Question 3:

(1) How many different three-digit even numbers can be formed from the set of the numbers
{2,3,4,5,7)?

{2) Find the geometric sequence whose terms are positive, the sum of the first three terms
equals 14 and its first term is greater than its second term by 4, then find the sum of infinite
number of its terms starting from its first term.

Question 4:
(1) Find the ) mmcwbonmmdnsrmmmequals%lmdiusewndlam
equals . then find its tenth term.

{2) A25 - row theatre; the first row contains 20 seats, the second row contains 22 seats and the
third row contains 24 scats and so on.... Find the number of seats in all the theatre rows.

p—
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Question 5:
Q) If>42C, =19, *p. = 60, find the value of n and m.

(2) An arithmetic sequence whose sum of its first and last terms is 26 and the sum of its terms
is 468, find the number of its terms. If its tenth term equals 47, find this sequence.

Exam 2 Algebra

Answer the following questions.
Question 1: Choose the correct answer:

(1) The number of ordered pairs (a , b) which can be formed from the clements of the set
{1,2.3) wherea#b

a2 b 3 € 6 d 9
{2) The n™ term of the scqmncc(Z.Z.% A4 )is
a (n-1) b 2. c 2o d 27
(3) The sum of the first 25 terms of the terms of the sequence (3 - 2n) is
a 650 b 600 ¢ -575 d 600
() If (x,y, 2....) are geometrically sequenct , then:
8 2y <x+4z b y?>xz € y=xz d [y =xz

Question 2:

QO u¥c,,=¥c,, . find the value of r

(2)Fiml|hcnmnbctof(emlhmcanbclakcnfmmdtctcm\soflhestqucnce
(-43 ,-36 ,-29 ,...) starting from its first term to get a sum of 221.

Question 3:
(I) A university student leams different eight subjects and he cannot join the next grade till he
succeeds in six subjects at least. How many ways can the student join the next grade?

(2) A geometric sequence in which the sum of an infinite number of its terms starting from
its first term equals 108 and its first term is greater than its second term by 12. Find the
sequence and the sum of its first seven terms.
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Question 4:
(1) Find the sum of the odd ordered terms of the arithmetic sequence (2,5 .8 ..., 110)

@ An agricultural crops storing company has seven warchouses to store the wheat so that
the first warchouse holds 270 tons and cach warchouse after that can hold two third of the
amount of the directly previous warchouse. Can the company store 800 tons of wheat? What
is the greatest amount of wheat the company can store in its warchouses to the nearest ton?

Question §:
(0 L3027 =120 find the value of *C .

(2) Insert 28 arithmetic means between 4 and 91, then find the sum of the terms of the arithmetic
sequence resulted.

Exam 3 calculus & trigonometry
Answer the following questions:

Question 1: choose the correct answer:

® uy-mzxm%{_mnx-{- equals.

a2 b | c % d /7
@ Wcos0=2, thencos20=
R 3 =1
a 5 b 5 c > d /3

@ Ji2x3tdx=
o Lixedpc b L2xi3tc e b2xi3c 4 02xi3hc
{4) The average rate of change of the function f where f(x) = x> when X varies from 3 to 3.1
equals.
a 06l b 6] €9 d 96l
Question 2:
(1) Find the first derivative if: y = x? sin 2 x
() Without using the calculator, prove that lf'“i"h=mx
Question 3:

:,

(1) Find the slope of the tangent to the curve of the function f wher f(x) = ’:2’ when x = 1

e
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(2) Find:

a Jix2 i 2xdx b J(sinx-cosxPdx
Question 4:

(1) Find the point (s) lying on the curve of the function: y = L‘ al which the tangent is paralle]
to the straight line X + y = zero. s

(2) From a house top of 25 meters high, the measurement of the angle of elevation of a tower
top was 70" and the measurement of the angle of depression of the tower base was 30° .
Find the height of the tower known that the bases of the house and tower are at the same
honizontal level.

Question 5:
1) If the function [ where 2.2

(x) = foreach x<2

2a x-3b foreach x> 2

€) Find%’x— ify=(z2"-7%),2=2x+ I whenx =-1

Exam 4 calculus & trigonometry

Answer the following questions:

Question 1: choose the correct answer:
%

(1) The slope of the tangent to the curve of the function f where f(x) = 3x? + 2x-1 when x = 2
cqulas
a 4 b 3 e 17 d 14

2) sinAcosB-cosA sinB =
8 sin(A+B) b cos(A+B) € sin(A-B) d cos(A-B)

/N [ xP+3x
\3/.’ - dx=

L | >
X7+ 3x®
8 x+3 b %xhsx'cc x*+3x+C d .
x2
/4> L(sinxomx):
wriodn
8 sinx b cosx ¢ lcos2x d cos2x

Question 2:
() Ify=1(x) where y = x* - ax, find the slope of the tangent to the curve of the function f at point
(3,0) lying on it.
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<)) llsocA=%anducB=jslwhechandBmthcmmo[twomancb.ﬁnd
sec (A - B).

Question 3:
(1) Discuss the differentiability of the function f where
2, x>2
fix) = 2 > when x =2
4x-1 , x=2

@) Find J(1 - cos x)*d x

Question 4:

(1) Aship sailed from a certain point in the direction of 60° north of the west at velocity 26 km/h
and at the same time and place, another ship sailed in the direction of the East at velocity 15

km/h. Find the distance between the two ships after 3 hours,
@) y=7"3andz=(x-1), find the value of %{_whmuz

Question 5:

5
7 X d
\‘)UY'( = ) .l'ndii— when x =1

@ Find the tangent equation to the curve of y =2xsin x cos x when x = 7
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	 -1
	 -2
	 -3
	 -4
	 -5
	 -6
	 -7
	 -8
	 -9
	 -10
	 -11
	 -12
	 -13
	 -14
	 -15
	 -16
	 -17
	 -18
	 -19
	 -20
	 -21
	 -22
	 -23
	 -24
	 -25
	 -26
	 -27
	 -28
	 -29
	 -30
	 -31
	 -32
	 -33
	 -34
	 -35
	 -36
	 -37
	 -38
	 -39
	 -40
	 -41
	 -42
	 -43
	 -44
	 -45
	 -46
	 -47
	 -48
	 -49
	 -50
	 -51
	 -52
	 -53
	 -54
	 -55
	 -56
	 -57
	 -58
	 -59
	 -60
	 -61
	 -62
	 -63
	 -64
	 -65
	 -66
	 -67
	 -68
	 -69
	 -70
	 -71
	 -72
	 -73
	 -74
	 -75
	 -76
	 -77
	 -78
	 -79
	 -80
	 -81
	 -82
	 -83
	 -84
	 -85
	 -86
	 -87
	 -88
	 -89
	 -90
	 -91
	 -92
	 -93
	 -94
	 -95
	 -96
	 -97
	 -98
	 -99
	 -100
	 -101
	 -102
	 -103
	 -104
	 -105
	 -106
	 -107
	 -108
	 -109
	 -110
	 -111
	 -112
	 -113
	 -114
	 -115
	 -116
	 -117
	 -118
	 -119
	 -120
	 -121
	 -122
	 -123
	 -124
	 -125
	 -126
	 -127
	 -128
	 -129
	 -130
	 -131
	 -132
	 -133
	 -134
	 -135
	 -136
	 -137
	 -138
	 -139
	 -140
	 -141
	 -142
	 -143
	 -144
	 -145
	 -146
	 -147
	 -148
	 -149
	 -150
	 -151
	 -152
	 -153
	 -154
	 -155
	 -156
	 -157
	 -158
	 -159
	 -160

