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INTRODUCTION . ~

- CVES RO EN N (e

we are pleased we offer this book to make it clear philosophy that has been in light
construction of educational material and can be summarized as follows:

1. To emphasise that the main purpose of these books is to help the learner to solve problems and
make decisions in their daily lives, and help them to participate in society.

2. Emphasis on the principle of continuity of life-long learning through work that students gain a
systematic scientific thinking, and practice learning mixed with fun and suspense, relying on the
development of problem- solving skills and develop the skills of the conclusion and reasoning,
and the use of methods of self-learning, active learning and collaborative learning team spirit,
and discussion and dialogue, and accept the opinions of others, and objectivity in sentencing, in
addition to some definition of national activities and accomplishments.

3. Provide a comprehensive coherent visions of the relationship between science, technology and
society (STS) reflect the role scientific progress in the development of the local community,
in addition to focusing on the practice of conscious students to act effectively about to use
technological instruments.

4. The development of positive attitudes towards the study of mathematics and aspect of its scientists.
5. To provide students with a comprehensive culture to use the available environmental resource.

6. Rely on the fundamentals of knowledge and develop methods of thinking, the development of
scientific skills and stay away of the details and educational memorization, that’s concern directed
to bring concepts and general principles and research methods, problem solving and methods of
thinking about the fundamental distinction mathematics from the others.

We have been especially cautions in this book the following:

X The book has been divided into integrated and coherent units, for each one there is an
introduction shows its aims, lessons, a short, and key terms, it has been divided into lessons
explain the goal of study under the title”’you will learn”, each lesson starts with the main
idea to the content of the lesson .It takes onto consideration, the presentation to the scientific
article from easy to difficult and includes a set of activities that integrated with other subjects
and to suit different abilities of students and take into consideration the individual differences
between them and emphasizes the collaborative work, and integrated with the subject.

* Every lesson has been presented examples from easy to difficult, it include variety of levels
of thinking with drills on it under the title of “ try to solve” and the lesson ends with a title of
“check your understanding”

X Each unit ends with a summary of the unit deals with concepts and instructions contained in
the unit.

Eventually, we hope getting the right track for the benefits of our students as well as for our

dearest Egypt hopping bright future to our dearest students. And the God of the intent

behind, with leads to either way.

k _J
\-




SeconditermiVapiBools

Mental operatons and

Interdependence
and interference

Unit Lesson included in the unit Concepts included skills involved with other sciences
and scientific life
1 - 1: Organizing data in Matrix - element - row » critical thinking p.8, » Consumer p.7, p.10
Matrices matrix -Column matrix p-10 » Mathematics p.7
square matrix- zero matrix » algebraic thinking ( » Energy p.7
- equal matrices- symmetric during procedure of the | | Tyade p.13
matr?x— skew-symmetric lesson » Technology p.13
matrix
1-2: Adding and subtracting Adding matrices - » Algebraic thinking ) statistics p.14
Matrices subtracting matrices (during procedure of » technology p.17
the lesson)
8 1 - 3: Matrix Multiplication Multiplying matrices » critical thinking p.19 » consumtion p. 18
_9 » algebraic thinking (during | » tourism p. 20
% procedure of the lesson
E 1 - 4: Determinants determinant- determinant of » algebraic thinking ( » Geometry P. 15
order 2 X 2 - determinant of during procedure of the
order 3X3- principle diagonal lesson
of the determinant - other
diagonal of the determinant -
coefficients matrix
1 - 5: Multiplicative inverse of | Multiplicative inverse of a » Critical thinking p. 30 » Consumtion p. 34
a matrix matrix - matrix equation - » Algebraic thinking (
variable matrix - constant during procedure of the
matrix lesson
2 - 1: Linear Inequalities linear inequality - boundary | » Critical thinking p. 42 » Life applications
line - dotted boundary line - | » Algebraic thinking ( p-42
solid boundary line - linear during procedure of the | » Consumer p. 42
inequality in one variable lesson
(@) - linear inequality in two
E variables
E 2 - 2: Solving Systems of System of linear inequalities | » Algebraic thinking ( » Life p. 47 46
E Linear.Inequalities - region solution - graph during procedure of the | ) proffessions p. 47
o) Graphically lesson
e 2 - 3: Linear programing and | Linear programing - » Algebraic thinking ( » Time mnagement
o Optimization. constraints during procedure of the p. 48
E lesson » Business p. 50
dc, » Consumer p. 50
: » Industry p.50, p.51
» Agriculture p. 52
3-1: Scalars, Vectors and Scalar quantity - vector » Logical thinking p. 59
@ Directed Line Segment. | - distance- displacement - » Geometrical thinking
direction (during procedure of
the lesson)
73 3 - 2: Vectors Vector - position vector- » Logical thinking p. 59
(- ordered pair - absolute » Geometrical thinking
% value - norm of a vector (during procedure of
D - equivalent vector - polar the lesson)
> form - unit vector
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Lesson included in the unit

W T

Concepts included

Mental operatons and
skills involved

Interdependence
and interference
with other sciences
and scientific life

Vectors

3 - 3: Operations on Vectors

Adding two vectors -
subtracting two vectors -
triangle rule - parallelogram

rule

» Logical thinking
» Geometrical thinking
(during procedure of

the lesson)

3 - 4: Applications on Vectors

Resultant force - parallel

forces - relative velocity

» Logical thinking
» Geometrical thinking
(during procedure of

the lesson)

0

~
Straight line

4 - 1: Division of a line
segment

Internal division - external

division - division ratio

» Logical thinking
» Geometrical thinking
(during procedure of

the lesson)

4 - 2: Equation of the straight
line

direction vector of the line -
vector equation - parametric
equation - Cartesian

equation - general equation.

» critical thinking p.
84.92

» Logical thinking

» Geometrical thinking
(during procedure of
the lesson)

4 - 3: Measure of the angle
between two straight
lines

Angle between two lines

» Logical thinking
» Geometrical thinking
(during procedure of

the lesson)

» Geometry p.95

4 - 4: The length of the
perpendicular from a
point to a straight line

Perpendicular - straight line

» Logical thinking
» Geometrical thinking
(during procedure of

the lesson)

» Road p.97

4 - 5: General equation of the
straight line passing
through the point of
intersection of two lines

Point of intersection of two

lines - general equation

» Logical thinking
» Geometrical thinking
(during procedure of

the lesson)

» Technology p.100

I

al

Trigonometry

5 - 1: Trigonometric
Identities.

equation identity

» Logical thinking (during

procedure of the lesson)

5 - 2: Solving Trigonometric
Equations

trigonometric equation -

general solution

» Logical thinking (during
procedure of the lesson)

5 - 3: Solving the Right
Angled Triangle

Solution of a triangle

» critical thinking p. 115
» Logical thinking (during
procedure of the lesson)

» Geometry p.115

5 - 4: Angles of Elevation and
Angles of Depression

elevation angle - depression

angle

» Logical thinking (during
procedure of the lesson)

5 - 5: Circular Sector.

Circular sector

» critical thinking p. 120
» Logical thinking (during

procedure of the lesson)

5 - 6: Circular Segment

Circular segment

» Logical thinking (during

procedure of the lesson)

» Agriculature and

Decoration p.123

5 -7: Areas

Regular polygon

» Logical thinking (during

procedure of the lesson)

» Technology p.127
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1-4 Determinants. 24
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Unit Summary 41
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V Unit objectives

By the end of this unit, the student should be able to:

£ Recognize the concept of the matrix and its order.

£+ Recognize some special matrices (row - column
- square - zero - diagonal - unit - symmetric and
skew symmetric ) matrix.

% Multiply a real number by a matrix .

3 Recognize the equality of two matrices.

£ Carry out the operations of addition, subtraction
and multiplication on matrices.

 Verify the solutions of some problems including
matrices using the available programs.

 Model some life problems using matrices .

XS Key-Terms

> Matrix Equal matrices

Symmetric matrix

~ Element

N V2RV V]

~ Skew—symmetric matrix
~ Row matrix

Unit matrix

N/

N
Z Column matrix

~ ) Matrix equation
Z Square matrix . X
Variable matrix

7 NI Ny

N
Z Zero matrix = Constant matrix

H# Use matrices in other domains.

# Recognize the determinant of a matrix of order 2 x 2
and 3 x 3.

F Find the value of the triangular determinant.

4 Find the inverse of the square matrix of order 2 x 2.

5 Solve two simultaneous equations using the
inverse of a matrix.

# Solve the equations using Cramar's rule

 Find the area of the triangle using determinants.

= Adding matrices > Third order determinant
= Subtracting matrices > Coefficient matrix
= Matrix multiplication = Inverse matrix

N
= Transpose of matrix

~
~ Determinant

= Second order determinant



\\4 Lessons of the Unit

Lesson (1 - 1): Organizing data in Matrices.
Lesson (1 - 2): Adding and subtracting Matrices.
Lesson (1 - 3): Multiplying Matrices.

Lesson (1 - 4): Determinants .

Lesson (1 - 5): Multiplicative inverse of a matrix

v Materials

Scientific calculator - Excel program-

Computer.
v — ‘
el iel )

Matrices is the plural of the word matrix and is one of mathematical concepts commonly used in modern times.
It includes many branches of knowledge. We use it in science, statistics, economics, sociology, psychochology
and so on. Because it displays the data and stores them in the form of rectangular array and organizes the data
in this form to remember, compare and carry out the operations on them easily. Further more, matrices have an
important role in mathematics especially in the branch of linear algebra. Scientist Kelly was the first to observe

and use matrices in (1821-1895)

\\4 Chart of the unit
Matrices h ( Determinants%
J N
Organizing data \

in matrices ( Operations on matrices Find Area of the triangle

Definition of matrix
ad T - / Determinant of triangular
Representing Adding an su tractmg) G\/Iultiplying matricea It
. matrices
matrices
Solve systems of

Analyzing data * - ¢ — equations using
Groperties of adding matriceD C’ropemes of multlplyma Cramar's rule

§ matrices
Multiply a number
by a matrix

Some special

Solving matrix equations ) Transposition of the
product of two matrices
matrices
q Sol t f
Terms of the matrix ottt m—
—> equations using matrices

Multiplicative inverse
of a matrix
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1-1

You will Learn

» What is the matrix?

» Some special matrices
(square - row - column-
zero - diagonal - unit)
matrix.

» Symmetric and skew
symmetric matrix

» Equality of two matrices.

» Multiply a real number by

a matrix.

Key - Terms

» Matrix

» Element

» Row matrix

» Column matrix

» Square matrix

» Zero matrix

» Equal matrices

» Symmetric matrix

» Skew symmetric matrix

Materials

» Graphic calculator
» Excel program
» Computer

» Scientific calculator

Organizing data in Matrices

. s
wTh'mk and discus

Industry

A three-section factory for producing some
components of TV screens. Produces 4
principal parts of the screen A, B, C, and D
as follows:

The first section produces 75 pieces from
A, 135 pieces from B, 150 pieces from C,
and 215 pieces from D daily.

The second section produces 100 pieces from A, 168 pieces from B,
210 pieces from C, and 282 pieces from D daily.

The third section Produces 80 pieces from A, 100 pieces from B,
144 pieces from C , and 64 pieces from D daily.

It is difficult to remember or compare these data on this form, in this
way, so there is a question:

How can these data be arranged in order to analyse and benefit from
them?

To answer this question, we can record these data in a table to
know what each of the three sections in the factory produces from
the different parts quickly and clearly, and also easily compare the
production of the three sections of different parts.

Parts
A B C D
First section 75 135 150 215

Second section 100 168 210 282

Sections

Third section 80 100 144 64

4 Mathematics - First form secondary



Organizing data in Matrices

If we know that the numbers in the first row represent the production of the first section
from parts A, B, C and D respectively, similarly, the numbers in the second row represent the
production of the second section respectively and the numbers in the third row represent the
production of the third section respectively, then we can write these data which recorded in
the previous table in a simple form as follows :

First row 75 135 150 215 This form is called a "Matrix" , the numbers
Second row 100 168 210 282 enclosed by two parentheses( ) are called "elements

Third row 80 100 144 64 of the matrix

) ) ) )
First Second Third Fourth
column column column column

This matrix has 3 rows and 4 columns, thus it is said that it is a matrix of order 3 x 4
or simply "a 3 x4 matrix". You always write the number of rows first, and the number of
columns second. We notice that : number of elements of the matrix = 3 x4 = 12 elements .

Now:

1- Is there another method to arrange these data to form another matrix? Explain your
answer.

2- From the previous matrix, what is the element in the first row and second column? and
what is the element in the second row and first column?

3- Open question: Write an example of your own in which the data included are in the form of
a 2 x 3 matrix

""J Organizing Data in Matrices

The matrix is an arrangement of a number of elements (variables or numbers) in rows and
columns enclosed by two parentheses as (). The elements in the matrix are arranged such that
the position of each element in the matrix has a meaning. Capital letters are used to name the
matrix or to symbolize it as A, B, C, X, Y, ... but small letters are used to name the elements
of the matrix as a, b, X, X, y, ...

If A is a matrix of order mx n then we can express it in the form a; where i is the number of
rows and j is the number of columns.

For example, the element a 12 lies in the first row and in the second column also a, lies in
the third row and in the second column.
-1 4 6 5
In the matrix A — 2 -1 2 4
3 5 2 -1
The element -1 lies in the second row and in the second column, and is denoted by the

symbol a,,

The element 6 lies in the first row and in the third column and is denoted by the symbol a ,

Student book - Second term 5



Generally:
The matrix consists of " m" rows and "n" columns and is in the form of m x n or of order m x n
or of type m x n ( and is read as "m" times "n") where m and n are positive integers.

& Try to solve

15
® Use the matrix B = ( 32 ) to answer each of the following:
57
A What is the order of the matrix B? B What is the value of b , and b ,?

""J Representing Matrcies

If A is a m x n matrix, then it is possible to write the matrix A in the form:
A=), i=1,2,3,..,m

j=1,2,3,..,n
We will study only the cases of matrices that m <3 and n <3

| Smms

1) Write all elements of the following matrices:

A A=) . i=1,2 , j=1,2,3
BB =(b) . i=1,2,3, j=1
CC=() - i=1,2 , j=1,2

@ Solution

a a a . . . .
A A:< "o 13)1sa2x3matr1x B B=|b, | isa3x] matrix

21 a22 23

Cc C=( I )isa 2 x 2 matrix

a21 22

& Try to solve

@ Write all elements of the following matrices:
A A =(aij),i=1,2,3, j=1,2,3
B B=(b ),i=1,2, j=1

ij

6 Mathematics - First form secondary



Organizing data in Matrices

=

) ) Small | Medium | Large
2) Consumer: the table opposite shows the prices

in pounds for 3 kinds of sandwiches in 3 different Fried 8 12 16

. . chicken

sizes in a fast food restaurant.

Fried 9 13 17

A Arrange these data in a matrix, such that the | shrimps

prices are arranged ascendingly. Fried

fish 7 11 15

B  Determine the order of this matrix.

C  What is the value of the element a32?

O Solution
Small Medium Large

Fried fish 7 11 15
Fried chicken 8 12 16
Fried shrimps 9 13 17

B  There are 3 rows and 3 columns, then the matrix is of order 3 x 3

C  The value of the element a,, lies in the 3™ row and in the 2™ column which is 13

& Try to solve

@ The coach of a team of the basket-ball in the school recorded the
scores of three players in the classes league, as follows:

Samir: played 10 games , 20 shots , 5 scores.
Hazem: played 16 games , 35shots , 8 scores.
Karim: played 18 games , 41 shots , 10 scores.

A Arrange these data in a matrix such that the players are
arranged ascendingly according to their number of scores.

B  Determine the order of the matrix. What is the value of a23?

@ Organization of statistical data using matrices

3) Energy: It is possible to measure the energy 30 [ Consumption
in kilowatt/hour, the graph opposite shows > [ Production
. . 20
the production and consumption of energy of

some countries. Write a matrix representing 10
S
0

the data in the graph opposite.
Country A Country B Country C

No. of kilowatt/hour

Student book - Second term 7



@ Solution

Production Consumption

Let each row represents a country, and each

: he 1 Lof ducti Government (A) 9.5 9.5
column represents the leve roduction
© P . ot pro © Government (B) 13 9
and consumption. Deduce the value from

Government (C) 19 25

the graph.

Critical thinking
How can you modify the matrix to represent the data by adding other countries?

&> Try to solve

@ Rewrite the data in the previous example in the form of a 2 x3 matrix then lable the rows
and columns.
@ Explain the difference between a 2 x 3 matrix and a 3 x 2 matrix

""J Some special Matrices

A Square matrix: It is a matrix in Wthh the number of its rows equals the number of its
columns. For example: ( 'f ” ) (a 2 x 2 square matrix)

B Row matrix: It is a matrix containing one row and any number of columns. For
example : (2 4 6 8) (a1l x4 row matrix)

C  Column matrix: It is a matrix containing one column and any number of rows. For

2
example: ( 5

)(a 3 x 1 column matrix)
1

D Zero matrix: It is a matrix in which all of its elements are Zeros. It may be a square
matrix or not. For examples:

(0)isalx1 zero matrix, (0 O)isa 1x2 zero matrix, (8) is a2 x 1 zero matrix,

( g 8) isa 2 x 2 square zero matrix and is denoted by ().

E Diagonal matrix: It is a square matrix in which all elements are zeros except the

elements of its diagonal then at least one of them is not equal to zero. For example:

1 0 0
the matrix: ( 0 -1 0 ) (is a 3 x 3 diagonal matrix)
0 0 2

F ' Unit matrix: it is a diagonal matrix in which each element on the main diagonal has
the numeral 1, while O exists in all other elements , it is denoted by 1. for example:
each of:

1 0 0 . i )
1, <1 O) , ( 0 1 0 ) is a unit matrix.
0 1

8 Mathematics - First form secondary



Organizing data in Matrices

& Try to solve
@ Write the type and the order of each of the following matrices.

A(2D) B (1357 C<

® (55) £ (53 F o

@ Write the 3 x 3 zero matrix

"'L/ Equality of two Matrices

Two matrices A and B are equal if and only if they have the same order and the elements of
the matrix A are equal to the corresponding elements of the matrix B i.e.: a; = b i Vi and j.

N

4) A The two matrices( 11 g )and < 11 g 8 > are not equal because they are different in order.

B 1 x 2\y_(1-3 2 : e —
(_1 6 5) <_1 6 v ) ifandonly if x=-3,y=35
C The two matrices ( 1 21 ) , (’; 3; ) are not equal because the corresponding
X - -
elements are not equal
0 1 5 0 1 5
D ( 17 0 ) = ( 1 7 0 ) The two matrices are equal because they have
2 6 3 2 6 3 the same order and the corresponding elements
are equal.
@ Try to solve
-0.75 % _% 0.2
@ A IfA=| 1 , B=\ o5 = Is A = B? Explain your answer.
2 "2 RO
B —(3 4 — (34 —y? ;
IfXx ( 0 2 ) , Y ( o o ) Is X =Y ? Explain your answer.

@ Use the equal matrices to solve the equations

5) If: ( 2¢+5 4 ) = < 25 4 ) . Find the value of x and y.

3 3y + 12 3 y+18
O Solution
(2x+5 4 >:< 25 4 )
3 3y +12 3 y+18

Student book - Second term 9



!'1

-~ The two matrices are equal = the corresponding elements are equal:

2x+5=25 , 3y+12=y+ 18
2x =25-5 , 3y-y =18-12
2x =20 , 2y =6
x =10 , y =3

the solution is x =10,y =3

& Try to solve

@ If ( x-gB j ) = < 338 4y'_510 ) . Find the value of each of x , y

Critical thinking: If Bx x+y x-z)=(9 4 -10). Find the values of x, y and z

a+b a-b
a+b+c C-b+2d

"M Multipling a Real Number by a Matrix

Multiplying a real number by a matrix means multiplying each element of the elements of the

@1 Critical thinking: If: < > = ( 3 5? ) . Find the values of a, b, ¢, d

matrix by that real number i.e.:

Product of a real number K by the m x n matrix "A' is the matrix C = KA with the same
order m x n, each element in it as C ; equals the corresponding element to it in the matrix A
multiplied by the real number K .

i.e.: C . =Kaij wherei=1,2,..,.m,j=1,2,...,n

Notice that:
K(; ¥ )= )

For example: —2(‘5‘ 1 ):( 2x4  2x1 )=< -8 -2 )

=

6) One of the cafeterias is planning to raise the price of each
drink one and half times. Use the price list in the following
table to find the price of each drink after the increase.

Small size Big size
A cup of full cream milk  0.75 pound 1.50 pounds

A cup of orange juice 0.85 pound  1.75 pounds

A cup of mango juice 0.90 pound 1.90 pounds

10 Mathematics - First form secondary



Organizing data in Matrices

@ Solution
0.75 1.50 1.5x075 1.5x1.50 1.125 225
1.5 0.85 1.75 = 1.5x085 1.5x1.75 = 1.275 2.625
0.90 1.90 1.5x090 1.5x1.90 1.35 285

The price of the small sized cup of milk will become 1.125 pounds, the
price of the large sized cup of milk is 2.25 pounds, the price of small
sized cup of orange will become 1.275 pounds, the price of large sized
cup of orange is 2.625 pounds, the price of small sized cup of mango
will become 1.35 pounds, and the price of large sized cup of mango
2.85 pounds .

@ Try to solve

15 -12 10

A2 IfA=| 20 -10 7 |Find -5A
- 1 3

2
""J Transpose of Matrix

In any matrix A of order m x n, if the rows are replaced by the columns and the columns are
replaced by the rows in the same order, then we get a matrix of order n x m which is called the
transpose of matrix A and is denoted by the symbol A'. It is clear that (A")'= A

Nl

7 ) Find the transpose of each of the following matrices:

1 2 -1
A= _ _ (-3 4
A (3 1 5) B B=(1 -2 6) cc=(324)
O Solution
1 3
A Al :( 2 1 ) is a matrix of order 3 <2
-1 5
]
B B‘:(_g) is a matrix of order 3 x 1
6
c C :( f 21 > is a matrix of order 2 x 2

Student book - Second term 1 1
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Symmetric and Skew Symmetric Matrices
If A is a square matrix, then it is called a symmetric if and only if A = A", and is called skew
symmetric if and only if A =-A"

=

Is the matrix B = ( _2 (1) :; ) symmetric or skew symmetric?
1 -3 0
@ solution
1 -1 o -1 1
B=l 4 o 3 Bf={ 1+ o 3
-3 0 -1 3 0
(. 1 1\
Bt=-1x ( °o ! ) =-B
1 -3 0

~ B'=-Band B=-B"' then the matrix B is a skew symmetric

€)> Try to solve

) 1 1 -1 ) )
@ Is the matrix A = ( 1 3 5 ) Symmetric or skew symmetric?

-1 5 6

Check your understanding

' o
L3
L

@ Find the value of x, y, z in each of the following:

(xS R(39) (53 ok(E 12

2 1 2 1 0 1 y 0 1 3
@ Show which of the following matrices is symmetric and which is skew symmetric:
o _5 -
2
A 1 -1 4 B S 0 1
-1 2 6 2 2
4 6 5 1
1 5 0

12 Mathematics - First form secondary



Organizing data in Matrices

>~ >~
\#/ Exercises (1 -1) \# ’

1) A, B and C are three cities , if the distance in kilometres between any two cities is shown

in the table opposite.

A Write a matrix represent these data. Al B | C
B Let X be the required matrix in "A" find the following: Al 0 | 75| 80
1- What does it mean by X7 B|75]0 |56
) C |8 |5 | 0

2- What does it mean by X7

3- What is the relation between X5 x32? ......................................................
Write all elements of the second row in the matrix X. ...
D Write all elements of the second column in the matrix X. What do you deduce
from € and D ?
E Find X, when K =1, 2, 3 What do you notice? ...
Complete each of the following:
1- X is a matrix of order

2- Xij = in FOr A1l VUGS oo

2) What is the number of elements in each of the following matrices:
A Matrix of order 2 x 3
B Matrix of order 2 x 2
C Matrix of order 3 x 2

3) Find the values of a, b, ¢ and d if:

A% ot )= (% )
T O O

4 ) Industry: The table opposite shows the number of general national factories of food and
leather industry in three different cities in Egypt.

A Organize the data in a matrix.

Food Leather
.................................................................................................................. City
industry | industry
.................................................................................................................. 6 October 44 68
.................................................................................................................. Sadat 28 52
Alasher min ramadan 37 14

Student book - Second term 13
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B ' Add the elements in each columan, what's your interpretation of the results obtained?

C Add the elements in each row. Are the results you obtained possible to help us with
an extra data. Explain your answer.

Find the value of each ofaandbif( 2a411 3611 ):( ; ’71 >
fA=( 2 2 ),B=(2 1 )whereA=B"

3e 4
then find the value of each of d and e.

Find A+B , A-B , A+2B , B-3A

Critical _thinking: If A = (Axy) vVx,ye{l,2,3 } Write the matrix A, given that
A =y -Xx,then find A'

xy

Activity

e e e e

Form a matrix from life data , such that the sum of the elements in its columns are meaning

ful and the sum of the elements in its rows are meaningless. Enter the matrix's data in the
spreadsheet (Excel) and verify that the sum of elements you obtained are correct, then
interpretet what does it mean by the sum of elements in the columns.

14
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Adding and subtracting Matrices

i Group work

Statistics: Work with your classmate and use the data in the following

table:
The arithmetic mean of marks
Science Mathematics
Year Male Female Male | Female
2011 428 420 502 457
2012 425 421 501 460
2013 429 426 503 463
1- A Find the sum of marks of the two arithmetic means for male

5.

in each year in the table.

B Find the sum of marks of the two arithmetic means for
female in each year in the table.

A Write a matrix representing the arithmetic mean for the marks
of science for male and female. lable a title for the matrix and
its rows and columns.

B What is the order of the matrix?

A Write a matrix representing the mean of marks of mathematics
for male and female. lable a title for the matrix and its rows
and columns.

B What is the order of the matrix?

By checking your answer for question (1) and the matrices
that you wrote in questions (2) and (3) , write a third matrix
representing the sum of marks of the two arithmetic means for
male and females. Lable a title for the matrix and its rows and
columns. What is the order of the matrix?

Use your observations, and any patterns you see to find a method
for adding the matrices.

"'U Adding Matrices

Sometimes, we need to add or subtract matrices in order to get new
data. To find matrix of addition, add the corresponding elements.
i.e.: If A, B are two matrices of order m x n, then A + B is also a matrix

of order m x n and each element in it is the sum of the two corresponding

elements in A and B.

Student book - Second term
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You will Learn

» Adding matrices.

» Subtracting matrices.

Key - Terms

» Adding matrices

» Subtracting matrices

Materials

» Graphic calculator
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| Semms

DIfA=(5 2).B=(7 2). FindA+B.

@ Solution

— (0 2 7 -2
A+B_(_1 3) +( .
0+7 2+ (-2)
-1+1 3+ (-4)

) (by substituting A and B)

(Add corresponding elements)

(¢9) (Simplify)

& Try to solve

@Dra=(271).B=( 2 7 ),C= (7). Findeach of the following "if possible":

A A+B B A+C

"W Properties of Adding Matrices

Let A, B and C be three matrices of order m x n and is a zero matrix of the same order,
then:

1- Closure property: A + B form a matrix of order m x n

If Az( '(; g )isamatrixofordeerZ,B:( 72 g )isamatrixoforder 2x2,

then A+ B = ( '(; g )+ ( 72 g )= ( _62 g ) is a matrix of order 2 x 2

2- Commutative property: A+ B=B + A

IfA=( 3 -1 ),B:( 6 5 ) Show that A+B=B+A
4 0 2 3

3- Associative property: (A+B)+C=A+ B +C)
IfA=( 3 - ),Bz( 6 5 >,C:< 2 4 ) .Show that (A+B)+C=A+B +0C)

4 0 2 3 -1 -3
4- Additive identity property: A + O = O +A=A
3
:)
-9

1.2 3 0 0 O 0 0 O 1 2 3 1 2
forexample: | 6 5 4 |+( 0 0 0 |=( 0 0 o |+ 6 5 4 |=[ 6 5
7 8 -9 0 0 O 0 0 O 7 8 -9 7 8

5- Additive inverse property: A+ (-A)=(-A)+A= O
where (-A) is the additive inverse of the matrix A

For example (3 5 2>+(g -(’)5 -52>:<8 0 8)

2 0 -5 0
e (33202723 3)
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Adding and subtracting Matrices

"mA Subtracting matrices

If each of the two matrices A, B of order m x n, then the matrix C=A-B =A + (-B) where C
is a matrix of order m x n and (-B) is the inverse of the matrix B with respect to the addition
of matrices.

For example: < a
C

N

QT
~
1
—
N X
S <
~
Il
—
O o
QT
~
+
—
N X
S <
~—
Il
—
Q
Q T
s <
~

€ IfA:(Z _g 111>’B:(g _9; _%>.ProvethatA-B;éB_A'
O Solution
A-B=(7 4 1) (59 2).  B-A=(5 8 2)-(7 411
=( 7 -4 11\ + 5 -9 -2 _ ) ]
_( 62 513-19) (-8 7 3) o —(g _S; 23)+<2 _Aé 111>
o (232 >
from (1), (2), we notice that: A - B # B - A (subtraction of matrices is not commutative)

Think: Is the subtraction of matrices associative?

3 IfA=< 2 5 - ),B:( 1 4 3 ),C=< 6 -1 -2 ).Findthematrix2A—3B+5C
3 4 6 9 -2 5 3 5 4
@ soluti
2Zu:n 2 5 -1 — ([ 2x2 2x5 2x-1 =< 4 10 -2)
( 3 -4 6 ) <2><3 2% -4 2><6> 6 -8 12
3B =3(5 5 2)=(sieainas)=(5% %)
3B =<-§7 162 195>
_ - _( 5x6 5x-1 5x-2 1\ _ 5 -
>C _5(-?3 51 f>_<5:-3 5Xx5 5Xx4>_<-3;%255 ;g>
- 2A-3B+5C= 10 -2)+<3-12 -9>+<30 -5 -10)
8 12 -27 6 -15 -15 25 20

Oa on

+3+30 10-12-5 -2-9-10 ):(37 -7 -21)
-27-15 -8+6+25 12-15+20 -36 23 17

& Try to solve

@IfA:(_% . ),B=(7 ‘;)c:(é g).Findthematrisz-3B+4c
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\#/ Exercises (1 - 2) \#/

g g ) and K, =2, K, = -1 then find each of the following matrices:

8 4
IfA= ( 4 g 75 ), B = ( 0 _7 ) then find the result of the following operations if

"possible" , give reasons in case of impossible solution.

A A+B B A+B! C A'+B

-2 5 1 -2 4
IfX=<3 6>,Y=(0 -2 ),Z:(-B 2)thenfindthematrixBX—Y+Z
4 4 -3 6 0

Critical thinking : Find the values of a, b, c and d which satisfy the equation:
3\ — a d c 3
2(g §)=3(2 3405 2

Open problem : Choose two matrices A and B have the same order, then prove that:
A A-B =A+(-B) B (A+B)=A'+B' C (A-B)=A"-B'

Activity

1
2

18

e o 0 O o N,
Write a life problem, such that it is possible to solve it using adding or subtracting matrices.

Search in your school library or internet about the applications of matrices in other
sciences.
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Multiplying matrices 1-3

You will Learn
i Group work

» Multiplying matrices.

Work with your classmate Meal | Meal | Meal . -

. » Properties of multiplying
and use the data in the table (O I ) matrices.
opposite: Price of mealin pounds | 3.50 | 2.75 2 » Transpose of product of two
1- What is the pr ice  Of | Number of sold meals 50 100 75 matrices.

lunches (1)? lunches(2)?
lunches (3)?

2- A What's the total price of all sold units of the three meals?

B Show how to use the data in the table to find the solution.

3- A Write the matrix of order 1 x 3 to represent the price of each
sold meal.

B Write the matrix of order 3 x 1 to represent the number of

Key - Terms
sold meals.

C  Writing: Use the words: "row - column- element" to describe
the steps of using the matrices which you got to find how
much the three meals are sold.

» Multiplying matrices

» Transpose of matrix

Now: To multiply matrices, multiply the elements of each row in the
first matrix by the elements of each column in the second matrix, then
add the products.

0o 2
For example, to find the product of: A = ( 2 3 ) and B = < 51 ? )
1 4 -

We multiply a,, by b, , then multiply a , by b, and add the

11°
@2\ g o\ (2 U y C (1) = - :
(12 ‘f ) <‘J 1 >_< % %) @) x5+2x(-1)=-2 Materials

The result is the element in the first row and the first column. Repeat
» Scientific calculator

the same steps with the rows and columns left.

(2 2)05 8+

1 4

I8

- ) (0)(0) + (2)(1) =2
0

Lo

‘/, 3,\ ( ) 0 > — ) D (_ 2)(5) + (_ 3)(_ I) =- ;
\72/ H
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0 2 o[22 0 2 2 02
(2 2)(39)=(5 7] (2 2] 500=(7 5]
-2)(0) + (-3)(1) =-3 (DH(O0)+(4)(1)=4

[33) (5 80-(3 3) 2

(DHG) + BHED

4- Describe a model for coloured rows and columns.
5- A What is the order of the original matrices in the previous example and what is the
order of the matrix of the product?
B Critical thinking: How can we compare the order of the matrix of the product and
the original matrices?

"" A . . . Matrix A Matrix B
L Multiplying matrices

. . . . 12
You can multiply two matrices if and only if the 3 Lows ( 3 -4 ) ( 573 'g g )
number of columns of the first matrix equals 50
the number of rows of the second matrix. 2 columns 2rows 3 column
When multiplying the matrix A of order m xn T equal T

by the matrix B of order n x ¢ then the product
is the matrix AB of order m x ¢ for example: Order of the matrix of the product 3 x 3

=

1) Determine whether the matrix of the product A B is defined or not in each case.
A If the matrix A of order 3 x 4 and the matrix B of order 4 x 2

B ' If the matrix A of order 5 x 3 and the matrix B of order 5 x 2
@ solution

A The number of columns of the matrix A equal the number of rows of the matrix B,
then matrix of the product AB is defined and of order 3 x 2

B ' The number of columns of the matrix A is not equal to the number of rows of the matrix
B, then matrix of the product AB is undefined.

& Try to solve

@ Determine whether the matrix of the product AB is defined or not in each case. Give a reason.
A If the matrix A of order 3 x 2 and the matrix B of order 2 x 3.
B ' If the matrix A of order 1 x 3 and the matrix B of order 1 x 3.

From the definition of multiplying matrices, it is possible that AB is defined while BA is

undefined. Generally, if each of AB and BA are defined, then AB is not necessarily equal BA,
even if they have the same order.

20 Mathematics - First form secondary



Multiplying matrices

N

1 -1 2 2 1 0
2 IfA:(-1 0 3) , Bz( 3 4 1 ).FindeachofAB,BA.Whatdoyounotice?
0 1 4 5 0 -
O Solution
- A is a matrix of order 3 x 3 and B of order 3 x 3, then A B is defined (because the
number of columns of A equals the number of rows of B)
then the matrix of the product is of order 3 x 3
1 -1 2 2 1 0
AB=| -1 0 3 3 4 A
0o 1 4 5 0 -1
1X2+(-1)X342X5 1 x1+(-1)Xx4+2x0 1 X0+ (-1)x1+2x(-1) 9 -3 -3
(-1x2+ 0 x3+3x5 -1x1+4+ 0 x4+1x0 -1x0+ 0 X1+3x(-1) ):(13 -1 _3)
0x2+ 1 X3+4x5 Ox1+ 1 xX4+4x0 0x0+ 1 X1+4x(-1) 23 4 -3

.+ B is a matrix of order 3 x 3 and A is of order 3 x 3, B A is defined (because the number of
columns of B equals the number of rows of A) then, the matrix of the product is of order 3 x 3
2 1 0 11 2
BA=<341>(-103)
5 0 -1 0O 1 4
(2X1+1x-1+0 X0 2X%X-14+1x0+0x1 2X2+1x3+ Ox4> (1 -2 7)

3x1+4x-1+1 X0 3X-1+4x0+0x1 3x2+4x3+ 1x4 -1 -3 22
5x1+0x-1+(-1)X0 5x-1+0x0+0x1 5x2+0x3+-1x4 5 56

Notice that A B # B A. It is possible to use the multiplication of matrices in some life situations.

@ 1-bed | 2-bed

Hotel Suite
3) Tourism: A tourist company has 3 hotels in Hurghada, LOOMYFEO0IN
Venus 28 64 8
the tabl ite sh th b f different
e table opposite shows the number of different |~ o o = 20

rooms in each hotel. If the daily fare of 1- bed room |piamond 20 30 15

is 250 pounds, 2-bed room is 450 pounds and the suite is
600 pounds.

AB
3x4 4x2 3 x
A Write a matrix representing the number of different T Equa]JA
3 x2

A . B =

rooms in the three hotels, then write a matrix of
prices of rooms.

B Write a matrix representing the daily income for the company. Assuming that all the
rooms have been filled.

C  What is the daily income for the company , assuming that all the rooms have been filled?

@ solution

A | Write the matrix of number of rooms A as folows: A= ( gg gg 280 )
20 80 15
. . . 250
and write the matrix of prices of rooms B as follows: B={ 450
600
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Notice that the matrices were written such that the number of rows in the matrix A equals the
number of columns in the matrix B in order to do the multiplication operation and find the

required in (B) and (C) .
) o ) . 28 64 8 250
B ' The matrix of the daily income for the company is the matrix A B = ( 35 95 20 ) 450
20 80 15 600

= | 35 x 250 + 95 x 450 + 20 x 600 63500
20 x 250 + 80 x 450 + 15 X 600 50000

C  The daily income for the company = 40600 + 63500 + 50000 = 154100 pounds

""J Properties of multiplying matrices

From the definition of adding and multiplying matrices. Assuming the necessary conditions are

28><250+64><450+8><600) (40600 )

met for definitions : It is possible to deduce the following properties:

1- Associative property of multiplication: | (AB) C=A (B C) |Now, if:

1 0
A=(1 2)B=(2 91 ),C=<g _21).Find(AB)C,A(BC).Whatdoyou

notice? Is the multiplication operation of matrices associative?

2- Multiplicative identity property AI=IA=A where I is the unit matrix

Now, if A = ( 21 s > Prove that: AI=T1A= A where I is the unit matrix

3- Distributive property of multiplication on addition of matrices.

AB+C)=AB+AC
(A+B)C=AC+BC

Prove that: A A(B + C)=AB +AC B B+C)A=BA+CA

Now,ifA=<; 2 ),B=(; f )’C:(.eé (1) )

Transpose of the product of two matrices

From the definition of the transpose of the matrix and the definition of multiplying of matrices,

it is possible to deduce the following property: (AB) = B'A!

-1

12
Now,ifA=( 3 2 7 ),B:<1 -1), Prove that: (AB)'=B ‘A"

4 3

9 Check your understanding

Determine whether the matrix of the product AB is defined or not in each of the following
, if it is defined, find the order of the resulted matrix:

A The matrix A is of order 3 x 1, and the matrix B is of order 2 x 3

B ' The matrix A is of order 3 x 3, and the matrix B is of order 2 x 2

22 Mathematics - First form secondary



Multiplying matrices

N N
\#/ Exercises (1 - 3) \# ’
IfA= ( 2 ; ) ,B = ( E; g ), then find each of the following:
A A B e
B B A e
C (A B ) A e

Critical thinking: If A and B are two matrices and, O) is the zero matrix, A B = () Does it

awaysmeanthatA=OorB=O.TakeA=( 722 eé ),B=( g 2 ),thenshowyour

opinion.

Tourism: A hotel in the tourist town of hurghada consumes the following quantities of

meat, vegetables, and fruits in kilogram for lunch dinner meals as in the following table:

Meat | Vegetables | Fruits

Lunch meal 200 100 150

Dinner meal 120 80 100

If the average of the price of one kilogram of meat was 65 pounds, the average of the
price of one kilogram of vegetables was 4 pounds, and the average of the price of one

kilogram of fruits was 5 pounds. Find using multiplication of matrices the total cost of the

two meals.

Student book - Second term 23
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1-4

You will Learn

» Determinant of the square
matrix of the second order.

» Determinant of the square
matrix of the third order.

» Determinant of the triangular

matrix.

» Finding the area of the triangle

using the determinants .
» Solve the system of linear

equations using the

determinants.

» Solve the system of linear

. . |l
equations using Cramar's rule

Key - Terms

» Determinan

» Second order determinant
» Third order determinant

» Principle or leading diagonal
» Other diagonal

» Coefficient matrix

Materials

» Scientific calculator .

» Graphic papers.

Determinants

. S
m-n\ink and d\sc“s]

1- What is the square matrix?

2- Write a square matrix of order 2 x 2 and of order 3 x 3

3- If Ais a square matrix of order 2 x 2 where: A = ( f 5 ), then
the determinant of the matrix A is the number defined as follows:
Al =2x7-5x1=14-5=9
What is the determinant of each of the following matrices?

B=(33) - e=(3 %)

= ...

If A is a square matrix of order 2 x 2 where:
A= ( 2 2 ), then the determinant of the matrix A is denoted by
IAl and is called determinant of the second order and is the number

defined as follows:
Other diagonal

Al = | X —ad-bc

Principle diagonal

We notice that: the value of the determinant of the second order equals
the product of the two elements of the principle diagonal minus the
product of the two elements of the other diagonal.

=

1) Find the value of each of the following determinants:

4 5 05 10 10
A |37‘ B |73| c |O1 D ‘27|
OSolution
4 5 10
A |3 7 =4><7—3><5 c |0 1 |=l><1‘0><0
=28-15=13 =1-0=1
0 5
B | |=OX3—7><5 1 0
73 D | |= .
=0-35=-35 2 7 |=1x7-2x0

=7-2=5
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Determinants

@ Try to solve

@ Find the value of each of the following determinants :
2 5 0 4
1 A 5 -1

"'U Third order determinant

The determinant of the matrix of order 3 x 3 is called a third order determinant. To find the value
a b
d e f
g h i

| ° |

O T

oo

(9]

of the third order determinant , then:

7 2 5
2 ) To find the value the determinant | 3 4 1 |, then:
1 2 6
7 2 5
1 3 1 3 4
341:7‘26‘2|-16|5|12|
1 2 6

=7(4x6-2x1)-2@Bx6-1x(-1))+5(3x2-4x(-1))
=7%x22-2x19+5x%10
=154 -38 +50 =166

"mA Minor determinant corresponding to any element of a matrix
a12 a13

a11

If the matrix A is a matrix of order 3 x 3 where A = ( a, a, a, )
a, a a

31 32 33

a23

22
a

Then: the minor determinant corresponding to the element a, , is denoted by la | which s
32 733

Notice that we get this determinant by elemenating the row and the column intersected at the
element a | as follows:

»

|
B TR TR
!
a“21 Ay, 8y
"’1‘31 8, 85
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Similarly: a a
. . . . . . 2 23

> The minor determinant corresponding to the element a , and is denoted by la | whichis | 4 ] a
31 733
. . . . . . a2l a22

> The minor determinant corresponding to the element a , and is denoted by la | whichis | 5 4
31 732
. . . . . . a12 al 3

> The minor determinant corresponding to the element a, and is denoted by la, | whichis | ;= 4
32 733

and

so on. All these determinants are determinants of the second order:

Important Notes

1-

If A is a square matrix of order 3 x3 in the form:

1 a12 a13
A = ( a, a, a, ) , and the determinant A is denoted by the symbol |Al where:

a31 a32 a33
1Al = a, Ay Ay | " 4, a4, +a, a, 4,
a4y, Ay a4 Ay S Ay a5,

=4, |a11| - al2|alzl ta, |a13|

Notice that, we multiply each element in the minor determinant corresponding to it
preceeding by the signs +, -, +, ... respectively and the sign of the minor determinant
corresponding to the element, a, is determined by the rule:

Sign of la ijI is the same as the sign of (-1) '+

For example: the sign of la | is the same as the sign of (-1) '*> which is negative

The sign of la | is the same as the sign of (-1) '** which is positive

To determine the sign of each minor determinant corresponding to an element , we add the

two

orders of row and column which intersect at the element:

> [f the sum of the two orders is even, then the sign is positive .

> [f the sum of the two orders is odd, then the sign is negative .

We

3-

26

notice that, the rule of signs of the minor determinant is as follows:

+ 0+
[
+ 0+

It is possible to expand the determinant in terms of the elements of any row or column
and its minor determinant but with a suitable sign.
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Determinants

=l

1 2 3
3) To find the value of the determinant [ 4 0 5 | using the elements of the second column.
7 2 1

Notice that the signs of the minor determinant corresponding to the elements of the
second column is - , +, - respectively, then the determinant:

=23 5|0l 3 5] ¢ )
= d th
=2(4-35)4042(5-12) il
=78-14=64 row or column in which

the greatest number of
zeros to get its value
€ Try to solve easily after taking the
suitable sign

@ Find the value of each of the following determinants:

14 7 5 2 3 7 3 4 0 2 0 -3
A 3 0 1 0 4 5 c 2 3 1 D 5 -1 4
4 0 6 0 0 -3 5 0 -2 2 0 3

""A Determinant of triangular Matrix

The triangular matrix is a matrix in which all its elements above or below the principal diagonal
are zeros as:
(3 3)(0 2)(2 '
0O 0 6 5 -1 2
and We notice that: the value of the determinant of the triangular matrix equals the product of
the elements of its principal diagonal .
ie.:

=48y, a5,

To prove that, expand the determinant using the elements of the first row:
a, O

22

a32 a33

The determinant = a,

N

=4 ( Ay X833 =8y 0) = a,8y,3;

1 2 3
4 ) What is the value of the determinant o 3 5|7
0O 0 6

0 Solution

We notice that the determinant is the determinant of the triangular matrix, then
the value of the determinant =1 x-3 x6=-18

@ Try to solve

@ Find the value of each of the following determinant:

4 2 5 3 2 5
A 0 3 -4 B 0 4 4
0 0 -2 0 0 0
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"'M Finding area of a triangle by using Determinants

You can use the determinant to find the surface area of the triangle in terms of the coordinates
of the vertices of the triangle as follows:

Area of the triangle in which its vertices are: Remember
X (a,b),Y (c,d), Z (e, f) equals IAl where: | Al means the positive
value of A .
1 a b 1
A= 5| ¢ d 1
e f 1

=l

5 ) Find the area of the triangle in which the coordinates of its vertices are (-1, -3) , (2, 4), (-3, 5)

O Solution als | >5'A 1
-1 -3 1 oy S Ay
A :% 2 4 A \ 3
3 5 1 \L L/
1 4 1 2 1 | ‘ 2 4 | 1
_5[_1‘5 1|_(_3)|'3 1]+l 3 s ] “5 7 3 §\1 / 5
\7 )
=%[-1(4-5)+3(2+3)+1(10+12)] 2
T Jv
= % (1 + 15 + 22) = 19 square units
& Try to solve
@ Find the area of the triangle ABC in which A(-2, -2), B (3, 1), C (-4, 3)
6) Geometry: if the coordinates of the three points in the YA
lattice are (0, 2) (3, 5), (-3, 2), measured in metres. t_ (3,5)
Find the area of the triangle in which its vertices are ;
that points. P -
G2 |02
<l ) x;
T 3 -1 2 T
4
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Determinants

OSolution
_1 0o 2 1
A=313 5 1
3 2 1

’ 5 1 2 1 > 1
=§[0|2 1|'3|2 1|+(‘3)|5 1”

= % [O -0-3 (2—5)] =4 %square metres \)“ ¢
€> Try to solve A
2
@ Find the area of the triangle shown in the figure opposite. ! \\B
5752 N EER >
e ;
/ , v
Solving a system of linear equations by Cramer's rule

1- Solving a system of Linear equations in two variables
If we have a system of linear equations in two variables as follows:
ax+ by =m
cx+dy =n

Then the matrix whose elements are the coefficients of the two variables after arranging the

a b

system by a matrix of the coefficients and you can use the determinant to solve

systems of the linear equations, if the value of the determinant of the matrix of coefficients
| a b

c d
has a unique solution. If the value of the determinant equals zero, either the system has an

and denoted by the symbol A (is read as delta) is not equal to zero, then the system

infinite number of solution or has no solution.

We notice that the two coefficients of the variable x form the first column to the determinant
A and the two coefficients of the variable y form the second column to the determinant A.

r: z is called the determinant of the variable x and is denoted by the symbol Ax (is
read as delta x), and we get it from the determinant A after changing the elements of the first
column (coefficients of x) by the constants m and n.

also

i r: is called the determinant of the variable y and is denoted by the symbol Ay
(is read as delta y), and we get it from the determinant A after changing the elements of the
second column (coefficients of y) by the constants m and n.

Now: Let A#0 , then the solution of the system is:

m b | | a m |
n d R b n an-bm
o Bx _ md-nb , y= Ay _ _
A a b ad-cb A a b ad-cb
c d c d
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7 ) Solve the system of the following equations using Cramar's rule.

X-3y=-4 2x+y=2
OSolution
1 3
3A=| 2 1 |=(1X1)-(2X-3)=1+6=7¢0
2 7
oOx 12 1] axy-@exa)_ are _2 Check:
- h B -7 ~7 2 10, ,
4 7 7 o2.31% 14
|1 -4| 8
y=Lly_12 21_(x2-(4-2) _2:+8 _10 = =4 )
A7 T T T 2, 10,
02(7)+7=2
The solution set = {(%, g)} 2 =2 )

&> Try to solve

@ Solve the system of the following equations using Cramar's rule:
x+2y=0 2x-3y=1

2- Solving systems of Linear equations in three variables
If we have a system of linear equations in three variables as follows:
ax+b y+cz=m a,x+b,y+c,z=n a,x+b,y+c,z=k

Then, by a similar way as we did in case of system of linear equations in two variables:

a, b, c
A =] a, b, ¢, |=determinant of the coefficients
a3 b3 3
m b, c,
Ax = | n b, ¢, | =determinant of the variable x
k b, ¢

we get it by changing the elements of the first column (coefficients of x) by the constants
m, n, k

1

~ 5 3
O 0O O

2 | = determinant of the variable y
3 3

we get it by changing the elements of the second column (coefficients of y) by the
constants m, n, k

a, b, m
Az =| 38 b, n [=determinant of the variable z
a, b, k

we get it by changing the elements of the third column (coefficients of z) by the constants
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Determinants

m, n, k

Now , If A # zero, then: x = A,

Nl

8 ) Solve the system of the following linear equations using Cramar's rule.

-x+3y+z=0 3x-2y-z =1 X +y +2z2=0
@Solution
-1 3 1 —_1 (- _ _ _
A =3 5. =-1-4+1)-3O6-1)+1(-3+2)
1 1 2| =3-15-1=-13
3 1 1 0 1
- - 1) =- =3 1 1] =1 i =_
A = é 12 21 =-1(6-1)=-5 Ay_ A =1(-1x2-1x1)=-3
-1 3 0
A = :13 12 g) =-1(-1x1-1x3)=4 Check:
-4
) e -(Z)+3(2)+(F3)20
o= D 5 _ 5 & _ 3 _ 3
e | N Y="A =33 13 _50 03 Y (&)
. 3G A - (21
LA T s =1 V)
Thesolutlonset—{(w,%, 3)} 01( )+1( 3) +2(53 )0
O =0 V)
@ Try to solve

<7> Solve the system of the following linear equations
using Cramar's rule:

X+ y-z=2 X+2y+z=7 3x-y+ z=10

9 Check your understanding

1) Solve each of the following systems of the equations using Cramar's rule.

A 2x -3y+5z2=7 B 2x+y-z=-1
3x +4y+2z=11 2x- y+4z=1
x-2y +7z=16 5x-3y+2z=3

2) Consumer: Fady bought 3 notebooks and two books for 85 pounds, karim bought 2
Notebooks and four books from the same kind for 110 pounds. Use Cramar's rule to find
the price of each of the notebook and the book.

Student book - Second term 3 1



PN PN
\#/ Exercises (1 - 4) \# 5
1) Find the value of each of the following determinants:
Al7 5 B 1 2 c |8 3
3 2 3 - 19 -7
1 2 3
a+x a X+ 1 x2+1
D) b+y b ‘ E y+1 y2+1 | a ‘1.4 4
0o 7 8
....... 0423 37473 13323
G |2 18 7 H | 2 o -31 I |3 7 5
0 28 3 5 0 2 0O 0 1
2) Solve the following linear equations by Cramar's rule:
A 2x-3y=5 B x+y=5 C x+3y=5
3x+4y=-1 2x+5y=16 2x+5y=8
D 3x+2y=5 E 3x=1-4y F 2x=3+7y
2x+y=3 Sx+12=7y y=5-x
G 2x +y-2z=10 H x+2y-32z=6 | y+2x+3z=6
3x +2y + 2z =1 2x-y-4z=2 2x -y+z=-3
5x +4y +3z=4 4x +3y-2z=14 X -2y +2z=-11

3) Geometry: Find the area of the triangle A B C in which A(2, 4), B (-2, 4), and C(0, -2).
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Activity
R R R ey irrnrrrren
5 7 4
6 ) To find the value of the determinant | 6 25 11
7 52 21

Notice the following method of solution
> Notice that, we wrote the three columns of the determinant and repreated the first two

columns.
. \ v 4 x

> Draw diagonal lines across every three elements 5 7 4 5 7

as shown in dotted arrows, then the resulting h . RN g 7

terms from each line are terms in the expansion, 6 2 5 11 6 25

and the directed arrows down, its corresponding NN

terms are positive while the directed arrows up, 7 .

its corresponding terms are negative. g 52 21* 7\* 52:«

The determinant =5 x 25 x21 + 7 x 11 x7 +4 x6x52-Tx25x4-52x11 x5-21 x6x7
=2625 + 539 + 1248 - 700 - 2860 - 882
=-30

@ Try to solve

Use the previous method to expand the determinant . Find the value of each of the following:

3 5 7 13 3 23

A A=]|11 9 13 B A=[30 7 53
15 17 19 39 9 70

1 -2 1 3 4 3

C =11 2 3 D _| 2 7 -3
A 6 4 3 A 5 9 2

Check your answer by finding the value of each determinant using the usual method then
compare the two results.
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1-5

You will Learn

» Finding the multiplicative
inverse of a matrix of order
2X2

» Solve a system of two linear
equations using the inverse

matrix.

Key - Terms

» Multiplicative inverse of a
matrix

» Identity matrix

» Matrix equation

» Variable matrix

» Constant matrix

Materials

» Scientific Calculator

Multiplicative inverse of a matrix

i Group work

Group work

Work with your classmate
1- Find each of the following products:

A(s (e 9)

(o 9

-56)
4 2

2- Describe any patterns you see in your answer in number (1).

3- Find each of the following products:

A )(E3) 8 (539)I

35)
1 2

4- Describe any patterns you see in your answer in number (3).

a
1

Critical thinking: How can you join your answers in No (1) ,(3) ?

"'AA The multiplicative inverse of a 2 x 2 matrix:

If we have two square matrices A and
B, and each of them is of order 2 x 2 and
A B =B A =1 (unit matrix)

then the matrix B is called multiplicative
inverse of the matrix A and also the matrix A is
the multiplicative inverse of the matrix B.

If the matrix A has a multiplicative inverse,
then we denoted it by the symbol A’

where: AA'T=ATA=1

Some matrices do not have multiplicative
inverse. We will help you deduce if the matrix

1- Identity matrix in the
multiplication operation
is the unit matrix I which
is the square matrix, all
elements of its principal
diagonal are 1 and the
rest elements are zeros.
2- For any two real
numbers then each of
them is the multiplicative
inverse of the other
if their product is the
identity  element  of
multiplication (I)

of order 2 x 2 has a multiplicative inverse or not, and how to find this

inverse if existed. If A = ( a

z ) , then the multiplicative inverse of

c
the matrix A existed when the determinant of A equals A # 0
let the matrix A™!' be the multiplicative inverse of the matix A, and the

determinant of A equals A # O then:

(1)

A\ .Cc a
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DirA=(7 9
multiplicative inverse, then find it.

O Solution

-1
Determinant of A = | 8

2 0

A":L( d b
-8 -1

L) =2 9) (4

@ Try to solve

@ia=(3

multiplicative inverse, then find it.

@ Is there a multiplicative inverse for the matrix B = (

Explain your answer

| Smsl

). Prove that for the matrix A, there is a

0
2 ‘ =-1x-2-8x0=2

- A # 0 i.e. for the matrix A, there is a multiplicative inverse.

). Prove that for the matrix A, there is a

Multiplicative inverse of a matrix

If A # 0, then for the matrix
A, there is a multiplicative
inverse determined as follows:
a) exchange the elements
of the principal diagonal
of the matrix A.
B) Change the sign of
) each element of the
other diagonal of the
matrix A

C) multiply the resulted
matrix after carrying
out the stepes in (a), (b)

-5 5

by the numbelr 1 then
-3 8 ) :

we will get A

a TP
8 § )have a multiplicative inverse.

The matrix has no multiplicative inverse when the determinant of the matrix equals zero.

2 ) Find the values of a which make the matrix (
@ Solution
. a 2 _
ie. | g 3 | =0
a?-8x2=0
a’- 16 =0

There are two values of a which are 4, -4 ( roots of the equation a* - 16 = 0)
Make the given matrix has no multiplicative inverse.
-.when a € R - {-4, 4}, there is a multiplicative inverse for the given matrix.

& Try to solve
@ Find the values of x which make the matrix (

Nl

-1
3 IfX:( 1 x).ProvethatX =X
0o -1
@Solution
— 1 X —_

@ Try to solve

@IfB:((’;

xy ) . Prove that B™' = (
y

o x|=
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Z 2 ) has no multiplicative inverse.
-1
. — 1 -1 X 1 x \
- X _T( 0o 1 )_( 0o - )‘X
l ) given thatx y #0
y
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Activity
e e e e e e

Cryptography
You can use any matrix and its multiplicative inverse to code the message. Use the inverse of
a matrix to decode the message. We write the message "on trip" as matrices of order 2 x 1 to

become the numbers present consequently.

on(li)tr(fg)ip(%) (1)

a 1 h 8 Jo 15 |v 22
When matrix multiplication is used and the matrixfor (b 2 |i 9 |p 16 |w 23
example c 3 |j 10 |q 17 |x 24
D= ( g f ) is used, then the message will become [d 4 |k 11 jr 18 |y 25
these matrices: e 5 |1 12 |s 19 |z 26
f 6 m 13 |t 20
118 156 86 7 n 14 |u 21
(44)(58)(34) @ &

Notice that: the cryptography matrix C"' could be
found as follows:

-.-C=( 6 f) A=| ° 2 |=6-4=27é0

-1 1 LA |
ThenC =-( 1 2 )=( 2
2 ( 2 6 ) ( 13 )
when multiplying the matrix c’ by the matrices in (2), you get the matrices in (1) and you
can decode the message .

Now:
1- Write the message "on time" and code it using multiplication of matrices and the matrix

(3 ¢
2 1
2- Write a message of your own and code it using multiplication of matrices.

(use a cryptography matrix of your own).

""A Solving two simultaneous equations by using Inverse Matrix

if we have two linear equations as follows:
ax+by=k, a,x+b,y=k,
then we can write them in the following form:

(2 e)(5)=(%)
If we suppose that:
a=(8 %) ox=( 3 ) el )

2 2

Then we can write the two equations in the form of only matrix equation as follows:

AX = C where A 1s the matrix coefficients, X is the matrix of variables, and C is

the matrix of constants.
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Multiplicative inverse of a matrix

If the determinant A % 0 iie. A=a b, -a b#0
Then it is possible to solve the equation A X = C as follows:
A_I(AX) = A—l C (multiply both sides of the equation from the left by A™)
(A—1 A)X=A C (associative property)
IX = A—l C (multiplicative inverse of the matrix A)
X =A'C

It is clear that we can find the two variables X, y in terms of the numerical constants
a,b,a,b,k, k.

==l

4 ) Solve the system of the following simultaneous equations using the matrices:
3x+2y=5 2x+y =3

O Solution
The matrix equation A X = C is written where

A=(33).x=(5) ce=(3)
thedeterminantA:A:| g f ‘=3-4:—17é0

then , for the matrix A, there is a multiplicative inverse and the solution is K X = A

C where:
A'1=1X(_12 3?):%(12 §)=(21 %) Check: 3(1)+2(1)£5

X\ —( - _ = e
X:(y)_(gi)(g)_(l) 2(15)+1 ;g “
ie.x=1,y=1 3 =3 )
The solution set {(1, 1)}

@& Try to solve

@ Solve each system of the following linear equations using the matrices.
A 3x+7y=2
2x+ Sy=1 (Check your answer)

B x+3y-5=0
2x=8-5y (Check your answer)
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5) Book Fair: Hoda and Mariam went to Cairo International Book
Fair. Hoda bought 5 scientific books from a library and 4 historical
books. She paid 120 pounds. Mariam bought from the same library
5 scientific books and 10 historical books, she paid 150 pounds. If
the scientific books had the same price and also the historical books,
use the matrices to find the price of each scientific book and each
historical book.

O Solution
let x be the price of the scientific book and y be the price of the historical book, then:

S5x+4y =120 , 5x+10y =150 120
) o 5 4 X

we form the matrix equation in the form : A X = C then: ( 5 10 ) ( y ) = ( 150 )
We find the determinant A= A where A= | 2 4 | =50-20=30+#0 D
.. the matrix A has a multiplicative inverse A" where A" = 31—0 ( 1g _54 ) = _:13 11_5 )

1 2 6 6

_| 3 15 120 (20

then X = i 1_) (150)—( 5 )

6 6 Check:
ie:x=20,y=5 5(20) +4(5) =120
the price of the scientific book is 20 pounds. 120 =120 V)
the price of the historical book is 5 pounds. 5(20) + 10(5) £ 150

150 =150 )

& Try to solve

@ Consumer: Amal bought 8 kg of flour and 2 kg of butter for 140 pounds. Her friend
Reem bought 4 Kg of flour and 3 kg of butter for 170 pounds. Use the matrices to find
the price of each of flour and butter.

9 Check your understanding

1 1fB=( g j ),AB:I. Find the matrix A.

2)IfA =( 2 2)AB=( ¢ 2 ) Findthe matrix B

3 ) Critical thinking: Use the matrices to find the two numbers in which their sum equals 10
and the difference between them equals 4.
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Multiplicative inverse of a matrix

>~ >~
\#/ Exercises (1 - 5) \# ’

Show the matrices which have inverses, and the matrices which have not inverses in the
following. if there is an inverse find it.

a (5] 8 (5 3) c (54 o (332)
e (5 %) F(57) ¢ (25 H(Z o)

What are the values of a which make to each of the following matrices a multiplicative
inverse.

Solve the following linear equations using matrices, then check your answer:

A 4x+3y=26,5x-y=4 B 2x-7y=3,x-3y=2
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7) Geometry: The straight line whose equation y + a X = ¢ passes through the two points
(1, 5) and (3, 1), use the matrix to find the constants a and c .

8 ) Life: A driver of a motorcycle buys 24 litres of gasoline and 5 litres of oil for 56 pounds
to fill his motorcycle. While a driver of another motorcycle buys 18 litres of Gasoline
and 10 litres of oil for 67 pounds to fill his motorcycle, use matrices to find the price of
each litre of Gasoline and the price of each litre of oil, given that they use the same type
of Gasoline and oil.

9) Geometry: the curve whose equation y = a x> + bx passes through the two points
(2,0), (4, 8), use the matrices to find the constants a and b.

10) Criticel thinking: Half the difference of two numbers is 2, the sum of the greater number
and double the smaller number is 13, use matrices to find the two numbers.

Activity
e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

Write a problem such that its solution needs to form a system of linear equations then solve
it using matrices.

\%57

For more exercises, please visit the website of Ministry of Education.
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UnitSummary

> The matrix is an arrangement of a number of elements (variables or numbers) in
rows and columns and enclosed by two parentheses. It is denoted by capital letters.
Furthermore, its elements are denoted by small letters. If we want to express the element
in the matrix A which lies in the row i and column j, then we can write the element in
the form a;

> Square matrix: is a matrix which its number of rows equals the number of columns.

> Row matrix: is a matrix containing one row and any number of columns.

> Column matrix: is a matrix containing one column and any number of rows.

> Zero matrix: is a matrix in which all of its elements are zeros.

> Diagonal matrix: is a square matrix in which all elements are zeros except the elements
of its diagonal , then at least one of them is not equal to zero.

> Unit matrix: is a diagonal matrix in which each element on the main diagonal has the
numeral 1, while O is in all other elements . It is denoted by I.

> Equal matrices: are matrices which have the same order and their corresponding
elements are equal.

> Transpose of matrix: In any matrix A of order m x n, If the rows replace the columns
and the columns replace the rows in the same order, then we get a matrix of order nxm
which is called the transpose of matrix A and is denoted by the symbol A', where (At)l =A

> Symmetric matrix: If a is a square matrix , then it is called a symmetric if and only

t
ifA=A
> Skew symmetric matrix : the matrix A is called a skew symmetric matrix if and only
t
ifA=-A

It is possible to add or subtract matrices if they have the same order , then by adding or
subtracting the corresponding elements .
> To multiply the matrix by a real number k , multiply each element of the elements of
the matrix by this number.
> [t is possible to multiply the two matrices if the number of columns of the first matrix
equals the number of rows in the second matrix.
> Each of the two matrices is a multiplicative inverse of the other, if their product is the
unit matrix I.
> To solve a matrix equation in the form of A X =B, find the multiplicative inverse of
the matrix coefficients, then multiply both sides of the equation by it.

Enrichment Iniormation

Please visit the following links.

Student book - Second term 41



O

V Unit objectives

By the end of this unit, the student should be able to:
# Solve first degree inequalities in one variable and
represent the solution graphically.

£ Solve first degree inequalities in two variables and
determine the region of solution graphically. 4

# Solve the system of linear inequalities graphically.

 Solve life problems on systems of linear
inequalities.

£+ Use linear programming to solve life mathematical
problems.

# Record the data of a mathematical life problem in
V Key - Terms

= Linear Inequality
2 Boundary line
 Dashed boundary line

> Solid boundary line

N
Z Linear Inequality in two variables

2 System of linear inequalities

a suitable table, and transfer these data in the form
of linear inequalities, then determine the region of
solution graphically.

Determine the objective function in terms of the
coordinates and determine the points which belong
to the solution set, giving the optimum solution to
the objective function.

= Feasible region

3 Graph

= Linear programing
> Constrains

2 Optimum solution




V Lessons of the Unit

Lesson (2 - 1): Linear Inequalities.

Lesson (2 - 2): SolvingSystemsof
Linear Inequalities
Graphically.

Lesson (2 - 3): LinearPrograming
and Optimization.

v Materials

Lattice 10 x 10

squared papers - coloured pencils
- electronic sites

such as www.phschool.com

_J

XY/ BriefHistory

When the analysis of a problem leads to find the
maximum or minimum value of a linear expression,
it should be subject to its variables to the set of linear
inequalities. We may get the solution by using the
techniques of the linear programming. Historically,
it has appeared problems of the linear programming
as a result of the need to solve problems related to
the salaries of members of the armed forces during
World War Two, George Dantzig is one of those
who worked in the solution of such problems and
reached to the general formula to solve the problems
and show a method of solving it called Simplex
method, for the linear programming there are
applications in each of the industry, trade, business
administration, agriculture, health and others. For
example, success requires in business administration
that using the linear programming to achieve the
maximum possible profit or to achieve the least
possible cost. In this unit, we will learn methods
of solving problems for linear programming which
contain only two variables and its applications are in
different life situations.

S . ~
i_(linear inequalities
v

Solving a system of
linear inequalities
graphically

solving a first degree
inequality in two
variables

(solving a system of
two linear inequalities
\ 4 graphically
[Geometra [Sportsj

solving a first
degree inequality in
one variable

Solving a system
of more than two
linear inequalities

Linear programming and
opimum solution

¢ )

administration
Y Y

K ( mawsty ) ( consumer ) /
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2 - 1 Linear Inequalities

You will learn
i Group work
Materials: lattice 10 < 10

» Solving first degree inequality in
a variable. 1- With your classmate, play the game"What is the point?"
» Solving first degree inequality in Play Objective.
t iabl d determini .. .. . . .
o variables and Celerminid - Determining the position of a point on the coordinate plane by asking
the least number of questions.

the region of solution graphi-

cally.
()
How to play’ Is x greater
» The player "A" chooses a || thanorequal | 4 Yes
: : to Zero? 4
Key-terms point on the coordinate plane, N—
does not The player "B" know "
it (secret point) , each of its (Isy greater than or (—
» Linear inequality . . . equal to Zero? NO
coordinates is an integer from \ _ j
» Boundary line - W >
S5to5 T %) ) "
» Dashed boundary line "o .
» The player "B" askes questions
» Solid boundary line .. " 5 (2,-2) «
containing the words "less Is x less —X
» Linear inequality in one variable ] (Yes
than" or " greater than" the than 3? L
» Linear inequality in two variables . 7._/
player A answers each question 4 4
\4

only by "yes 'or" no" .
» The player A records the number of questions while the player B
names the secret point.
» The players exchange their rules to complete only one game
from the play.

How to win?
The player who determine the point by asking of questions less is the
winner of the game, and the player who win by the first three games
is the winner.

Materials

> Latice 1010 2- How many questions do you need to determine the position of the

> S d . :
duarec papers secret point?

» Coloured pencils.

3- If you are lucky, how many questions do you need to ask to
determine the position of the secret point? Explain your answer
by giving examples.

4- How do the inequalities help you to determine the secret point?

5- Suggest a strategy to win this game.
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Linear Inequalities

"Vu Solving linear inequalities in one variable

You have studied before solving first degree inequality in one variable. We remember you that
solving the inequalities depends on the substitution set, and also depends on the properties of
the following inequality relation:

Properties of inequality relation in R
If a,b, c € R then:

> Ifa=b thena+c =2 b+c Vc>0

' Notice / acz bc Vc>0
If the inequality is in ac<bc Vc<0
one variable, then it is

possible to represent
its solution set on the | |5 Jfa<b thena+c < b+c Vc>0
number line as you ac<bc Vc>0
studied before. wE e We<d

peerie

1) Find the solution set of each of the following inequalities where x € R then represent the
solution on the number line:

A 3x-9 > 6x B 6+x<3x+2<14+x
@ Ssolution
A 3x-9 >6x add (9 - 6x) to both sides.
3k - 9+9-6x > 6x+9-6Xx
s3x>9 (multiply both sides by —%)
x <-3 -
i =1-00  — -t £ fLLLLD : : : ; —>
the solution set = | -0 , -3[ £ £ £ T + + 1 ' )

B Divide the inequality into two inequalities as follows:

The first inequality: 6 + x < 3x +2 The second inequality: 3x +2 < 14 + x
S6-2<3x-x S3x-x<14-2
Sox > 2 CSOX K6

The solution set = ]2, oo The solution set = |-, 6]

The solution set = ]2, o[ M ]-, 6] = ]2, 6]

&> Try to solve

@ Solve the following inequalities in R, and represent the solution set graphically on the
number line:

A 3x+5=2 2 B 2<x-1<5 C 3+2x <3x+2<x+7
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"' Solving linear inequalities in two variables

The first degree inequality in two variables is similar to the first degree equation in two
variables and the difference between them is placing the symbol of the inequality instead of
the symbol of the equality for example: y > 2x + 2 is a linear inequality and y =2x + 2 is a

linear equation related to it.

Graphical representation of the inequality y > 2x +2

is shown by the shaded region in the figure opposite.

Noticethat each pointin the coloured region satisfies
the inequality, and the graphical representation of

the straight line y = 2x + 2 is the boundary of the

region which represents the solution and the straight

line is drawn dashed because it does not satisfy the

inequality. If the inequality contains the symbol <
or = then the points which lie on the boundary line
will satisfy the inequality, then the representation of
the straight line is a solid line.

e

2) Represent graphically the solution set of the inequality: y < 2x +3

®

46

Solution

Step (1): Draw the boundary line y = 2x + 3

Notice that the points
of the boundary line
are not solutions of
the inequality, thus the
straight line is drawn
dashed.

\ A

y=2x+3

D)

A

0 |-1]-2

301 |-1

Step (2): choose one of
the points in one side
of the drawn line and
substitute in the right

Notice
The boundary line

divides the plane into

three sets of points.

1- Set of points of the
boundary line.

2-Set of the points of
the plane which lie
on one side of the
boundary line and
is called half plane
and is denoted by
the symbol (S,).

3-Set of points of the
plane which lie on
the other side of the
boundary line and
is called half plane
and is denoted by
the symbol(S,).

hand side, if it satisfies the inequality, we colour this side ( the solution set), and if it does
not satisfy the inequality, we colour the other side and is then the solution set.
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Linear Inequalities

Choose the point (0, 0) and which does not lie on the boundary line but lies on one side.

y<2x+3 (the original inequality)

?
0 <2(0)+3 (substitute the point (0, 0))
0 <3 (true)

Check:

Graphical representation shows
that the point (2, 3) lies in the
region of solution.

Shade the region which contains the point (0, 0),
where the solution set is half the plain at which the
point (0, 0) belongs.

y<2x+3 (the original inequality)
?
3<22)+3 (substitute the point (2, 3))

3 <7 (true) then the solution is true.

el

3 ) Represent graphically the solution set of the inequality: 2x — 5 y < 10

A
O Solution pe

Step (1): represent graphically the boundary line (L). .

2x — 5y = 10 by a solid line (because the inequality

relation <).

= 0 5 2 1 ‘x‘
y — 5 - 12 4 I3 b h j 1D /3/ 5
//
5 < N
You can draw the boundary line, write the straight line: s /.A{ZX -5y =10 )
2x — 5y = 10 in the form: y =mx + ¢ //‘ :
where m is the slop and c is the y - intercept from 4
the y-axis. i/
then: — 5y =—2x + 10 .'.y=%x—2
Step (2): test the point (0,0) which lies on one side of the boundary line.
2x =5y < 10 (the original inequality)
?

200-50)< 10 (substitute the point (0, 0))
0<10 (True)

Colour the region which contains the point (0, 0), where the solution set is half the plane
which the point (0, 0) lies U the set of points on the boundary line L.

&> Try to solve

@ Represent graphically the solution set of each of the following inequalities
A 2x—-y=6 B y<5x-5 C y-2x<2
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4) Life applications: Food shopping: Suppose you

chick -peas “".‘ 3
8 pounds

Peanut
16 pounds

decided not to spend more than 48 pounds to buy peas
and peanuts necessary for your trip for you and your
family to the zoo in Giza. How many kilograms can

you buy from every kind?

Solution
Define: let x be the Number of kilograms you can buy from chick- peas.
y be the Number of kilograms you can buy from peanut.

Connect: Price of buying chick-peas + Price of buying peanut < the maximum purchase
(see the figure).

Write: 8x + 16y < 48

Draw the boundary line 8x + 16y =48, and is represented by the solid straight line (because
the inequality relation <).

Use the first quadrant only from the coordinate plane, where that you can not buy a

negative quantity of roasted peanuts. _
Roasted trip

<
>
>

0 6
y 310 2 <
Test the point (0, 0) 2
4 = 2
8 (0)+ 16 (0) < 48 2
©
0 < 48  (True) e
Colour the region which contains the point (0, 0). 1
The graphic representation shows all possible 5
solutions. For example, if you buy 2 kg of " F T f T f
peas, then you can not buy more than 2 kg of peas in kg

peanuts. Now, are 2 kg of peas and 1 kg of peanut a solution to example ?

9 Check your understanding

1

48

Critical thinking: When we represent the inequality y = % x - 2 graphically, do you shade
the region up or down the straight line, y = % x — 2?7 How did you know that?
Consumer: A library sells two kinds of notebooks, the price of the first kind is 6.25
pounds. The price of the second kind is 7.5 pounds. If Ahmed wanted to buy some
notebooks such that he can not pay more than 25 pounds. How many notebook can he
buy from each kind?

Mathematics - First form secondary



Linear Inequalities

>~ >~
# Exercises (2 - 1) *
\i%/ \i%/

1) Join each inequality with the graph which represents its solution set (test the point
(0, 0) in each inequality).

A B C D
4y 4y
X X‘ X
vy‘ vy
1- ysx+1 2- y<x+1 3- y>x+1 4- y=2x+1

2 ) Test which of the points is the solution of the inequality:
Aly=2x+3 [ O, D, 39, (-1,0) ]
B y<2x+3 [ O, D, 3,9, (-1,0)]

3 ) Find the solution set of each of the following inequalities:
A y<x+2 B y>2x-3 C x+3y<6

4) Consumer: Suppose you want to buy decoration paper to decorate your class for
a party to the excellent students. If the price of a roll of the golden decoration paper was
5 pounds and the price of a roll of the blue decoration paper was 3 pounds. If you pay at
most 48 pounds to buy the decoration paper. How many rolls of each type can you buy?

Explain your answer.

Describe to your classmate who was absent during the explanation of this lesson because of

illness. How can you represent the inequality x - y = 2 graphically and check your answer.
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Activity (2)

Technology Learning tools: Graphic calculator
You can use the property in the graphic calculator to draw the inequalities where the
order of input data depends on what you will shade above or under the boundary line. If the
shade was down the boundary line y, use the shade (y_. ,y,), when you will shade above y, you

will use the shade (y,y__ ) you do not need to use the closed brackets before pressing the key

Example] |

5) Represent each inequality graphically:
Ay <2x+3 B y>05x-1

f

the shade is down the boundary line the shade is above the boundary line y,
because there is the sign less than y, because there is the sign greater than

«—— Enter the equatig}of the boundary line @@@
<« Enter the shade property —

@ @D
e () e Gy, )

/

» You can control the degree of shading by entering the whole number from (park) 1 to
(Light) 8, add comma and the whole number before pressing the key

» The graphic calculator does not distinguish between the boundary dotted or solid line,
thus you have to determine the type of the line (solid or dotted) when drawing the
inequality in your note book.

@ Try to solve

@ Use the graphic calculator, to draw each of the following inequalities:

A y<x B y>2x+1 C y=>-x+3
y<5 E x-y=4 F 2x+3y<12
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Solving Systems of Linear Inequalities Graphically 2 - 2

You will learn
i Group work

» Solving a system of linear

Work with your classmate.

1- Represent graphically the solution set of the inequality x = 2 in
the orthogonal coordinate plane, and colour the feasible region in
yellow.

2- Represent graphically the solution set of the inequality y < -1 in
the same orthogonal coordinate plane, then colour the feasible
region in green.

3- Determine the common area which contains yellow and green
together.

4- What does the region you determined in (3) represent?

5- Choose three distinct points, each of which represents a solution
for the two inequalities together. Explain your answer.

"VD System of linear inequalities

Two or more linear inequalities form together a system of linear , reasile region

inequality graphically.
» Solving life problems on systems

of linear inequalities.

Key-terms

» System of linear inequalities

inequalities, and the ordered pair (x, y,) is a solution for this system ) graph
if it satisfies all its inequalities.

&> Try to solve

@ You can describe each of the four quadrants in the orthogonal
coordinate plane by using a system of the linear inequalities.
From the figure opposite, determine the number of the quadrant
which represents the solution set of each of the following systems

y A y A .
A x>0, y>0 y Materials
B < > < >
x>0, y<o0 =T o X T o "
» Graph papers.
C x <0 , Yy >0 y‘" R ] » Coloured pencils
D x<0, y<o0
y A y A
x| o x x| o X
I
3 4
Yy Yy
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"VD Solving a system of liner inequalities graphically

Solving a system of linear inequalities means finding all ordered pairs which satisfy the
inequalities in this system. To determine all points (ordered pairs) which form a solution
of the system, colour (shade) the feasible region, each one of the inequalities in the same
coordinate plane, then the common region among the regions of solution of the inequalities is
a feasible region of this system.

N

1) Solve the system of the following linear inequatities graphically: y =2 2x+6, y+3x <-1

@ solution
Step (1): Represent the solution set of each inequality in the system graphically, and
colour the feasible region. )

. . T T
For the first inequality: y = 2x + 6 W X, [ y
Draw the boundary line y=2x+6 (solid line) >Q<>< ,

X
X 0| 3|2 gwxmxw

Yl 6 |0]|2

-

S

The point (0, 0) does not satisfy the inequality
.. The solution set X is half the plane at which the
origin point U L

=

v

-

For the second inequality: y + 3x < -1
Draw the boundary line y + 3x =-1  (dashed line)

A\

e
AN
I\

The point (0, 0) does not satisfy the inequality
.. The solution set X , is half the plane at which the origin (0, 0) does not lie.

L-

-

ot

X 0 |-11]-2
-1 | 2 5

¥

A
L

— 11— XK1~ —T ]

% O v O o

;///

——a—

Step (2): Determine the common region among the regions of solution of the system
of inequalities, which is the common coloured region, and also represents the feasible
region of the system then the solution set of the two inequalities together is X, N X,

Check: Notice that the point (- 4, 2) belongs to the feasible region of the system, thus you
can use a test point and check the solution by substituting , (x, y) by the point (- 4, 2) in
both inequalities:

y=2x+6 y+3x <-1

? ?
222(-4)+6 2+3(4)<-1
2 2 -2 (True) -10 < -1 ( True)
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Solving Systems of Linear Inequalities Graphically

&> Try to solve

@ Solve the following system graphically: 3x + Sy= 15 , y <x-1

<

2) Solve the following linear inequalities graphically: 4y = 6x
3x +2y < -6

O Solution

Step (1): Represent the solution set of each inequality in the system graphically and colour
the feasible region for the first inequality.

For the first inequality: 4y = 6x 6 A
Draw the boundary line 4y = 6x (solid line)
4 / P
AIENE x| |
y|lol|3]3 | |/
/ L,
The point (0, 0) lies on the boundary line, thus it A : / .
is tested by using another point on one of the two [ * T / / A
sides of the boundary line, for example (-3, 2)
then: 4 (2) 2 6 (-3) / 2
ie. 8=-12 (True) -3
The solution set X, which is half the plane at which 5 / =
the point (-3, 2) lies U L, ‘ s 2
For the second inequality: - 3x + 2y < -6 N
Draw the boundary line -3x -2y = -6  (solid line) ¥ Yy

0|2 |2
y |30/ 6

The point (0, 0) does not satisfy the inequality
.".The solution set X, which is half the plane of which the point (0, 0) does not lie UL,

Step (2): Determine the common region among the regions of solution of the system of
inequalities , which represents the feasible region of the system .

Notice that the two straight lines L , L, are parallel and there is no common region
between the coloured regions as in the figure.

.". The solution set of the two inequalities together = ¢

&> Try to solve

@ Find the solution of the following system of linear inequalities graphically: y < x
y2x+1
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3) Life A shepherd wants to make a rectangular sheep barn. The length of the barn must not
be less than 80 metres and its perimeter must not increase than 310 metres. What are the
possible dimensions of the barn?

O Solution
Define: x = width of the barn. y = length of the barn.
Connect: the length is not less than 80 metres. the perimeter is not more than 310 metres
y = 80 2x + 2y < 310
To solve the system of linear inequalities: y = 80

2x + 2y < 310
You can follow the following:

For the first inequality : sheep barn dimensions For the second
y =2 80 o 7 inequality:
® S X 2x +2y < 310
use the slope and the y @ = .

) D 100 R use the X, y intercepts to
-intercept to draw the g = e
boundarv line = § S = draw the boundary line:

” y = \\ 1 2x+2y =310
y= (o) N . .
the solid boundary 1
(the solid boundary line) I5 0 \\\ L, (the solid boundary line)
& X
= O 1 2 20 60 100 140 = 0 155 10
Y |80 | 80 | 80 width in metres Y 155 0 | 145
Test the point (20, 20) Test the point (20, 20)
y = 80 2x + 2y < 310
? ?
20 = 80 (false) 2(20) + 2(20) < 310

. . . 80 < 310 (True)
the solution set X is half the plane at which

the point (20, 20) does not lie U L the solution set X, is
half the plane at which
the point which the
point (20, 20)lies U L,
The solution set X=X M X and which is the set of points in the common region shown
in the figure.

& Try to solve

From the previous example:

@ Give three possible dimensions (for the length and width) to the sheep barn. How many
solutions for this systems?
@ Why was the feasible region clarified only in the first quadrant in the coordinate plane?
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Solving Systems of Linear Inequalities Graphically

N

4) Life Eslam and Fady visited the pharaonic antiquities in governorates of upper Egypt.
They exchanged driving the car. If Eslam drived the car during the day an interval of time
at least 3 hours and not more than 7 hours, and Fady drived the car during the day an
interval of time at least 2 hours and not more than 6 hours, and the total time of driving
them daily not more than 8 hours, write a system of linear inequalities, representing this
situation, then represent graphically the feasible region of this system.

®

Eslam: let x be the number of hours which Eslam drived
the car, then 3 < x<7.

>
>
<
y <
>

Fady: Let y be the number of hours which Fady drived
the car,then 2 <y < 6

vl

N

Total time of driving the car:

x+y<s8

Represent the solution set of each of the three inequalities
graphically,

Which ordered pair in the feasible region of the system
represent a solution to the system ?

>
>

i

N

1 23 4 5 6 7 8
Number of hours of Eslam drive

X

Number of hours of Fady drive
S = N W bk U N

Possible solutions:
Fady drives 3 hours, Eslam drives 5 hours. Fady drives 2 hours , Eslam drives 6 hours.
Fady drives 5 hours, Eslam drives 3 hours. Fady drives 3 hours, Eslam drives 4 hours.

9 Check your understanding

Professions: A carpenter wants to buy two types of nails. He does not want to pay more than
48 pounds for the purchase, If the carpenter needs at least 3 kilograms from the first type, and
at least 1 kilogram from the second type, how much will the carpenter pay as a price for each
type given that the price of one kilogram of the first type is 6 pounds and the price of one
kilogram of the second type is 8 pounds ?

A Write a system of linear inequalities describing this situation.
B Represent graphically this system to show the possible solution.
C  Determine a point to be a solution of this system.

D Determine a point to not be a solution of this system.
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\# 3 Exercises (2 - 2) \* 7

1) Which of the following systems has the shown shaded region as a solution in the figure

opposite: I
A x+y<3 B X+y>3 I
y>x-3 ysSx-3 X X
— N
C x+y=3 D x+y<3 |2 P P P T
y<x-3 y=x-3 ] 1K
. .

2) Solve each system of the following linear inequalities graphically:

A x=4 B y-x>0 C x+4y>4
y>x+2 2x+2y=212 4x+y=2
X+2y=-2 y<6+2x x-y<l1

3) Mr. Karim gave 60 minutes to his students to solve a test in mathematics. The students
have to solve at least 4 questions from section "A" and at least 3 questions from section"B"
such that the number of the answered questions is at least 10 questions from both sections.
If Hanaa answered her questions in 4 minutes to every question in section (A), 5 minutes
to every questions in section "B". How many questions in each section did Hanaa try to

SOOIV Y
4) Critical thinking:

A | Write a system of linear inequalities in which their solution is a straight line.
B ' Without graphic representation , explain why the point of intersection of the two boundary

lines in the system: 2 X +Y > 2, X - Y 2 3 is not a solution of this system?

Activity . m L m L m . m L m . m_m_m_ A A e AN N_m . m_m_ A m_m A

5) Write a problem such that its solution needs to write a system of two linear inequalities
in two variables, then solve this system.
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Linear programing and Optimization 2 - 3

i Group work

Suppose that you are offered a job for some
time, and you think about the time that you
can customize for this work. You can use
mathematics to help you organize your

You will learn

» Finding the maximum and
minimum value to a function in
a certain region.

» Use the linear programing to
solve some problems.

thinking and take the right decision. » Record the data of mathematical

Work with your classmate:

life problem in a suitable table

and transfer these data in the

1- A Write a list of ways that you
spend your time during the week.
B Organize your list so that it is not more than 10 ways.

form of linear inequality then
determine the region of solution
and determining the objec-

tive function and its optimum
2- Make a personal assessment of last week.

solution

A Select the time for the ways you determined in (1). Key-terms
B What is the suitable time you see for work in a job some time?

C Discuss: What can you quit or not quit in your schedule?

» linear programing

» Aonstrains

"'A A » Bounded
/8 Linear Programing » Unbounded

You can answer questions such as the questions discussed above, " Optimum solution
using a process called the linear programing.

then the first step is to write the linear program of the problem and

consists of:

1- Objective function (which the problem under study aims to
calculate the maximum or minimum value) and it is linear
function in the form:

P = ax + by where a, b are real numbers not equal to zero together.

Materials

» Graphic papers.
2- Set of restrictions imposed by the nature of the problem, which

is in the form of linear inequalities in two variables represent the
upper or lower limits of the factors that control variables of the
problem.

» Coloured pencils.

3- Restrictions imposed by the scientific fact of the problem on the
variables when you can not take these variables negative values.
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1) Use the linear programing to find the values of x, y which make the value of the function
P = 3x + 2y the maximum value then minimum value under restrictions

x=20, y=20, x+ys8, y=3 o
@ solution XA L
Step (1): Draw the restrictions (represent the inequalities 7
graphically) 6
Step (2): Find the coordinates of the vertices of the feasible Z
region. ; UB) N
From the figure, we notice that the vertices of the feasible , |C B\ -
region are: [0 N
A(0, 8), B (5,3),C(0,3) o -

1 2 3 4 5 6 7 8
Step (3): Find the value of the function P = 3x + 2y at each vertex

Form the following table:

The point | x | y 3x + 2y | value of the function P
A@0,8) | 0| 8 [3(0)+2(8) 16
B (5, 3) 513 (30B)+203) 21 —— Maximum value
C@©,3) | 0] 3 [30)+2(3) 6 —— Minimum value

The maximum value of the function equals 21 at the point (5, 3), and the minimum value
of the function equals 6 at the point (0, 3)

Think: Why does the maximum value or the minimum value of the objective function satisfy

at one of the vertices of the feasible region? vk

To know the answer of this question: oA

1- Put P=0 in the objective function P = 3x + 2y then we get j N8
3x + 2y = 0 represents a straight line passes through the 6 \\\ N
origin point and the point, (2, -3). ® s RN \‘\

2- If you draw a set of straight lines intersect the feasible \ﬁ\\ \\\ \\\ a6
region and parallel to the straight line passing through the ; e | BN >
origin point, then: \\‘1 ©, v N ‘¥
the first of these lines passes through the point C (0, 3) N N K MANES
and its equationis 3x+2y=6 ie. P=6 I LN N I AN

3- The value of P at all points which belong to the second 2 s NS
straight line passing through the point A (0, 8) equals 16, -3 N :
and P continue in increasing tell it reaches to the last line 4 A A

which intersects the feasible region of the system and passing through the point B (5, 3)
, then we getthat P=3x5+2x3 =21
Thus, the minimum value to the objective function equals 6 at the point (0, 3) which is one
of the vertices of the feasible region, and also the maximum value to the objective function
equals 21 at the point (5, 3) , which is one of the vertices of the feasible region also.
From the previous, we deduce that : the maximum value and the minmum value if there exist
to the objective function, then they satisfy at the vertices of the polygon which surrounded the
region of possible solutions to the inequalities which form the set of restrictions of problem or
at the points of intersection of lines which determine the region of possible solutions.
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Linear programing and Optimization

& Try to solve

@ Use the linear programing, find each of the minimum value and the maximum value for

the function P = x + y under restrictions: x =20 , y=0, y=2x-2,

@ In the figure opposite: Find the values of x and y
Which make the value of the function P = 2x + 5y minimum.

;
6

5

s :
v Real life applications of linear programing ;

1

The linear programing is a mathematical method to give the best
decision of solving a problem or it is the optimal solution to satisfy
a certain object as satisfying least cost or greatest profit for a

yS—Xx+8

A Y

A

0

certain project, to bound by the terms and constraints of production and market mechanisms

or problem under study, it is possible to satisfy that as follows:

1- Analysis of the situation or the problem to determine the variables, and to identify

constraints and put it in the form of a system of linear inequalities.

2- Write objective function to be achieved in the problem under study (which is a linear

function).
3- Represent the system of linear inequalities graphically.
4- Determining the vertices of the feasible region.

5- Substituting by coordinates of the vertices in the objective function, then test the maximum

value or minimum value according to the required in the problem.

N

2) Business Administration One of the sea food shop sells two
types of cooked fish A and B, and the requests from the shop
owner are not less than 50 fish, as he does not consume more
than 30 fish from the type (A) , or more than 35 fish from the
type (B). If the price of a fish from type A is 4 pounds and 3
pounds from type B. How much fish from each of the two
types A and B must be used to achieve the lowest cost possible

to buy?
O Solution
1- Let the number of fish from type (A) be x and the number of fish from type (B) be y
andx = 0 (He will buy fish from type A)
y= 0 (He will buy fish from type B)
X+y= 50 (He needs at least 50 fish) First | Second | Maximum
x < 30 (He uses not more than 30 fish from type A) | type | Type
y <35 (He uses not more than 35 fish from type B) X y 50
The purchase price| 4 3 4x + 3y
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2- Write the objective function : the purchase price is minimum : P=4x + 3y

3- Represent the system of the inequalities graphically as in the
figure opposite. 50

Ay

4- Determine the vertices of the feasible region which are:

A (30, 20), B (30, 35), C (15, 35). C B

5- Substitute by the coordinates of the vertices in the objective 30
function to determine the minimum possible price of

purchase, as shown in the following table: A
10

The point | x | y 4x + 3y Value of the :

0 10 30 50
function P

A(30,20) | 30 | 20 [4(30)+3(20) 180

B (30,35) | 30 | 35 |4 (30)+3(35) 225

C(15,35) | 15| 35 |4 (15)+3 (35 165 Least possible value of
purchase price

The shop owner must buy 15 fish from type A and 35 fish from type B such that the purchase
price be minimum.

&> Try to solve

@ Industry: A small factory produces metal furniture 20 cupboard weekly at most of two
different kinds A and B. If the profit from kind "A' is 80 pounds, and profit from kind B is
100 pounds. the factory sells from kind A at least 3 times what it sells from the second kind.
Find number of cupboard from each kind to satisfy greatest possible profit to the factory.

| Semsl

3 ) Health baby food factory produces two types of food with
specifications, if the first type contains 2 units of vitamin (A),
3 units of vitamin (B), and the second type contains 3 units of
vitamin (A) , 2 units of vitamin B. If the child in its own food
needs at least 120 units of vitamin (A), 100 units of vitamin (B), and the cost of the type
(A) is 5 pounds, and the cost of type (B) is 4 pounds. What quantity to be purchased from
each of the two types to achieve what the child needs in own food at the lowest possible
cost?

O Solution
1- Let: x be the number of goods of the first type and y be the number of goods of the second
type:
x=20 , y=20
2x + 3y = 120
3x +2y = 100
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Objective function is the lowest possible cost:

Linear programing and Optimization

P=5x+4y

Represent the system of the linear inequalities as in the figure opposite.

The vertices of the feasible region are:
A (60, 0), B (12, 32), C (0, 50).

Substitute by the
coordinates in the
objective function
to determine the
least possible cost:

— yleastpossible cost

. Value of the

Point X |y 5x + 4y function P
A (60,0) | 60 5 (60) + 4 (0) 300
B (12,32) 12 | 32 |{5(12) +4 (32) 188
C(@0,50) | O | 50| 5(0)+4(50) 200

then the cost is to be minimum at B, the number of goods of the first type is 12 and the number
of goods of the second type is 32.

==

4) Consumer: A factory produces two types of iron sheet offices, one of the workers collect
each type and then another worker paint it. The first worker takes 2 hours to collect a unit
of the first type, and 3 hours to collect a unit of the second type. While the second worker
takes 1% hours to paint a unit of the first type, and 3 hours to paint a unit of the second
type, if the first worker work at least 6 hours daily , while the second worker works at
most 6 hours daily, the profit of the factory is 50 pounds to each unit of the two types.
What is the number of units should the factory produce daily from each of the two types

to achieve the maximum possible profit?

O Solution
let x be the number of units of the first type,

y be the number of units of the second type

thenx =0,y=0
2x +3y 2 6

1%x+2y<6
Ay <12

Objective function:
profit is greatest as possible

P = 50x + 50y

. collecting| painting profit in
No of units
hours hours | pounds
First type x 2 1 % 50
then 3x It No of goods of | No of goods of | minimum
em the first type | the second type | of units
the | Vitamin A 2x 3y 120
Vitamin B 3x 2y 100
Costs 5 pounds 4 pounds
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Thepoint | X |y | Sox+sey | SAueolibel
A0,2 | 0 50(0) + 50 (2) 100 .
B (3,0) 50(3) + 50 (0) 150
c40 | 4 50(4) + 50 (0) 200 |-

10
DO,3 | 0 | 3 |500)+50(3) 150 0

.". The greatest possible profit = 200 pounds at the point (4, 0)

€> Try to solve

A0,

Gl
W, )
\_ (12.B2)
"\ .
~ test possible
profit . (60,0
A *
10 30 50 70 o
Ay
XD @, 3)
SR
P N
X1B@B.O C (4/0) X
" Y/ 4 k

@ Consumer: Two package of food substances, the first gives 3 calories and has 5 units of
vitamin"C", the second gives 6 calories and has 2 units of vitamin"C', given that we need
at least 36 calories and at least 25 units of vitamin"C". The price of the unit of the first
article is 6 pounds , and of the second is 8 pounds. Find the number of each article that

should be bought to obtain what we need at the least cost.

'; Check your understanding

Agriculture: A farmer found that he can improve the quality of planting, if he used at least 16
units of Nitrates, 9 units of Phosphates in the process of fertilization for one kirate, there are
two types of fertilizer A, B, its contents and cost of each shown in the following table:

number of units for each
The kilogram Cost for each
fertilizer | Njgrates Phosphates kilogram
A 4 1 170 Pt
B 2 3 150 pt

Find the least cost of a mixture of the two fertilizers A and B , such that the farmer can
provide a sufficient number of units of Nitrates and Phosphates to improve the quality of

his planted.
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Linear programing and Optimization

Activity

If the straight line which represents the objective function is parallel to one of the sides of the
feasible region, Do the value of the objective function change at any point of this polygon?
Follow the following example to answer the question

=

5 ) Find the greatest possible value of the function P =3x + 6y under the following restrictions:
x20, y=20, x+ys5, 2x+ys<6, x+2y<8

@ solution
DrawL :x=0, L,:y=0

X 0 5 P
L.: =5 y
3 XY y |50 \
x [ 0] 3 (—:—-?
L :2 =6 C 0.9
Ry vy |60
X 0 8 X
> 4
. _ 0 A\G. 0)
Li:x+2y=28 y | 4]0 \

The coloured region in the figure is O A B C represents the solution set of the system where:
B(%, ?). Why?

Value of the
. X 3x+6
the point y y function P
A 3 0 3x3+0 9
4 10 4 10
B ? ? 3><?+6><? 24
C O 4 3><0+6><4 24

Notice that: the maximum value of the objective function equals 24 satisfied at the two
points B, C

1- Is the straight line<B_C>parallel to the straight line which represents the objective function
? explain your answer.

2- Find the value of the objective function at the mid-point of BC, what do you notice?

3- Is the following statement true? Explain your answer.

«If the maximum value or minimum value lies at two points in the feasible region of the
system, then it lies at all points of the line segment joining between them».
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\# 3 Exercises (2 - 3) \* 7

Choose the correct answer from the given answers:
A The point which belongs to the solution of the enqualities: x > 2, y > 1,
X+y23is:

(G, D, (1,2, 3,2), 1,3)]
B ' The point at which the function P = 40x + 20y has a maximum value is :

[(0,0) ,(0,-4) , (15,10) , (25,0)]
C  The point at which the function P = 35x + 10y has a minimum value is:

[(0,0) , (0,10) , (0,40) , (20, 10)]

Use the graph opposite to find the values of x, y which HE -
make the value of the objective function p = 3x + 2y has
a minimum value , then find this value . . /
.................................................................................................................................................................. A
2

................................................................................................................................................................ I
Represent each of the following systems graphically, then <7 3 A >
find the maximum or minimum value to the objective Y
function according to the given.
A X+y<s5 B 2x+y<6

y=21 x=1

x =2 y =2

has minimum value to the objective  has maximum value to the objective

function P = 2x + 3y function P = 2x + 3y

Industry: Suppose you manufacture and sell skin moisturizer, if manufacturing a unit of
the normal moisturizer requires 2cm? of o0il, lcm? of cocoa butter, and manufacturing a
unit of the excellent moisturizer requires 1cm?® of oil, 2cm? of coca butter. You will gain
10 pounds for every unit of the normal kind, 8 pounds for every unit of the excellent kind.
If you had 24 cm® of oil, 18cm’ of cocoa butter. What is the number of units you can

manufacture from each kind to get a maximum possible profit and what is this profit?

For more exercises, please visit the website of Ministry of Education.
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5) Occupations: A tailor has 10 metres of linen cloth and 6 metres of cotton cloth, he wants
to make two types of clothing from his own available materials. The first kind of clothing,
the tailor needs 1 metre of linen, 1 metre of collon to gain 3 pounds profit, while the
second kind of clothing he needs 2 metres of linen and 1 metre of cotton to gain 4 pounds

profit. Find the number of clothing that should be made from each type such that the

tailor gets the maximum profit

6) Music: One of the factories of musical instruments produces two types of blowing
instruments, the first kind needs 25 units of copper, 4 units of nickel and the second
type needs 15 units of copper, 8 units of nickel. If the available quantities in the factory
on a day were 95 units of copper, 32 units of nickel and the profit of the factory from
the first types was 60 pounds and 48 pounds from the second type. Find the number of

instruments which the factory should produce from each type to get the maximum profit.

7) Tourism: One of the tourism companies set up an air bridge to transport 1600 tourists
and 90 tons of luggage with the least cost. If there are two types of aeroplanes A and
B and the number of available aeroplanes from the first type was 12 aeroplanes, and 9
aeroplanes from the second type and the full load to the aeroplane of the first type A was
200 persons, 6 tons of luggage and the full load to the aeroplane of the second type B
was 100 persons, 15 tons of luggage. The rent of the aeroplane of the type A was 320000
pounds, and the rent of the type B was 150000 pounds. How many aeroplanes from each

type could the company rent?
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Activity

a e e ey ]

8) Refer to your school library or the international network for information. Write an
example to show the uses of linear programming in each of the following subjects:

A ' Economy B Industry C Time management D Operations research

9) Write a problem, whose solution requires forming 4 linear inequalities, then represent
the region of solution graphically. Write the objective function to your problem and

determine when it has a maximum value or a minimum value, then find these values .

Linear Inequality in two variables

The first degree inequality in two variables is similar to the linear equation of first degree
in two variables , and the difference between them is the inequality symbol instead of the
equality symbol, for example: y> 5x +1 is a linear inequality in two variables x and y,

and y = 5x + 1 is a linear equation related to it.

And the linear inequality describes a region of the coordinate plane, to represent the solution of
the linear inequality, draw the boundary line first, it dashed if it does not satisfy the inequality
(If the inequality contains > or <), it is solid if it satisfies the inequality (If the inequality

contains < or =), then test a point to shade the region which makes the inequality true.

> Solving a system of Linear inequalities

Two oe more linear inequalities form a system of linear inequalities , to find the solution of
the system of linear inequalities , draw each inequality , in the feasible region, all inequalities

are true.
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UnitSummary
> Linear programing
The linear programing is a mathematical method to give the best decisions of solving a
problem or it is the optimal solution to satisfy a certain object as satisfying least cost or

greatest profit for a certain profit, to bound by the terms and constraints of production and

market mechanisms or problem under study, it is possible to satisfy that as follows :

1- Analysis of the situation or the problem to determine the variables , and to identify

constraints and put it in the form of a system of linear inequalities.
2- Determine the objective function in the linear form (P=ax + by).
3- Determine the feasible region of the problem.

4- Search the value of the values from the feasible region which satisfy the objective

function.

Enrichment Iniormation

Please visit the following links.
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V Unit objectives
By the end of the unit, the student should be able to:
£+ Recognize the scalar quantity, the vector quantity, # Recognize the unit vector and expresses it in terms
and the directed line segment and expresses it in of the fundamental unit vectors.
terms of its two ends in the coordinate plane. # Recognize parallel and perpendicular vectors.

# Recognize the position vector and put it in the polar ¢
form.

Multiply a vector by a real number.

 Add two vectors using the triangle rule (coordinates
 Find the norm of the vector and zero vector. - parallelogram rule) - subtract two vectors.
 Recognize and solve exercises on equivalent o

vectors.

Prove some geometric theorems using vectors.

# Solve applications in the plane geometry on vectors

V Key - Terms

= Scalar Quantities = Orderd Pair = Parallelogram Rule
= Vector Quantities = Absolute value 3 Subtracting Vectors
= Vector > Norm = Resultant Force

> Distance = Equivalent Vector = Relative Velocity

2 Displacement 2 Adding vectors

= Position Vector Z The triangle Rule
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v Brief History

Arabs put the first building block of analytic
geometry. They used Algebra in solving some
geometric problems and also used Geometry
in solving Algebraic equations. Thabit Ibn
Qorra (835 - 900AD) presented geometrical
solutions to some equations and the Kenedy
in his writings linked between algebra and
geometry.

With the beginning of the seventeenth
century, Fermat (1601 - 1665 AD) and Rene
Descartes (1596 - 1650 AD) contributed
in simplifying algebraic methods to solve
geometric problems due to the plane geometry
having two dimensions. They expressed almost
every thing in any geometric figure in terms
of two variabled lengths. They denoted them
by x, y. In addition to some constant quantities
contained in the figure which give a new shape
to geometry known as the analytic geometry
(coordinate). It used deduction theorems, facts,
and prove its correctness algebraically. Also it
was one of the factors to help the appearance
of calculus by Newton (1642 — 1727 AD) and
Leibinz (1646 - 1716AD), and innovation of
Gibbs (1839 - 1903 AD) to analyze the vectors
in three dimensions.

\\4 Lessons of the Unit

Lesson (3 - 1): Scalars, Vectors and

Directed Line Segment.
Lesson (3 - 2): Vectors.
Lesson (3 - 3): Operations on Vectors.

Lesson (3 - 4): Applications on Vectos.

v Materials

) Computer - Data show - Graphic program

- squared papers - Geometric instruments —
threads — weights - pins

/ V Chart of the unit

Quantities
| : =
Vector

Geometrically Vectors )—»@Igebraicalla
! !

Directed line v Fundamental v
segment Orderd pair unit vectors Polar form
A A Y
Perpendicular
vectors

Equal Adding Subtracting Multiply a vector Parallel
vectors vectors vectors by a real number vectors
Applications Physical

Resultant Equilibrium Relative
forces of forces velocity

~

Scalar

Proof
theorems

Solving
problems
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50 » What is the distance between the body and A 3 metres B

Scalars, Vectors and Directed Line Segment

“ Introduction
O There are quantities that you do not require to know the number

expressing their value such as length, area, volume, mass, density,
population and so on. On the contrary, there are other quantities to
describe them mentioning the number expressing their value is not
enough. For example, to know the wind speed is not enough for air
traffic, but wind direction is to be determined. As you know that wind
movement is measured by its magnitude, direction and the affecting
force acted on an object which its effect differs on it not only by its
magnitude but also by its direction, too. As a result we can conclude
that we have two types of quantities.

Scalar quantities
Scalar quantities are determined completely by their magnitude only
such as length, area ...

Vector quantities
Vector quantities are determined completely by their magnitude and

QO their direction such as velocity, force. ...

Y

= ]
North
=

West East .-
If a body moved from point A a distance 3

) ) ) South .-
metres east, then changed its direction and o

moved 4 metres north and stopped at point C .
» What is the distance covered by the body
during its movement?

4 metres

the point A which is the starting point of its movement?

Notice that:
> Distance is a scalar quantity which is the result of AB + BC or CB + BA.

» Displacement is the distance between the starting and ending points
only and in direction from A to C. i.e to describe the displacement,
its magnitude AC and its direction from A to C must be determined.

Displacement is a vector quantity which is the distance covered in a
certain direction.
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& Try to solve

@ In the figure opposite: Calculate the distance 6cm 4em
and displacement covered when a body moves A B ¢}
from the point A to the point C, then returns to
point B.

Direction AY
1- Eachray in the plane determines a direction. In the figure
opposite: A

'OX determines the east direction, gx' determines the

. . - 60° 30° ‘
west direction, » AN >
- . . . e . e
QY determines the north direction and QY' determine “’ e
the south direction. c
What are the directions determined by: A4

yl

OA, 0B, OC and 0D?

2- If AB// CD ,E € AB .then:

> EA and BE have the same direction and are carried on one straight line.

> EA and DC have the same direction and are carried on two parallel straight lines,
> EA and EB have opposite directions and are carried on one straight line.

> EA and CD have opposite directions and are carried on two parallel straight lines.

Generally:
» The two rays which have the same or opposite directions are carried on one straight line
or two parallel straight lines and vice versa.

» The two rays different in direction are not carried on one straight line or two parallel
straight lines.

Q> Try to solve

@ In the figure opposite: AB and CD are parallel and each is not

C A
parallel to YX,Ee AB,FeCD,Z e XY. X
Show whether the two rays have the same, opposite or 7 F E
different direction in each of the following.
A AB.DF B AB. XV ¢ 5. E8 N\ o/ s
D Zv,zX E CF, 2X F 2X,zv
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The Directed Line Segment

The points A and B are the two ending points of AB or BA.

If we determine one of these two points as a starting point B
to the segment and the other one as an ending point to it,
then for the line segment, there is a direction which is the
same direction of the ray that carries this line segment -
and its starting point is the same as the starting point of —_— te;;r:i':ta
the line segment. /AB/‘B

If we determine the point A as a starting point to AB and point by

the point B as its ending point, then we describe this

segment as a directed line segment from A to B and is denoted by the symbol AB .

> Is AB = BA?is AB = BA ? Explain your answer.

» Are AB and BA different or opposite in direction? Why?

The directed line segment: is a line segment which has an initial point, an
terminal point and a direction.

& Try to solve

@ A, B and C are three points on a plane. Write all directed line segments determined by
these points.

6 The norm of the directed line segment: norm of AB is the length of AB
and is denoted by the symbol || AB II.

Notice that: IAB Il = I BA Il = AB

“Equivalent directed line segments: Two directed line segments are
said to be equivalent if they have the same norm and same direction.
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1) In the figure opposite: ABCD is a rectangle,
its diagonals are intersecting at M. E € AD
then:

AB//CD ,AB=CD, BC // AD , BC=AD and

MA =MC =MB =MD C
A “lABII=IIDC Il, AB and DC have the same direction

. AB is equivalent to DC

clAMIl=lIMC I, AM and MC have the same direction

. AM is equivalent to MC

*IIMAll=IMB I, MA and MB have different direction
*. MA is not equivalent to ™B

R (Y= * ncell s AE and BC have the same direction

. AE is not equivalent to BC

& Try to solve

@ ABCD is a parallelogram, its diagonals are intersecting at M.
First: Determine the directed line segments (if existed) which are equivalent to:
A AB B CD C BC D 'AM

Second: Show why the following directed lin

—_—

A 'AM , AC B BA , DC

Logical thinking:

1- If AB is equivalent to CD . What do you deduce?

E 'MD

e segments are not equivalent?

C BM , DM

2- How many directed line segments could be drawn on the plane such that each of them is
equivalentto AB ?

3- From point C on the plane, How many directed line segments could be drawn and each is
equivalentto AB ?

Notice that:
There is a unique directed line segment which can be drawn from point C (for example: ﬁ)
such that CD is equivalent to AB .

N

2) The directed line segments in the orthogonal coordinates plane:

In an orthogonal coordinate plane, determine the points A(-2, 1), B(2, 3), C(1, -3),
D(-1,4), then draw CE and DL each of which is equivalent to AB . Find the coordinates
of E and L.

Student book - Second term
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@ solution vA I
To draw CE equivalent to AB, CEand AB )
5
should have the same direction the same norm.
_ —— —_ —_ e - = 4
i.e. EC//AB, Il CEll=II'AB Il = length of AB. T E 1 &sls
» Draw CE//AB (slope of AB = slope of CE = %) )
2,1
» Use the compasses to determine the length of < | D ! ;
EC = length of AB or by calculating the number (€557 0 > 5>
of horizontal and vertical squares, then we get -1 -E—
E (5, -1). similarly, draw DL ,then we get: L (3, 6) 2
-3
. C‘ (1.-p)
Notice that: vy

Translation preserves parallelism of straight lines and lengths of line segments. Consider
point C is the image of point A by the translation (1 - (-2), -3 -1) = (3, -4)

*.To draw CE is equivalent to AB, we find that CE is the image of AB by the translation
(3, -4) and the coordinates of E= (2 + 3, 3 + (-4)) = (5, -1)

Use the translation: Determine the coordinates of point R which make OR equivalentto AB

& Try to solve

@ On the orthogonal coordlnate plane determine points A(2, 3), B(-2, 6) C (5, -3),
D(2, 5) then draw CE, ID, FR such that each of which is equivalent to AB, and find
the coordinates of E , L ,and R.

:
In the figure opposite: ABC is a triangle in which AB = AC z //\\ X

X, Y and Z are midpoints of AB, BC, CA respectively / \

. . . C B
First: Which of the following statements are true? Y
A lIXyli=Irzy . B XY isequivalentto ZY .

C 'BY isequivalentto ZX .

Second: Write all directed line segments (if found) which are equivalent to:

A BX B Az C xz
D ‘cy E Xy F 7y
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#\ Exercises (3 -1) \*\/

\1%/

Complete the following statements to be true:
A To defined Scalor quantity completely you should know ... .
B To defined Vector quantity completely you should know ... ..
C The directed line segment is a line segment which has ... e e

D Two directed line segments are equivalent if they have ...

In the figure opposite: AB is parallel to CE and each X c A
of them is not parallel to XY .Jjoin each of the following
statements with a suitable one . b
E
B
R

n

A D ,HB\ 1-havethesame B ﬁ(\,ﬁ
direction

c i ’ R 2-havedifferent p CE s AB
direction

E BD.YF 3- haYe opposite F aq" v
direction

In the figure opposite ABCDEEF, is a regular hexagon, its centre is M, P\ M ii /

Complete the following:

. c B
A AB isequivalentto ... and equivalent to .............. and equivalent to ...
B MDis equivalent to ... and equivalent to .............. and equivalent to ...
C CDisequivalentto ... and equivalent to ... and equivalent to ...

ABCD is a square , its diagonals are intersecting at M, write all directed equivalent line

segments determined in the figure.

In a coordinate orthogonal plane : If A(4,-3) ,B (4,4),C (-3, -1), BA , CD ,ﬁ\/l, NO are
equivalent directed line segments , where O is the origin. Find the coordinates of each of

D, M , and N.
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(6) On the lattice : A(3,-2), B (6,2),C (1,3),D (4,7):

A Find Il AB Il, Il CDII

C If each of the directed line segments BC s AM , ND . Sﬁ are equivalent, Find the
coordinates of each of M, N and R where O is the origin.

(7) On the lattice: A(2, 3) , B (-3, 1), C (5, -1)
A Draw CTD, such that it is equivalent to AB and determine the coordinates of D.

B Determine the coordinates of the point M which is the mid-point of BC, then
determine the directed line segments which are equivalent to each of :

First: BM Second: AM Third: AC Fourth: DB

76 Mathematics - First form secondary



Vectors

Introduction

It is possible to determine VA
the position of point A in the
orthogonal coordinate plane by /,

knowing the ordered pair (X, y) =
corresponding to it, where each

<A
=Y

! Q

point in the coordinate plane has VY

a unique position with respect to the origin point O.

Position Vector

The position vector of a given point with respect to the origin
oint is the directed line segment which its starting point
is the origin point and the given point is its terminal point.

cieap 1Y
@ A5, 3)

1) In the figure opposite:
A(5,3),B4,-3),C(-2,4) then: d

> OA is the position vector of the
point A with respect to the origin ¢}
point O, and corresponding to N

A x
| 2o

the ordered pair (5, 3) and is
written as OA = (5, 3). vy B® 3

> OB is the position vector of point B with respect to the origin
point where OB = (4, -3) and also OC = (-2, 4)

Note: All position vectors have the same starting point (O) then it is
possible to denote the position vector OA by the symbol A and the
position vector OB by the symbol B and so on, then:
A=(53),8B=4-3),T =(2,4).

Norm of the vector:
Is the length of the line segment representing to the vector.
If: R =(x, y)

Then: IR Il = X2+ y2

Student book - Second term
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&> Try to solve

@ In the orthogonal coordinate plane, if A(2, -1), B(5, 0), C(-2, -3). Find the position vector
of each of them with respect to the origin point O, and draw the directed line segment
representing it in the coordinate plane.

m @ A

The figure opposite shows a directed line segment OA , its norm
equals 4cm, and its direction makes 60° with the positive direction

of the x-axis.
How could you find the position vector of point A with respect to 5 6&

xY

the origin point O in the orthogonal coordinate plane?

Polar form of position Vector

In the figure opposite: the vector OA makes O with the positive
direction of the x-axis and its norm equals |l OA LIt is possible to
express it as follows:

*C .y

e

2) In the orthogonal coordinate plane, If A(6, 64/3). Find the polar form of the position
vector of point A with respect to the origin point O .

OA =(ll'oAll, 6) Polar form of the vector.
the coordinates of point A in the orthogonal coordinate plane are:
x=I0Allcos® , y=IOAllsin® , tan=——

X

x Y

@ solution
OA =(6,6v3) . I'0A Il = length of OA =/ (6)?+ (6/3)* = 12 AR
,tanezlzﬂzﬁ,ee]o,%[ R
X 6 3
.. 0 =tan! (ﬁ):60°:% . ﬁ :(12,%) A y
& Try to solve .

@ A If OA =(8/3, 8), find the polar form of the vector OA .

B If OC =(12/2, %) is a position vector of the point C with respect to the origin point
O, find the coordinates of the poin C.

Think: What is the position vector of the origin point O (0, 0) in the orthogonal coordinate
plane?
The zero vector: the vector 6\ = (0, 0) is defined as the zero vector 0 and Ilﬁll =loll= 0,
and the zero vector has no direction.
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Equivalent Vectors

Let a body move from A to B after covering 4 units
to the right and 3 units up, then AB represents the 8
displacement vector to the body from A to B. 7 v

It is possible to represent AB in the orthogonal /7
coordinate plane by an infinite number of parallel

b

directed line segments equivalent to AB and one

— N @} 3)
of them is the position vector ON .

iec AB = DE =...=ON=(43) 7

Then: I AB Il =lIDE Il =...... =IONII

=/ (4)2 + (8)2 =5 length units. Yy

A X<
x

@& Try to solve

@ In the figure opposite: L N
A Determine the position vector of point C I~ ™~
with respect to the origin point O , then find

its norm.

M/

B Determine all vectors such that each of
which is equivalent to OC .

< A
o]
S
Xy

You noticed that the vectors are related to the K \\: C
elements of the set of ordered pairs (x, y) where

/
-/ 1/
/

(X, y) € R?, then we can define the vectors as follows:

The vectors: The elements of the set R? with the addition and multiplication
by a real number defined on it are called vectors.

The vectors are denoted by the symbols M. N.F R as:

M=23 , N=(7,2) , F =0,5 . and so on

Adding two Vectors Algebraically

For every A = (x,y)eR*, B = (x,,y,) €R? We denote the
Cartesian product

Then: A+ B = (x,+x,y, +y,) €R? R x R by the symbol

RZ
For example: (3,-2)+(5,7) =3 +5,2+7)=(8,5) and is read as: R two
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Properties of addition operation on vectors:

Enclosure property for every T, B e€R> then A + B eR?

p—— N —"

Commulative property fo;every A, B €R? then A + B =B + A

for every T, ?, T eR?

Associative property NN o W o s
then A +(B+C)=(A+B)+C=A+B+C

Identity element for every A € R2 there exists 0 = (0,0) e R?
property where: _A\ + _O\ =_A\ = 6 + ?

Additive inverse for every_A\ (X, y) € R? there exists A =(x, -y) € R?
property where: A +(-A)=0 =(-A)+ A

Elimination property  for every T, f, ? e R? if T +B = T + ? then B = E\

Multiplying a vectore by a real number
forevery A=(x,y)eR>, , KeR: K A=K (x,y)=(Kx,Ky)eR?
for example: 3(2, -5) = (6, -15) , %(4, 9 =(2, g) , 40,0)=0,0), 23,-4)=(-6,8)

Properties of multiplication operation on vectors:

First: for every A, B eR? KeR
Distributive then: K( A+ ?) =K A+KB
property Second: for every A eR? , K,.K,eR

then: (K, +K)) A= K, A +K, A

Association for every A eR? , K,K, eR
property then: (K, K)) A=K (K, A)
Elemination forevery A, B €R?> | KeR
property IfK A=K B then: A = B and vice versa

Notice that : If M= (x, ,y,) is equivalent to N= (X, ¥,)
Then: x = x,,y, =y, (equality of two ordered pairs), then we can say that the two vectors

™ and N are equal.

| Smsl

3)IfA=(62),8=0453)

A Find 2A - 3B B Express§=(11,5) in terms of A,and B
O Solution
A ZA-3B=2(6,-2)-3(4, 3)=(12,-4) + (-12, -9) = (0, -13)
B Let C =K, A +K, B ,whereK,K,eR
=K, (6,-2) + K,(4,3) = (6K, - 2K ) + (4K, 3K )
= (6K, +4K,, -2K, + 3K)
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From the property of equality of two ordered pairs we get:

6K, + 4K, = 11 1 , 2K, +3K,=5 )

from (1), (2) we get: K, = % , K, =2 . C =

&> Try to solve

@) If A =(2,-6), B =(-2.5). T =(-6, 14)

—_

e

—_—
B

. —_ —_ 1 — —_ —_ —_ —_—
A Find:2A , B ,3C , A +B-C B  Express C intermsof po and B.

Unit vector: the unit vector is a vector whose norm is unity.

Expressing the vector in terms of the fundamental unit vectors.

> The fundamental unit vector j : it is the

directed line segment with a starting point
to the origin point and its norm is the unity
and its direction is the positive direction of
the x-axis.

> The fundamental unit vector T it is the

directed line segment with a starting point
to the origin point and its norm is the unity
and its direction is the positive direction of
the y-axis.

If M =(x,y)

"M =(x0) + (0,y)
=x(1,0)+ y (0, 1)

from definition of addition.

from definition multiplication.

:X_i\ + yT

Then: IMll=4 x2+y?
e |

4 ) Express each of the following vectors in terms of the fundamental unit vectors:

AM=027 B N =(4,-3) C T =(5,0)
@Solution

AM=2N+7] B N =4T -3

C L=-57 D 7=27
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& Try to solve

@ Express each of the following vectors in terms of the fundamental unit vectors, then find
its norm:

A M =(3,4) B N=(,-12) C T =(3,-6)

=

5 ) Find in terms of the two fundamental unit vectors. The vector which expresses each of the
following:

D Z =(7,0)

A The uniform speed of a car covered 90 km per hour in the east direction.

B  a force of magnitude 50 newtons acts on a particle in the direction 30° north of east.
O Solution

A Let the position vector of the speed of the car be OB = (x, y). Y

x=90 , y=0 . R X
. — S -
B =90 i
B Let the position vector of the given force be oC =(x, y)
Y A
.. x =50 cos 30° =25/3, ¢}
e o
, y =50 sin 30° = 25
—_— —~ —_— _ 30° l )£
C =25/3 i +25 j ~0 D >
\/
& Try to solve

@ Find in terms of the two fundamental unit vectors the vector which expresses each of the
following:

A The displacement of a body a distance 60 cm in the south direction.

B A force of magnitude 30 kg. wt acts on a particle in the direction 60° north of west.

Parallel and Perpendicular Vectors

—_— —_—
For every M and N are two non zero vectors

y A ﬁ D
where M = (Xl’ yl) , N = (X2 s y2) C
1-1EM // N - /B
y, Y : 2 ydd
then: tan O =tan 0, , - =-% = / ¢} P
X, X, N ¥A My N
and X, y, - X, y, = 0 and vice versa Y
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then: tan 6, > tan 6, = -1

EARR R
X, X,
and X, X, +y, y, =0 and vice versa X' ‘9 N X
vy M | N
Notice that:

If A =(24).8 =(63),C =453
then:_A\J__B\ because: 2 x-6+4x3=-12+12=0.
A // T because:2 x8 -4x4=16 -16=0.

P —

B L C Dbecause:-6x4 +3x8=-24+24=0.

Nl

6) If _A\ =(2,5), B = (K, -4), find the value of K when:

A A/B. B ALlTB.
@ Ssolution
A When T // B ,then the condition of parallelismis: 2x-4-5xK=0
S -8-5K=0 JK=-2

B f 1 B, then the condition of perpendicularity is: 2 xK +5x-4=0
S.2K-20=0 ,K=10

@ Try to solve

_

@) If A =(4.6),B =(6,-9).,C =(3.2).Provethat: oA/ B.B LC.C LA
Notice that

IfM=(x,y),KeR

then: K M =K (x,y) = (K x,K y)

If M is a non zero vector, K #0 then: M /K ™M

and: IIK M1l =IKI. Il Ml

where the direction of K M is the same as the direction of M for every K >0

the direction of K M is opposite to the direction of ™ for every K <0
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For example: Ay
M =2, 1) X
~ <= =
then: A=2M=22,1)=4,2) o 7 X
B=3M =32, 1)=(6,3) .
—_ —~ X' 7“\ = ;1§J\ X
C=-M=-2,1)=(2,-1) < 5 = >
D=-IM=3021D=(3-D =
as in the figure opposite. ,
vy
&> Try to solve
The lattice opposite represents congruent parallelograms.
First: express each of the following directed line = /[ / /j b / /
segments in terms of ™ and N N f / _\ /t /C /
A AB B TB C CE [ w7 ]
. . . [ 7 | |
D BC E BA FTE [ ] / T /
¢ o H DE Slv-o B A B

Second: deduce that AB =- BA and interpret that geometrically.

e Check your understanding

The following figure shows a representation of some vectors in the orthogonal coordinate
plane. Write each vector in terms of the two fundamental unit vectors.

\ —_

Q L -
A g /
/
6 /
4 \ Y \‘ //
N
| 7 - RN
| A
'T‘A - \
< X \9‘ '% 4 1 16 2 i
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# Exercises (3 - 2) *
\i%/ \i%/

1) On the lattice : A(3,-4),B (-12,5), C (-3, -6), Find the position vector for each of the
points A, B, C with respect to the origin O (0, 0), then find the norm of each of them.

2) Express each of the following vectors in terms of the fundamental unit vectors. Then find
the norm of each of them:

AM=(4,-3) B N=(@,6) o
CF =(5-12 D A=0,2V2)
E B=(34/3.,0) FC=v2,3v2)

3 ) Find the polar form of each of the following vectors:
AM=8/37 +87
B N=3/2 7+3v27
4)IfA =(3,2),B =(2,5,C =(0, 1)
A Write each of the following vectors in terms of the fundamental unit vectors
2B .,3C , A+B-C

5) Find in terms of the fundamental unit vectors, the vector which expresses:
A A uniform speed of magnitude 60 km/h in west direction.

B A force of magnitude 20 kgm wt . acts on a body in the direction 30° south of east

f
AMIN B M/T CNLT
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B FindaeR,ifM/T

The lattice opposite of congruent parallelograms. Express each of the following directed

line segments in terms of M and N.

A AB
C EC
E XE
G Y™
I BM
K FL
Activity

D

Draw M = (2, %)in the orthogonal coordinate plane, then represent geometrically each of the

following position vectors by directed line segments in the same plane:

86
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Operations on Vectors

First : Adding vectors geomitricaly

@ YA
}
i g

If AB represents the vector M and BC »
represents the vector |y where: -

™M=4,2.,N=(,5)

Write what equal to M + N . X 5

"><

Write the vector which represents AC vy

What do you notice? What do you deduce?

Triangle Rule of Adding two vectors

If AB represents the vector M and BC represents the vector N
Where point B is the end point of the vector
™ and is the starting point of the vector N.

Then: the vector M + N is represented by
the directed line segment AC

—_

ie: M+ N = AC , AB +BC = AC

This relation is known as "shal relation"

N

1) A ship covers 300 metres east, then 400 metres north to exit from
the port. Calculate the displacement of the ship until it exits from
the port. >

Matg

O Solution
1- Take a suitable drawing scale: every 1 cm represents 100 metres.
.. 3 cm represents 300 metres, 4 cm represents 400 metres.
2- Draw the path way of the trip by the drawing scale using
your geometric instruments , then the displacement vector

AC = AB * BC-
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L —a —

3- Measure the length of AC using the ruler (AC = 5 cm)
C

4- Norm of the displacement = length of drawing x drawing
scale = 5 x 100 = 500 metres. @@5

5- Direction of the displacement : 6 = tan’! (%) ~ 53° to the ¥
nearest degree.

[a] East
.. The ship is at 500 metres from the point of sailing in the

direction 53° north of East.

& Try to solve

@ A truck moved from site A a distance 80 km in the west direction, then 120 km in the
direction 60° north of west to reach site B. Find the magnitude and direction of the
displacement AB.

Important Notes:

1- Any two vectors ™ and N could be added (finding ™ N
their resultant) by constructing two consecutive vectors m
equivalent to the two vectors ™ and N as in the figure N
opposite . =
M w
2-  Shal rule of adding two vectors is true if the points A, B A 5 ©
and C belong to a straight line. A 5
In the three figures opposite , then AB + BC = AC c
C N B
3- AB + BA = AA = (0 (Identity element of addition
operation of vectors) A B
. BA is the additive inverse of the vector AB
ie. BA =- AB
Think: Deduce that the following statements are true: C
1-In AABC: AB + BC +CA = 0
A B
D
2- In the figure ABCDE: AB + BC + CD + DE = AE
E C
A
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Parallelogram Rule of Adding Two Vectors

If AB represents the vector ™M and AD represents the vector N D C
i.e. for the two vectors M and N , the same starting point to find = 5 X{*
™+ N, complete the parallelogram ABCD, draw its diagonal
AC then AD is equivalent to BC. (why?) A — B
M

—_

M+ N =AB + AD

—_—

=7AB + BC = AC ie. AB + AD = AC

This rule is known as parallelogram rule of adding two vectors.

Think: Deduce that the following statements are true:

2- In A ABD, if E is the midpoint of BD then: AB + AD =2 AE

ezompie] | ’*

2) In any quadrilateral ABCD, prove that: AB + DC = AC + DB

@ Solution C
In AABC: AB = AC +CB ) D
In ADCB: DC = DB+ BC @

From (1), (2) We get:

7B+ DC =AC TB+ DB+ BO ’ ’
= A_C\ + ﬁ +C_B\ +B_C\ (Commutative property).
= (A_C\ + ﬁ) + (EB\wL B_C\) (Associative property).
= E\ + ﬁ + _O\ (Additive inverse).
= E\ + ﬁ (Identity element property).
& Try to solve
@ ABCD is a quadrilateral in which BC =3 AD . Prove that:
A ABCD is a trapezium. B AC + DB =4 AD.

N

3) ABCD is a parallelogram , its diagonals are intersecting at M. N is a point in the same
plane. Prove that:

A AB+AD 2CM =10 B NA + NC = NB + ND
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O Solution N
A - ﬁ + E)\= ﬁ (1) parallelogram rule. D A
2CM = CA 2  (CM=MA).
add (1) and (2), we get
AB + AD +2 CM = AC + CA © B
- AC+CA=0 -.AB + AD +2CM = 0
B Draw NM
In A NAC: *.* M is the midpoint of AC ~.NA + NC =2 NM ().
In A NBD: *.* M is the midpoint of BD . NB + ND =2 NM (4).
From (3) , (4) we get: NA + NC = NB + ND.
@ Try to solve
@ ABCD is a parallelogram in which E is the midpoint of CB . Prove that:
AB + AD + DC=2 AE
Seconad : Subtracting Vectors geometricaly
In the figure opposite , ABC is a triangle:
AB - AC = AB +(- AC) (Definition of subtaction). <
= A_B\ + ﬁ\ (Additive inverse). ﬁ @\l
. . 2N
= CA + AB (commutative property).
= ﬁ (Triangle rule). 8 ﬁ B
i.e. AB - AC = CB
If AB represents the vector ™ and AC represents the vector N
then: 53\ represents ﬂ\ - N as ?C represents N-M™
Expressing the directed line segment AB in terms of the position vectors of
its ends: v A
IfFA(X,,y), B(X,y). A B
then: AB = OB- OA (subtraction rule).
where OB and OA are the two position vectors of the points B 0 “
and A respectively. :yQV >
-8 A

For example: If A (7,-1) ,B (2,5)then AB= B - A =(2,5) - (7,-1)=(-5, 6)
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Operations.on.Vectors :u
—_ =

=

4) ABCD is a parallelogram where A(2,-1),B (7, 1), C (4, 4). Find the coordinates of the
point D.

OSOIution
+AD // CB,LAD=BC . AD =BC
and_D\f_A\:E\f_B\ .'.D:_A\+?f_8\

ieD = 2,-H)+@&,4)-(7,1)=(1,2) .. the coordinates of the point D are (-1, 2)

@ Try to solve
@ ABCD is a quadrilateral in which A(-1, -2), B (9, 0), C(8, 4), D (0, 2).

Provethat: A AB = DC. B AB L BC.

N

5)If3 N -2AB =3CB +5 AB . Prove that N = CA.

O Solution
3N =3 CB+5BA+2AB (add 2 AB to both sides).
3N =3TCB+5BA-2BA (additive inverse of vectors).
3N =3 CB+3BA (subtraction operation).
3N =3(CB+BA)=3TCA . N =TCA.

& Try to solve

B)1f2 ™M +37AB =2TB - BA Prove that M = CA.

9 Check your understanding

In the figure opposite: ABCDEEF is a regular hexagon. Prove that:

AB + AC + AE + AF =2 AD.
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\#;' Exercises (3 - 3) \#;,

@ In the figure opposite: ABCD is a parallelogram , M is the intersection point of its
diagonals. Complete:

AAB= B BC= oo o

C AB+BC= . ... . . D AC+CD= o W

E BD+DC= o F CA+AD= ...

G AB+AD= ... H BC+DC= c B
| DA+DC= o J AM+MC=

K AB+AD= 2. ... . L AD+CD= 2.

M MA+MB= ... N AB+2BM = ..

@ In any triangle XYZ, Prove that: XY+YZ+ZX =0

@ In the figure opposite: ABCD is a quadrilateral, E € AB , F € CD. prove that: EB +BC
+CF =EA +AD +DF
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@ ABC is a triangle in which D is the mid-point of AB , E is the mid-point of AC.

Prove that : AE + CD = EB + DA.

@ In the triangle ABC : D, E and F are the mid-pointsof AB , BC , CA reprectively
.Prove that: AE + BF =DC

ABCD is a trapezium in which AD // BC ,—z%. Prove that: AC + BD :gAD
(@9 IfA=37 -27 ,B =1 -4]

Find:

A A 5B

B A — B

[ =

R

ABCD is a parallelogram, in which A(3, 0) , B (0, 4) , D( -2, -1). Find the coordinates of
the point C.

(11) ABCD is a trapezium in which A( -2, -3) , B (4, -1), C (2, 5), D(-1, k).

A If AB // DC. find the value of k.

C Find the area of the trapezium ABCD.
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Applications on Vectos

"+, First: Geometric Applications

S

In the quadrilateral ABCD:

1- IfAB=DC What do you deduce?

2- IfAB = g Dc What is the relation between AB and DC?

Notice that: 1f: AB =K DC, K # 0

then: AB // CD

You can use vectors and operations on them

to prove some theorems and geometric D

relations as follows:

=

1) Use vectors to prove that: in a quadrilateral, if two opposite
sides are equal in length and parallel, then the quadrilateral is a

parallelogram .
@ Solution
C
Given: In the quadrilateral ABCD: .
AB // DC,AB =DC
R.t.P.. BC // AD
A B

Proof: Draw AC
""AB=DC, AB // bC

. AB =DC

In AABC: AC = AB + BC (Definition of addition).

In AADC: AC = AD + DC (Definition of addition).
*AB = DC

. BC =AD and BC / AD

.". The quadrilateral ABCD is a parallelogram. Q.E.D.
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Applications.on.Vectos ‘u
—_ B —

=

2) Use vectors to prove that: the line segment drawn between the two A
midpoints of two sides of a triangle is parallel to the third side.

O Solution E D

Given: In A ABC: D is the midpoint of AB and E is the midpoint AC

R.t.p: DE / BC © B
Proof: °." D is the midpoint of AB .'.AD:%AB , AD :% AB
.- E is the mid point of AC S AE=1AC,AE =1 AC
In AABC: BC = BA + AC (Definition of addition). (1)
In A ADE: DE = DA + AE (Definition of addition).
=1 BA +1 AC =1 (BA + AC). ()
from (1) and (2) we get:
DE =1 CB . DE / CB Q.E.D
Notice that: Il DE Il =1 IBC | then length of DE = 1 length of BC

@ Try to solve

® ABCD is a quadrilateral, X, Y, Z and L are the midpoints of 'AB , BC , CD and DA
respectively , use vectors to prove that:

A  The quadrilateral XYZL is a parallelogram.
B ' Perimeter of the quadrilateral ABCD equals the sum of lengths of its diagonals.

=

3) Use vectors to prove that: the diagonals of a parallelogram bisect each other.

@ Solution L D A
Construction and proof: let M be the midpoint of BD .. BM = MD M

Draw the two vectors AM R MC then:

In AABM: AM = AB + BM (Definition of addition). /

In ACDM: MC = MD + DC (Definition of addition).

ﬁ/l\ = W)\ construction , A_B\ =D_C\ (from the parallelogram).

. AM = MC

AM and MC have the same direction and they have point M in common.
‘. Each of which lies on the same straight line i.e. A, M, C are collinear
cIAMI=IMC Il .. Mis the midpoint of AC ,M is the midpoint of BD "construction".

.. The diagonals AC and BD bisect each other Q.E.D.
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& Try to solve D ™ A
(2) In the figure opposite: ABCD is a trapezium, AD // BC ,
AD=1BC,AB =N N
A Express in terms of ™M and "N each of the following: L

BC, AC, DC, DB

B If Xe AC where AX = %AC. Prove that the points D, X and B are collinear.

Nl

4 ) Use vectors to prove that : the points A (1, 4), B(-1, -2), C(2, -3) are vertices of right angled
triangle at B.

@ Solution

InAABC:
AB =B - A , TB=1B - ¢C

=(-1,-2)-(1,4)=(2,-6) -1,-2)-(22,-3)=(3, 1
(2% (B3)+(6)x1=0 -.AB LTCB , m(/ B) = 90°
.". The triangle ABC is right angled at B.

&> Try to solve

@ Use the vectors to prove that: the points A (3, 4), B(1, -1), C(-4, -3), D(2, 2) are vertices
of a rhombus.

9 Check your understanding

ABCD is a square, if A(8, 2), B(3, -1), C(0, 4). Find by using vectors the coordinates of point
D and the area of the square.

Second: Physical Applications

Activity (1)

1- A force of magnitude 6 Newton acts in the East direction Fi=6New
on a wooden cube. We choose that: each 3 Newton can be —
represented on the drawing by a directed line segment of Fy=6New
length 1cm. What is the length of the vector which represents F,=3 New
this force? ?New
Additional force of magnitude 3 Newton acts in the East >

direction on the cube. What is the magnitude of the force
acting on the cube now? What is the length of the directed line segment which represents
this force on the drawing?
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2- When you try to move a book on a horizontal surface of a rough bench,
you may feel resistance of bench surface to move the book impetus
which is known as a friction force. If you move the book on the [——
surface of the bench, which of the two forces is bigger: the force  Fricionforce
acting to move the book or the friction force?

Resultant Force
The forces acting on an object are subjected to the process of adding vectors, the
result of this operation is known as the resultant forces acting on the object where

F=F +F +..

1 2

To find: the resultant force acting on the wooden cube:

_ . . . . € —_ NG
(1) Consider e is a unit vector in the East direction, — F - ¢
—_ —_— —_ —_ —_ —_ EEEEE— e
then F = F, + F, =6 e +3 e =9 e Fooi e
i.e.: F = 9 Newtons, and acts in east direction.
(2) To find the resultant force acting on the book when you try ° > oo

to move it by a force F, of magnitude 5 Newtons, ali the - —

magnitude of the friction force 3 Newtons, consider e is €
the unit vector in the direction of the book movement. f=-3 ¢

—_

.. The impetus: F, =5 )

—_

The friction force: F =-3 e

Then F =F, +F =5% 36 =2%6
i.e.: F =2 Newtons, acts in direction of movement of the book.

Units of force
Dyne - Newton
Gram weight (gm.wt)

@ Try to solve

N kilogram weight(kg. wt).
@ Find the resultant force F acting on each of the following:

70 New 70 New

30 kg. wt.

c D 15 kg. wt
O |HHIIHIIIHIIHH| >
30 kg. wt
. S
50 kg. wt 15 kg. wt

—o—=Eml| —

)
100 kg.wt B
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3- Ifthe forces: F, =21 + ] , F, =1 +7 ] , F, =1 -57] acton a particle,
Calculate the magnitude and direction of their resultant (forces are measured in Newton).
@ Solution
. The resultant force F = ?1\ + ?2 + ?3

—_—

CTF =1+ DTT +(1+7-5T

—_

=477 +37]

Magnitude of the resultant = I’ F =y (4)2+(3)2 =5 New.

Direction of the resultant: 6 = tan! (%) ~ 37°.

@ Try to solve

(5) Forces: F, =271 +3],F =a i + ], F =51 +b] actata particle.

Find the values of a, b If their resultant force F s as follows:

A F =57 27

B F =0.

Think: What does it mean by the resultant of many forces meeting at a point equals 02

Activity (2)

o

Relative Velocity

While you sit in a moving car (A), and notice the speed of another car (B) moving in the same
direction as the movement of the car (A). You feel that the speed of the car (B) is less than its
original speed. If the car (B) moved in opposite direction of the movement of car (A), you feel
that the speed of the car (B) is more than its original speed.

Notice that:

The relative velocity of the body (B) with respect to another body (A) is denoted by the
symbol W: It is the speed at which it seems the body (B) moves. If it is considered that the
body (A) is at rest .

If: TA\ is the actual velocity of car (A) and TB\ is the actual velocity of car (B).

then: | vV _ v

vV,, =V, -V

BA

_

Think what does it mean by Vv, ?
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@ A car (A) moves on a straight road with speed 70 km/h, A car (B) moves on the same road
with speed 90 km/h. Find the relative velocity of car (A) with respect to car (B) when:

A | The two cars move in the same direction.
B The two cars move in the opposite direction.
@ solution
Consider e is the unit vector in the direction of movement of car (A)

A The two cars move in the same direction:

—_— _ —_— —_— ? —_—
Vi =70 e 70 © 90 °©
V, =90 e ﬁ W
VAB= VA7 VB A B

=70 & -90 & =-20 &

i.e. The observer in car (B) feels that the car (A) moves towards him with speed
20 km/h.

B The two cars move in opposite direction:

?A=7O? — — -

—~ — 70 e € -90_6\

V, =-90 e -
=70 & ~(-90 & )=160 & A B

i.e. the observer in car (B) feels that the car (A) moves towards him with speed 160 km/h.

& Try to solve

@ A car moves on a straight road with a speed 90 km/h. If a motorcycle moved with speed
40 km/h on the same road. Find the velocity of the motorcycle with respect to the car
when they move in the same direction.
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\#*:? Exercises (3 - 4) @

A D
@ In the figure opposite:

ABCD, ABXY are parallelograms. prove using
vectors that the figure CXYD is a parallelogram.

@ In the figure opposite: N M
A B C is a triangle in which D € AB, E € AC. N N
DA=M , EA=N ,BD =2M ,

CE =2 N.Find BC interms of M and N

. . B
then prove that: BC // DE ©

@InthetriangleABC,De%whereBD:DC=3:2
provethat:2ﬁ +3AC =5AD
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@ ABCD is a trapezium in which AD// BC, A—S 9P
BC=3AD,AD=M ,AB=N - X
First: Express in terms of M and N each of: "
88,7 .BD .S .

Second: If Xe DB where DX :% XB
Prove that: the points A, X , C are collinear .

@ In the figure opposite:
FAB is a triangle in which FA =7 cm , FB =5 y2 cm,
m (4 A F B) = 135°.
Find using vectors the length of AB 542 cm

@ IfA(S’ 1) > B (2’ 5) > C (_2’ 3) s D (_5 > _4)
Prove using vectors that the figure ABCD is a trapezium.

If A(6, 5), B(8, -3), C (-2, -5) are vertices of the triangle ABC, find using vectors the
coordinates of the point of intersection of its medians.
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Activity (1)

First: Write in terms of the unit vector U the resultant of the forces shown in each figure

A B C
N AU
u m ‘1’
—> — > 20kgwt 80 gm.wt
12 newtons 20 newtons
<z ) > @ > 7
N 25 kg wt @
30 gm.wt
Y

Second: In each of the following: the two forces F: , F; act at a particle, show the magnitude
and the direction of the resultant of each two forces.

F, =15 Newtons acts in the east direction, F, =40 newtons acts in the west direction.

F, =34 g m wt acts in the north east direction, F, =34 gm. wt. acts in the south west
direction.
C F, =50 Dyne acts in 60° west of the north direction, F, =50 Dyne acts in 30° south
of the east direction.
D F, = 30 newtons acts in 20° east of the north direction , F, = 30 newtons acts in 70°
north of the east direction north.
Third:
Forces:ﬁ =7 _i\—5_j\ , F; =a _i\+3_j\ ,EE =47 +(b-3) j
act at a particle - Find the values of a , b If:
A ' the resulatant of a set of forces equals 4 -7 T

B Set of forces are in equilibrium.

Activity (2)

9) A controlling speed car (Radar) moves on the desert road at 40 km/h. It watched a car
coming from the other opposite road which seemed to be moving at 135 km/h. If the
maximum available speed on the road is 100 km/h. Is the coming car in violation of the
prescribed speed ? Explain your answer.

£
\157

For more exercises, please visit the website of Ministry of Education.
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Unitsummary

Scalar quantities: determined completely by their magnitude only such as length, area,
density.
Vector quantities: determined completely by their magnitude and direction such as
displacement, velocity and force.
The directed line segment: is a line segment which has a starting point, ending point and a
direction.
Norm of a directed line segment AB is the length of AB and is denoted by the symbol
IraBIl.
Two directed line segments are said to be equivalent if they have the same norm and same
direction.
The position vector: of a given point with respect to the origin point is the directed line
segment whose starting point is the origin point and its ending point is the given point.
Norm of vector: is the length of the line segment representing to this vector.
Polar form of the position vector r : Polar Form: Tt = (IIr Il, 6) where 6 is the measure of
the angle which the vector makes with a constant direction.
Zero vector is denoted by O or (_O\): and is known as O = (0, 0), the zero vector where:
IO II=110 Il = 0 and it has no direction.
Vectors: are elements of the set R? with the two operations adding and multiplying by a
real number defined on it.
Properties of addition operation on vectors: closure - commutative — associative — O is the
identity element - for every A € R? there exists - A € R2.
Properties of multiplying vector by a real number
Distributive property:

foreveryi,_B\eR%KeR then:K(X+§)=K A+KB

—_ ) . A_ —_ —_
forevery A eR’,K ,K, eR then: (K, +K) A=K, A +K, A

Associative property A € R>,K,,K,eR  then: (K, K,) A =K,(K,n)
Elimination property:

for every 7\\ B eR? ,KeR,if K 7\\: KB then TA\ = B and vice versa.
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Unitsummary
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>

The unit vector is a vector whose norm is unity

Th fundamental unit vector | is the directed line segment whose starting point is the
origin point and its norm is unity, and its direction is the positive direction of the x-axis

—_

is writtenas i =(1,0)

—_

Th fundamental unit vector 7j is the directed line segment whose starting point is the

origin point and its norm is unity, and its direction is the positive direction of the y-axis

—_—

iswrittenas j =(0,1)
Expressing the vector in terms of fundamental unit vectors If A= (a, ,a)

_ =

then A =a | +a, j

Parallel vectors: the two vectors M and N are said to be parallel if any directed line

segment represents one of both is parallel to any directed line segment representing the

other or contained with it in a straight line.

Perpendicular vectors: The two vectors ™M and N are said to be perpendicular if the

straight line which carries directed line segment representing the other.

Conditions of parallelism and perpendicular: If ™M , N are two non zero vectors where

™ = X5y, N = (X, y,)

—_ AN . .
then: (1) M // N if: X, ¥, - X,y, =0 and vice versa.
N

2) ™ L if: X, X, -y, y, =0 and vice versa.

Multiply a vector by a real number If ™M = (x,y).KeR

then K M =K (x,,y)=(Kx,,Ky)
If K # 0, M is a non zero vector, then M // K M
Direction of K M is the same as the direction of M for every K> 0

Direction of K M is opposite to the direction of ™ for every K <0

» Adding Vectors Geometrically

Traingle rule 2 C arallelogram rule
AB + BC = AC QD M |BA + BC =BE
A R B =2 ﬁ
N
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—' * Unitsummary

> Subtracting Vectors Geometrically: o ¢
AB - AC = CB ' A\
A — B
M

» Expressing AB in terms of the position vectors to its ends.

IfA(X,y),B(x,y,)then: AB = B - A

> Applications on vectors:

(1) Geometric applications (to prove theorems and solving life problems by modeling them).

(2) Physical applications (Activities)

Enrichment Iniormation

Please visit the following links.
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Analytic

Geometry

Y Unitobjectives

By the end of this unit, the student should be able to:

+ Find the coordinates of the division point of a line
segment internally or externally if the ratio of the
division is known.

} Find the ratio by which the line segment is divided
internally or externally if the coordinates of the
division point is known.

#+ Recognize the different forms of the equation of the
straight line.

+ Find the vector equation, parametric equations and
cartesian equation of the straigth line.

# Find the general form of the equation of the straight
M Key - Terms

= point of division
= direction vector of a Straight line
= Vector equation

2 parametric Equation

i

NNV

N\

line.

Find the equation of the straight line in terms of the
intercepted parts of the two axes.

Find the measure of the acute angle between two
straight lines.

Find the length of a perpendicular drawn from a
point to a straight line.

Find the general equation of a straight line passing
through the point of intersection of the two straight
lines.

Cartesian Equation
General Equation
Angle between two straight lines

Length of a perpendicular



-,kIM.

J i)“?‘

\\4 Lessons of the Unit

‘.o‘r‘_'.-‘ B R |

Lesson (4 - 1): Division of a line segment.
Lesson (4 - 2): Equation of the straight line.
Lesson (4 - 3): Measure of the angle
between two straight lines.
Lesson (4 - 4): The length  of  the
perpendicular from a point
to a straight line .
Lesson (4 - 5): General equation of the
straight line passing through
the point of intersection of
two lines.

v Materials

Scientific calculator — Computer — Graphic

M Brief History

programs
V Chart of the unit
Analytic Geometry is one of the basic / \
branches of mathematics because of its great
importance when studying mathematical ( Straight line )
sciences, physical applications and technical
sciences. It helped the study of space and its

engineering properties to the modern era ' y Y Y
and it is related to everything that is new, as | | Pvision °f""e] i ;Zﬁ;@ [beffvffn"tnwo Finding the length of
it is the key to interpret images in computer soment e suaightlines /| 2 e
science. (nternaty ) (_ vectorform )} v | v
Analytic Geometry is considered a gateway L
to the study of differential geometry (motion - — I |
engineering) and algebraic geometry where vectorof the perpenqicuua_na eulding an acute angle
the differential geometry specializes the shalghtline/ e stohtne
- - o= | (oo«
study of properties of geometric shapes as
curves and surfaces by applying differential ((Cartesian form )<
and integral calculus. Scientists innovated v
coordinate system consisting of the two e EE
orthogonal intersecting axes (x-axis, y-axis) line
by which we can express each point in the v

plane by two real number (x, y) using the
coordinate system, proved the properties
of the Euclidean geometry expressing
the straight lines and curves by algebraic
equations which are paths to general points
moving under conditions of the relation
between (x, y), the analytic geometry has
facilitated a lot of treatment in various \

Slope of a straight line

In the general form

In the vector form
Given two points

Given the tangent of
the positive angle with
the positive direction
of the x-axis

Forming an equation of the
straight line

Given the slope and a point |-

(Given two points lie on the striahgt Iine)‘—

( The slope and the y-intercept )4—

the two axes

The straight line passing throught the <
point of intersection of the two lines

EThe two intercepted parts of the]
<

branches of mathematics as it was one of the
factors of development and handle them
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Division of a line segment

.;5"@

You have studied before how to find the coordinates of the midpoint
of a line segment. Can you find the coordinates of the division point
of a line segment internally or externally given that the ratio of the
division?

First: Finding the Coordinates of the point of division of a

line segment by a certain ratio:

1- Internal division
IfC e AB , then point C

divides AB internally by the ratio m, : m,

m AC m
where —2 > 0 then — = -2
m CB

1 1

\JQ

and for the two directed segments AC , CB

_ -

The same direction i.e.: m x AC =m,x CB

Let A(x,,y,), B(x,, y,) and C(x, y) o

figure (1)

—_—
then r ,

OA, OB, OC respectively where O is the origin point for the
coordinate orthogonal system.

—_ —_ . . .
r, , r are vectors representing the directed line segments

Using subtracting vectors: m, (OC - OA)= m, (OB - OC)
o m(r -r) =m(r,-r1)
O —_— —_— —_— —_—
By distribution m r-mr =mr, -m,f
m T +m,r = mlT\+m272\
Then r(m+m) =m r +m,r,
m 1 +m r_ |whichis called the
ie.: r =L 1 2 &
My + M, vector form

108
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Division of a line
—_—

=

1) IfA(2,-1),B (- 3, 4), find the coordinates of point C which divides AB internally by
the ratio 3 : 2 in the vector form.

O Solution
Let C (x,y)
A 2,-1) T =2-D) , “"B(3,4) o =(3,9)
m,:m =3:2
T = m, T\ +m, To\
m1 +m2
L _ 22,-1)+3(-3,4) _ (4,-2)+(-9,12) (5 10)
- = 2+3 = 5 =(L2)

*. The coordinates of point C are (-1, 2)

Cartesian form:
m1(x1’ y1) + m2(X2’ y2) (m1 X1 + m2 X2’ m1 y1 +m2 y2)

x,y)= =
m1 + m2 I’T'I1 + m2
m, X, + M, X, m,y,+m,y,
From that we get: [(X,y) = < , )
m1 + m2 m1 + m2

2) Solve the previous example using the Cartesian form. gy
@ Solution

(x,y)=(22r3x8 2xdr3x4)-(-1,2)
@ Try to solve A (2,—;)
@ If A (4, 2), B (8, -6), find the coordinates of point C which divides BA internally by the

ration 1 : 3

2- External diviaion

If Ce AB .C ¢ BA, then C divides AB externally by the ratio m, : m, where —2 < 0 then
one of the two values m  or m, is positive and the other is negative, then the followmg figure
illustrates that there are two probablhtles.

Ce AB,C¢AB CePB.C¢AB
B (Xz’ y2) A (Xl’ yl) C (X, y) C (X, y) B (X2, y2) A (X], y])
r2 r r r1
o Figure (2) () Figure (3)
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3) IfA(2,0), B (1, -1), find the coordinates of point C which divides AB externally by the

ratio 5 : 4.
6 Solution

4 ............

T =(2,0, 7T, =(1,-1)

m .
,m,:m =5:-4 .. Fz < 0 negative by substituting C
=~ 1
~ m r o+m, T

, r = m, +m, mathematical formula for the rule

L~ 42,00+5(1,-1)

r = 4+5 by distributing
r =(-8+5,0-5)=(3,-5) by adding and simplifying

.". The coordinates of point C are (-3, -5)

Cartesian form:

_(-4x2+5x1 -4x0+5x-1
(x,y)—( -4+5 ’ -4+5 )

=(-3,-5)

Notice that:

If C is the midpoint of AB where A (x,,¥), B(x,, ¥,
then: m = m, = m then

—_

—_ r +r
roo=—% Vector form
X, +X, Y, +YVY .
x,y) =< : 5 2, %) Cartesian form

Q> Try to solve
(2) If C (2, 4) is the midpoint of AB where A (x, 4), B (1, y) find the value of x and y

Second : Finding the ratio of Division
If point C divides AB by the ratio m, : m, and:
1- The ratio of division % > 0 then the division is internal.

1

2- The ratio of division # < 0 then the division is external.

4)1IfA(5,2),B(2,- 1), find the ratio by which AB is divided by the points of intersection of

‘AB with the two axes, showing the type of division in each case, then find the coordinates
of the division point.
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Division of a line se
—_—

0 Solution
First: let the x-axis intersects AB at point C (x, 0) Ny
&_2 . _m1y1+m2y2 3
where CB — m, then: y= 4m1 m, ; (5’ 2)
0= m, (2) + m, (-1) _ 2m, -m, . m, 7
m, +m, m1+m2rn ) . o) m_C' X:
.2m =m, S =S (ratio of division) 21112734356
m, 1 = 5
..my 2
S >0 N
*. The division is internal by the ratio 2 : 1 -
Y
. m, X, + m, X
‘. The coordinates are C <#, O) = (M, O)
rn1 + m2 1+2
=(3,0)
Second: The straight line intersects the y-axis at point D
X
Let the coordinates of D be (0, y) 4y
2
where 2 — M then x = M % * M X > (5,2)
DB m, m, +m, B L1 A
,'0:m1X5+m2X2 J T Ele) X
m, +m, " 5 TR 12434360
. — _ . T2 __ 9 . Lo =1 g
.2m,=-5m, M =3 (ratio of division) > EL/B @, )
m2
20 -3
m, /, D
*. The division is external by the ratio 5 : 2 y

The coordinates of the point D are (0, y) = (O s %)
. (0,-3)

Think: In the previous example , use the vector form to find the ratio by which AB is divided
by the two axes, then find the coordinates of the point of division.

&> Try to solve

(3) If A (- 4,3), B (8, 6),C e AB where C (x, 0), find the ratio by which AB is divided by
point C showing the type of division, then find the value of x.

9 Check your understanding

1) If A (0, - 3), B (3, 6), find the coordinates of point C which divides BA internally by the
ratio1 : 2

2 ) Distance:

A bus moves from city A to city B where A(5, - 6), B(- 1, 0), it stopped twice during its
movement. Find the coordinates of the two points at which the bus has been stopped if:
A 1t stopped at the middle of the road.

B It stopped at two thirds of the road from city A.
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ﬁ\ Exercises (4 - 1) \#\/

\i%/

First : complete each of the following op A

1) In the figure opposite: AD is a median in A ABC , M is the
intersection point of the medians, where A(0, 8), B(3, 2), C(-3, 5)

A The coordinates of the point Dis (... R )
B The coordinates of the point M is (... s ) 3.5

(3.2)

2) In the figure opposite: If A (2, 3), B (-1, 7), C and D are N

points on the coordinate axes B \
E ©.y

A Cdivides AB ... . by theratio .. ......: ...
B Ddivides AB by theratio . .. .: .. A 2.3
C *.0)

@) X
D The coordinates of the point Dis (... 3 ) A 4

C  The coordinates of the point Cis (... . s )

A

Second : Answer the following questions

3) If A(8, -4), B(-1, 2), find the coordinates of the points which divide AB into 3 equal parts

4)If A3, 1), B(- 2, 5), find the coordinates of the point C which divides AB internally by
the ratio 2 1 3. e

5) If A(1, 3), B(-4, -2), find the coordinates of the point C where C € AB where 3AC = 2CB

6) If A2, 5), B(7, -1), find the coordinates of the point C which divides AB externally by
the ratio 3 : 2

7) IfCe E,&, C¢ AB and A(3, 1), B4, 2) , AC = 2AB. find the coordinates of the point C.

8) If A, B and C are three collinear points where A(2, 5), B(5, 2), C(4, y). Find the ratio by
which the point C divides the directed line segment AB showing the type of division, then

find the value of y.

112 Mathematics - First form secondary



Equation of the straight line

g

You have studied before the general equation of the straight line

which is:

ax + by + ¢ = 0 where a, b # 0 and represented it graphically by

a straight line.
Which of the following relations represents a straight line?

A

D

3x -2y =5 B y=vx +1 Cy=3
_ 1 X y _
x-y2 =0 E y+7_2 F ?___1

Notice that the equation ax + by + ¢ = 0 where a, b are not equal

to zero together is called the general form of the equation of the

straight line.

1-

Ifb=0,a#0

ie:x=- % which is an equation of a straight line parallel to the

y-axis passes through the point (- % ,0)

Ifa=0,b#0 then: by +c =0

iecy=- % is an equation of a straight line parallel to the x-axis
and passes through the point (0,- %)

Ifc=0 thentax+by=0
which is an equation of a straight line passes through the origin.

then: ax +c=0

Try to solve

Which of the following straight lines is parallel to the y-axis,
which of them is parallel to the x-axis and which of them passes
through the origin point, then find the coordinates of the points of

intersection with the two axes (if found).
A 2x+3=0 B x+ 3y =0
C 2x+3y=12 D y-5=0

Critical thinking: If L is a straight line, F is a point in

the plane and F ¢ L. How many straight lines pass through F

point F and parallel to the straight line L.?
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Slope of a straight line

You have known before that to determine a straight line
completely there are two conditions such as: a given point , and
the slope of the line. As you know also the slope of the straight

X, y)

line (m) which passes through the points (x,y,) , (X,, y,) equals%
Note(1) If L /L, then m =m,
i.e. if two straight lines are parallel, then they have the same slope and vice versa.
(2 IrL LL thenm, xm, =-1

i.e. the product of slopes of two perpendicular straight lines equals -1 and vice versa.

@ Try to solve

@ Find the slope of the straight line passing through each pair of the following points and
show which of these lines are parallel and which are perpendicular:

A 3,1),(-2,5) B 4,0),(2,-1)
C (7,-1),(3,-3) D (-5,-2),(-1,3)

uﬂm Direction vector of a straight line

Every non zero vector can be represented by a directed line segment on
a straight line is called a direction vector of the straight line L.

If the points A, B, C e L then AB , BC , CA are direction vectors of the straight line.
For example: If U = (2, 1) is a direction vector to a straight line,
then each of the vectors (4, 2), (-2, -1), (1, 2),... A/C_/»/‘/'
is a direction vector to this line.
In general If U= (a, b) is a direction vector to a straight line,

then K U where K e R — {0} is a direction vector to the same straight line. Why?

Q> Try to solve

@ If u = (2, -3) is a direction vector to a straight line, then which of the following is
a direction vector to the same straight line?

A (-2,3). B (-2,-3).
C (2,3). D (6,-9).
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Equation of the straight
—

Equaltion of the straight line given a point belonging to it and a direction
vector to it

First: Vector form

To determine the equation of the straight line passing through the point A and the vector
U is a direction vector to i,

Let point B belong to the straight line L and the vectors.

—_

r , A are represented to the two directed line segments

OB, OA respectively, where O is any point in the plane.

I ——

then, there is a number K € R — {0} where AB=Tr - A=Ky

R . —

Then: r = A +K u

This form is called the vector equation of the straight line L. which passes through point A and
Tu is its direction vector.

N

1) Write the vector equation of the straight line which passes through point (2, -3) and its
direction vector is (1, 2).

@ solution
Let the straight line pass through point A (2, -3) and o= (1,2)

—_ N
r=A+Ku vector form of the equation of the straight line.

.. The vector equation of the straight line is T = (2,-3) + K(1, 2).

@& Try to solve

@ Write the vector equation of the straight line which passes through the point (- 4, 3) and
the vector (2, 5) is its direction vector.

. . B ®xy
Second: The parametric equations

The vector equationis 1 = A +Ku

If A (x,,y,), B (x,y) are two points in the orthogonal

coordinate system, O is the origin point and U =(a,b)

then the equation of the straight line is (x , y) =(x,,y,) + K(a, b)

Then: x=x,+ka , y=y +kb

which are the parametric equations of the straight line passing through point (x, y,)

and the vector u = (a, b) is its direction vector where. K € R — {0}.
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A
——— a
=

2) Write the parametric equations of the straight line passing through point (4, -3) and its
direction vector is (2, 3).

@ solution
LetA4,3)eL, u =(2,3)
.. The vector equation of the line L is (x, y) = (4,- 3) + K(2, 3) vector form
thenx=4+2K , y=-3+3K are the parametric equations

@ Try to solve

@ write the parametric equations to the line passing through the point (0, 5) and its direction
vector is (-1, 4).

Third : Cartesian Equation

Eliminating K from the parametric equations : x =x, +ka , y=y, +kb

. x-x, Y-V, . b Y-y,

We get the equation:  —— =~ ie: g =5Tx
Put% =m (where m in the slope of the line), then the equation becomes in the form: m = Z i‘
1

N

3 ) Find the Cartesian equation of the straight line which passes through the point (3,-4) and
its direction vector is (2, -1)

@ solution

m= i Slope of the line m =

2 a
Y-y, . . . . . . .
m= % equation of the line given its slope and a point belonging to it.
1
1 y-(-4) -1
2 " x-3 m=72%=3y,=-4
2y +8=-x+3 Product of means = product of extrems.
x+2y+5=0 general form.

& Try to solve

@ Find the cartesian equation of the straight line passing through the point (3, -4) and makes
45° with the positive direction of the x —axis.

Critical thinking: Find the vector equation and cartesian equation

to the straight line passing through the point (x, y,) and its Direction vector to the
direction vector u = (a,b) in each of the following cases: line passing through
First: if the line is parallel to the y-axis. the origin point and

Second: if the line is parallel to the x-axis. the point (x,, y,) is

u =(x,y,)

Third: if the line passes through the origin. and its slope is %
1
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Equation of the straiihig

u‘m The perependicular direction vector of a straight line

If u = = (a, b) is a direction vector of a straight line then which y 1 i
of the family vectors are in the form K (b, -a) wEre KeR-{0} A /‘

isa perpendiculf\direction vector to the vector u . T

Conversely if N = (a, b) is perpendicular to the straight line , 5K
then which of the family vectors are in the form K (b, -a) where K | — X:
€ R - {0} is a direction vector of the line. Oy

For example: If U = (3, 2) is a direction vector of the straight line , then its perpendicular
direction vector is (-2, 3), (2, -3), (-4, 6), ...

@ Try to solve

® Ifu = (%, 1) is adirection vector to the line, then all the following vectors are perpendicular
to the line except the vector:
A (,-D) B (2,-1) C (1,-) D (4,-2)

==

4 ) If the straight line passing through the point A (- 3, 5) and the vector (- 1, 2) is perpendicular
to it, then find :
A The vector equation of the straight line.
B The Cartesian equation of the straight line.

@ solution
A - The line passes through the point A (-3, 5) and is perpendicular to the vector (-1, 2).
*. The direction vector of the line is u = 2,1)
*.* The vector equation of the line is: T =A+K7Uu
T =(3,5+K(2, 1)

B -. The equation of the line whose slope "m" and passes through the point (x,,y,) is:

m=2Y
X=X
.1_Y-5 . _
5T 353 S.x+3=2y-10

Then x — 2 y + 13 =0 is the Cartesian equation of the line.

Think: Find the Cartesian equation of the same straight line by eliminating k from the two
parametric equations.

@ Try to solve

If the straight line passes through the point A (2, - 3) is perpendicular to the vector
U =(- 1, 2) then find:
A The vector equation of the line. B The parametric equations of the line.
C The Cartesian equation of the line.
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um The Equation of the straight line in terms of the two intercepted parts

from the two axes
We know that the equation of the line whose slope (m) and intersects a part from the y-axis
of lengthbisy=mx +c
From the figure opposite , we get
The slope of the line passing through the points (a, 0), (0, b) is: m = ? (why?)
Y-y,

X m equation of a line given the slope and a point
! A

y-0 b - , . . ,

— =z substituting the coordinates of the intersection points

X-a a .5

ay=-bx+ab product of means = product of extrems

bx + ay = ab Divide both sides by a b b
X Yy (a,0)
2+l =1 < >
a b ’ \

\ / a

N

5) Find the intercepted parts from the two axes by the straight line whose equation is :
3x+4y-12=0

@ Solution
Put the equation in the form % + % =1
XY
g tE = 1 (Why?)

.". The lengths of the intercepted parts from the x-axis and from the y-axis are 4 and 3
respectively

&> Try to solve

@ Find the intercepted parts from the two axes by the straight line whose equation is:
5x-3y=15

9 Check your understanding

Find the general equation of the straight line in the following cases:

A Tt intersects the two axes at the points (3, 0), (0, - 4).

B It passes through the point (3, 1) and is parallel to the straight line whose equation
2x-3y+7=0

C It passes through the point (0, - 1) and its direction vector is (2, -3)
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Equation of the straiiht lg

#\ Exercises (4 - 2) \#\/

\1%,

First: Complete each of the following

1) If the straight line passes through the points (3, 0) , (0, 2) is parallel to the straight line
whose equationy =ax —3,thenaequals ...

2) The vector equation of the straight line passes through the point (3, 5) and parallel to the
K@XES S e

3 ) The cartesian equation of the straight line passes through the point (-2, 7) and parallel to
T8 Y@K S e

4) The vector equation of the straight line passes through the origin point and the point
(L, 2 A oo

5 ) The equation of the straight line which makes 45° with the positive direction of the x-axis
and cuts 5 units from the positive part of the Y=—axis 1S ...

6) The cartesian equation of the striaight line which cuts the positive parts of the x-axis and
the y—axis with magnitudes 2, 3 1€SPeCtiVely 1S ...

7) Area of the triangle enclosed by the x-axis and the y - axis and the striaight line
2X + 3y =0 @QUALS e

Second : Answer the following questions

8) If A (3,-2),B (5, 6), C (1, -2) Find the slope of each of the following straight lines:
AB ,AC ,BC e e

9) If the equations of the straight lines L, , L, are 2x — 3y +a =0 and 3x + by -6 =0
respectively , Find:

A The slope of the straight line L,

B The value of b which makes the two lines L , L, parallel equals

C  The value of b which makes the two lines L , L, perpendicular equals

D  If the straight line passes through the point (1, 3), then find the value of a.

10) If the straight line whose equation ax — 4y + 5 = 0 makes an angle whose tangent is 0.75
with the positive direction of the x-axis, then find the valueofa. ...

11) Find the vector equation of the straight line whose slope % and passes through the point
72 1

12) Find the parametric equations of the straifht line which makes 45°with the positive
direction of the x-axis and passes through the point (3, =5). ...

13) Find the vector equation of the straight line which passes through the points (2, -3), (5, 1)
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19

20

21

Find the general equation of the straight line which passes through the points (5, 0), (0, -7)

If A0, 2), B(2, 1), C(-2, 3) are three points in the plane, find the vector equation of the

straight line AB , then prove that the points A, B and C are collinear .

If A(5, -6), B(3, 7), C(1, -3), find the equation of the straight line which passes through
the point A and bisects BC.

Find the cartesian equation of the straight line which passing through the point (3, -5) and

parallel to the straight line whose equation is x + 2y — 7=0

Find the vector equation of the straight line which passing through the point (5, 7) and is
perpendicular to the straight line whose equation is T = 3,0+K#4,3)

If A(1,4), B(-4, 6), find the equation of the straight line which passing through the point
of division of AB internally by the ratio 2 : 3 and is perpendicular to the straight line

whose equation is 5x —4y - 12=0

Geometry: AB is a diameter in the circle M, if B(- 7, 11) , M(- 2, 3), find the equation
of the tangent to the circle at the point A.

Geometry: If the straight line whose equation 3x + 4y — 12 = 0 intersects the x-axis and
the y-axis at A and B respectively. Find:

A Area of A OAB where O is the origin point.

B The equation of the straight line which is perpendicular to AB and passes through its

midpoint.
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Measure of the angle between two straight lines

You
L l Measure of the acute angle between two
straight lines )
If O is the measure of the acute angle between the two straight lines a
L,, L, whose slopes m , m, respectively then: y 4 s
o-I7
tan O = Tam m, where m m, # -1

e | A

1) Find the measure of the acute angle between the two straight
lines whose equations are
3x-4y-11=0, x+7y+5=0

@ Solution Key
A We find the slope of each straight line:

3 3 Remember > A
m ==z slope of the first line Slope of the straight |
- li h ti
m, = 4 slope of the second line tne whose equation
7 ax+by+c=0
m, -m, _
tan O = |7 m, m, Formula equals 2
3 (1
i (- 7)
tan O = 143 (C1 substituting the values of m,, m,
4 7
3.1 21+4
1 - 3 28-3
28 28
9 = 450 Mat

Oral exercises:
Mention the relation between the two straight lines L, L, in the 5
following cases:

A If the tangent of the angle between them equals zero.
B If the tangent of the angle between them is undefined.

C If the slope of the first is m  and the slope of the second is m,,
mention the relation between m , m,in A and B .
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& Try to solve

@ Find the measure of the acute angle between each of the following pairs of straight lines:
AT =(0,2)+KG, D, T =(0,5+K(,2)
B x+2y+3=0, x-3y+1=0 C 2y=3, 2x+y=4

=

2) Geometry: ABC is a triangle in which A (0, 5), B (2, -1) and C (6, 3). Prove that the
triangle is isosceles, then find the measure of angle A.

@ Solution

The distance between two points = 4/ (X, = X,)2 + (Y, — ¥,)? formula
AB={(0-22+(6-(1)? =2/10
AC=/(0-67+(E-37 =2/70

BC=,/2 67+ (1-3° =42

. Note
The triangle is isosceles because AB = AC When usiné the
We notice that (BC)> < (AB)? + (ACY? formula of the angle
between two lines to
ie. / Ais acute find the measure of
-(- — the interior angle of a
m1=5 )= 3 Slope of AB ) men &
0-2 triangle , you have to
m, = % =- % Slope of AC find first the type of
m, -m, this angle (acute- right
tan O = ‘ T+m m, Formula - obtuse)
3-( %) 4
tan A = 1|73 Substituting the values of m,, m,
14+(3) §)
m(/ A)=53°7"49" Use the calculator

& Try to solve
@ In the previous example, find the area of the triangle A B C to the nearest hundredth.

9 Check your understanding

1) Find the measure of the acute angle included between the two straight lines

—_

T =(2,0)+K(-2, 1), T =(3,1)+K(6,3).

2) Find the measure of the acute angle included between the straight line x - 2y + 3 =0
and the straight line passing through the points (4, -1), (2, 1).

3) AB C s a triangle in which A (0, 2), B(3, 1), C(-2, -1). Find the measure of angle A
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Measure of the angle between two straiiht lig
——

#\ Exercises (4 - 3) \#\i

\i%,

First : Complete each of the following
1) Measure of the angle between the straight lines whose slopes 2 , % equals
2) Measure of the angle between the straight lines whose equation x = 3 , y = 4 equals

3 ) Measure of the acute angle between the straight line whose equation o= 2,2) +t(1,1)
and the straight line whose equation x = 0 equals

4 ) If the two straight lines whose equations ax + 3y — 7 =0 and 2x — 3y + 5 = 0 are parallel,
then a equals

5) If the two straight lines whose equations ax + 7y — 9 = 0 and 7x — 2y + 12 = 0 are
perpendicular then a equals

3
g

Second : Activity
The figure opposite shows a triangular piece of land, its vertices are A
(6,0),B (-6,0), C (0, 6). Complete each of the following:

6 ) Measure of the acute angle between 'AC and the x-axis equals ... E

Y]

— PR

\ 23

7 ) Measure of the angle between the straight lines ‘AC and BC equals

8) The vector equation of the straight line AC is

9) The vector equation of the straight line BC is

10 Thf:_c?rtesian equation of the straight line which passes through the point C and parallel
to AB is

11) Area of the triangle ABC equals

Third : Choose the correct answer from the given answers

12) Measure of the acute angle between the straight line which passes through the points
(0, 1), (-1, 0) and the positive direction of the x-axis equals:
A zero° B 45° C 60° D 90°

13) Measure of the acute angle between the straight line whose equation T o= 0,3)+t(1, 1)
and the straight line whose equation x = 0 equals:
A 30° B 45° C 60° D 90°

14) Measure of the acute angle between the straight lines whose equation v 3 x —y =4 and
y = 3 equals
A 30° B 45° C 60° D 90°
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15

The straight line perperpendicular to the straight line whose equation
Tt =(0,5)+t(+3 , 1) and makes an angle of measure ... with the positive direction
of the x-axis

A 30° B 60° C 120° D 150°

Fourth : Answer the following questions

16

19

20

21

22

Find the measure of the acute angle between each of the following pairs of the straight
lines whose equations are:

A T =(5,0,x-y+4=0

B 7 =0, 1+t(1,1),2x—y-3=0

Cy - V3x-5=0,x-+y3y-6=0

Prove that the triangle ABC is right at B where A(5 , 2) , B2, -2) , C(- 2, 1), then
calculate the area of its surface.

If O is the measure of the acute angle between the straight lines whose equations
x—6y+6=0,ax—2y+4=0andtan9=%,thenfindthevalueofa.

. _ : _ XY . :
IfL:ax-3y+7=0,L,:4x+6y-5=0,L;: 3 "o = 3, then find the value of a which
makes:

A L /L,
B L 1L,
If the measure of the acute angle between the straight lines whose equations

x+ky—-8=0,2x—-y—-5=0equals %, then find the value of K.

If the triangle ABC is right at B where A(2, 3) , B(5,7) , C(1, y) , find the value of y , then

find the measure of the other two angles.

A ABC is a triangle in which A(5, 7) , B(1,5),C (4, 2)

A Find the coordinates of the point D which divides BC internally by the ratio 1 : 2
Prove that AD L BC
Prove that AD = BC

Find the measure of the acute angle B

m O O @

Find area of the triangle ABC.
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The length of the perpendicular from a point

to a straight line

L N You

Finding the length of the perpendicular from a point to
a straight line

If the point (x, y,) does not belong to the straight (. y)
line whose equation is ax + by +¢c =0

then length of perpendicular (L) drawn from this

U %
point to the straight line is determined by the relation:
|a X, +by, + c|

4 a2+ b?

N

1) Find the length of the perpendicular from the point (4, -5 ) to the Key
straight line r = (0, 2) + K4, 3).

L=

@ Solution » P
Let (x,y)=(0,2)+K (4, 3) >s
. x=4K , y=2+3K (parametric equations to the vector equation)
x = g by eliminating K
4 3
3x =4y -8 Product of means = product of exterems
3x -4y +8=0 Cartesian equation
lax, +by, +c]
= W Formula
Substituting:a=3 , b=-4 ,¢c=8, x,=4 ,y =5
L:|3x4-4x-5+8| Matg
N
_l2+20+8 40 a0 v

Toxie /5 =5 = 8 unit of length
+

.
/@/\ Try to solve

1) Find the length of a perpendicular drawn from the point (2, -5)
to the straight line:

T =(-1,0) + K(12, 5).
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@ Oral exercises: Write the length of the perpendicular from the point A to the straight
line M in each of the following cases:

A AO0,0) ,M:ax+by+c=0
B Ax,y).M:y=0 C AKx,y)., M:x=0

S ,

h Y
5
2 ) In the figure opposite: Find the length of the perpendicular drawn 4
from the point A (6,-2) to the straight line passing through the points 3
B (4, 4), C (1, 0), then find the area of the triangle ABC. ?
Heo X
O Solution <-2-11 23 4 5 6=
) A
= Yo7 ¥y Formula ps A
X=X, I 4 _j
C(L,0),B4,4) Y
“m= % = % Substituting the point (4, 4), (1, 0)
m= % equation of the line given the slope and a point belonging to it
1
4_y-0 ituti _4
3= X- substituting m = 3
Then: 4x —3y—-4=0 Cartesian equation
lax, + by, + cl
L= = formula
J az+b?

length of the perpendicular from the point A (6, -2) to the line : 4x -3y -4 =0

. - -o. 24+6-4 .
is: L= l4x6-3x-2-4] :l * |—&:S%umtoflength

Va3 J 25 5
Consider BC is the base of the triangle ABC

" BC =y (%, - X2+ (Y, -y, formula

= «/ (4-1)2+ (4 -0)2 =5 units substituting the points (4, 4), (1, 0)

Area of the triangle ABC = % length of base x height formula

= % x5 x% = 13 square unit

@ Try to solve

@ Find the length of the perpendicular drawn from the point (5, 2) to the straight line which
passes through the points (0, -3), (4, 0)

9 Check your understanding

1) Roads Two adjacent roads, the path of the first road is represented by the equation
3x — 4y — 7 = 0 and the path of the second road is represented by the equation
3x —4y + 11 =0.

Prove that the two roads are parallel, then find the shortest distance between them.

126 Mathematics - First form secondary



The length of the perpendicular from a point to a straiiht lg

#\ Exercises (4 - 4) \#\/

\i%/
Activity
First : Complete each of the following: 20 c
1) The figure opposite shows karim's house A (2, 0) and the : /
school B (7, 0) and the mosque C (4, 6): Complete each of the [ a
. 2
following: . ] /
A The equation of AB is - A B,
Oy 13t X

B The length of AB equals

C Shortest distaence between the Mosque C and the road from the house to the school
equals

D Measure of the acute angle between the straight lines AC and Y =0 equals

Area of (A ABC) equals

Second : Multiple choice

2) Length of perpendicular from the point (- 3 , 5) on the y-axis equals

A2 B 3 C5 D 8
3 ) The distance between the straight lines whose equations y —3 =0, y + 2 =0 equals
A B 2 CcC3 D5
4 ) Length of perpendicular from the point (1 ,1) to the straight line whose equation x +y =0
equals
A ] B /2 cC 2 D 2/%

5) If the length of perpendicular drawn fron (3 , 1) to the straight line whose equation
3x -4y + ¢ =0 equals 2 unit of length, then C equals

A Zero B 3 C 5 D 7
6 ) Find the length of the perpendicular drawn from A to the straight line L in exercises
A - D
A A(0,0) , L: 7 =(0,5+t3,4
B A(2,-4) , L:12x+5y-43=0
C A(5,2) , L:8x+15y-19=0
D A(-2,-1) , L7 =0,-7+t(1,2)

Student book - Second term 127



7

1

12

13

Find the lengh of the radius of the circle whose centre (- 2 , 5), and touches the straight
line whose equation 3x +4y + 1 =0

Prove that the straight lines whose equations 3x — 4y — 12 =0 and 6x — 8y + 21 = 0 are
parallel , then find the distance between them.

If A4 ,3),B(-2,5),C(- 1,-2) are vertices of the triangle ABC , Draw BD L AC.
A Prove that A ABC is an isosceles triangle
B Find the equation of BD

C  Find the length of BD

ABCD is a parallelogram, if A(- 3, 2), B(2, 3) , C(5, 7). Find the coordinates of the
vertex D, then find the area of the parallelogram .

Geometry: Acircle of centre the origin point in which two chords whose equations
4x — 3y + 10 =0, 5x — 12y + 26 = 0. Prove that the two chords are equal in length.

Geometry: ABCD is a trapezium in which AD // BC , if A(2, 1), B(5, 3), C(6, 1), D(4, y).
Find the value of y, then find the area of the trapezium ABCD.
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General equation of the straight line passing through the point of
intersection of two lines

p m @ You

You have studied before how to find the two coordinates of the point t
of intersection of two non parallel straight lines p
ax+b y+c =0,a,x+by+c,=0 i
Is it possible to find the equation of several lines passing through the
point of intersection of the previous straight lines?

L General equation of the straight line passing
k through the point of intersection of two given
lines

*.* Aninfinite number of straight lines can pass through a given point.

.. The equation which represents all straight lines passing through Key
the point of intersection of the two lines.

ax+by+c =0,ax+b,y+c,=0is: b

m(a x+b y+c)+l(a,x+b,y+c,)=0,meR,/eR (1) s

In the case of m =0, we get the equation of the second line.

In the case of / =0, we get the equation of the first line.

In the case of m # 0 , [ # 0, we get an equation of a straight line

passing through the point of intersection except the original straight

lines , In this case we can write equation (1) in the form:

ax+by+c +k(ax+by+c)=0 @)

N

1) Find the equation of the straight line passing through the point A
(- 2, 4) and the point of intersection of the two lines:

> S

x+2y-5=0, 2x-3y+4=0
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O Solution
ax+b y++k(ax+b,y+c)=0 general equation
Xx+2y-5+k(2x-3y+4)=0 substituting the two equations
-2+2x4-5+k(2x-2-3x4+4)=0 substituting x=-2, y=4
1-12k=0 ie k= 11—2 Simplify
X+2y—5+11—2(2x—3y+4)=0 Substituting the value of k
12x+24y—-60+2x-3y+4=0 multiply both sides by 12
14x+21y-56=0 Simplify
2x+3y-8=0 Divide both sides by 7

&> Try to solve

@ Find the equation of the straight line passing through the point A (2, -1)
and the point of intersection of the two lines: 7x +y+3=0,5x-y-3=0

= .

@ Prove that the two straight lines 2x -3y +4 =0, r =(1,2)+k (-2, 3) are intersecting
orthogonally, then find their point of intersection:

@ Ssolution
—2_2 -3__3 i
m = 33 ° m, = 5= 5 Slope of the two lines.
.om xm,= % X — g =-1 condition of perpendicular two straight lines.
m xm.=

.". The two straight lines are intersecting orthogonally.

A To find the point of intersection of two straight lines, we find the Cartesian equation
of the second line .

X y)=(1,2)+k (-2, 3)

x-1 y-2 o
o — 3 Eliminating the constant k.
3x-3=-2y+4 Product of means = product of extrems.
3x+2y—-7=0 Simplify
2x —=3y+4=0, 3x+2y—-7=0 solve the two equations simultaneously
wx=1,y=2

Then the point of intersection of the two orthogonal straight lines is (1, 2)

& Try to solve

@ Prove that: the two straight lines x — 4y + 14 =0 and 4x + y + 5 = 0 are perpendicular, then
find their point of intersection and the equation of the straight line passing through the
point of intersection and the point (2, 1).
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General equation of the straight line passing through the point of intersection of two li%

9 Check your understanding

—_

IfL:3x+2y-7=0,L;: r =(2,0)+k(3,2).
Then find:
1) The Cartesian equation of the line L,

the measure of the angle between the two lines L , L,
The point of intersection of the two lines L, L,.

The equation of the line passing through the point of intersection and the point (3, 4)

0 (&) (W (N

The length of the perpendicular drawn from the point of intersection of the two lines to
the straight line whose equation is 3x -4y -9 =0

6) Area of the triangle determined by the two lines L,, L, and the x-axis.

Activity
T T A AT iy s
The figure opposite shows a lattice divided by sea mile, A Fort|
and shown on it the coordinates of each of: the port A tebmd - : LT |
(4, 5) the island B (-6, 3) and the ship C (-2, -3). BT 3
Find: . ; R
) ) . . EEENEREVAENFEEESE
1) The distance in sea mile between the port and the ship. N A

2) The time taken by the ship to cover the distance AB If Ship—y

its speed was 20 knots.

1
B

<
<

3) The ratio by which BC is divided by the x-axis , then find the
coordinates of the point of division.

4 ) The equation of the path of the ship, if it moves in a straight
line.

The knot is a unit of
measuring the speed
5) The shortest distance between the island and the ship. of ships in the see, and

is equal to the see mile

6) The measure of the included angle between AB and AC for every hour, the

7 ) Area of the triangle ABC R

metres, given that the

Technology: land mile equals 1600
metres.

8 ) Refer to the international network (Internet).

A Search for services provided by the Egyptian Authority for maritime safety of ports
and navy ships. Do you prefer to work in the maritime? why?

B Select the most important sea ports in Egypt, and determine their locations.
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\# - Exercises (4 - 5) \# 5

1) Find the vector equation of the straight line which passes through the origin point and the

two straight lines whose equationx =3,y =4

2 ) Find the vector equation of the straight line which passes through the point (3 , 1), and the

point of intersection of the two lines whose equations 3x + 2y - 7=0,x + 3y =7

3 ) Find the equation of the straight line passes through the point of intersection of the two
straight lines whose equations T =k(-3,2),3x - 2y = 13 and parallel to the y-axis.

4 ) Find the equation of the straight line passes through the point of intersection of the two
lines whose equations 2x + y =5, x + 5y = 16 and perpendicular to the line whose
EQUALION X — ¥ = 8

5 ) Find the equation of the straight line passes through the point of intersection of the two lines

whose equations 2x — 7y +9 =0, 3x + 2y — 4 = 0 and perpendicular to the first line.

6 ) Find the equation of the line passes through the point of intersection of the two lines
whose equations 2x + 3y — 2 =0, 3x —y — 14 = 0 and makes an angle of measure 135°

with the positive direction of the y-axis

Activity
7) Life: Two straight roads, A
the equation of the firstis 3x -4y — 14 =0, ‘\ 3
equation of the second is 4x + 3y -2=0 \i P
N
Prove that the two roads are perpendicular, then I . >
. -1 \\ x
find :
2
Their point of intersection i X
B The equation of the line which passes through the Y X

point of intersection and the point (3, -2)
C The shortest distance from the point of intersection of the two roads and other road
whose equation 4x + 3 =0

D The area of the triangular region enclosed by the two roads and the y-axis
N

\1%/

For more exercises, please visit the website of Ministry of Education.
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— Unit summary

—_

1) If C divides AB by the ratio m,: m, where . r,r the vectors which represent

the directed line segments OA , OB, OC respectively
—_ m T\ +m rA
Then: 1 =11 2, (xy)= (

m, +m,

m, X, +m, X, m1y1+m2y2>
m, +m, m, +m,
2) The slope of the straight line (m):

A Which makes a positive angle (0) with the positive direction of the x-axis: m = tan 0

Y, Y,
B Which passes through the points (x,,y,), (X,,y,): m= X2 —~
2 1
C Whose equation is in the form: T = (x,y) +k(a,b), m= %
D Whose equation is in the form: ax + by +c =0 , m= %

3)If N = (a, b) is a direction vector perpendicular to a given line, then its direction vector
is (b, -a) or (- b, a).

4) If m , m, are the slopes of the two given lines:

A and m, =m, ,  then the two lines are parallel.

B andm, xm,=-1 , then the two lines are perpendicular.
5 ) Equation of the straight line:

A Vector equation: T =A+ku e (x,y) =(x,,y,) +K(a,b)
Parametric equations : x =x, +Ka , y=y +Kb

Y-y,

Cartesian equation (in terms of the slope and a given point): m = x
1

In terms of the slope (m) and the intercept ¢: y =mx + ¢

m O O W

In terms of the two intercepts a , b from the x-axis and the y-axis respectively:

X y_
PRt

F ' The general form of the equation of a line: ax + by + ¢ =0 where a , b are not equal to
zero together.

G The general equation of the line passing through the point of intersection of the two
given linesis:a x +b y+c+k(a,x+b,y+)=0 where k#0

6 ) If (0) is the measure of the acute angle between the two lines L,, L, whose slopes are m,
. A _ m, -m,
m, respectively , then: tan 6 =

W| where Il’lln'l2 # -1

7) The length of the perpendicular (/) drawn from the point (x , y,) to the line whose equation
lax, + by, +cl

4 a?+b?

Enrichment Iniormation

Please visit the following links.

ax+by+c=0is:/=
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Y Unitobjectives

By the end of this unit, the student should be able to:

% Deduce the basic relations among trigonometric
functions .

# Prove that the validity of the identities on
trigonometric functions .

 Solve simple trigonometric equations in the general
form in the interval [0, 277[

£ Recognize the general solution for the
trigonometric equation.

# Solve the right angled triangle.

£+ Solve applications that involve angles of elevation
and depression.

@ Recognize the circular sector and how to find its area.

M Key - Terms

3 Trigonometric identities
3 Trigonometric equation

3 Angle of elevation

=

e

=

~
-

-

Recognize the circular segment and how to find its
area.

Find the area of the triangle, the area of the
quadrilateral and the area of the regular polygon.

Solve miscellaneous exercises on trigonometry.

Use the information technology to recognize
the various applications of the basic concepts of
trigonometry.

Model some physical and biological phenomena
which are represented by trigonometric functions.

Use activities for computer programs

Angle of depression
Circular sector

Circular Segment



M Lessons of the Unit

Lesson (5 - 1): Trigonometric Identities.

Lesson (5 - 2): Solving Trigonometric
Equations.

Lesson (5 - 3): Solving the Right Angled
Triangle.

Lesson (5 - 4): Angles of Elevation and
Angles of Depression.

Lesson (5 - 5): Circular Sector

Lesson (5 - 6): Circular Segment.

Lesson (5 - 7): Areas.

\\4 Materials

Scientific calculator - squared paper - computer
connected with internet - Graphic programs

Y/ Chartof the unit \

Trigonometry is a branch of ( Trigonometry )
mathematics. It is clear from its |

name that it deals with the special i

calculations of angles and sides of the
triangle. Some historians say that the

mathematician Nosir Aldin Altusi is Trigonometric equations
Given a side and . .
Given two sides
[ an angle ] ( ]

V Brief History

(trigonometric identitiesj @Olve e ey triangle)

the first to separate trigonometry and

astronomy. HiStOI’iaIlS Say that TaliS Golve equation in arj [General solutlon of]
(600 BC) used trigonometry when he interval ielequation I

: : A
could measure the height of the pyramid

. elevation Depression angle
by comparing between the length of the _> | angle ]

shadow of a vertical stick and the length
of his shadow at the same moment..
Trigonometry has had a share of the JV
interests of the Arabs. The terminology

(the tangent) was described by the Arab
scientist Abu al waffa albozgany in the
tenth AD century, and this terminology
was taken from the shadows of objects
which formed as a result of the path
of light emitted by the sun in straight
lines. Arabs have several additions in the plane and spherical (according to the surface of the
sphere) trigonometry, Westerners took from Arabs important information and they added to them
a lot until the trigonometry became included in several mathematical researches. Its applications
became in various scientific and practical aspects and has contributed in pushing forward the
wheel of progress and civilization.

(Circularsection) (circularsegmenD ( Triangle j (Quadrialateral) (Regularpolygoa




Trigonometric Identities

Basic Relations Among Trigonometric Functions

g

You have studied in the first term some

properties of trigonometric functions
and its graphic. In this unit you will use
the trigonometric identities, to simplify
the expressions and solve trigonometric

equation.

You have studied the unit circle, and known that the directed
angle ~~ AOB is in the standard position and its terminal side OB
intersects the unit circle at the point B(x, y) where m(~ AOB) = 6,
B(cos0, sinf). Is it possible to deduce some basic relations among the
trigonometric functions?

s

Trigonometric Identities and Equations
The identity: is an equality, and it is true for all real values of the
variable , which each of the two sides of the equality is known.
For example: sin (% - 0) =cos 6 is a true inequality for all real
values of 0.

The equation: is a true equality for some real numbers which satisfy
this equality, and it is not true for some others which are not satisfy it.
For example: sinf = % , 0€]0,2 7

We get that: the value of 6 which satisfy this equation and belong to

the interval [0, 277[ are %, 5?” only.

€ Try to solve

1) Which of the following relations represents an equation and
which of them represents an identity.

A cosG:T3 B tan(%[+9):fcot9
c cotOZfﬂ/% D sin (7 —6) =sin 6
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Basic Trigonometric Identities
1- You have studied the basic trigonometric functions and their reciprocals and known that:

sin@=—1__ cosf@=—1_, tanO =_1
csc sec O cot 6
1 1 1
cscO=——+, secO =—— cotf =
sin O cos O ’ tan 6
y
¥

2- Trigonometric function of two complementary angles:

sin(% -0)=cos® , cos(% - 0) =sind 90° - 0)
tan(% -0)=cotd , csc(% -0) =secO x/<_o

/
sec(% -0) =csc6 cot(% -0) =tanf vy

From congruency of the triangles:
OAB, B'CO We find that: y/ =x, x/ =y

3- Identity the two angles 0, -6:
We notice that from the figure opposite:
> x =cos 0, x =cos(-0)

Identities of  angles

» y=sin 0, -y = sin(-0)

0, -0 are called identities

thus: of even and odd functions,
you will study in the
sin(-0) = - sin 0 , cos(-0 ) = cos 0 second form secondary.
csc(-0) =-csc O , sec(-0) =secO
tan(-0) =-tan® , cot(-0) =-cotH

4- Pythagorian identities:
We know that from the unit circle:
x2+y2=1 (O Substituting x =cosd , y =sind

then: |cos?0+sin?20=1

Divide both sides of the relation (1) | Divide both sides of the relation (1) by
by x? then: y? then:
2 2 1 2 2 1
% + yx_2 = % + —y% =y
i.e.. |1 +tan’6 =sec’ O i.e.: |1+ cot?8=csc?0
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5- Expressing tan 6 = %, cot 0= %, in terms of sin 0, cos 0:

.'.tan9=ﬂ cotG:M
cos 6 sin

Simplifying the trigonometric expressions :

We mean by simplifying the trigonometric expressions is to put it in simplest form, by using
the basic trigonometric identities.

m Notice that

(1) Write the simplest form: (sin 6 + cos 8)? — 2 sin 6 cos 6 sin x sin6 = (sin6)* = sin’o

@ Solution
A The expression (sin 6 + cos 6)*> — 2 sin 6 cos 0
=sin’0 +cos’0 +2sin O cos O —2sin O cos O remove the parentheses
=sin%6 + cos® Simplify
=1 apply phythagorian identity:
You can check the result by using one of the graphic programs shown below:

B b Al b

.

.. . 1 +tan26
@ Write in the simplest form: — -
1+ cot2 O
@ Solution
the expression : 2" ¢ tan*6
p ° 1+cot?20
_ sec?O

apply pythagorian identity

" csc20
1 1
cos?0 " sin2 O

sinz2 6

— — tan?2
= cos2@ ~ tan o

& Try to solve

@ Put each of the following expressions in the simplest form, then check the result:

sin(%-@)

A1 1 B Z_ Z_ c 2
cos20 cot2 O cos (5 - 0) sec(2 0) cos (271- 0)
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Trigonometric Identities
To prove the validity of the trigonometric identity, we prove that the two functions
determining its both sides are equal

To verify that the statement : cos2 6 = 2sin 6 cos 6 is not true

We draw the graph of each of the two functions: y A
f(x)=cos260 , gx)=2sin6OcosH ><

Refer to the graph opposite 2’/ G \" 3 / —)2‘\ ,’{ %ﬂ \
We get two functions that are not congruent:
i.e. f(x) # g(x), thus this relation is not identity.

We can check algebraically by putting 6 = 0, /N

— —_ 3 27
then f(0) = 1, g(0) = 0 then the two functions are : 7/ - / —~—
not equal. " o bl 2 N A"
While in the equality : sin2 6 = 2 sin 6 cos 0 Y
by putting f(x) =sin2 6, g(x) =2 sin 0 cos O

> X

/ll

We find that the graphic representation to the figure is congruent to the curve of the two
functions: i.e. f(x) = g(x)
Thus this equality is identity.

Remember
w sin? 0 + cos?0 =1
\;—J sin? O = 1- cos20
20 e
(2) Prove the validity of the identity: 1C_O:in g=1+sin6 cos? 0 = 1- sin’0

@ Solution

LHS = cos20 — 1-sin2 @
o 1-sin@ 1-sin@

_ (1 +sin 0)(1-sin )

e ® =1+sin 6 = R.H.S
=

@ Prove the validity of the identity : tan 6 + cot 6 = sec 0 csc 0

O Solution
L.H.S =tan 6 +cot 0

_ sin®  cos@ _ sin?6 +cos?O

" cos O sin0 cos O sin O
1

= cos Osin O

=sec 0 csc 6 = R.H.S
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& Try to solve
@ Prove the validity of the identity:

Nl

4) Prove the validity of the identity: LotZOG= 2sin% 6 - 1

(1 - sin20)(1 - cos2 O)
tan20

=cos*0

1 + cot?
O Solution
1-cot20
L.H.S =
1 +cot?0
] cos26
~ 2 " qin2 .
_ 1 02199 = —sin 0 change to sin 6, cos 6
csc
sin20
_cos?0 20
=_ sint 0 xS _in20 - cos20
1 sin26
sin2 0

=sin?8 - (1 - sin?H)
=2sin’0 - 1 = R.H.S

Think: Are there other solutions for the example?

&> Try to solve

@ Prove the validity of each of the following identities:

1 +cot?@ = cot20 tan O + cot O _
1+ tan20 ~ secOcscO
c (secG—tan29)=M

1+ sinB

9 Check your understanding

1) Discover the wrong answer:
sin® @ + cos? 0 equals:

A1 B 2cos20-1 C 1-2sin%6 D 1+2sinOcosO

2) Prove the validity of the following identities:

sin @ cos 6 tan O sin3 0 +cos 30 sin3 0 - cos®O
A 4 =1 B + =

tan O secOcscO sin @ + cos O sin@-cos®
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#\

\ikr

First: Multiple choice
tanf cot@
secO

A sin 6 B cos 6 Cc

@ sin 6 cos O tan @ equals ...

A sin?0 B

@ sin(90° - 6) ¢sc(90° - 0) equals :

form
Al B sin? 6 c
1 - cos?f3 .

@ Sr2B 1 equals @
A -tan’f B -cot’f Cc

Second: Answer the following questions

@ Prove the validity of the following identities:
A tany +cot = sec L csc U B
C cot?u - cos* u = cot? yucos* u D
E sin’c + tan’a sin’a = tan’a F

Prove the validity of the following identities:

A % (1 — sin0) = cotd

cos
1 L 2 2 D
Toara 1 otamp  COS o Ccosh
1-sin
E - 2=
(sec ¢ - tan ¢) 1 sing

cos? O - sin20

=csc O -sec O
sinB cos?0 + cosO sin20

Student book - Second term
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EqQUALS:

#\

\ikr

....................... in the simplest form:

sec O D cscO

........................................... in the simplest form

tan’0 D 1-sin’6
...................................................................... in the simplest
cos? 6 D sin6cosH
.......................... in the simplest form

tan> 3 D cot’p

CSCO — SIno = COS & cot &
tan?a - sin?a = tan?a sin%o

sin (90° — y) cosy = 1—sin’u

;
T Y
sineo0” g ~@n O=1
1+tan260 _ w2
el " 1 - sin“O
1 __tanf

1+cot@ ~ 1+tan@
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Solving Trigonometric Equations

Solving trigonometric equation by real solutions

S

We have previously studied before solving linear and quadratic

equations (algebraically and graphically) In this lesson, we will
solve the trigonometric equations using the basic identities. Is
there a similarity between solving algebraic equations and solving
trigonometric equations?

( Group work

Work with your classmate to draw the trigonometric function y = cos 0
and the function y = % and notice their common points of intersection.
1- Draw the cirve of the function y, = cos6, y, = 1 and notice their

2
common points of intersection.

2- How many solutions for the equation cos6 = % in the interval [0, 27[?
3- Are there other solutions for the equation cosf = % in the graph?

The following graph represents the solution of the equation cos@ =
% we get the equation has two solutions %, 5?7[ when 0 €0, 27z[, by

adding 27 or -2 7 we will get other solutions for the equation.

y A

< \
R 3 1 X

S

M\,{,
I\Jiw

Yy

General solution of the trigonometric equations

N

1) Find the general solution of each of the following equations :

A sin@z% B cos@:T2 C tan0=y/3
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=
@ Solution
A --sino=1 o=2
. sin O > .0 5
i.e. the general solution for the equation is % +2n7 or - % + 7T Or- %+ n2nm
nez
2y
1
/I
X | < N 05 N 7 X
R 3 gl >\_Z
2|”* M /. 3 ”
2 A
y
B - cosf="2 o=
2 4
i.e. the general solution of the equation is 2n 77 + % , nez
y A
1
X 071
_ET 3 T Ve 7l B 27 >
2 r B ) §
Vy
C - tan6=/3 .'.ng
i.e. the general solution of the equation is % +nZ , nNez

& Try to solve

@ Find the general solution of each of the following equations:

A sin6=§ B 2cos9=1 Ctan@:@

N

@ Find the general solution of the equation: sin 0 cos 0 = /3 sin 0

2
@Solution
sinGcosG—gsin6=O sin6(0059—§)=0
Zero factor property sin9=0 or cos@—ﬁ =0
2

cos6 =§

6 =0, _ T

6 =6

6 =nz ,nez 0 =i%+2n7z,nez
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The following graph represents a part of the solution of the equation.

y A

o) X

-2

N|¢,
S
N

vy

Critical thinking: Is it necessary that all trigonometric functions have real solutions? Explain
this by giving examples.

& Try to solve

@ Find the general solution of each of the following equations:

A cos’0-cos0=0 B 2sin’0=sin0 C /2 sinB@cosO-sin@=0
Solve the trigonometric equations in the interval [0, 277]

N

3) Solve the equation: sin 6 cos 6 - % cos0=0 where 0° <6 < 180°

@ solution

cos O(sin 6 - % )=0 by factorization
cos0= 6 or sin9=%
6 =90° or 6 =30° or 150°

Solution of the equation is: 30° or 90° or 150°

& Try to solve
@ If 0° < 6 < 360° Find the solution set of each of the following equations:

A 2sinBcosO+3cosO=0 B 4sin20—-3sin@cos0=0

9 Check your understanding

1) Find the general solution of each of the following equations in radian:

A tan6=1 B cos 6 =sin 20 C 2sin6-+/3=0
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n Solving Trigonom

\#;' Exercises (5 - 2) \*;'

First : Complete each of the following

@ The general solution of the equation cos 6 = 1 for all valuesof Ois ...
@ The general solution of the equation sin & =1 where 0 € [, 27Z[ 1S,
@ The general solution of the equation sin 0 = cos 0 for all values of O 1S ...

(4) The solution set of the equation cot 6 = v3 where 6 € [z, 2z[is ... .

Second : Multiple choice
(5) If 0° < 6 < 360° ,sin 6 + 1 = 0, then 6 equals
A 0° B 90° C 180° D 270°

@ If0° <6 <360°, cosO + 1 =0, then 6 equals
A 90° B 180° C 270° D 360°

(7)1f0° <6 < 180° /3 tan @ - 1 =0, then 6 equals
A 30° B 60° C 120° D 150°

If 180° < 6 < 360° , 2 cos@ + 1 = 0, then 6 equals
A 210° B 240° C 300° D 330°

Third: Answer the following questions

@ Find the general solution for each of the following equations.
A sinf = % ....................................................................................................................................................................................
B 2080 — v/ 3 =0
C VB tan O —1=0

Solve each of the following equations in the interval [0, 37” [:
A tan? 0 — tanO = 0
B 25i0 10 COS 0 —COS 0 =0

C 28INZ 0 = 3SIN0 = 2 = 0 oo
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Solving the Right Angled Triangle

We know that the triangle has six elements ( three sides and three
angles). The solution of the triangle means finding the measures of its
six elements. To solve the right angled triangle, we must be given the
length of two sides or the length of one of its sides and the measure of
one of its acute angles.

Solving the right angled triangle given the lengths of two

sides:

N

1) Solve the triangle ABC right angled at B, in which AB = 39
cm, BC = 62cm

0 Solution A
First: we find m (.~ C): ?
?
.. _AB i
. tan C = E 39 cm
~.tan C =32 ~ 0.6290322581 ?
62 C 62 cm B

Use the calculator:
m(/ C)=32°10'17"
—— B30I Ce ) (2] (=) (snif) (Tant) Cans ) (=) ()
We find m(~ A):

m(/ A)=90°-32°10'17" = 57° 49'43"
Use the calculator:

e d CBUBIEDIEBIEBICIIEBIUBICIIEBIEBITD

&)
Second: we find length of: AC
rsinC=28 - sin 32°10'17" = 32
AC AC
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-3
then AC = S a2 1017 = 73.24581124 cm

Think
> Are there other trigonometric functions you can use to find the length of AC ? Mention
these functions if they exist .

> Can you use the pythagorian theorem to find the length of AC? Write the steps of the
solutions if possible .

> Which do you prefer: the use of the pythagorian theorem to find the length of AC or the
use of one of the trigonometric functions? Why?

&> Try to solve

@ Solve the triangle ABC, right angled at B in each of the following cases :
A CB=8cm , BC=12cm B BC=5cm , AC=13cm

Solving the right angled triangle given the length of its sides and the

measure of one of its acute angles

N

@ Solve the triangle ABC right angled at B, where m (£ C) =62°, AB =16 cm, approximating
the result to the nearest hundredth.

@ Solution
We find m(~ A):
m(/ A)=90°-62° =28°

we find the length BC:

.. — AB S °o_ 16
. tanC—BC i.e.: tan 62 =56 then

BC x tan 62° = 16

BC = —1%_ - 8507350907 ~ 8.51 cm

tan 62
We find the length of AC :
. . _ ﬁ . .o o __ ﬁ
sin C = AC i.e.: sin 62° = AC

AC xsin 62° =16

AC=_16 _=18.12112081 ~ 18.12 cm
sin 62°

4> Try to solve

@ Solve the triangle ABC, right angled at B in each of the following cases:
A AB=8cm , m(/ C)=34° B AC=26cm , m(/ A)=53°12'
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Critical_thinking:
Can you solve the right angled triangle given the measures of its acute angles? Explain your
answer.

N

3) Geometry: A circle of radius 7 cm, a chord was drawn in it opposite to a central angle of
measure 110°. Calculate the length of this chord to the nearest thousandth.

@ solution
In the figure opposite: We draw MDL AB

From the properties of the circle: D is the midpoint of AB
m(/ AMD) = 110° = 2 = 55°

s N
We find the length of AD in the right triangle ADM:

sin (AMD) = % from the definition of "sine function"

i.e.: sin 55° = %

product of means = product of extremes :
AD =7 x sin 55° ~ 5.73406431 cm

Finding the length of AB: AB =2 x AD
i.e.: AB =2 x5.73406431 = 11.46812862 ~ 11.468 cm

@ Try to solve

@ Geometry: The figure opposite shows the circle of centre M,
AB is a diameter in it ,

if AC =12 ecm, m(/ A) = 37° find the length of the radius of ° v

the circle.

to the nearest hundredth.

9 Check your understanding

1) XYZ is a triangle in which XY = 11.5 cm, YZ = 27.6 cm, XZ = 29.9 cm. Prove that the

triangle is right angled at Y, then find measure of angle X .

2 )Critical thinking: A circle of radius 6 cm, a chord was drawn in it opposite to a central
angle of measure 108°. Calculate the length of this chord while approximating the result

to the nearest hundredth.
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@ Exercises (5 - 3) \##\?

@ Find the value of x, y in each of the following figures

@ Find the value of each of the angles a, B in degree measure in each of the following
figures:

>
>
@
g
g
(@]
Scm
Q

@ Solve the triangle ABC right at B approximating the angles to the nearest degree and the
length to the nearest cm where:

A AB=4cm,BC=6cm B AB=125cm,BC=17.6cm
C AB=53cm,AC=122cm D BC=31cm,AC =42 cm
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@ Solve the triangle ABC right at B approximating the angles to the nearest thousandth in
radian measure, and the length to the nearest thousandth cm where:

A m(/A)=0925% BC=8cm B m(/A)=1169% AB =18 cm
C m(LC)=0646"4 AC=157cm D m(/C)=1082% AC=358cm

(5) ABC is a triangle, draw AB L BC, if AD = 6 cm, m(./ B) = 52°, m (/ C) = 28°, find the
length of BC to the nearest centimetre.

@ Geometry: AB is the radius of a circle of length 20 cm draw the chord AC of length

12 cm . Find measures of angles of the triangle ABC.

@ Geometry: Apiece of land is in the shape of a rhombus ABCD of side length 12 metres,

m (. ABC) = 100°. find the length of each of its diagonals AC and BD to the nearest metre.

Geometry: ABCD is an isosceles trapezium in which AD / BC, AB = CD = 5cm,

AD = 4cm, BC = 10cm. Find the measure of each of its four angles.
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Angles of Elevation and Angles of Depression

o

Can you find the height of a minaret from the ground when you are
at a given distance from it without measuring the actual length of this
minaret?

s

Angles of Elevation and Angles of Depression

1- If aperson A observed point
C above his horizontal
sight AB then the angle
between AB and AC is
called elevation angle of C
of the horizontal level of
the sight of person A.

observer A horizontal ray B

g  2-1If a person A observed point
g D down his horizontal sight
'AB then the angle between
AB and AD is called the
depression angle of D of the
horizontal level of the sight of
person A.

™
3- In the ﬁgure Opp()Slt.e: D Horizontal look level BQ Ma
» / CAB is the elevation angle of the <~~~

Depression angle ﬁ

balloon with respect to the person at A.

»  DBA is the depression angle of the
person at A with respect to the balloon,
in this case ,then: =6 A

-

>
l horizontal look level C
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& Try to solve

® In the figure opposite

First: determine the type of each angle (y), (B), (6),
() in terms of being an elevation angle or a depression A
angle with respect to the observer at A. ;
Second: Write the pairs of equal angles.

N

@ From the top of a tower 60 metres high, the angle
of depression of a body located in a horizontal
level which passes through the base of the tower
equals 28° 36'. Find how far was the body from

the base of the tower to the nearest metres.
- 28° 36'
@ Solution

28° 36'

60 m

- C B

Let A be the top of the tower AB
then .~ DAC is the depression angle of the body
then: m(/ C) = m(/ DAC)
Definition of tangent function : tanC = %
Substituting AB = 60: tan 28° 36' =2
BC x tan 28° 36' =60

60
BC = anoe ae = 125.22966 ~ 125 metres

@ Try to solve

@ A person observed the top of a hill 2.56 km from the point on the ground. He found its
depression angle was 63°. Find the distance between the top and the observer to the
nearest metre.

Nl

A
A light pole of height 7.2 metres gives a shade on the ground
of length 4.8 metres. Find in radian the measure of the elevation
angle of the sun at that moment.
72m
@ solution
Let A be the top of the light pole AB, BC be the length of the shade
of the pole, and 6 be the elevation angle of the sun A
AR
C 4.8m B
.. _AB . _72 _
.tanC—BC ..tanG—_S—l.S

m(/6) = 56°18'36"

.". the eleveation angle of the sun in radian = 56°18'36"x % ~ 0.9827937232rd

152 Mathematics - First form secondary



mles of Elevation and Angles o

Note:
It is possible to use the calculator to find 6 in radian directly without finding it in degree as
follows:
1- Turn the calculator on the radian system (Radian): (4: Rad) @ —
2- Enter data (Data): (tan-1) O
MHTH =
3- Recall outputs (call outputs): 0 9E2ng3nae

@ Try to solve

@ From the top of a rock 180 metres high from sea level, the depression angle of a boat 300
metres apart from the base of the rock was measured. What is the radian measure of the
depression angle?

N

11) From the top of a rock 50 metres high, a person observed two ships on the sea on one ray
from the base of the rock, he measured their elevation angles and found it to be 38 °, 55°
Find the distance between the two ships to the nearest metre .

@ Solution

Let the height of the rock be AB and the distance between the two ships be CD
In A ABD:

50 m

* tan 38° = 20 . BD=_50 55

BD tan 38° f A

.. BD ~ 64 metres
. o _ ﬂ . _ 50 -
tan 55° = G .. BC= an 55 = 35 metres
- CD =BD - BC .. CD = 64 — 35 =29 metres
D C B
@ Try to solve —_—

@ A man observed that the elevation angle of a fixed balloon is 30°. When he walked
horizontally towards the balloon for 1000 metres, the measure of the elevation angle
became 45°. Find the height of the balloon to the nearest metre.

9 Check your understanding

1) A person stands at 50 metres from the base of a tower. He observed the elevation angle of
the top of the tower and found it to be 25°. Find the height of the tower to the nearest metre.

2) An airplane 1000 metres high was observed by a person at an angle of elevation 25°17'.
Find the distance between the plane and the observer.

3) An airplane 800 metres high from the ground was observed by a person standing on the
ground, and found its elevation angle was 25°17'". Find the distance between the plane and
the person.
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ﬁ\ Exercises (5 - 4) \#\/
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1) The length of the thread of a kite is 42 metres, if the angle which the thread makes with
the horizontal ground equals 63°, Find to the nearest metre the height of the kite from the

surface of the ground.

2) A man found that the angle of elevation of the top of a minaret 42m distance from its base

was 52°. What is the height of the minaret to the nearest metre?

w

A mountain of height 1820 metres, It is observed from its top that the measure of depression
angle of a point on the ground was 68°. What is the distance between the point and the

ObSErver t0 the NEATESt NEIIET e

4) The upper end of a ladder rests on a vertical wall, it is 3.8m from the surface of the
ground, the lower end rests on a horizontal ground. If the angle of inclination of the
ladder to the ground is 64°. Find to the nearest hundredth each of:

A The distance between the lower end and the wall B The length of the ladder

5 ) From the top surface of a house 8 metres high, a person found that the elevation angle of
the top of an opposite building was of measure 63°, and observed the depression angle of

its base, it was 28°. Find the height of the building to the nearest metre.

6 ) If the measure of the elevation angle of the top of a minaret from the point 140 metres
distance from its base was 26° 46' . What is the height of the minaret to the nearest metre?
If it is measured from 110 metres distance from its base, find to the nearest minute, the

measure of its elevation angle at that distance.

7 ) An observer measured the angle of elevation of a fixed ballon to be l, when he walked
in a horizontal plane towards the ballon a distance 800 metres, he measures its angle of

elevation to be %. Find the height of the ballon to the nearest metre.

8) Aship approaches a light house 50 metres high at a moment, it was found that the elevation
angle of the top of the light house to be 0.1174, after 15 minutes, it was found again that

its elevation angle to be 0.22™, Calculate the uniform velocity of the ship.
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Circular Sector

g

The circular sector: : .
You have previously studied the relation between
the length of the arc (/) from a circle of radius ()
and measure of the central angle opposite to this
arc (0) and known that: [ = 64 xr.
Can you find the area of this shaded part of the
!

circle in the figure opposite?

The circular sector: is a part of the surface of the circle bounded by
two radii and an arc .

In the figure opposite, MA and MB divide the
circle into two circular sectors, the minor
sector MACB and the major sector MADB.
/. AMB is called the angle of the minor
sector and the reflex angle, /~ AMB is called
the angle of the major sector.

Area of the Circular sector

Activity:

The figure shown above represents a number of congruent circles:
1- Are the increase of Areas of the circular sectors caused by the
increase of the radius length of the circle?

2- Are the increase of Areas of the circular sectors caused by the
increase in measure of the angle of the circular sector?

3- If it continues to increase in measure of the angle of the sector
until the terminal side MB congruent to the initial side MA, then
what do you expect to be the area of the sector?
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"V@J Area of the circular sector given measure of its central angle and the

length of the radius

Area of the sector represents a part of the area of a circle whose
central angle equals 27.

From the previous activity, we deduce that:

Area of the sector _ @rd
Area of the circle 27

. d .
i.e. area of the sector = gi x area of the circle L
T

d
— Ora % T 2= 1 12 grad
27 2

Area of the circular sector = X r2 @ad | (Where 6 is the angle of the sector, r is the radius of
2

the circle)

Critical thinking: Do you consider the circle a circular sector? Explain.

=

@ Find the area of the circular sector in which the length of the radius of its circle is 10cm
and the measure of its angle is 1.274

O Solution
Formula: Area of the circular sector = % r2 grad
Substituting r = 10, 64 = 1.2rd: = % (10)2 x 1.2 = 60 cm?

&> Try to solve

@ Area of a circular sector is 270 cm? and the length of the radius of its circle equals 15 cm,
find in radian the measure of its angle.

Second: Area of the circular sector given its degree angle:

. Area of the sector _ %rz % @rad Remember
area of its circle TT 12 Relation between the
but Orad _ x_ degree measure and

27T 360° . the radian measure is:
.. Area of the sector = 200 x area of the circle % = 120.,

=

@ A circular sector in which the length of the radius of its circle equals 16cm, and the
measure of its angle equals 120°, find its area to the nearest square centimetre .
@ Solution

°

Formula: area of the sector = 32 X TT r?
o L. _ o o _120° 5 5
Substituting r = 16, x°= 120°: = 360" < % (16)* ~ 268 cm
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Q> Try to solve

@ A circular sector in which the measure of its angle equals 60° and the length of the radius
of its circle equals 12 cm. Find its area to the nearest tenth.

. . . . Remember
Third:Area of the circular sector given the length of its arc
Length of the arc
You know that: Area of the circular sector = % r2 grad which is opposite to

a central angle of

_1 2. 1_1
=o' xT=3% [t measure O in a circle of
(by Substituting . grad — 1 ) radius r is determined
r by the relation:

m 1=6™xr

3 ) Find the area of the circular sector whose perimeter equals 28cm, and the length of the
radius of its circle equals 8cm.

O Solution
Perimeter of the sector =2r + /: ie. 2r+7=28
Substituting r = 8 cm: 2x8+1=28 Perimeter of the sector
. . whose length of the
Simplify: [=28-16=12cm arc / and length of the
Formula: Area of the sector = % It radius of its circle r
is determined by the
Substituting : /=12 cm, r =8 cm: relation:

perimeter of the sector

Area of the sector = % x 12x 8 = 48 cm?
=2r +/

@ Try to solve

@ Geography: If you know that the equator is a circle of radius
6380 km, find the distance between two cities on the equator, if
the arc between them is opposite to an angle of measure 30° at the l
centre of the Earth.

9 Check your understanding

1) Find in terms of 7 the area of the shaded part in each of the following figures:

B Cc D
| TE /
6¢ 7 cm 5cm
| | /)
3cm 3cm ‘4_6 cm_>‘

A

/
: -
8 cm 2cm
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ﬁ\ Exercises (5 - 5) \#\/

\i%/

First : Complete each of the following

1

2) Area of the circular sector, in which r =4 c¢m, and its perimeter 20 cm equals .. cm®.

Area of the circular sector, in which / = 6 cm, r =4 cm equals

3) Perimeter of the circular sector in which , its area 24 cm?, length of its arc 8 cmequals ...

Second : Multiple choice

1

Area of the circular sector in which , measure of its angle 1.2%¢ and length of the radius
of its circle 4 cmequals ...

A 48 cm? B 9.6 cm? C 12.8 cm? D 19.6 cm?
Perimeter of the circular sector in which length of its arc 4 cm and length of the diameter
of its circle 10 cm equals ...

A 14cm B 20 cm C 30cm D 40cm
Area of the circular sector in which, measure of its angle 120°, length of the radius of its
circle3cmequals ...

A 37 cm? B 67 cm? C 97 cm? D 127 cm?

Area of the circular sector in which, its perimeter 12 cm, length of its arc 6 cm equals ..............

A 6cm? B 9cm? C 12cm? D 18 cm?

If the area of the circular sector equals 110 cm?, measure of its angle equals 2.2, then
length of the radius of its circle equals: ...

A 2cm B 5cm C 10cm D 20cm

Third : Answer the following questions

1

Find the area of the circular sector in which, length of the diameter of its circle is 20 cm
and measure of its angle is 120°.

Find the area of the circular sector in which length of its arc is 16cm, and length of the
radius of its circle is 9cm.

Find the area of the circular sector in which , length of its arc is 7cm and its perimeter
equals 25cm.

Agriculture: Abasin flowers is in the shape of a circular sector, its area equals 48 m? ,
length of its arc equals 6m. Find its perimeter and the length of the radius of its circle.
The perimeter of a circular sector equals 24 cm and length of its arc equals 10 cm. Find

the area of its surface.
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Circular Segment

" J The circular segment

The circular segment is a part of the surface of the circle bounded by
an arc and a chord passing by the ends of this arc.

The chord AB divides the circle into two
circular segments: The minor segment ACB
and the major segment ADB, ./~ AMB is called A
angle of the minor segment, while the reflex

angle ~/ AMB is called the angle of the major ° WA
C

segment.

Finding the area of the circular segment:

Remember
Area of the triangle

% rx h where:

sinf="
r r r

0 h=rsin 0 .

B A Area of the triangle =
\/ %x I x r sinO

C

Area of the minor segment ACB
= area of the minor sector MAB - area of the triangle MAB

=%r29rad—%xrxrsin9

Area of the circular segment = % (679 - sin )

Where r is the length of the radius of its circle , 0 is the measure of the
angle of the segment.

Think: Can you find the area of the major segment given the area of
the minor segment? Explain.
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1) Find the area of the circular segment whose length of the radius of its circle equals 8cm,
and the measure of its angle equals 150°,

O Solution

od  =150°x A _ ~ 57
180° 6
sin@ =sinl50°
Area of the circular segment = % r? (674 - sinB)

Area of the circular segment = % x 64 (5?” —sinl150°) ~ 67.7758 cm?>

& Try to solve

@ Find the area of the circular segment whose length of the radius of its circle equals 10cm
and the measure of its circle equals 2.2%¢ approximating the result the nearest hundredth.

D 12 cm A
2)In the opposite figure:
Tow congruent circles, their centers are B,D the length of the radius
of each equals 12 cm. Find the area of the common region between them.
C B

@ Solution
We draw AC which divides the shaded part into two equal segments in area where the central angle
of each of them equals 90° and the radius of each of them equals 12 cm.

Area of the shaded part =2 x Area of the circular segment
=2x % 2 ("9 - $inB)

=144 (% - sin%) =144 x0.75 ~ 82,19 cm?

& Try to solve

@ Find the area of the major segment in which the length of its chord
equals 12 cm and its height equals 2 cm approximating the result to
the nearest square centimetre.

9 Check your understanding

1) Decoration: A flower basin is in the shape of a circle whose radius height of tthe
. . men
equals 8 metres. A chord was drawn in the circle of length 8 metres. seeme
Calculate the area of the minor circular segment to the nearest tenth.

12 cm|

2) Agriculture: A planting basin in the shape of a circle whose radius equals 4 metres is
divided into four parts by an equilateral triangle whose vertices lie on a circle. Calculate
the area of each minor circular segment to the nearest hundredth.
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\# 7 Exercises (5 - 6) \* 7

1) In the figure drawn:
M is a circle of radius 6 cm, MCL AB,M C =3 cm complete:

A The height of the circular segment ADB = ... . cm

B ' The height of the major circular segment AFB = . cm
Measure of the angle of the minor circular segment ADB = ...
Measure of the angle of the major circular segment AFB = .
Area of the triangle MAB = cm?,

Area of the circular sector M AD B in terms of 7 equals ... cm®.

@ m m O O

Area of the minor circular segment in terms of 7z equals ... cm”.

2) Find the area of the circular segment in which,
A Length of the radius of its circle is 12 cm and measure of its angle equals 1.4,
B The length of the radius of its circle equals 8 cm, and measure of its angle equals
135°.
C  The length of the radius of its circle equals 14 cm and the length of its arc equals
22 cm.
3) In the figure drawn: A
ABC is an equilateral triangle drawn in the circle M in which,
the length of its radius equals 8 cm. find the area of each shaded
circular segments. C B
4 ) Find the area of the major circular segment in which the length of
its chord equals the length of the radius of its circle equals 12 cm.
5) Find the area of the circular segment in which:
A The length of its chord equals 6 cm , and the length of the radius of its circle equals
5 cm.
B Its height equals 5 cm , and the length of the radius of its circle equals 10 cm.
6) A chord of length 8cm in a circle is at a distance 3cm from its centre. Find the area of the
minor circular segment resulting from the intersection of this chord with the surface of

the circle .
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The Area of a Triangle

You have previously studied the area of the triangle , and known that
its area is determined as follows: A

Area of the triangle = % length of the base x height

In the figure opposite: C D.

Area of the triangle = % BC x AD

Think: Can you apply this relation on the right angled triangle and the

obtuse angled triangle?

The Area of a triangle in terms of the lengths of two sides and

the included angle

From the figure opposite:

sin B = % i.e.. AD=ABsinB C D. B
From the area of the triangle:
Area of the triangle = % BC xAD
= 2xBCxABsin B
Oral exercises: Find the area of the triangle in terms of each of:
A CA,CB, /C B AB,AC, /A

In general:

Area of the triangle = half the product of the lengths of two
sides x sine the included angle between them.
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(1) Find the area of the triangle ABC in which AB = 9 ¢cm, AC = 12 cm, m(/ A) = 48°
approximating the result to the nearest hundredth.

O Solution
Area of the triangle AB C = % xABxACsin A

Substituting AB=9 cm , AC = 12 cm, m(/ A) = 48°
Area of the triangle ABC = % x 9 x 12 x sin 48 ~ 40.13 cm?

— @@ GWEIE]

Q> Try to solve

(1) Find the area of the triangle ABC in which BC = 16 cm, BA=22cm, m(/B)=63"°
approximating the result to the nearest thousandth.

The Area of a Convex Quadrilateral
In the figure opposite:
ABCD is a quadrilateral in which AC N BD = {M}

AE L BD, CF L BD, 6 is the included angle between the
two diagonals.

Area of the quadrilateral = area AABD + ACBD
=1BDxAE -+ 1 BD x CF
=1 BD (AE + CF) = 2 BD (AM sin6 + CM sin6)
= 2 BD xsinf (AM + CM) = IBD x AC x sinf

In general : Area of the quadrilateral in terms of the lengths of its diagonals and the
included angle between them is:

Area of the quadrilateral =

% product of the lengths of its diagonals x sine the included angle between them

Think: Does the area of the quadrilateral change if we replace the angle 6 by its complementary
angle? Explain your answer.
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@ Find the area of the quadrilateral in which the lengths of its diagonals are 12 cm, 16 cm
and the measure of the included angle between them is 68° approximating the result to
the nearest square centimetre.

O Solution

Formula of the area is:
Area of the quadrilateral = % product of the lengths of its diagonals x sine the included
angle between them

.". Area of the quadrilateral = % x 12 x 16 x sin 68° ~ 89 cm?

& Try to solve

@ Find the area of the quadrilateral in which the lengths of its diagonals are 32 cm, 46 cm
and the measure of the included angle between them is 122° approximating the result to
the nearest tenth.

@ Critical thinking: Calculate using the previous formula area of each of the following:
A A square of diagonal length is 10 cm

B A rhombus of diagonals lengths are 8 cm, 12 cm. What do you notice?

The area of a regular polygon

Figure (1) represents a regular polygon, in which n is A

the number of its sides, and x is the length of

its side.
Figure (2) represents one of the triangle which is taken

from figure (1). C D B

li X *1
> m(/BAC) = 27” (why)? figure (1) figure (2)
cot Z=2D  je. AD=BD x cotZ
n "~ BD n

AD = % X cot % (where x is the length of its polygon)

1

Area of the triangle = % BC xAD = % X% 3

xcotg
n

1ot X
4 n

Area of the polygon whose number of sides is n , and x is the length

of its side = % nx2 x cot %

=

@ Find the area of the regular octagon in which the length of its side equals 6 cm
approximating the result to the nearest hundredth.
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O Solution

Formula Area of the regular polygon = % n x2 x cot %
Substituting n = 8, x = 6 cm:
The area = % x 8 x (6)? x cot %00
=72x —1— ~ 1738 cm?
tan 22.5

Oral exercises:
Use the previous formula to find the area of each of the following:

1- Equilateral triangle 2- square 3- regular hexagon

&> Try to solve

@ Find the area of the regular pentagon in which the length of its side is 16 cm approximating
the results of the nearest thousandth.

Activity

Use (Gsp) program sKeTCHEXCHANGE and download it from the site: http://www.keycurriculum.com/products/
sketchpad

This program is used to draw the geometric different shapes. Find the lengths of its sides, the
measures of its angles, its area, and also graph the algebraic functions and find their properties.
For example, to draw a quadrilateral and find its area, we perform the following steps:

1- Open the program as in the figure opposite. E
- o 2
2- Press on ﬂ , choose the property of the figure you |}
want to draw and press on the mouse to determine the j
vertices of the figure on the drawing. /]
)
3- Press ’ AJ to write the symbols on the figure. 2

4- Press & | to choose from different geometric transformations to find the image of a
figure or change its dimensions.

5- Press | A J to draw line segments or straight lines or rays in the figure .

6- From Measure] choose the type of the required measurement ( perimeter , area,, length
of side- measure of angle ...) and write the data of each measure beside the figure.

7- To recognize more tools or different operations use (Help).
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@ Find the area of each of the following figures, given that [ | expresses a unit of the area.

N
Exercises (5 -7) #

\ikr

A /] B c
/|
/| VAR
D N E F
< /
L~
— G ///\ N H D
( 7 // \\
\ / )
/

@ Find the area of the triangle ABC in each of the following cases:

A AB=6cm,BC=_8cm, m(/B)=90°

A C = 12cm, length of perpendicular drawn from B to AC equals 7 cm.

B
C AB=16cm, B C=20cm, m(/B)=46°
D

AB=8m,BC=7cm,AC=11cm.

@ Find the area of the figure ABCD in each of the following cases:
A Parallelogram in which AB = 8cm, B C = 11cm, m(/ B) = 60°

B Trapezium in which, length of its parallel bases AD and BC are equals to 7cm ,

11cm respectively, the length of the perpendicular drawn from D to BC equals 6¢m.

C A rhombus in which AB = 8cm, and measure of the included angle between two

adjacent sides in it equals 58° .

@ Find the area of each of the following regular polygons approximating the result to the

nearest tenth

A ' A regular pentagon of side length equals 16cm.

B ' A regular hexagon of side length equals 12cm.
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3 metres

@ Constructions: the figure opposite represents a set of bicycles lead
to the entrance of the residential compound is in the shape of an
isosceles trapezium, its larger base is down and its length equals 7

metres, its smaller base is up and its length equals 3 metres, each leg
75° 75°
7 metres

inclines by an angle of measure 75° to the larger base. Find:

A Length of its base at the middle.
B ' Length of each of its legs to the nearest tenth .

C  Area of the trapezium to the nearest metre.

@ Basins decorations: Basin is designed to fish decoration , its base is in the shape of
a regular pentagon, the length of its diagonal equals 72 cm. Find to the nearest square

centimetre the area of its base.

@ Folowers: Karim designs a Garden to his house, and hope to determine a special part for

flowers, is in the form of a regular hexagon of area 54 v/ 3 m?2. Find the length of its side.

S 3
% . General Exercises

For more exercises, please visit the website of Ministry of Education.
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UnitSummary

The identity: is true equality for all real values of the variable which each of the two sides of
the equality is known.

Pythagorian identites: sin> @ +cos’8=1 , 1+tan?0=sec’0® , 1+cot>?8=csc’0
Prove the validity of the identity: to prove the validity of trigonometric identity, we prove

that the two functions determining its two sides are equal.

The function: is a true equality for some real numbers which satisfies this equality and is not
true for some other which is not satisfy it.

Elevation angle and depression angle:
Elevation or depression angle is the union of the
horizontal ray and the initial ray from the body passing

depression angle

through the eye of the observer.

Measure of the elevation angle = measure of the
depression angle.

(alternate).

elevation angle

The circular sector: is a part of the surface of the circle
bounded by the two radii and an arc .

Area of the circular sector

= % r2 g™ (where 6™ is the angle of the sector , I is the radius of its circle)

= —3200 x Area of the circle ~ (where x° is the degree measure of the angle of the sector)

= % Ir (where [ is the length of the arc, r is the radius of its circle)

The circular segment : is a part of the surface of the circle bounded by an arc in it and a chord
passes through its ends of this arc.

Area of the segment = % r2(6™ - sin®)
(where 0 is the measure of the central angle of the segment, r is the radius of its circle).
Area of the triangle = % length of the base x height
= % Product of its sides x sine the included angle between them.

Are of the quadrilateral = % product of its diagonals x sine the included angle between them.

Area of the regular polygon = % n x> x cot %

(where n is the number of its sides, x is the length of its side)

Enrichment Information

Please visit the following links.
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GeneralTests -

(Algebra and trigonometry) First test

First : choose the correct answer from the given answers :

1) The point which belongs to the solution set of the following inequalities: x > 2,
y>1 Koy 3 i
A (2. 1) B (1.2) C (3,2 D (1.3)

(2 If A is a matrix of order 1 = 3, B'is a matrix of order | « 3 then it is possible to carryout
the following operation:

A AB B B'/A' C AB' D AB
3 ' The solution set of the equations 2x - 3y =1 , 3x + 2y =7 is:
A (1,2 B (2.1) C (2,3 D (3,2

4 ' The perimeter of a circular sector is 10cm, and the length of its arc equals 2cm, then its
arca in square centimetres cquals:

A 4 B 3§ c 1 D 20
5 The solution set of the equation sin X + cos X =0 where 180° < X < 360" equals:
A {2107} B {225°} C {2407} D {315%}

Second : Answer the following questions:

6 A Solve the system of the following linear equations using matrices .
2x-3y=4 , 3Ix-4y=23
B Prove that the identity: sin@ sin(90° - 0) tanf) = | - cos? 0

‘7 A Find the arca of the trangle in which its vertices are (-4, 2), (3, 1), (-2, 5) using

maltrices.
B Find the solution set of the equation 2sin X « 1 =0 where X = )0, 27
x00
'8 A Find the values of x which satisfy the equation | 1 x x | =3x
S$2x

B A boat was observed from the top of the lighthouse of height 50 metres |, it was found
that its depression angle 35°. Find the distance between the boat and the top of the
lighthouse.

(9 A AB is a chord of length 8cm, is opposite to the central angle of measure 60°, Find to
the nearest tenth the area of the minor circular segment in which its chord AB.
B Determine the solution set of the following inequalities graphically:
x=20 , y20 |, x+3y<7 , 3x-+4y=<14
then find from the solution set the values of x, y which make the value of the function:
P = 30x - 50 y is greatest as possible.
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(Algebra and trigonometry) Second test
First choose the correct answer from the given answers:

1) If A is a matrix of order 2 x 3, B'is a matrix of order 1 x 3, then AB is a matrix of order:
A 3x3 B 3x1 C 2x1 D 1x2

2) The point which belongs to the solution set of the inequalities :
x=20 , y=20 , 2x+y<4 , x+3y<6is:

A (1,-3) B (3,0 C (2,3 D (1,1
3) If ‘ 24X i | = 10 then x equals:

A 2 B 3 C 4 D 5
4) 1+cot?0equals........... in the simplest form:

A sin’ 0 B cos?6 C sec’6 D csc?6

Second : Answer the following questions:

5) A Solve the system of the following linear equations using Cramar's rule:
2x -3y=3 , x+2y=5

B cos X *tan X

Prove that the identity —_—~——=1- cos? X

6) A Find the matrix A which satisfies the relation : A x ( )

2 -4
7) A IfAt= ( 43 ),Prove that A2-5A+21=0O
B The measure of the central angle of a circular segment is 90° and the area of its

surface is 56 cm?. Find the length of its radius.

8) A From a point on the ground 50 metres distance to the base of a vertical pole. It is
found that the measure of the elevation angle of the top of the pole to be 19° 24'. find to
the nearest metre , the height of the pole from the ground.

B ' Find the maximum value of the objective function P= 2x +y given that:
x=0 , y=20
2x +3y <18 , “4x+y=-8
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(Geometry) Third test

First Complete each of the following:

1)If A =27 +3], B =37 - then2A- "B = .. . .

2)If T =(-2,1), T = (-3,K) are parallel then K= .. . .
3)IfA=(4,4),B=(5 8),Cec AB where AC:CB=2:1,thenC=( . . R )
4) If the two lines L : 3x - 2y + 7=0, L : ax + 3y + 5 =0 are perpendicular, thena= ... ... .

5) The vector equation of the line which passes through the point (2, -3) and its directions

vector (3,4) 1S . .

Second : Answer the following questions:

6) A Ifll8 A Il=5IIK A Il Find the value of K.

B Find the length of perpendicular drawn from the point (1, 2) on the line whose
equation is 5x - 12y -7=0
7) A ABCD is a quadrilateral , E is the mid-point of AB, F is the mid-point CD. Prove
that: BC + AD =2EF
B Find the equation of the line which passes through the point of intersection of the two
lines whose equations are 2x +y =5, and

—_

r =(1,0)+t(1, 1) and passes through the point (5, 3).

8) A Ifthe point C (2, 5) divides AB by the ratio 4 : 1, where A (8, 3). Find the coordinates
of the point B.

B Prove that the triangle whose vertices are the points Y (4, 2), X(3, 5), Z(-5,-1) is a
right angled triangle at Y, then calculate the area of the circle which passes through

its vertices.

9) IfL :3x+2y-7=0,L:2x -3y +4=0, find :
A Measure of the acute angle between L, L,.

B The vector equation of the line which passes through the point of intersection of the
two lines L, L, and the point (3, 4).

172 Mathematics - First form secondary



—q

eneralTests

(Geometry) Fourth test

First : Complete each of the following:

1

Q) (&) (W (N

If A =(2.3), B =(1,2)then AB = . .

If A =42), B =, 2)thenll™p - Bll=___ :

If A (-3, 4), B (6, -8), then the x-axis divides AB by theratio ......: ... .

Measure of the acute angle between the two lines whose slopes %, 2equals ... .

Length of the perpendicular from (1, 1) to the line whose equation X + Y =0 equals ... .

Second : Answer the following questions:

6) A IfKII47All =II-3All. find the value of K.

Find the equation of the line which passes through the point (-1, 0), and the point of

intersection of the two lines whose equations 2x -y +4=0 , x+y+5=0

IfA=@3,4),B=(5,-1), C = (2, -2) are three vertices of the parallelogram ABCD
find the coordinates of the fourth vertex D.

Prove that the two lines r =(0,4)+t(1,-2),2x+y +2 =0 are parallel then find the

shortest distance between them.

If A= (-1, 4), B=(5,-1), find the coordinates of the point C which divides AB
internally by the ratio 2 : 1.

Acircle of centre the origin point, prove that the two chords drawn in the circle and
whose equations:

3x +4y + 10 =0 and 5x - 12y + 26 = 0 are equal in length.

9) ABCD is a trapezium in which AD\\BC, if A(7, -1), B(3, -1), C(2, 1), D(5, y):

A Find the value of y.
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