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Introduction

(:,.)\ f)\l‘i\r.a

We are pleased to introduce this book to show the philosophy on which the academic content
has been prepared. This philosophy aims at:

Today's world is witnessing an ongoing scientific development. The future generation is required to
get qualified using the developing methods of the future in order to keep matching with the gigantic
progress of the different sciences. In regard to apply such a principle, the Ministry of Education is
doing the best to improve the curricula through having the learner in the position of the explorer
1o the scientific facts. In addition, the Ministry of Education provides the proper training for the
students in the scientific research fields throughout thinking in order to enable them to use their
minds as tools of the scientific thinking. As we present the book of Calculus for the third secondary
1o be a helping for lightening the minds of the students to trace the scientific thinking and to motivate
them to search and explore.

In the light of what previously mentioned, the following details have been considered:

* The book has been divided into related and integrated units. Each unit has an introduction il-
lustrating the leaming outcomes, the unit planning guide, and the related key terms. In addition,
the unit is divided into lessons where each lesson shows the objective of learning it through the
title You will learn. Each lesson starts with the main idea of the lesson content. It is taken into
consideration to introduce the content gradually from easy to hard. The lesson includes some
activities, which relate Math to other school subjects and the practical life. These activities suit
the students’ different abilities, consider the individual differences throughout Discover the error
to correct some common mistakes of the students, confirm the principle of working together and
integrate with the topic. Furthermore, this book contains some issues related to the surrounding
environment and how to deal with,

* Each lesson contains examples starting gradually from easy to hard and containing various levels
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises
that contain various problems related to the concepts and skills that the students learmed through
the lesson.

* Each unit ends in Unit summary containing the concepts and the instructions mentioned and
General exams containing various problems related to the concepts and skills, which the student
learned through the unit,

* Each unit ends in an Accumulative test 1o measure some necessary skills to be gained to fulfill the
learning outcome of the unit.

* The book ends in General tests including some concepts and skills, which the student learned
throughout the term.

Last but not least. We wish we had done our best to accomplish this work for the
benefits of our dear youngsters and our dearest Egypt.
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First

Statics

Friction

Unit

Introduction

Friction force is found since the carly ears of life. The ancient Egyptians had depended on it in regard 1o the scientific
and geometric methods available on that time. Ancient workers had used a various group of tools to cut the stone
masses used in building the pyramids they had used to draw such masses from a place to another using lubncated
trusses 1o reduce the friction force between the masses and the trusses. At the age of Romanan empire, the military
engineers had greased the military equipment during the sicge to reduce the friction force  among the parts of the
vehicles. At the age of the renaissance, the Ialan scientist Leonardo da Vinc: (1462 - 1519 ywas the first 1o state the
scientific foundation 1o the friction science. He had defined the concept of the friction as a value 10 the friction force
From the scientific experiments conducted by the scientists, it had been noticed that the fraction force of the bodies is
greater than the fraction foree of the bodies in motion we can observe this matter in our practical life you can notice
that the person noeds more power at the beginning to move a wood box on the ground but when the box moves, you
can notice that the power needed has become less than before. This is because the body is in motion and in tumn, the
friction force decreases. As a result, the friction can be divided into two types; static friction and Kinetic friction, In this
unit, you are going to keam the concept and properties of the friction and the condition of the equilibrium of a body
on a horizontal rough plane and another on inclined rough plane this unit will be ended up with some life application
on the friction static fnction,

Unit objectives
By the end of this unit and by doing all the activities involved, the student should be able to:

Distinguish the smooth surfaces and rough Determine the conditions of equilibrium of a
surfaces, body on a rough inclined plane

Identify the concept and properties of friction Deduce the relation between the measure of the
Identify the friction force and the limiting angle of fraction and the measure of the angle
friction force of inclination of the plane on the horizontal as

a body is placed on a rough inclined plane on a
condition the body is about to slide under the
effect of its weight only.

Determine the coefficient of the friction. angle
of Inction and the relation between them.

Determine the conditions of equilibrium of a

z Solve life apphications on the fnction
body on a rough horizontal plane P
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Key terms
Friction © Limiting Static Friction

Smooth Surface © Resultant Reaction
Rough Surface © Angle of Friction
Reaction Normal ©  Rough horizontal plane

Static Frictional force al force © Rough inclined plane
Kinetic Frictional force al force

L

Lessons of the unit Materials

(2 <1): The equilibrium of a body on a rough horizontal plane. Scientific calculator .
(22 )2 The equilibrium of a body on a rough inclined plane.

Unit planning guide

™ | 4 .
orce | | Coefficitentof ¢ Frictionangle | | Equilibrium |
ation) [ Static B O g,

7 7 Rough horizontal ~ Rough inclined
-

~
" Life applications
( ‘ ~ . onfriction
_ Identifyunfg the coefficiet of friction e
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Unit One

1-1

You will learn
2 Smooth surfaces and
rough surfoces.

O The concept of the
friction

O The force of the static
friction

O The force of kinetic
friction

O The relation between
the coefficient of the
friction and the tangent
of the angle of the
friction

O Properties of the friction
O The equilibrium of

a body on a rough
horizontal plane.

Key terms

O Friction

O Smooth Surfoce

O Rough Surface

& Normal Reaction

& Static Friction

O Kinetic Friction

O Limiting Static Friction

O Reswltant Reoction

O Angle of Friction

2 Rough horizontal plane

Materials

O Scientific calkculator

Equilibrium of a body on a horizontal
rough plane

transportation could not move since they move relying on the friction
between the ground and their wheels. If these machines moved, they would
not stop since the brakes depend mainly up on the friction. Furthermore,
people would not walk or stand properly because they seem to stand on icy
land . People would not also catch the different objects since the objects
would slide away from their hands. Without friction, mountain would
break down and the soil cover would no longer cover them, building would
tear down and tied ropes would go part. Briefly speaking, life would be
impossible without friction. As a result, the friction has many benefits it
makes car's wheels move on the roads and the train's wheels stick to the
rail road it also allows the conveyor belt to rotate the pulley without sliding
you also would not walk without the friction to keep your shoes from
getting slided on the sidewalk in other words, it is extremely difficult to
walk on the snow where the surface is
smooth and cannot cause friction and the
shoes slipped. Friction does not allow your
shoes 1o slip on ice, but helps to fix the soil
on the mountains and to fix and makes the
plants straightly stand and keeps the tied
ropes fixed in addition to other benefits.

Reaction:

We have previously learned that there is a type of force generated when
two bodies touch and it is called reaction . If you place a ball horizontal
table, then the ball affects on the table by a force pressure (p) equal the
ball weight in this case and the Newton's third law then the table affects
the ball by force reaction (r) and equal the pressure ball on the table i.e

r=p.
/ \
\ /

*

The pressure affecting the table The reaction affecting the ball
Figure (1) Figure (2)
Third Form Secondary Student Book




Equilibrium of a body on a horizontal rough plane ] . ]

Smooth and Rough Surfaces

Scientists relate the friction forces among bodies to the presence of microscopic cavities and
projections in the surfaces of the bodies whatever their smoothness is . The overlapping of such
projections and cavities of the two surfaces in contact produces what is called the friction force.
As a result, we can find resistance as we try to move one of the two surfaces against the other,
The coefficient of the friction a good scale to measure the roughness degree of the surfaces. If
the value of the coefficient of the friction increases, the roughness increases and vice versa. If
the coefficient of the friction equals zero, the friction forces are not existed totally. The reaction
between the two bodies in contact depends upon the nature of the two bodies and upon the other
forces acting on the body in case of the smooth surfaces the reaction is normal to the common
tangent plane to the surfaces of the two bodies in contact. On the contrary, when the two bodies
are rough, the reaction would have a component in the direction of the tangent surface which
is called the static friction. Besides the reaction has a normal component on the tangent surface
which is called the normal reaction.

Reaction
m o

Reaction in case of smooth surfaces Reaction in case of rough surfaces
figure (3) figure (4)
Pracrtical experiment:

Put a piece of wood on a horizontal table and attach the piece 1o a string passing over a smooth
pulley at the edge of the table such that the string suspends vertically to end in a scale pan as
shown in the figure place proper weight on the piece of wood, then place a bit weight in the scale
pan you notice that the piece of wood doesn't move. This means that the friction force acting on
the wood piece was enough.

figure (5)

To hinder the motion despite the presence of the tension T in lhc string. As it is known, this
tension is of course equal 1o the scale pan and the weights it holds.

As we increase the weights in the pan gradually, we observe that the wood piece starts to move
on the table when the weights placed in the scale pan reach a certain limit.

This means that the static friction force increases by the increasing of tension until it reaches
a certain limit which it does not exceed. If the tension increases to exceed such a limit, then
the friction force cannot balance it and then the body starts to move, It is observed that as we
increase the weights placed on the wood piece, we require to increase the weight placed in the
scale pan until the wood piece is about to move,

5
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The properties of the static friction force:

(1) The static friction force (F) acts in opposing the slide it is in the opposite direction to the
direction which the body tends to slide

(2) The static friction force (F) is only equal to the tangential force which tends to move the
body so that it can't be more than such a force and remain equal to the force as long as the
body balanced.

(3) The static friction force (F) increases, whenever the tangential force which cause the motion
increases until you arrive up to a certain limit which it doesnot exceed it . At such a limit,
the body is about to slide in this case, the friction is called the limiting static friction and it
is denoted by the symbol (F ).

(4) The ratio between the limiting static friction and the normal reaction N is constant and this ratio
depends up on the nature of the two bodies in contact but not up to their shape or mass. This
ratio is called the coefficient of the static friction and is denoted by the symbol (x) .

F
e 4 = where F_the limiting static friction

it is noticed that the static friction coefficient often have 0 < 4 < 1 but in some special cases
it may be more than one.

Kinetic Friction force

if a body moves upon a rough surface . it is subjected to the Kinetic friction force (F)) and its
direction is opposite to the direction of its motion and its value is given by the relation: F, = g N :
where 4, is the Kinetic friction coefficient and R the normal reaction.

L2 the Kinetic friction force equals the product of the Kinetic friction coefficient multiplied by
the normal reaction force

Hence, the Kinetic friction coefficient can be defined as the ratio between the Kinetic friction
force and the normal reaction force .

Wil =% where Fy is the kinetic fiction force

Resultant Reaction (R')

in case of the rough surfaces the resultant reaction is inclined on the tangent surface since it
expresses the resultant of the normal reaction and the static friction force. It is called the resultant
reaction,

ﬂnltult-ltruab-(i.')kdiemtdthemnulruuiu N and the static
friction force F

Third Form Secondary Student Book




Equilibrium of a body on a horizontal rough plane ] . ]

Angle of Friction

Notes that the measure of the angle included between the normal reaction and the resultant
reaction increases as the magnitude of the friction force increases [suppose that the normal
reaction is constant] and this value is limiting A when the friction becomes limiting and this angle
in this case called the angle of friction.

R N

figure (6) figure (7) figure (8)
In fig (1) and fig (2) we find: the vector resultant R is the resultant of the normal reaction T\?
and the friction force F , it's magnitude is givenby R' = {N? + F?

and in fig (3) when the friction force is limiting we have :
/ 4 - - , 2 * ] "
*R=y N« '..‘ .0 '_‘ = ﬂ,N SR =N N ”.‘ R =N J1 0‘[“

The relation between coefficient of friction and angle of friction :

in case the friction is limiting as in shown fig (8) :
wcﬁnd:lanl=—:;a-whcrc%=ﬂ‘ ie.:u = tan A

i.e : In the case of limiting friction , the coefficient of friction is equal to the tangent of the angle
of friction
Critical thinking: compare between the static and Kinetic angle of friction.

Equilibrium of a body on a rough horizantal plane

If a body of weight (w) is in equilibrium on a horizontal rough plane and acted upon by a force
p inclined by an angle of measure @ with the horizontal fig (9) the body is equilibrium under the
action of :

1) The weight W which is directed vertically downward R P
2) The resultant reaction R’ and its magnitude is R’ g

3) The given force P with magnitude P.

by resolve T into wo components in the horizontal and vertical,  figure (9)
direction then their magnitudes are P cos 6, P sin 6.

and by resolve R into two perpendicular components which are
the normal reaction N and its magnitude N, and the friction force
F and its magnitude F as shown in fig (10).

figure (10)

Al-Ashraaf Printing House Applied mathematics
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Friction S A O T

The equations for equilibrium are : F=Pcos @ , | N+Psinf =w

0 il acting force on a body

1 Karim pushes a box full of books towards his car on the using horizontal, if the weight of
the box and books together 124 Newton and coefficient of friction between the road and the
box 0.45 then find the magnitude of the force horizontal required by karim to push the box
to make it about 1o move.

> Solution
Suppose that w = 124 newton , 4 =045
From the conditions of equilibrium of the body in the horizontal plane :
N=w ile:N=124 (1 =
F=u N and from (1) then : F=045x 124 =558 newton  fgyre (11)

L) Try to solve
1. A mass of weight 32 newton is put on a horizontal rough plane and act on it a horizontal
force magnitude P until the mass becomes about 10 move.

a |f P =8 newton, find the coefficient of the static friction between the mass and the plane
b If u =04 find P

o ' Friction force

2 Abody of weight 8 kg.wt is placed on a horizontal table, and is connected by a string passing
over a smooth pulley at the edge, to a weight of magnitude 1.5 kg.wt which is hanging freely
and the body is in equilibrium, find the friction force. If the coefficient of friction between
the body and the table is . State whether or not the body is about to move.

> Solution N
From the equilibrium of the body hanging vertically we find 1
T=1.5 kg.wt and from the equilibrium is placed on a horizontal  » y
table then N=W | .
N =8kg.wt "
. Frictionforce F=T.". T=15kg.wt figure 12) 1.5 kgwt

To know whether the body is about to move or not determine the limiting static friction F_
*F=u N s F=lx8=2Kwm

».F < g N the friction is not limiting and the body is not about to move.

Third Form Secondary Student Book




Equilibrium of a body on a horizontal rough plane ] . ]

) Try to solve
2. A particle of weight 20 newton is placed on a horizontal rough plane, if the static friction
coefficient between the particle and the plane | find:

@ The required horizontal force which enough to make the particle is about to move .

b The inclined force which makes an angle measure 30" to the plane and makes the particle
is about to move .

’ ple Angle of friction

3 ' Abody of weight 12 kg.wt is placed on a horizontal rough plane, two forces act on the body
of magnitudes 4 , 4 kg.wt and include an angle of measure 60° where the two horizontal
forces are on the same horizontal plane. If the body is about to move, find the coefficient of

friction between the body and the plane also find angle of friction.

O Solution
The body is about to move:

the body in equilibrium

s N=W s N=12kgwt. figure (14) figure (13)
The resultant of the forces 4, 4 kg.wt = limiting friction forces
"*F=JF}+F}+2F, F,cos the resultant of two forces law
SF= 2224 4_% =4 V3 kgwt
UN=F 2u =43
_4 V3 - V3 ——

”‘ '2 3 ”‘ ':' 3"_

M, =tan A (mll% s A=30°

E) Try to solve

3. A particle of weight 6 newton is placed on a horizontal rough plane and two forces in the
same plane of magnitudes 2 and 4 newton include an angle of measure 1207 act on it, the
particle kept at rest prove that the measure of the angle of friction (A1) between the body and
the plane must not less than 307,
and if A = 45" and the directions of the two forces unchange , and the force of magnitude
4 newton without change. Determine the magnitude of the other force for the particle to be
about to move.

Al-Ashraaf Printing House Applied mathematics




Friction

D Example

Theoretical demonstrate

4 ' A body of weight (w) is placed on a horizontal rough plane and the measure of the angle of
friction between the body and the plane is A located in the vertical plane passing through
body weight, the body is attached by a force inclined the horizontal by angle of measure €

the body is about to move. Prove that the magnitude of this force = w::;"a) . then find
COs
the magnitude of the smallest value of this force and condition happening.
> Sai— Psin @ 'y
*.* the measure of angle of friction = A . F, P cos 6
. Coefficient of static friction () = tan A = > A
cos A cta X
. T . e _ =N, Sin
.. The value of the limiting friction force F = g N =N — figure (15)

and resolve the force P into two perpendicular components, which are Pcos 6, Psin 0

*. equations of equilibrium are : Pcos 0= yR
: Remember
n RSP ¢ ) icncni o

S Pecos@=R ~ = (n,
R+ Psinf=w " (2) cos (0 - A) -

P cos 0 cos A cosfcos A + sinOsin A
from (1) R = “S228R 2 qubstituting in (2) RIS

sin
o PC(B‘OC()QA . Psin0= W cwml-lllﬂ‘lll
sin A

S Pcos@cos A+ PsinBsinAd =wsin A
S P(cos@cos A - sin@sinAd)=wsin A o Peos(@-A)=wsin A

o P= % and the required is finding the smallest value of this force, then cos (0 - 1)
COs

must have the greatest possible i.e. cos(8-4) = |
.. the smallest value of this force F=wsin A
whencos(@-A)=1 ie.: -A=0" je:0=4
.. The condition must be satisfy is the measure of the angle of inclination of the force to the
horizontal is equal to the measure of the angle of friction
> Solution
*. R"is the resultant of the two forces N, F

. The body is in equilibrium under the action of three forces whichare: P ., W . R'
and by using Lami's rule: ‘ b
. P - W . P
sin (180° - 4)  sin [90° - (6 -4))
wa B o w cp=_ " sin A £
sind  cos(@-A) T cos(@-A)
*." the required force is smallest value of this force F , then the W
value of cos (8~ A) is a maximum possible Figure (16)
1 o Third Form Secondary Student Book
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— Equilibrium of a body on a horizontal rough plane | . |

Soeos(@-A)=1 S F=wsind and the condition which must satisfy is :
cos(@-A)=cos0 . 0-A=0 S.0=A

.. The condition which must be satisfy is the measure of the angle of inclination of the force
to the horizontal equal the measure of the angle of friction

Try to solve

4. Abody of weight (w) kg.wt is placed on a rough horizontal plane , the measure of the angle
of friction between the body and the plane is (4), the body is attached by a force inclined
the horizontal by an angle of measure (2 A) upwards located in the vertical plane passing
through body weight the body is about to move. Prove that the magnitude of this force equal
w tan A.

Y -
g? Exercise 1 -1 g‘?

First : Complete each of the following :
1. The force resulted from sliding two rough surfaces by the force of

‘2. The friction force vanished and the coefficient of friction equal zero in the planes
3. When the static friction force is limiting, then the body is

‘4. The kinetic friction force equal the product of coefficient of kinetic friction at

'35 The resultant of the normal reaction force and the limiting static friction force is called

'6. The static friction force less than or equal the product of the coefficient of static friction at

7 If the static friction coefficient between a mass of magnitude 40 kg and the ground surface
equal 0.45 then the magnitude of the horizontal force which act on the mass and make it
about to move equal

8. If a body of weight 6 newton is placed on a rough horizontal plane and the static friction
force was 4 newton, then the coefficient of static friction is

Second : Answer the following questions

9. A boy pushes a stone of weight 56 newton by a horizontal force of magnitude 42 newton
on a ridge, the stone was about to move . Find the coefficient of static friction between the
stone and the ridge.

10 A body of weight 240 kg.wt is placed on a horizontal rough plane and wanted to attached by
a wire inclined to the horizontal by angle of measure 30° , if the coefficient of static friction
equal —'/‘1 find the required tension in the wire for the body about to move .

11 A body of weight 39 kg.wt is placed on a horizontal rough plane two forces of magnitudes,

7 and 8 kg.wt and include an angle of measure 60° act on the body so it become about to
move. Find the static coefficient friction .

Al-Ashraaf Printing House Applied mathematics




Friction

12 A body of weight 12 newton is placed on a horizontal table and tied with a horizontal string
passing over a smooth pully fixed at the end of the table edge and the other end of the string
is tied by a weight of magnitude 4 newton . If the body is in equilibrium on the table , find
the friction force. If it is known that the coefficient of static friction between the body and
the table equal % . 1s the body about to move? Explain your answer

V-
-

A box of weight (w) kg.wt is placed on a rough horizontal plane and attached by two
horizontal strings the tensions on it are 6 , 8 kg.wt and include an angle of measure 90° if
the coefficient of the static friction between the box and the plane equal % . find the weight
of the box (w) if the box is about to move .

P
R

A body of weight 39 newton is placed on a rough horizontal plane and the tangent of the static
friction angle between the body and the plane is % . the body is attached by force inclined the
horizontal by an angle , whose sine is % makes the body is about to move., Find :

first : The magnitude of the tension .
second : The magnitude of the static friction

Third Form Secondary Student Book




We consider the body is in equilibrium on a rough honizontal inclined
plane with an angle of measure 6.
The body become in equilibrium under w. R
the action of two forces: )
(1) The weight of the body w that
acts vertically down wards and its
magnitude is (w)
(2) The resultant w
magnitude (R) figure (1)
And from the conditions of equilibrium we find that :

The resultant reaction force act vertically up.
(n
we can designate two forces, the friction force and the normal reaction

w sind/
w cost/

reaction and its

and :R'=w

considering the resultant reaction resolved into two directions one of them is
parallel to the plane and the other perpendicular to it as shown in the figure (1),

Friction force .
F= (2)
and this force act on opposite direction of the expected motion, this

wsin@

means that is parallel 1o the line of the greatest slope upwards .
Normal Reaction .

N=wcos 3)

The relation between the static friction angle and the measure of the
angle of inclination of the plane to the horizontal.

If we put a body on a rough inclined plane and the body is about 10
slipping, then the measure of the static friction force equal the measure
of the angle of inclination of the plane to the horizontal.

Applied mathematics

Al-Ashraaf Printing House

Unit One

1-2

You will learn

O The conditions of
equilibrium of a body on
an inclined rough plane.

O The relation between
the measure of the
angle of friction and the
measure of the angle of
inclination of the plane
to the horizontal.

O identifying the
coefficient of friction
between two contoct
surfaces (Activity)

Key terms

2 Inclined rough plane
2 Normal Reaction

2 Resultant Reaction
O Angle of Friction

O Coefficient of Friction

Materials

O Sclentific calculator



Friction

Proof ;
*.* The friction is limiting
.. The resultant reaction force makes an angle with the normal to the plane of measure equal
the measure of the static friction force, and its measure is (4) .
and from the previous figure, we find : 6= A4
and we can put the equation in terms of coefficient of friction as follow :

Fan/1=ﬂ or H, =tan @

For example:

If a body is placed on a rough inclined plane and it was about to move under its weight only,
when the angle of inclination of the plane on the horizontal is 30°, then the static coefficient
friction &, =tan 30" = !

V3

N
'\:0, Activity Determination of the coefficient of friction between two
contacting surfaces

The aim of activity :
To determine the coefficient of friction between two surfaces, in contact, using the inclined plane.

Equipment required for the experiment :
A rough plane - a wooden block with one face plain on the opposite face a rectangular hole - chab
is tan clam P with a pivot - a protractor - a plumb line,

Method:

(1) Clamp the pivot to the stand and affix the plane to it

(2) Affix the protractor is the plane so that its straight edge is levelled
with the edge of the plane so shown in fig (2) .

(3) Hang the plumb line from the center of the protector so that the line
is in alignment with the midline of the protractor when the plane is
horizontal . Figure (2)

(4) Set the plane in a horizontal position and place the block with its
plane face resting on it, then put a suitable weight in the hollow on the opposite face of the
block.

(5) Gradually till the plane until the block begins to slip down with help of slight tapping .

(6) Find the angle of inclination of the plane to the horizontal indicated by the plumb line on the
protractor.

(7) Repeat the experiment for different weights in the hollow and each time record the angle made
by the plane to the horizontal it will he noticed that

Third Form Secondary Student Book




Equilibrium of a body on an Inclined rough plane | _ 2

and we can deduce that :
The recorded angles are nearly the same
# The angle of friction is the average value of these measurements .

7 The coefficient of friction is found by calculating the tangent of the angle of friction .
o Example
1. A body of weight 3 newtons is placed on a plane inclined the horizon by angk of measure
30° and the static coefficient friction between the body and the plane cquals % A force of
magnitude 2N act on the body and in the direction of the line of the greatest slupc upwards, if
the body is in equilibrium determine the friction force state wether or not the motion is about
10 begin

O Solution
By resolve the weight W into two components in the direction of the plane and the normal
to it
1) The tangential component in the dmeulon of the line of the greatest slope downwards

and of magnitude w sin @ =3 sin 30" = 3 5 newtons

2) The perpendicular component of m.lgmtude W cos 6 3cos 30" =
and by comparing the tangential component w sin 6 = ; newton , and the mugniludc of the
force which acts on the body in the direction of the line of the greatest slope upwards =
newton we find: P > w sin 6.
So, the body tends 10 move upwards, so the friction force must be in opposite direction in
the line of greatest slope down wards T

fT

P=F+wsin0 s 2=F+ 3 F=1 newtons
N=wcos 6 s N=3cos 30° S.N= % V'3 newtons
the magnitude of the friction = % newton acts on the line of N

the greatest slope down and to know whether the body is
about to move or not

Wefindthe F =u N= 7~ %.’T =3 newtons " } cos 30
then: F < F_ lhcnlhcfncuon is not limiting v
.". the body is not about to move . 3

figure (3)
Try to solve
1. Aparticle of weight 2 kg.wt is placed on a gl_anc inclined the horizon by an angle of measure
30" and the static friction coefficient is 53 . a force of magnitude 2.5 kg.wt acts on the
body and in the line of the greatest slope up wards if the body is in equilibrium. Determine
the friction force and show whether the body is about to move or not?
Critical thinking: If a body is placed on an inclined plane makes with the horizontal an angle if
measure (8), if the measures of static friction angle between the body and the plane is (A1) what
is your expectation for the body if:
a <A b 6 A

Al-Ashraaf Printing House Applied mathematics




" e .
1 —-"- S—

&P Example

2 A body of weight 10 kg.wt is placed on a rough inclined plane. A force P acts on it in the
direction of the line of the greatest slope up. If its known that the body is about 0 move
upwards the plane when P = 6 kg.wt and about to move downwards the plane when P=4
kg.wi. Find:

@ The angle of inclination of the plane to the horizontal .
b The static friction coefficient .

> Solution
When P = 6 kg.wt the body is about to move up the plane and the static friction is limiting
and acts, down the plane.
SN =10cos 6 6 =105in0 + g N, eliminating N, from the two equations :
SA0sin@+ 104 cos@ =6 (1
when P = 4 kg.wt the body is about to move down the plane and the static friction is limiting
and acts up the plane . N,

S Ny=10cos 6,4+ 4 N, =10 sin 6 climinating N,
from the two equations :

S0 cos =10sin6- 4 (2)
from(1), (2):
S6=10sin@+ 10sin@ -4 . 20sn0=10
Sosin @ = % ;0= 3
by suhslilu.ting in(2).5 10 4 cos 30° = 10sin 30" -4

v’.T & . - 1 . I3

- WDu=5-4 . .u _sT’,T__ TR
the static coefficient friction between the body and the

Vﬁ‘

e 15 figure (5) 10

) Try to solve

2. Abody of weight 30 newtons is placed on a rough inclined plane, it is notice that the body
is about to move. If the plane inclined to the horizontal by an angle of measure 30°, If the
inclination of the plane to horizontal is increased to 60°, then find:

@ The least force which acts on the body parallel to the line of the greatest slope and
prevent the body from slipping.

b The force which acts on the body parallel to the line of the greatest slope and make it
about to move up the plane.
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Equilibrium of a body on an Inclined rough plane ] . 2

3 Abody of weight 2 kg.wt is placed on a horizontal rough plane, then the plane is inclined step
by step so that the body become about to move downwards the plane when the measure of the
angle of inclination is 30" find the static coefficient friction between the body and the plane ,
and if the body is tied by a string and the string is tensioned in a direction makes an angle of
measure 60° to the horizontal until the body become a bout to move upwards the plane, find:

8 The magnitude of the tension force b The magnitude of static friction force

> Solution
First:  “." the body is about to move downwards
under the action of its weight only

- T cos 30

.'.” =mnx)'= l 2 sin 30
' !,’—.T ’
Second: *.* the body is about to move upwards the plane: 2
The equation of equilibrium are : figure (6)
N+ Tsin 30" =2 cos 30 * s N=/3 - it (1)
Tcos30°=2sin30° + N 3T=2/7 + 2N 2)
\‘f.T
from (1) , (2)
Ir=2/3 +2/3 - 11 S AT=443 S T=V73 kgwt

by substituting in (1) ... N=y
. the static friction force = N= L « 1 /7 = Lkgwmt

ﬂ Try to solve

3. A body of weight 30 newtons is placed on a rough inclined plane, it is notice that the body
is about to move if sine the angle of inclination of the plane to the horizontal = % and if
the inclination of the plane increased such that the sine of the angle of inclination to the

horizontal became = %

a8 Find the magnitude of the least force which acts on the body parallel to the line of the
greatest slope of the plane to prevent it form sliding

b The force which makes it about to move upwards the plane and parallel to the line of the

greatest slope.
g;? Exercise 1-2 90\9
First: put the sign (V) or (X):

1. The coefficient of friction between two bodies depends on their shapes and their masses.

(2. The ratio between the magnitudes of the limiting static friction force and the normal reaction
is called the coefficient of friction.

17

Al-Ashraaf Printing House Applied mathematics



v“

3. The tangent of the angle of the static friction equal the ratio between the limiting friction
force and the normal reaction

‘4 If a body is placed on a rough inclined plane and was about to move, then the static coefficient
friction between the body and the plane equals the measure of the angle of inclination to the
horizontal.

5 if a body is placed on a rough inclined plane and was about to move, then the measure of the
angle of friction equal the measure of the angle of inclination of the plane to the horizontal.

‘6. The angle of friction is the angle included between the limiting friction force and the resultant
reaction.
Second: Choose the correct answer from the given answers
7. In the opposite figure :if the body is about 1o move down
wards, then the limiting friction equal:
a 3 b 2(.7
c 3\',.7 d 49

8 In the opposite figure: The body is about 10 move
downwards, then the measure of the angle of the static

friction equal:
a 3687 b 41417
€ 48.59° d 5313

9 In the opposite figure:
the body is about to move down wards, then A =
a 404 b 1448°
¢ 7552 d 7587

Third : Answer the following questions

10 A body of weight 400 gm.wt is placed on a plane inclined by 30" to the horizontal and

the coefTicient of friction between it and the body equal v 3 A force of magnitude 50
gm.wt acts on it in the direction of the line of the greatest s upwards. If the body is in
equilibrium, determine the friction force and show whether the body is about to move or not.

11 A body of mass 4 kg is placed on a rough inclined plane makes an angle of measure 30° to
the horizontal and the coefficient of friction between it and the plane is '_‘ Show whether
the body sliding on the plane or about to move or the friction is not I|m|tmg and find the
magnitude and direction of the friction force where upon, then find the magnitude of the
force which acts on the body in the direction of the line of the greatest slope such that the
body is about to move upwards the plane.

12 A body of weight 203 N is placed on a rough inclined plane makes an angle of measure
30" with the horizontal . then the body is attached upwards by a string lies on the vertical
plane passing by the line of the greatest slope and make an angle of measure 30° with the
plane , if the coefficient of friction equal Y3, find the least magnitude of tension in the
string prevent the body from moving down the plane .

18
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— Equilibrium of a body on an Inclined rough plane ] . 2

13 A body of weight (w) is placed on a rough plane inclined to the horizontal by an angle of
measure (8) , it is found that the force which parallel to the line of the greatest slope of the
plane and makes the body is about to move upwards the plane equals 2 w sin 8 prove that:

@ the measure of the angle of friction =6 b the magnitude of the resultant reaction = w

14 A body of weight 25 kg.wt is placed on a rough inclined plane a magnitude force P acts on it
in the direction of the line of the greatest slope upwards the plane. If its known that the body
is about to move up the plane when P = 15 kg.wt . and it is about to move downwards the
plane if P= 10 kg.wt find :

8 the measure of the angle of inclination of the plane to the horizontal
b the static coefficient friction

15 Abody of weight (w) is placed on a rough inclined plane makes an angle of sine % with the horizontal
the body is attached by a horizontal force of magnitude 22 newtons lies in the vertical plane which
passes through the line of the greatest slope makes the body is about 1o move upwards the plane, if the
static coefficient friction between the body and the plane is . then find of the weight (w).

16 A body of weight 8 kg.wt is placed on a horizontal rough plane, then the plane incline gradually

unitl the body becomes about to move downwards the plane when the measure of the angle of

inclination to the horizontal is 30°. Find the coefficient friction between the body and the plane,
and if the body is tied by a string and the string is attached in the direction makes an angle of
measure 30" with the plane until the body becomes about to move upwards the plane, find:

a8 the magnitude of the tension force b magnitude of the normal reaction

A body of weight 3 kg.wt is placed on a rough plane inclined to the horizontal by an angle of

measure 60° and the coefficient friction between the body and the plane was 3 , show giving

reason that the body can not be at rest , then find the value of the greatest and smallest horizontal
force [lie in the vertical plane passing by the line of the greatest slope] acts on the body for being
in equilibrium.

3 and § are two masses connected by a light string and are placed on a rough inclined plane

and the coefficient friction between the plane and the two bodies % ‘ % respectively. Show

which of the bodies is placed bottom the other so that the two bodies move together, then
prove that the tangent of the angle of inclination of the plane to the horizontal when the two
bodies are about to move is yy

Creative thinking : A body of weight (w) is placed on a rough inclined plane makes an angle of

measure (6) with the horizontal and the friction angle between the body and the plane is of

measure (4). A force of magnitude (P) acts on the body and inclined to the plane upwards by
an angle of measure (6) find the magnitude of the force (P) which makes the body is about
to move upwards the plane

C—
=~y
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-
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-
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N ITISUMMARY

The smooth surfaces: the friction force is completely vanished and the coefficient of friction = zero
is a virtual surfaces,

The rough surfaces: the friction force is appear and the coefficient of friction equal a real
positive number.

Reaction:

< In case the smooth planes the reaction is to be perpendicular on  the surface of the
common tangent of the touching bodies.

< In case of rough planes the direction of the reaction is unspecified and it is depended on
the natural of the touching surfaces and the other forces which acts on the body .

The static friction force: appears when try moving the body on the rough surface and its direction

is in opposite direction the direction in which the body tends to the movement in it and it is given

by the inequality 0 < F < g4 N where g is the static coefficient friction

The limiting static friction force: when the force of friction become the limiting static friction

(F)) the body is about 1o move (without moving) and the friction is limiting and we symbolize

itby (F).

and : F, = uN

Kinetic friction force: If a body moves on a rough plane, then it is subject to a Kinetic friction

force its direction is opposite to its motion and the value of its is given by the relation :
F, = 4, N where 4, is the kinetic coefficient friction .

Notes on coefficients of static and kinetic friction:
S U, , p, depend on the nature of the two bodies touching and not depended on the areas of
the contiguous surfaces ot the mass of the moving body.

< Coefficient of static friction (&) > Coefficient of kinetic friction (g, )

The resultant reaction: the resultant reaction (R )is the resultant of the normal reaction R and
the friction force limiting F,

Angle of friction: the angle which included between the force normal reaction and the force
resultant reaction .

The relation between coefficient of friction and angle of friction : then the coefficient of friction
equal the tangent of the angle of friction

The relation between the measure of angle of friction and the measure of the angle of
inclination of the plane to the horizon: If a body is placed on a rough inclined plane and the
body is about to under effect weight only move, then the measure of the angle of inclination of
the plane to the horizontal equal to the measure of the angle of friction.
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GENERALIEXERCISES

Choose the correct answer from the given :

1. The angle of friction is :
8 The included angle between the resultant reaction and the normal reaction incase the
friction is limiting.
b The included angle between the resultant reaction and the limiting friction force .
€ The ratio between the normal reaction and the limiting friction force.
d The ratio between the static coefficient friction and Kinetic coefficient friction.

2. The coefficient friction depended on:
@  Area of the contact surface. b The shape of the two bodies.
€ The nature of the two bodies. d All the previous.

30 If y, , p, are the coefficients of static and kinetic friction respectively for two connected
bodies , then :
a o= p b oy < u © U > H,
d o relation between them .

Answer the following :

4. Abody of weight  13.5 kg.wt us placed on a rough horizontal plane . its coefficient of
friction static between them i |s . A horizontal force act on it its magnitude 7.5 kg.wt.
show whether the body is aboul to move? Explain your answer.

50 A body of weight 45 kg.wt is placed on a rough horizontal plane, the coefficient of
friction between it and the body equal * : find:
@ The magnitude of the smallest force horizontal sufficient to move the body on the
plane.
b The magnitude and direction the resultant reaction.

(6. Abody of weight 26 newton is placed on a rough horizontal plane and the body become
about to move when two horizontal forces of magnitudes 7, 8 newtons act on it and
include an angle between them 60° . Find the static coefficient friction between the body
and the plane,

7. Abody of weight 10 kg.wt is placed on an inclined plane makes an angle of measure 30°
with the horizontal, if the body is about to slide, find the force which acts on the line of
the greatest slope to make the body about 1o move up the plane.

8 A body of \\clghl 6 newtons is placed on a rough plane inclined the horizontal by an
angle of cnsmc and the measure of the angle of friction between the body and the
plane is 45°. Shm\ that the body is kept in equilibrium |, then find the magnitude of the
force which acts on the body

For more Activties and Excercises, Visit www.sec3mathematics.com.eg
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Introduction

Since the early history, people had depended upon the idea of levers to enable them to carry and transfer
their objects from one place to another. The human locomotor system is similar to the idea on which
levers are based on . Bones are the materialistic solid bodies acted by the muscular power joint to the
bones to tum around a fixed point (the center). This necessitate to understand the rational effect of the
force (moment of a foree) in this unit, we are going to shed the light on the concept of the moment of a
force about a point in a 2-D or 3-D coordinate system

Unit objectives
By the end of this unit and doing all the activities involved , the student should be able to:

Identify and find the moment of a force about a
point in the space.

Find the norm and direction of the moment of a
force about a pont.

Find the moments of coplanar forces about a
point lying in their plane.

Identify the general theorem of moments

22 third<form secondary

“if the system of forces acting on a rigid body
has a resultant , then the algebraic sum of the
moments of these forces about a certain point is
equal to the moment of the resultant about this
point “,

Solve various applications on the moments.

Student Book



Key terms

Moment ¢ Moment component

Moment centre = Anti clockwise

Moment axis ¢ Clockwise

Moment arm = Algebraic measure of the moment

Rotation ¢ Norm of the moment

Resultant
Lessons of the unit Materials
Lesson (2 <1): The moment of a force about a point ¢ Scientific calculator

in a 2-D coordinate system Computer graphics

Lesson (2 -2): The moment of a force about a point
in a 3-D coordinate system

Chart of the unit

- -
The moment of a force about a The moment of a force about a
~ pointin a 2-D coordinate system pointin a 3-D coordinate system
- .
< ~
f ‘ v *
The moment of a force | Norm of the Coordinate components
about a point | moment of the moment of a force
Algebraic measure of about a point in the space |
the moment
Varignon's theorem

General theorem of the moments
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You will learn

O The moment of @ force about
a povnt

D The moments of the planer
forces about a pownt in Mew

plo~e

Key terms

D Moment

Materials

O Schentific calculator

” p
2 '

on another boc effect takes and my inetic effect-formality
effect). If a s from a place to another, the force acts on the body
in a Kinetic transitional way. If the body moves a rotational motion about a
point, the force acts on the body in a Kinetic rotational way. Here, we say
that the force can rotate the body about a point . It is called the moment of
a force about a point . This rotational effect of the force (moment) depends
up on the magnitude of the force and how distant the action line of this
force from this point is.

)
Lt

..’!%) Think and discuss sy
(1) The opposite figure shows two kids on a :

balanced swing in a horizontal position.
which kid is ( the heavier - the lighter)
nearer to the rotation center?
What does the heavier kid do if he/she
wants to rotate the swing where the lighter kid rises up?
(2) The opposite figure shows a hand of
a person trying to tic a pipe. The most
proper position to the force (F) to tie the
pipe perfectly is (A, B, C).
.r’:j' Learn

The moment of a force about a point in a 2D-coordinate system

The moment of a force F_about the D / Moment axis e
point O is known as the ability of the <% '
force to rotate the body about point O. \’
The rotational effect can be calculated
by the relation ﬁ:, =7 xF

where 7 is the position vector of the
of point A on the line of action the
force about point O. The point O is
called the moment center and the straight line passing through the point
and perpendicular to the plane containing the force (T ) and point (O)
is called the moment axis. We notice that the moment of a force is a
vector quantity. According to the rule of the right hand of the vector
multiplication, the direction of the moment of a force about a point and
perpendicular to the plane containing the force .
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Themomentofaforceabouta pointin yD.coordinatesystem  y _ v

Wisﬂwnumlofafom?abm(poimomw
on the position of point A on the line of action of the force?

(1) The moment of a force about a point

From the definition of the vector multiplication of two vector,
then:

ﬁzz(l-r‘lll F sin®) C where C isaunit vector perpendicular
to the plane of F and ¢ where the rotation is from r 10 F in ==---
the direction of the vector C and @ is the measure of the angle 1~
between r and F

let IFIl=Fand 7 Il sin @=L

where L is the length of the perpendicular segment on the action line of force T (L is called the
momcnlann)lhcnlhemommof_l?abom;)oimOisﬂl:,:(l'L)_(“ (n

(2) Algebraic measure of the moment
If the force F act on rotating about O in the anti

clockwise direction, the algebraic measure of the | % /O, O LF
moment vector is positive (the moment vector is \/
L

in the direction of the vector C ). If the force T

acts on rotating about O in the clockwise direction,

the algebraic measure of the moment vector is negative ( the moment vector is in the direction
of the vector - C ) o,
(3,Thcmoflhewlhcmmo(ﬂwnu)mlisllﬁ;lbﬁ_ (2) :

(4) The moment of a force about a point on its line of action = zero '

(5) The magnitude of the moment measuring unit:

the magnitude of the moment measuring unit = the magnitude of

force measuring unit = length measuring unit. Such as newton, meter, T

Dyne. em |, kg.wt. meter ... the action line of the force
passes through point O

6 ENEe S M, = Zero

1 I_l;: : i and fs are a right system of the unit vectors and the force
F=3i +4j a-tionsulhc_zoimA(-l.})ofab(xlyﬁnd: ey
a the moment of the force F about the origin point (0, 0) " F=64
b the length of the perpendicular segment from the point O /
and on the action line of the force F

> Solution 1,3 A
& r =0A=A-0 .
=(-1,3)-(0,0)=(-1,3) :
) X
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The norm of the moment = 13 moment unit and the algebraic measure of the moment
vector = -13 moment unit

Interpreting the fesult: i.e the force F produces a rotation to the body about the point O and
in the clockwise direction( the direction of the moment is in the direction of -k )

b To find the length of the perpendicular drawn from O on the action line of the force F
I 13
M o I=FL SLs—2 =
F /3.4

ﬂ'rrytosolvo
O) § I and k are a right system of the unit vectors and the force F=i -2] acts at the

point A(2. 3) find:
8 The moment of the force F about point B (2, 1)
b The length of the perpendicular segment from point A on the line of action of the force .

Crtical thinking: what would it mean if the moment of the force about a point is vanished?

lcngth unit.

L5 j Learn
Principle of moments (Varignons theorm)

The moment of a force T about a point equals the sum of the moments of the components of
this force aboul the same pom(

Let the l'ou‘c F = K F j acts at the point A whose position vector with respect to the
point O is T = (x, y)thcn
M= T

=(x,y) < (F,F)

=(xF,) k + (yF)k
moment F_about O + the moment of F_about O

D Example

2 In the figure opposite:
Find the algebraic measure of the moment of the force

about the point O.
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O First Solution:
We factorize the force 200 newton into two components

=- 1003 x2-100 < 4
=(-200 V'3 - 50) newton . meter

F, =200 cos 30 =100 /'3 newton y meter .
F, =200 sin 30 = 100 newton § 1 = 200 cos30
In regard to Varignon's theorem §
Mo=-F.'2-F:'% R : @00)
0

O Solution:
the length of the perpendicular segment from O on the line
of action of the force = L.
where L=2cos 30+ sin30= (/3 + ) meter
*.* the force is working to rotate about O in the clockwise
direction
.. the algebraic measure of the moment of a force is negative
S Mg =-200 % (Y3 + 1)=(-200 V3 -50) newton.meter

L) Try to solve
2. In the figure opposite: calculate the algebraic measure for the 100 newton
moment of a force 100 newton about point A .

The algebraic sum of the moments of a system of forces

acting at a point about any point in space is equal to the 1.4 meter
moment of the resultant of these forces about the same point

Proof . 0.4 meter
Let FT " T-‘. o wnip Tr: be a finite system of forces acting at point A
and let that is point (O) be the point required to find the moments about it
T = OA
The sum of the moments of the forces about point O
- — - — —- —

=T xF, +R*XF, +wu+RxF
—- — —
=7 x(F, +F, + =+ F,)
=7 %« R -
= The moment of the resultant of these forces about the same point O r v
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Moments

’ Example (The moment of a system of forces acting at a point)

3) Theforces F, = i + 2. F, = (L3)and F, =41 + 4 actatthe point A (-2, 1).
Find the sum of the moments of these forces about point B (0, 2), then find the moment of
the resultant of these forces about B. What do you notice?

O Solution

r =ix= -?:(-2,-])

v
v
» < =7k 3}

=(4+-1k =3k
M,=T xF =(2-Dx(1,3) =(6+k=-=5k
T =(2-Dx@4) = (8+4) k =-4k

s Shib il
= 3k -5k -4k =-12 k

F,

Resultant of the force: R = F, « F, + F, = (1,2)+(1,3)+(4,4)=(6,9)

. Moment of the resulmnl-—: « R
=(-2, -l)‘(6 9)
“(18+6)k -l"k

We notice that the sum of the moments of the forces about a point equals the moment of the
resultant of the forces about the same point.

General theorem of moments

The algebraic sum of the moments of forces about a point is equal to the moment
of the resultant about this point.

ﬂ'l’rytosom X .

‘3. The force |= =3 i - j F, =-2] -3 ) actatpoint A(-1,4). Find the sum of the
momcmsoffomcsaboutmmB(l 1) hence find the moment of the resultant of these forces
about point B.
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’w
4 ABCD is a rectangle in which AB = 6 cm and BC = 8 cm forces of magnitudes 4, 5, 3 and

3 newtons act along the directions of AB , BE , DC and AD where E € BC , BE = 6cm.
Prove that the resultant of these forces passes through point E.

© Solution ©) .
The sum of the algebraic measures of the . "
moments of forces about point @ @
E=4x643x2+3x6=2r0 Y Y 6bem
According to the theorem of moments, the
moment of the resultant about point E = zero e e @ 8

i.e. the resultant passes through point E

L) Try to solve

4, AB C D is a square of side length is 6 cm and E € BC where BE = | ¢cm, forces of
magnitudes 1,2, 3,4, and F newtons act along AB, BC, CD , DA and AC respectively, If
the line of action of the resultant passes through point E, find the value of F.

Olmplo
5) Aforce F = -2; + 3 ; actsatlhcpoimA(J.-S).Findlhcmmntof_l-’aboulcachof
the points B(3, 1), C (1,4) and D(-1, 2)

> Solution
— PUS. —

- B =(1,4)

S M=o =(1,4)%(-2,3)=(3-8) k =-5k

—m

=A-C =37
T=@G.-Dx(2)=0-19)k =-5k o
A -D =(5.-9
My =T < Fo=(5,-5)%(-2,3)=(15-10) k =5k
From the previous example, we deduce that:

(1) If the moment of a force about point B = the moment of
this point about point C, then the line of action of this \J
force // BC

(2) If the moment of a force about point B = - the moment of this force about point D, then the
line of action of this force bisects BD

L) Try to solve
’5) Aforce T acts at point A (-3, 2). If the moment of T about each of the two points B (3, 1)
and C (-1, 4) equals 28 k., find T .

29
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Generalization of the previous conclusion

If a system of coplanar forces act on a body and A and B are two points at the same plane, then:

(1) If the sum of the moments of forces about A = the sum of the moments of the forces about B
then the line of action of the resultant // AB .

(2) If the sum of the moments of forces about A = - the sum of the moments of the forces about

B, then the line of action of the resultants passes through the midpoint of AB

Note: If the sum of the moments of the forces about a point- (say C) vanishes then either C lies
on the line of action of the resultant or the resultant is the zero vector.

6 Example

6 Theforce T, =21 - ) , T, = 5i +2j, F, =-3i + 2 actat point A(l, 1) prove
using the moment that the line of action of the resultant is parallel to the straight line passing
through the two points B(2, 1) and C (6, 4).

O» Solution
e iy i i a A
“R=F +F,+F, =4i+3]j

T, =BA=A-B=(-10) My=T « F =(1,0)x@3)=-3k
T =CA=A-C=(5,-3) M. =R, « F =(-5,-3)(4,3) =3k
S My =M., 'n‘#‘o‘ . line of action of R // BC

L) Try to solve

6 The forces Ty = 1 +2), Fo =31 -} actat point A (-2, 3) prove using the moments that
the line of action of the resultant bisects the straight segment drawn between the two points
B(-1,5)and C(1,2).

L) Try to solve

7. In the opposite figure: A B represents a crane for lifting
the goods. If the tension in the string is equal to 140
newtons, and the weight of the box is 125 newtons, find
the sum of the two moments of the two forces about B,
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e;? ?xmhos2-1 g\?

Complete the following
1) Aforce of a magnitude 50 newtons and is 8 cm it is a line of work from point A, then the norm
of the moment about point A equals newlons . cm

‘2. In the opposite figure: the norm of the moment of the
force about the point (O) equals

73) Aforce of 4] newton acts at a point whose position vector
with respect to the origin point O equals 5 i meters, then the
moment of the force about the origin point equals

‘4. If the moment of a force about a point is equals to zero,
this means

5. If the moment of the force about point is constant, then the magnitude of the force is inversely

proportional to
_6_ The opposite figure: shows a rod fixed by a hinge at A. If a vertical

force of a magnitude 70 newton acts on the end B downward, then
the norm of the moment of the force about A is equal

o newtons. meter

Choose the correct answer:
7. The opposite figure presents a door attached with a hinge at A. If a force F acts on the
door which of the following figures in which the force  F  has the greatest moment about A?

a A b AT/ ¢ A l—/(, ¢ &=}
F F l 4 A F
8. Arod of length L. It can rotate easily about a point. at one of g
its ends. A force of a magnitude F acts on the other end and T
inclines on the rode with an angle measured @ if T should be '%‘é 2
perpendicular to the rod, at which distance from the rotation F
center can F affect such that it has the same moment

a Lsin® b Lcos@ c L d Luanf
9 If the moment of aforce F about point A is equal 1o its moment about point B then

a F L AB b T bisects AB

€ F // AB d AB actionline F are skew
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Moments
Answer the following questions
10 Twoforces F, =M i +2i and F, =L i - actat the two points A, (1, 1),A, (-1,-2)

respectively. Determine the value of the two constants M and L such that the sum of the two
moments of those two forces about the origin point and about poin( B (2, 3) vanishes.

11 The forces r-' =2 i -j F =5 i 02; . F_ -.3| +2 J act at point A (1, 1). Prove
using the momcnts that the line of action of the resultant is parallel to the straight line
passing through the two points (2, 1) and (6, 4)

12 The opposite figure represents a person carrying a weight
in his hand. If the norm of the moment of the weight about
point A is equal to 80 newtons meter, find the moment of
the weight about point B

27 cm

.

13 Find the algebraic measure of the moment of the force about point O in each of the following
figures

a — 30 ¢y ——
= 30 cm — — 20 cm —
Newton

@NMoa

74 Aforce T at the xy-plane acts on the triangle AO B. If the A
algebraic measure of the moment of T about point O is equal
1o 84 newton . m | the algebraic measure of its moment about
point A is equal to - 100 newton . m , and the algebraic measure
of its moment at point B is equal to zero, determine T

im
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The moment of a force about
a point in 3D- coordinate system

In the last lesson , you le:
pomunnSplne.ln

mnmcnml'afomcabull ‘

You will learn

O Moment of a force sdout @

n ’ m point in the 1poce

O Coordinate components of the

Moment of a force about a point in space

¥ = ®., F F,) acts at pomtA(x y . z) whose position vector
with respect to pmm O0,0,0)is T =(x, y , z) then the moment of
the force F_ about point O is equal 10

moment of a force about a

pont in Ihe spoce

- - _.b
Mo= r xF
i i k
T x y z
F, F, F,
Key terms
(7D Example

" - ~ X

1 Theforce F =20 -j +3k
acts at point A (-3, 1, 2), find the moment of the force F about point
B (2, 2, -1) then calculate the length of the perpendicular segment from
B to the line of action of the force

> Solution 3,1, "
s g —— — —
r =BA=A-B =(-3,1,2)-(2.2.-1) =
=(-5, -1, 3) y

2,-1,3) = F

= Y ; i (-|'3'3"”'
5 -1 3 (-5x3-3x2) ]
2 a3 "

#(-5x-1-2x-1k

Materials

=21 i +7 k moment unit
O Scentifc calcwhater

v | n ,ﬂ
Ml JOR212+ 7

L= = ——— = /35 length unit
rE J2+(-1)*+ 3¢
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Moments

L) Try to solve A

{1 Find the moment of the force F about the origin point where F =-2 i +3j +5k and
acts at point A whose position vector with respect to the origin pointis t = i - j + k then
find the length of the perpendicular segment drawn from the origin point to the line of action
of the force T

Coordinate components of the moment of a force about a point

Let the force ¥ =F, i +F, j +F, k acts at point y 2
A whose position vector with respect to the ongm point
T =y 2) then the moment of the force T about the F,
origin pomtOnmnal T *F =
=y A " F
_ i j k z y
I x oy 2 F, -
I R R /3 y
X y x
=(yF,-zF,)i~(tF‘-xF,)j~(xF’-yF.)k y

i.e. the moment of the force F has three components

each can be interpreted as follows:

the component of the moment in the direction of l It can be calculated by finding the moment
of the components F_, F, and F, about x-axis.

The component F_ does not have a rotational moment about x-axis since it is parallel to the axis
whereas the component F, produces the rotation about x-axis in the clockwise direction, then its
momcmsis-szy.

The component F, produces the rotation about x-axis in the anticlockwise direction , then
its moment is y « F, and the sum of the moments of the component about x-axis is equal to
yxF,-2x l-

Slmnlarly o thc rest of the moment components in the direction of i and K

) Example
2)Iftheforce ¥ = K i +4 ) - k acts at point A whose position vector with respect (o
the origin pointis r =(1, 2, 2)and the component of the moment of the force F about

y-axis is equal to 7 moment unit, find the value of K then find the length of the perpendicular
segment drawn from O on the line of action of F

O Solution
F=(K4,-)—F=K,F=4,F=-1
-R.=(l.2.2)—-'x=l.y=2.z=2
the component of the moment of the force about y-axis=z F_- xF,
S2K-1(-)=7

34
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S2K+l=T—K=3

-l e i

aMg=|t 1 K |=-10 T 7T 2K
[ & @
34

llMOII
NFEN

.". the length of the perpendicular segment drawn from O on the line of action of the force =

JE10P (T « (228 3aas length unit
J 3.4y 26

ﬂTrytosoM ) ] i a
2. If the force T =k i «m J -2k acts at point A
whose position vector with respect to the origin point is AL
T =(3, 1, 1)if the two components of the moment of 6m

F about x and y-axes are - | and - 8 respectively, find
the value for each of k and m.

’ Example
3 ' The force FI:.G 13 newton and, F, = v61 newton in the
direction of AB and AC as shown in the figure. Find:
8 The sum of the moments of the forces about point O.
b The moment of the resultants of the two forces about
point O. What do you infer?

N
4m
S

> Solution
From the geometry of the figure, the coordinates of the points are:
A0,0,6),B0,4,0,CH4,-3,0

AB=B -A=(0,4,00-(0,0,6) =0, 4, -6)

A
F‘:F( — )=6413 (M):ﬁf—,-i_;_-_l
YN aAB VO -4 (6F 241

. F, =(0,12,-18)
A=T-A=@,-3,00-0.0,6=@4, -3, -6

r=:=m AC = VBT (=3a3.6) ) 7. ((4.3.6))
- || Va2 (3P (-6)° J61

— -

The moment of the force F, about point O = DA * F, =(0, 0, 6) (0, 12, - 18)

ik
0 6
2 -18

SO =
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The moment of the force F, aboutpointO = OA x F, =(0, 0, 6)<(4, -3, -6)
ali J k|=a18i+24]
0 0 6
4 3 6

8 The sum of the moments of the forces about O

=-72i+18 1+24 ) =-54 i+24 ] (1)
- = 3 =
the resultant of the two forces F = F < F,=(0, 12, -18)+ (4, -3, -6)
= (4,9, -24) and acts at point A

OA « R =(0.0,6)(4,9,-24)

1 ) 3 =-S4:+24; (2)
0 0 6

From 1, 2 we notice that 4 9 -4

the sum of the moments of the forces about a point in the space is equal to the moment
of the resultant of these forces about this point.

b The moment of the resultant about O

9\

g‘? Exercises 2 -2 0’9

Q00 i, j, k aright system of the unit vectors and the force F=2 i +3j - kacts at point
AL, -1, 4), find:
8 The moment of the fomc-l?abwuhco:igin point O (0,0, 0).

b The moment of the force F about point B (2, -3, 1) then deduce the length of the
perpendicular segment drawn from B to the line of action of the force.
@) ITF =20 +L - k acts at point A (4, -2,0) and the moment of F about the origin point
isequalto2 1 <4 < 16k . Find the value of L.
g

3. In the opposite figure . a force of a magnitude 130 a

newton acts along the diagonal A B in the cuboid 4m
whose dimensions are 3m, 4m and 12m as shown in

the figure. Find the moment of the force F about
point D .
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5) Aforce T acts at point A(2, -1, 3) if the moment

=

Themomentofaforceabout apointinrD. coordinatesystem vy _ v
L —

‘4. In the oppoesite figure, a rope is attached in point D A
passing over a smooth pulley at A and from the other end '2)‘\3,,.\

of the rope, a small boat suspends. If the tension

magnitude of the rope DA is equal to 10429 newton.

Find the moment of the tension of the rope about point C.

'F.Mn

of
about the origin point is equal to 21 j + 7 k. Find F
where T is paralle] the x-axis .

) Ifthe force ¥ =2 i + B j + k acts at point A (-1, 3 , -2) and the component of the

moment of F_about x-axis is equal to -3 moment units. Find the value of B, hence find the
length of the perpendicular segment drawn from the origin point to the line of action of the
force.

7. ABCD is a right-angled trapezoid at B, AD / BC , AB = 8 cm, BC = 15 cm, AD = 9cm.

DE is drawn perpendicular to the plane of the trapezoid where DE = 12 cm. A force of a
magnitude 75 newton acts along "AE . Find the norm of moment of the force about B .

{8) If the moment force ¥ =2 i + 3 j - k about the origin point O is equal to

I‘% =-5i +3 ) - k and if this force passes through a point whose y-coordinate is equal
to 2. find the coordinates x and z for the point, hence find the length of the perpendicular
segment drawn from the origin point to the line of action of the force.

9. A force T =15i-25 ; + 40 K acts at point A(-3, -3, 2). Find the component of the

Al-Ashraaf Printing House Applied mathematics
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UNITESUMMARY

The moment of a force about a point : the moment of the force F acting on a body about
a point is known as the ability of the force F to produce a roumon to the body about pomt
O and the moment of the force l- is calculated by the relation M =T x ’ where T
is the position vector of a point on the line of action of the fome ahoul poml (O) and the
direction of the moment is normal to the plane containing each of F and 7.

2 The norm of the moment of a force about a point: if F represents the norm of the force T
and L represents the length of the perpendicular segment from point O to the line of action
of the force, then the norm of the moment of F about point O is calculated by the relation
M Il = FL.

3 Algebraic measure of the moment of a force |~ ) O T
about a point: if the force works to rotate °
the body about point O in the clockwise \/ \/
direction, then the algebraic measure of the

moment vector is negative and if the force works to rotate the body about point O in
anticlockwise direction, then the algebraic measure of the moment vector is positive.

4 The length of the pcrpcndicular segment from point O to the line of action of the force F
ol

is Lwhere L= _!ﬁ
hF
5 If the moment of the force about a point vanishes, then the line of action of this force passes

through this point.

6 The principle of moments (varignon’s theorem) the moment of the force F about a point
is equal to the sum of the moments of the components of this force about the same point

7 Theorem: The sum of the moments of a system of forces acting at a point about any point in
space is equal to the moment of the resultant of these forces about the same point

8 If the sum of the moments of a system of forces about point A = the sum of the moments
of these forces about point B, then the line of action of the resultant is parallel o AB

9 If the sum of the moments of a system of forces about point A = - the sum of the moments of
these forces about point B, then the line of action of the resultant bisects A B

10 Thcmqfa[mcbouanluhwﬁ: =7 «F
i j K .
=| x ; ¢z |where r is the position vector of a point on the line of action of the
F, F F, |force with respect to point O

11 The components of the moment of a force in the direction of axes if l- =(F,. F, F)isa
force acting at a point whose position \eclorabmulheongm pomlOns r =(x,y. z)lhen

(yF, -rF) * the component of the moment of F in the direction of x-axis
(zF, -xF) —= the component of the moment of T in the direction of y-axis
(xF, -y F)) —— the component of the moment of F in the direction of z-axis
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GENERAL EXERCISES

(1) If the moment of the horizontal force F about point O
is equal to the moment of the vertical force 50 newton about
point O, find the value of F.

2 In the opposite figure
calculate the moment of the force F = 14§ newton
about point O

-l A 4
(3) Aforce F =7 ) acts at point (-3, 0), find the moment of the force about point (1, -2)

(4: A force FT =2: + ; newton acts at a point whose position vectoris 2 1 + 2 j meter and
another force T: =51 newton acts at a point whose position vectors - 2 i + j melter.

Find the sum of the moments of these forces about the origin point

5If i ; ; and k are a right system of the unit vectors,

thcforcc_l-‘-=3: +k ; c4k actsatpoint A(1, 0, - 1)

andlhem(xncmoflhefotw?abwlpoinlB(Z.-l.l‘)isa;uallolZ: -83 -5k .
Find the value of k.

t (300)
6. In the opposite figure, @00) newt
find the algebraic measure of " 3
the sum of the moments of Im = 4

the forces about point C.

25m
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7. In the opposite figure, prove that the resultant of the two forces

100 newton and 80 2 newton @m """"’"‘
pass through point C t
B “ ? C
—— 25.cm 20 cm—

8. In the opposite figure
Find the algebraic measure of the moment of the force
100 newton about point O

9 In the opposite figure \@

Find the moment of the force F = 15 J11 newtons about O -
m

5m y

For more Activties and Excercises, Visit www.sec3mathematics.com.eg
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Accumulativeitest

Choose the correct answer:

{1, ABCisaright-angled trianglcat B, AC=10cm andm( /BCA) = @thenBC =
a 10sin@ B 10cos@ C 10tan B d 5

(2. The distance between the two points (2, -1) and ( -1, 3) is equal to
a 4 B 5 cJs d 2

3. The direction cosines of the vector (-2, 2, 1) are:

a 2, .2, - 82 2 1

53 @92, 2 1

N
4. A B C is a triangle in which AB = 8 cm , m( A B C) = 70" then the length of the
perpendicular segment drawn from Aon B C is equal to:
a 8cos 70 B 8sin70 C Stan 70 d /%

‘(09
il

1
*3

— — —

S5)If A =(Q2.-1). B =(3.2) then A * B =
a 7 B 65 C 4 d 8

oA =(¢1,2,3), B =(2.2,1) then A * B =
a (4.7.-6) B (4..7.-6) C (4.7, -6) d 5

3 fF =@, -3,49), acts at point (1, 1, I)lhenlhccomp(mmoflhcnmcnlof—l?
about x-axis is equal to
a 7 B .

Answer the following questions :
8 AB C D is a square of side length 10 cm. Forces of a magnitudes 3, 5, 8, 5/2 kg.wt act
along the directions AB ,BC ., CD and AC respectively. Find the algebraic measure
the sum of the moments of the forces:
a about point A b about point B
€ about the center of the square

L

cC .5 d 2

9 The opposite figure represents the effect of a force
of 15 newton on an arm fixed in a hinge at A. Find 4
the algebraic measure of the moment of the force
about point A.

10 In the opposite figure the magnitude of the tension in the thread A B
is 150 newton. Find the algebraic measure of the moment of the tension
force about point O,

11 If the moment needed to rotate a nail is equal to 400 newton.

cm, find the least value of the force F and the value of @ which
satisfies the nail rotation.
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Introduction

In our previous study of the system of coplanar forces acting on a materialistic point, the lines
of action of the resultant of these forces meet at one materialistic point. As a result, the line of
action ot the resultant of these forces passes through one point which is the common point of
intersection to this system of forces. In this unit, we are going to learn a system of forces acting
on a rigid body since the lines of action of these forces do not necessarily meet at a point Our
objective in this unit is to learn these forces whose lines of action are parallel to them and all
lie in the same plane which is called * the parallel coplanar forces®. You will leam the parallel
coplanar forces when you are asked to find their resultant such that their direction, magnitude
and point of action.

Unit objectives

By the end of this unit and by doing all the activities involved, the student should be able to:
“ Identify the parallel coplanar forces. moment of the resultant about the same point,

“ Identify the line of action of the resultant of two  © Deduce that the sum of the moments of a system

like and unlike forces.

= Identify one of the two parallel forces if the
other force and the resultant are known.

* Find the moments of a system of parallel
coplanar forces about a point

“ Find the resultant of a system of parallel
coplanar forces.

# Deduce that the sum of the moments of a system
of parallel forces about a point is equal to the

42 Third Form Secondary

of parallel forces about a point is equal to zero if
their resultant passes through such a point.
Deduce that the sum of the moments of a system
of parallel forces about a point is equal to zero if
the resultant of these forces vanishes.
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Key Terms

* Parallel forces . Parallel

© Resultant : Support

 Magnitude : Beam

: Norm : Tension

: Point of action  Pulley

* Reaction : Like forces

© Weight * Unlike forces
Unit Lessons Materials
Lesson (3 -1): The resultant of parallel coplanar forces. * Scientific calculator
Lesson (2-2 ): The equilibrium of a system of parallel * Computer graphics

coplanar forces.
Unit planning guide

Parallel coplanar forces

W_)

{ )

" The resultant of parallel " The equilibrium of a system
\ coplanar forces ~ of parallel coplanar forces
I
( N\
| | r { 1 B
( ) Resultantofa Resultant Sum of moments
Resultant of two
p;;":': I system of parallel of forces is of the forces
\ | coplanar forces | equaltozero = about any point
1 _lisequaltozero

Having the Having opposite
same direction direction

(like) (unlike)
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Unit Three

Sl

You will learn
2 The resultant of two like
forces
s The resultant of two
unlike forces
» The resultant of a
system of paralle! and

coplanar forces.

Key terms
s Parallel
» Reswltant
» Magnitude
b '\"'_)In\

» Point of action

Materials

» Scientific calculator

el

Resultant of a parallel
coplanar forces

<7 o

Coopontlnm‘:' .

LI S S )
Figure (1) shows a graduated 1 2 3 4 5 6 7

wood ruler from 1 to 7 and Fgere (1)
two identical stones are placed at the ends of the ruler.

(1) Identify the position of a point on the ruler from which the ruler can
be suspended in a horizontally equilibrium way.

(2) Does the position of the

suspension point change % % & » ,j
iftwoweightareplacedt v 2 3 4 5 6 7

Figure (2)
one end as in figure (2)?

Identify the new suspension point if the position changes.

Resultant of two parallel forces having the same direction

(like forces)
You have learned that the resultant of a system of of mplunar forces F.
ﬁ.....rmaapomusmcfomc R where R = P, + h * oee l

and passes through the same point. In this lesson, you are going to ﬁnd

the resultant of a system of parallel coplanar forces.

You start to find the resultant of two parallel coplanar forces having the
same direction (like forces).

Let FT and F: be two like forces forces, act at a rigid body at two
points A and B, then the resultant of those two forces is R where:

S S - 0 =
R=F +F,.

To identify the position of )

the point of action of the F B .-

resultant, let two forces of ﬂ > ’
equal magnitude and opposite =¥ . ... ’
—
—

R, -
direction act at A and B and Fp, [ mBecees

this does not change the action
of the two forces FT and T::
Let R be the resultant of the two forces fT and F atAwhich represents
a diagonal in the parallelogram and R, be the resultants of the two
forces F and F; at B.

Figure (3)
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————

= e ———
e e R S T | Resultant of a parallel coplanar forces ] - 3

and let the two lines of action of the two resultants Tl-, and ﬁ: intersect at O.

The force R, can be replaced by their two original components F, and F and the force R can be
also replaced by their two original components F» and F .

The force acting at point (O) are: FT and F: They act in the direction of oc (parallel to the
line of action of the two original forces) the two forces F. F which and act at two opposite
directions where they can be removed without any change to the effect of the two forces F and
T at point (O). The two forces F, and F, acting at point (O). act in the direction of OC and
have the same effect of the two forces FT and F; acting at A and B , then their resultant is

R = F, + T, and act in the direction of OC

since the l’mccsT-‘T.-‘:and -R.arcpanllcl. then

o u O (n and £ = BC 2)
F, OcC F;

By dividing (2) by (1) then : F ..5h .BC, OC Le fH .5

F, I oC AC ~ F, AC

- -

In figure (4) by taking the unit vector T in the direction of the

A

F

"R =(F, + F,) C this means that the resultant is in the direction of the two forces and
its magnitude is equal to the sum of the magnitude of the two forces i.e:

B C

Thus : F'xAC=F2xBC l
B I
®

<
two forces, then :
T"T -F| -(“ . T‘; .Fl -(? ﬂm"(‘)

' The resultant of two like forces is a force working in the same direction as the two forces, its W
magnitude is equal to the sum of the magnitudes of the two forces and its line of action divides
the distance between the lines of action of the two forces from the inside in the inverse ratio

1o their magnitudes.

o Example Identify the resultant of two like forces
1 Two like forces of magnitudes S and 7 newtons act at the R
two points A and B where AB = 36 ¢m find the resultant T

@
of the two forces l &
B

> Solution
Let _C‘bclheunil vector in the direction of the two forces
— — — — A
'.F|=5CandF:=7C p——36 cm- "
the magnitude and direction of the resultant: Figure (5)
— —— — — -— —
R=F +F,=5C +7C =12C

|
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Parallel coplanar forces O B SRS T

Identifying the point of action of the resultant

Let the resultant acts at point C € AB X gg = ; i.e 36A(:\C =
S S5AC = 252 - TAC ie AC = 2Icm '

i.c the magnitude of the resultant is equal 1o 12 newtons, it acts in the same direction of the
two forces and it acts at a point which is 21 cm distant from A.

1
5

L) Try to solve

1. Two like forces of magnitudes 4 and 6 newtons act at the two points A and B where AB = 25¢m.
Find the resultant of the two forces

Critical thinking: Where does the point of action of the resultant lie if the two forces are equal.

n‘_luam

Resultant of two unlike forces F, -
Similarly in figure (6), if F, and F, are two parallel,
unequal forces in the opposite directions act at the two
points A and B in a rigid body and their resultant is R~
then: R = F, + F, and acts at point C which divides l A
AB externally in an inverse ration of the magnitude of the

two forces. F figure (6)
IF, > Fy then 2 = ::—:ic F, xAC = F,
i.¢: the resultant of two unequal and unlike forces is a force wodung in the direction of the force
of the greater magnitude, its magnitude is equal to the difference between their magnitudes and
its line of action divides the distance between the lines of action of the two forces externally
from the side of the force of the greater magnitude in an inverse ratio to their magnitude.

(P Example Identifying the resultant of two unlike forces
2 Two unlike forces of magnitudes 40 and 100 newton and the distance between their two
lines of action is 240 cm. Find their resultant.

> Solution: C @ ®
Let C be a unit vector in the direction of the greater I T
force .
. — - — — o ) -— A (,
.Fp=100C, F, =-40 C
thc magmmdc and direction of the resultant @ figure )

'.R=I‘,0F~-I00C-4OC 60 C
Identifying the point of action of the resultant let the resultant acts at point C € BA where
CA _ 40
< 100
46
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. CA

©T240-CA
i.e the magnitude of the resultant is equal to 60 newtons, its direction is the same direction
of the force 100 newtons, it acts at a point € BA and ¢ AB and it is 160 cm apartof A

- % . SAC = 480 + 2AC ..AC =160 ¢m

L) Try to solve
‘2. Find the resultant of two unlike forces of magnitudes 7 and 12 newtons act at A and B where
Aand B = 20cm

Critical thinking: What would you say about the resultant of two equal and unlike forces?

The sum of the moments of a finite number of parallel coplanar forces about any
point in its plane is equal to the moment of the resultant of these forces about the

same point

Proof (is not required)
We start to prove this theorem in a special case when the system is made up of two forces only.

(1) If the two forces are like

Let a point such as (O) lie in the plane of the two forces. From point O, draw a common
perpendicular on the two lines of action of the two forces T-T and ?: to intersect them at the two
point A and B respectively and to intersect the line of action of the resultant at point C.

Then, the algebraic sum of the moments of the forces about point O

= - F;x AO- F,« OB = -F, (OC - AC) - F,(OC + CB) T, XK
=-F|-(.X:°F|'AC-F:‘(”-F:‘CB”D [ t
but: 4 = BC _ e F, xAC=F, xBC

F, AC B C A 0
by substituting in (1) S Mg=-F, x0OC - F, x OC figure (8)

“(Fy + Fy) = OC
= -R » OC = the moment of the resultant about point O

(2) If the two forces are unlike

Let Fy > F, then , then algebraic sum of the moments of the forces about point O
F, OA - F, « OB 2

= F,(OC +AC) - F,(OC + CB)

=F, xOC +F, x CA-F, x OC - F, x CB (2) A C
but: S = B jcF, xCA=F,xCB
F,  CA 2
by substituting in (2) figure (9)
“Mg=F, « OC - F, x OC =(F, - F) » OC n R

= R » OC = the moment of the resultant about point O
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(3) If the system is made up of any definite number of forces (more than two forces)
whose resultant does not vanish, then the theorem can be proved by getting the resultant of any
two forces whose resultant does not vanish and applying the theorem in pairs and so on until we
get the resultant of the system.

6 Example Identifying one of two parallel forces if the other and the
resultant are given

3 Two parallel forces of magnitudes 20 and F newton act at the two points A and B. The
magnitude of their resultants is 35 newtons and the distance between the lines of action of
the known force and the resultant is equal to 15 ¢m, Find F in each of the following two
cases
2@ The known force and the resultant are in the same direction.
b The known force and the resultant are in the opposite directions.

O Solution:

R
a et 'i‘- be a unit vector in the direction of the resultant —(“

— — —- — '
“R=3C,F,=20T F2 '
YR =F + 1ie3dC=207C + F ‘ [

Bh=IsC il

e - . C A
i.e the force F, of a magnitude 15 newtons , and in the figure (10}

same direction of the known force and the resultant

*.* The sum of the moments about point C is equal to the moment of the resultant about
poimt C = zero

.20 x 15 - 15 « BC = zero

S BC = 20cm ie the force F, acts at point B at a distance of 35 cm from A

o ) ) ) ) e - -
b Let C be the unit vector in the direction of the resultant C F,
iy i e i
SR =235C, Fp=-2C I T 1
-— — —— — - —
- - — M -] H - - - ’ - A
ZR=F + Hie35C =-20C + F = o
T =557T LT —
]

ie the force F of magnitude 55 newtons and its r figure (11)
direction is in the same direction of the resultant force '
. the sum of the moments of forces about point C is equal to the moment of the
resultant about C = zero
520 % 15 - 55 % BC = zero ieBC = % cm

i.e force F, acts at point B at a distance Jﬁi cm from A

L) Try to solve

3. Two parallel forces, the magnitude of their resultants is 350 newtons and the magnitude of
one of the two forces is S00 newtons acting at a distance of 51 ¢cm from the resultant. Find
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the second force and the distance bctwecn thc t\;'olmcs Aorf arctitr)niof the two forcé ;lf liheA
known force and the resultant have
First: the same direction Second: the opposite directions

o Example The moments of a system of parallel coplanar forces about a point
4 The opposite figure represents a system of (1) newton G) now
the parallel forces perpendicular to AB.

Find the algebraic measure of the sum of 7 em I 5 cm Ccm]

the moments of these forces about: B F - A
a point A b point C \ l
©> Solution (2) newton ©

@ The force 5 newtons acts at point A, then its moment about A is equal to zero.
By considering the direction of revolving the forces about A (clockwise or anti clockwise
direction), then the algebraic measure of the sum of the moments of forces about point A

=6x4-4x9+ 2«16 =20newton. cm

b The force 6 newtons acts at point C, then its moment about C is equal to zero.
The algebraic measure of the sum of the moments of forces about point C
=5 x4-4x5+2x12=24newton.cm

£l Try to solve (&) newton newton (3) (3) newton
‘4. The opposite figure represents a system of

parallel forces perpendicular to AB Tem 1em 1em = 2cm

Find the algebraic measure of the sum of B El Dl C A

the moments of forces about

a Point A b Midpointof AB (Dnewton (5) newton

6 Exampl® 11 resultant of a system of parallel coplanar forces

5 A, B, C, Dand E are points lying on a straight line where:
AB:BC:CD:DE=2:3:4:7. Five parallel forces having the same direction whose
magnitudes are 30, 50, 20, 70 and 40 newtons act at the points A, B, C, Dand E
respectively. Find the resultants of these forces

> Solution: C
LetAB = 2x, BC = 3x G0 ‘ G G G Go
CD = 4x, DE = 7x
and let T be the unit vector in the direction of I T T l I
the forces E D C A
R=F+B+R+F+F figure (12)
=0T +50T 20T +70T +40 T =210 T newtons
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i.c the magnitude of the resultant is 210 newton in the same direction of the forces
to find the point of action of the resultant, let the resultant act at point O € AE
*.* the sum of the moments of the forces about A is equal to the moment of the resultant about A
« 50« 2x - 20 % 5x - 70 « 9x - 40 « 16x = -210 « AO
A0 = 1470x
210

;:g % = I76 i.¢ the resultant acts at point (O) which divides AE internally by a ratio

7 : 16 from the direction of A

= Txcm

ﬂ Try to solve

S IfC, Dand E€ AB suchthat AC:CD:DE:EB = 1:3:5:7. Parallel forces in the same
directions and equal in the magnitudes act at points A, C, D. E and B. Prove that the resultant
divides AB by aratio 3: 5

0 Example ;he resultant of a system of parallel forces
6 In the opposite figure (fig.13) A, B, C, D and E are

five points lying on a straight line. Two forces of

magnitudes 20 and 30 newtons act vertically upwards 2 m Jem (2 mI 4 cm

at the two points B and D and two forces of magniludcs E D

40 and 60 newtons act vertically downwards at the g
points A and C. Find the magnitude, direction and the

Figure (13)

point of action of the resultant.

©> Solution
Let T the unit vector down as shown in figure (13)
—w — —m — =
'.R=F|‘F=‘F3‘F4

=-30C +60C -20C +«40C =507T
Let the resultant acts at a point on AE and is distant x cm from A
*.* the sum of the moments of forces about A = the moment of the resultant about A
30 <9+ 60 «6-204=5 X

X= 02
i.¢ the resultant acts at a point on “AE and at a distance of 0.2 ¢cm from A
L) Try to solve ® @

"6, The opposite figure shows a light rod AB . The parallel 1

forces shown in the figure act on it. If the magnitude of
the resultant is 300 newtons and it actsup at apointon A — B

the rod and is 4 meters from A. Find Fand K yiom 4w 3w
@ Figure (14)
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’ Example 11 e theoritical proof
7 ?T and T’T are two like forces which act at the two points A and B and their resultant

is R . If a force T?; moves parallel to itself in the direction of AB a distance x cm,
then prove that the resultant of the two forces moves in the direction of AB a distance

TR
O Solution — —~ . -
In the first case: F2 F : : b
Let the resultant act at point C I - I N I I
*." the moment of the resultant at A = the sum of the g~ B C C A
moments of the forces at A Figure (15)
*“R «AC = F, ~ AB (n

in the second case:
if force T-: parallel to itself moves in the direction of AB adistance of x cm.

let the resultant act at C

*.* the moment of the resultant at A = the sum of the moments of forces at A
SR xAC = F, x AB" (2)

By subtracting (1) from (2)

~R(AC - AC) = F,(AB" - AB) SR COC =F, « x
. N F,
SO R X (F, . x

L) Try to solve

7. Two like forces of magnitudes Fand 2F act at the two points A and B. If the force 2F
moves parallel to itself in the direction of AB a distance x cm, prove that the resultant of
the two forces moves in the same direction a distance % X

() Example
8 N‘oforccsﬁ =2 11 and F: =4i-6 ; act at the two points A(1, 3) and B(4, 9)
respectively. Find the resultant of the two forces and its point intersection of act line with

AB .

©> Solution /J\/'—“z\
— -l — A ? B L ('.; - A
R= F+FRp=61-9) 4,9 ' 3
we notice that 'f: =2 'l'-‘T i.e the two forces are parallel and in the same direction.
Let the resultant act at point C € AB where ég =%

Ca(3NT2% B mn)
m; + my m; = my

From the rule of the dividing a line segment intermally point

C_(z.n:.nl 259+ 1%3

. =(3,7
2+ 2+l y=( ‘
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£) Try to solve o
8 Two forces F, =3i - j andF> =-9i + 3] act at the two points A(-1, 0) and B (1, 2)
respectively. Find the resultant of the two forces and its point of intersection of line act of

AB .
O\
@ Exercises 3-1 {00
Choose the correct answer :
1. Two unlike forces of magnitudes 7 and 12 newtons, then their resultant is equal to:
a8 19 newton b 12 newton € 7 newton d 5 newton

2. Two like forces of magnitudes 7 and 10 newtons act at the two points A and B where
AB = 51 cm. If their resultant acts at point C then AC =

a 30cm b 27cm € 2lcem d 12c¢m
3. Two like forces of magnitudes 5 and 7 newtons then their resultants is equal to

a |2 b 6 c 2 d |
Answer the following qucstions.

In the cxcmsc% 4 -6, two pamllcl forces I-, and h act at the two points A and B. If their
resultant R acts at point C € AB

‘4. Find the magnitude and the direction of the resultant and the length of AC in cach of the
following (the two forces are in the same direction)
& F, =9 newton, F, = [7newton, AB = 13¢cm
b F, = 23newton, F; = 15newton, AB = 57 cm
€ F, = l6newton, F; = 10newton, BC = 30cm

A A . . . .
5. If ¥, and F, are in the same direction , answer the following:

8 F, = 8newton, R = I3newton, AC = I0emfindF,, AB
b F, = 6newton, AC = 24cm, AB = S6cm find Fy, R
€ F, =6nwion, AC=9cm, CB = 8cemfind Fy, R

6 If FT and F; are in opposite directions, answer the following:
8@ F, = ISnewton, R = 20newton, AC = 70em find F, , AB
b F, = 6newton, AC = 24cm, C¢ AB . AB = S6cmfind F,, R
€ F, = 6newton, AC = 9cm, C¢ AB , CB = 8cmfind Fy, R
7. Incach of the following, find the magnitude and the direction of the resultant and the distance
of its point of action from point A

O L @mewton (@) even O

e e ]

T
() O @ mﬁpn (18)

A
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8. Two unlike forces of magnitudes 4 and 9 newtons act at the two points A and B where
AB = 15 cm. Find their resultants.

{9 If the resultant of the two parallel forces 7C and ST newtons act at point 2 | meters
distant from the line of action of the smaller force, then find the distance between the two

lines of action of the two forces.

10 Two parallel forces, the smaller one is 30 newtons and acts at the end A of a light rod AB
and the greater acts at the end B. If the magnitude of their resultant is 10 newtons and is
90 ¢m distant from end B. How long is the rod?

a1 A, B, C, D and E are points on one straight line such that AB = 4em,BC = 6.¢cm,
CD = 8cmand DE = 10 em. Five forces of magnitudes 60, 30, 50, 80 and 40
kg.wtactatthe points A, C, D , B and E respectively and in a perpendicular direction to

AE such that the first three forces are in the same direction and the other two forces are in
opposite directions. Identify the resultant of the system.

12 In figure (19) four weights of magnitudes 1, 7, 5 and 3 kg.wt have been placed on a
light rod as in the figure. Identify the point of suspending the rod such that the rod remains
horizontal.

BT Tm T'MT Tm TA
Ihkgwt  Skgwt  Thkgwt  1kgwt
figure (19)
13 Two like forces of magnitudes 5 and 8 newtons act at the two points A and B where
A B = 39 cm. If another force of a magnitude F in the same direction is added to the first
force, then the resultant will move 8 units. Find F.

14 A, Band C are three points on one straight line where AB = | meter, AC = 3 meter
B € AC. The forces of magnitudes 2 and % newtons act vertically downwards at the two
points A and B respectively and a force of a magnitude 4 newtons acts vertically upwards at
point B. Find the magnitude and the direction of the resultant and the distance of its point
of action from point A.
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lllitid Equilibrium of a system of
W4 coplanar parallel forces

R~ F
& Think and discuss
You will learn » Does the rigid body get equilibrated if
» The equilibrium of @ two parallel forces equal in magnitude, in
rigid body under the - . . ) .
ity diudgy op?osnlc dll’C&Tl.lOﬂ&. and on the same line of fgure (20)
paraliel coplanar forces action act on it? F
# Does the rigid body get equilibrated if
two parallel forces equal in magnitude, in
psite directions, but not on the same line
PP ¢ figure 21)  F

of action act on it?

» Does the ngid body get
equilibrated if a system of
parallel coplanar forces such

Key terms that the resultant of such

s Reaction forces vanishes acts on it? Fo figure 22) F;

» Weight -

» Parallel .\:0' Actlvlty

s Suppor

Equilibrium of a system of

parallel coplanar forces

o faam Aim of activity: This activity aims at verifying that if a rigid body is in

3 Tension an equilibrium under the action of a system of parallel coplanar forces

» Pulley whose number is more than three, then:

?Rotate 1 The sum of the algebraic measures of such forces is equal to zero.

2 The sum of the algebraic measures of the moments of such forces about
any point in its plane is equal 1o zero.

Apparatus: A light graduated ruler - two capstan holders - two spring

balances - weights - light strings.

Materials

o Co YT P P
y Scientific calcwlator

s+ Mechanics lab
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Doing the activity :

1 Fix the two spring balances each in a capstan holder, then suspend the ruler by two strings and
adjust the apparatus such that the two balances and the two strings get vertical as in figure (23).

2 Suspend a number of proper weights in the ruler using the strings and adjust the positions and
magnitudes of such weights until the ruler gets equilibrated horizontally. Let the magnitudes
of the weight be F,, F,.....F, ( these forces are directed vertically downwards).

3 Record the readings for cach of the two balances to identify the two forces of tension. Let the
two magnitudes of the two tensions be T, and T, (those two forces are directed vertically
downwards). We find that :

T, +Ty=F, +Fy+.+F,

4  Identify the distances of the weights from a point of the ruler points (let it be the midpoint of
the ruler).

5  Identify the algebraic sum of the moments of all the forces: Let the magnitudes of the weights
be F, . F5....F, .T)and T, acting on the ruler about the chosen point to find that it is equal to
7ero.,

6 Do the activity over several times changing the weights and their suspension points in each
case. You get the following result :
I- The sum of the algebraic measures of these forces = zero.
2 - The sum of the algebraic measures of the moments of these forces about any point in its
plane = zero. In regard to the previous activity, we can formulate the next rule:

If a rigid body is in equilibrium under the action of system of parallel coplanar forces,

then :

1- The sum of the algebraic measures of these forces (with respect to a parallel
unit vector) is equal to zero ( the resultant = zero).

2 - The sum of the algebraic measures of the moments of these forces about any

point in its plane is equal to zero.

0 Rxmmple Equilibrium of a rigid body under the action of a system of
parallel coplanar forces

1. The opposite figure shows a wood board of [ e g
mass 30 kg for cach meter of its length, If it i m
rests horizontally on two supports A and B ~
and carrics a box of mass 240 kg, find the Figure (24)

pressure exerted on each support.
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© Solution
Since the board is uniform, then its weight acts
at its midpoint
Mass of the board = 30 « 6 = 180 kg
.. the weight of the board = 180 kg.wt - —
the reaction at each support is equal to the
pressure exerted on it
The sum of the algebraic measures of the flgwe 25) @
forces in the perpendicular direction to the board = 0
. Ry + Rg = 240 + 180 Ry + Ry = 420 (1)
the sum of the algebraic measures of the moments of the forces about point B = z¢ero
-180 <« 3 - 240 « 4 + R, » 6 = zero ie Ry = 250 kg.wt
.. By substituting in (1) then Ry = 170 kg.wt
Critical thinking: What would happen to the reaction at each of A and B as the box gets closer
from point A?

k) Try to solve

21 Two men A and B carry a wood board of length 2 meters
and weight 16 kg.wt acts at its midpoint and the board
carries a box of weight 24 kg.wt as shown in figure (26).
Find the pressure exerted on the shoulder of each man,
then identify which point of the board the shoulder of
man B should be to equilibrate the two pressures.,

’ . Equilibrium of a system of parallel coplanar forces
2 AB isauniform rod of length 90 cm and weight 60 newtons suspended horizontally by two
vertical strings at its two ends A and B. Where should a weight of a magnitude 150 newton
be suspended in order that the tension magnitude at A is twice its magnitude at B,

| 5
©» Solution I
Let the weight of 150 newton suspended from a 45 cm —>] 4 ‘
point distant x cm of A and the tensionat B = T, C D
and tension at A = 2T B l X A
.*. the sum of algebraic measures of forces = zero figure (27)

S 2T + T - 150-60 = zero then T = 70 newton

*." The sum of algebraic measures of the moments

of forces about A isequaltozero .. 150 < x + 60 =« 45-T = 9% = zero

By substituting T = 70 S 150 x = 3600 x = 24cm
k) Try to solve
20 AB A uniform wooden board of mass 10 kg and length 4 meters. If it rests horizontally on
two supports: one of them at A and the other at a point distant | meter from B, then show at
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which distance a 50 kg.wt child can stand on the board in order for the two reactions on the
two supports get equal.

D Exampte

3 AB is a nonuniform wooden board of length 4 meters resting horizontally on two supports
at C and D such that AC = | meter and BD = 1} meter. If the maximum distance a 780
newton man can move on the board from A to B without getting the board imbalanced is 3
meters and the maximum distance the same man can move from B o A is 3% meters. Find
the weight of the board and its point of action. )

O Solution

Let the weight of the board be equal to (w) newton and act at a point distant x meter from
the end A,

First case:

When the man travels the maximum distance
3 meters from A to B the board is about to
rotate about D,

i.¢ the reaction of the support at C vanishes. ’

*.* The sum of moments of forces about D = zero

780 ~ % -w(2% - X) = zero

L W2y - x) = 390(1) :

Second case:

When the man travels the maximum
distance 3 1 meter from B to A the board

is about to rotate about C. i.¢ the reaction of B
the support at D = zero

" The sum of moments of forces about C = zero
Soowix 1) - 780 = %:0 Sowix-l) = 39 2) @
from (1), (2) figore 29)

Sox-l = 2% - xthen x = 1.75 meters

By subslitulil;g in (2), we find that w = 520 newtons

i.e the weight of the board is equal to 520 newtons and acts at a point distant 1.75 meters
from the end A.

k) Try to solve
3. AB isarodof length 90 cm and weight 50 newtons acting at its midpoint rests horizontally

on two supports. One of them at end A and the other is distant 30 cm from B carries a
20-newton weight at a point distant 15 ¢cm from B. Find the value of pressure exerted on
cach support and find the magnitude of the weight which should be suspended from end B
such that the rod is about to rotate. What is the value of the pressure exerted on C hence?
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g\? Exercises 3 - 2 &:9

In each of the following figures, a light rod is equilibrium horizontally. Find the
magnitude (norm) each of the forces F and K

fa'\

(1) (4?) newton @m ) @ newton @mwton
} 4 '\

[ N —

L 16em C o *lzm
B ‘1 A A
figure (34) figure (35)

3 ® 4 (K) newton @ fewton

S A
‘l ¢

: \
figure (36) figure (37)
Answer the following :

5. A uniform rod of length 2 meters and mass 75 kg rests horizontally on two supports at its
ends, A weight of magnitude 15 kg.wt is suspended from a point on the rod distant 50 ¢m
from one end. Find the reaction at each support.

6. A uniform rod of length 3 meters and mass 4 kg carries two bodies of masses 5 kg and
1.5 kg at its two ends. Find the position of the suspension point on the rod in order for the
rod to equilibrate horizontally.

7. AB is a nonuniform rod of length 120 cm. If a weight of a magnitude 1 newton is fixed at
its end B and a weight of a magnitude 16 newtons is suspended from end A. If the rod gets
cquilibrated in this case at a point distant 30 cm from A and if the weight existed at A is
decreased to get 8 newtons, then the rod gets equilibrated at a point distant 40 cm from A.
Find the weight of the rod and the distance from its point of action to A,
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8. Figure (38) shows a motorcycle of mass 200 kg and its
weight acts at the vertical line passing through the midpoint
between the two wheels, and the mass of the motorcyclist
is 84 kg and its weight acts the vertical line distant 1 meter
behind the front wheel. Find the reaction of the ground on
each of the two wheels for each of the following cases :

8 The motorcycle is without a motorcyclist. “70m” " 70em”
B The motorcycle and the motorcyclist. figure (38)

9 AB is arod of length 60 cm and weight 400 gm.wt acts at its midpoint on a wedge distant
20 ¢m from A 1o keep the rod horizontally in an equilibrium state by a light vertical string
attached by its end B. Find:

@ The magnitude of the string tension and the reaction of the wedge.
B The magnitude of the weight required to be suspended from A to make the tension in the
rod about to vanish.

10 AB is a uniform rod of length 60cm and weight 10 gm.wt acting at its midpoint. It is
suspended horizontally by vertical strings. One of them is attached at point A and the other
is attached at point C where AC = x em. A weight of a magnitude 12 gm.wt is suspended at
point D where AD = 25 cm. If the maximum tension each string can stand is 15 gm.wt, find
the values in which x lies and find the maximum and minimum values of the tension in each
of the two strings.

11 Based ruler light AB measured by ¢m rests horizontally on two supports at C, D where C
€AD,2AC=2BD=CD, suspended weight of a magnitude (w) newton from the point (m)
on the ruler on the verge of a coup if the suspended from A weight of magnitude 10 newton
Or if suspended from B weight of magnitude 6 newton . Find the magnitude (w) and prove
that AM 2

MB 7

12 Two men A and B carry a body of mass 90 kg suspended from a strong light iron rod. If the
distance between the two men is 60 cm and the suspension point of the body is distant 20 cm
from A. What is the magnitude that each man can carry of this weight? If man B cannot carry
more than 50 kg.wt, identify the maximum distance from A the weight can be suspended at

until man B can keep carrying the rod.
13 The equilibrium parallel coplanar forces F, . F» . T, and T, act at point A = (2, -1),
B(-4,-3),C=(3.5).D=(-1,0) respectively ,if F,=3i +4) NF, =20 newtons in the

same direction of FT JFind each of F: and T-: if they act at the opposite direction of FT "
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UNITESUMMARY

The resultant of two parallel forces having the same direction (like forces):
F, =F, C .F =F, C actat AandB then

the resultant R = 'FTo’F';andactsalpoimCe AB suchlha(:% = _§L
[

2 The resultant of two parallel forces having opposite directions (unlike forces):
i’T = F, _E 7’: = -F;?(F. > F;) actat A and B then :

—3m -

R = I_T + F, = (F, - Fz)—(‘- and acts at point C € BA such that :

AC By

CB F

3 The moments of the parallel coplanar forces :
Theorem ( the sum on the moments of any finite number of parallel coplanar force about any
point in its lane is equal 1o the moment of the resultant of these forces about the same point).

4 The resultant of a system of parallel forces :

If the forces T-T ’ T*? ...... F: arc parallel and acting at point A, , A, .... A, then

their resultant is R where R = T?T + i’;  Jo— 7—: and acts at point C where
Il sum of moments of forces about Al

IR 0
5  The equilibrium of a system of the parallel coplanar forces:

If a rigid body is in equilibrium under the action of system of parallel coplanar forces,

then :

1~ The sum of the algebraic measures of these forces (with respect to a parallel
unit vector) is equal to zero ( the resultant = zero).

2 - The sum of the algebraic measures of the moments of these forces about any
point in its plane is equal to zero.

A|(‘ =

For more activities and exercises, visit www.sec3mathematics.com.eg
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GENERALIEXERCISES

Complete :

1. Two unlike forces of magnitudes 10 and 15 newtons act at A and B respectively where
AB = 35 ¢m then the resultant acts at point C where AC =

(2. The sum of the moments of a system of parallel coplanar forces about a point is equal to

3. Two like forces of magnitudes F and 2 F act at the two points A and B respectively where
AB=39 ¢m, then the resultant acts at point C where AC = .

Answer the following :

‘4. Two parallel forces, the magnitudes of their resultant is 250 newtons and the magnitude of
one of those two forces is 150 newton act on a distance 40 ¢m from the resultant. Find the
magnitude of the second force and the distance between the two lines of action of the two
forces if the known force and the resultant act:

First: in the same direction. Second: in opposite directions.

5. A.B.Cand D are four points on one straight line such that AB = 32 ¢cm , BC = 40 ¢m and
CD = 8 ecm. Two parallel forces of magnitudes 8 and 10 newton act at A and C respectively
and two forces of magnitude 7 and 3 newton act at B and D in opposite direction to the forces
at A and C. Find the resultant of this system and the distance of its point of action from A.

6. The weights 2, 3, 4 and 5 w kg have been placed on a light rod such that they are distant 2,
3.4and 5 cm from one of its end respectively. Find the distance of the suspension point of
the rod from this end such that the rod equilibrates horizontally.

7. AB isarodof length 100 ¢cm and weight 10 newtons acting at its midpoint rests horizontally
on two supports one of them at A and the other at a point distant 25 ¢m from B. Find the
weight that should be suspended in end B of the rod so that the value of the reaction of the
support near from end B is equal to 6 times the value of the reaction of the support at A. Find
the reaction of each support in this case.

8. AB is a nonuniform rod of length 80 cm and weight 20 kg.wt rests vertically on two supports
at C and D such that AC = BD =10 cm. A weight of magnitude 40 kg.wt is suspended from
A and the rod becomes to rotate about C. Find the distance from the point of action of the
rod weight to A, then find the maximum weight that can be suspended from B and lifting the
suspended weight from A without getting imbalanced .

9. ABCD is a nonuniform rod that rests horizontally on two smooth supports at B and C such
that AB = 6 cm and CD = 7 cm and the point of action of the rod weight divides it in ratio
2:3 from its end A. It's found that if a weight of a magnitude 120 gm.wt is suspended from
the end A or a weight of 180 gm.wt is suspended from the end D, the rod is about to rotate.
Find the weight of the rod and the distance between the two supports.,

110 AB is a uniform rod of length 120 and weight 60 newtons acting at its midpoint rests
horizontally on a support at its end B and it's kept in equilibrium by a vertical string fixed
at a point ( on the rod of 40 cm from A) and carries a weight of a magnitude 20 newtons at
a point distant 20 cm from A. Identify the value of the tension in the string and the pressure
exerted on the support. What is the magnitude of the weight that should be suspended in end

A so that the rod is about 1o get separated from the support? What is the value of tension in

the string then?
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General Equilibrium

Unit Introduction

The equilibrium is a branch of mechanics since it intersects in studying the conditions which a set of forces should
satisfy such that if these forces act at a point or a rigid body, the point or the body keep in static . Long ago, people
were inlerested in the topic of equilibrium before other branches of mechanics. The beginning of the applications of
such a science was many years B.C when ancient Babylonians and Egyptians had used the principles of equilibrium
and simple machine rules 1o lift weights extremely high 1o construct their temples and pyramids. According to the
information available, it scems that the beginning of the topic of the equilibrium had been before Archimedes in the
fourth century B.C.

In the seventeenth century, this science was stated of its current comtent as the theoretical formulation of mechanics fully
completed at the age of Newton.

The mechanics-equilibrium researches had the greatest interest withan the Islamac Arab civilization where some books
were translated from Greek language 1o Arabic language. One of these books was physics. After studying the transhated
books well, new amendments were used |, others were enlarged and fundamental additions were done to contribute in
improving this science, Ibn al-Haytham , Aba Sahl al quhi, Al-Byroai, Ibn Sina, Al-khayam and others are 1o be honored
in this field. They had written books about the centers of weights, pullies and about the equilibrium of fluxds

In this unit , you are going to identify the conditions of the oquilibrium of a system of forces and solve some life
applications.

Unit objectives
By the end of this unit and by doing all the activities involved , the student should be able to:

Determine the general conditions of the
equilibrium in a plane.

Determine the general conditions of the
equilibrium of a body under the action of a set
of coplanar forces.

62 Third Form Secondary

Solve various applications on the equilibrium
of a ladder or a rod on rough horizontal ground
and smooth vertical wall.

* Solve life applications on the equilibrium of a

ladder or a rod on rough horizontal ground and
a rough vertical wall.
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Key terms
Friction

Unit Lessons

Lesson (4 <1): General equilibrium

Vertical Component
Equilibrium of Original Body
Triangle of force

Materials

Scientific calculator

Unit planning guide

. General equilibrium
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Equilibrium of a body under
l the action of a set of forces
meet at a point
General equilibrium | ‘
- d |
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components =0 Pratical experiment |
Sum of the vertical using information ¢
components =0 technology
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Unit Four

4 -1

have previc or more act at |
- point in a rigid body and it is said that the
You wiilearn body is in equilibrium. You have also previously N

O The vanishing of the leamed the equilibrium of a rigid body under
moments of a set of the action of two forces, then under the actionof ﬁ I
three coplanar forces. You have also identified
the rule of the triangle of forces and lami's rule l
. then you have learmed the equilibrium of a w
rigid body under the action of a system of parallel forces meeting at a
equilibrium of a set of point. The opposite figure shows an example for the equilibrium in two
coplanar forces . dimensions in order to get the body static under the action of the four
forces shown in the figure. The sum of ecach of the horizontal components
and vertical components ought to be equal 1o zero. By applying the
condition of the equilibrium stating that the sum of each of the horizontal
components and vertical component= zero. N ~-W=0and F-R =0 by

forces about any point.

O The sufficient and neces

sary conditions of the

considering the positive directions are the right and upwards.
Key terms s
O General EQuilibrium - =) Think and discuss

O Vertical reaction Can you find the magnitude of the tension forces
ELU T acting on this body in the opposite figure?
The weight of the body acts in the vertical direction
downwards and its magnitude is 400 newtons.
According to the definition of the tension, the two
body directions of the other two forces should be along
O Triangle of force the two ropes such that they are come out from the
body. Let the tension in the tworopesbe T, and T,
We draw the graphical diagram as in figure (2).
How can you write down the components of T, 400 newton
and T,? We factorize each of T, and T, into two Fig (1)
components in two orthogonal directions, then we
write the equation of the equilibrium. Y @

O Vertical component

2 Equilibrium of original

T,cos55" =T, cos 35° @
" 0.57T, =0.82T, .......co0... (N, )
ial : 38 )S§°
Materials T, sin 55"+ T, sin 35" = 400 X
O Sclentific Calcwlator . ’ ) -
s 0.82T,+ 0.57T, =400 ... (2) | Fig (2)
By solving the two equations, we find that: 400

T, = 328.81 newtons , T, = 228.52 newtons

Can you check your results?
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The law of finding the resultant of the two forces F, and F, which include an angle = can be used

Equilibrium of rigid body ] . 4

as follows: R = JF, * + F, % 2F F,cos =

So that: R = ¢ (328.81)° + (228.52)" ~ 400 newton and this matches with the weight of the body

what would you expect if the set of the previous forces are not meeting in one point?
In this case, the previous condition stating that
the sum of each of the horizontal components and
vertical components is equal to zero is not sufficient
and it is possible that the body may move even if
this condition is satisfied. This because there is
another condition which should be satisfied until the
body gets in a case of static equilibrium. In figure
(3) we find that the ruler is in equilibrium under the
action of its weight vertically downward (W) and
the vertical reaction (R); where R = W, If the ruler
is pushed by two forces equal in magnitude and in
opposite two directions (-F and F), the ruler is no
longer static and starts to rotate although the first
condition is satisfied. As a result, it is necessary to

Fig (3)
scarch for another condition related to the rotation in order to keep the body in a static state.

Vanishing of the moments of a set of forces about any point

Definition:

The moments of rotation acting on a body in clockwise direction are in equilibrium with the
moments of rotation in anticlockwise direction until the body gets in a static state.

Thus:

the body under the action of a set of coplanar forces is in a static equilibrium state if the following
two conditions are satisfied:

(1) The resultant vector of the forces to the set (R =70 )vanishes —

(2) The moments of forces about a point ( M =0) vanishes 5

These condition are sufficient and necessary for the equilibrium

of a set of coplanar forces. k I
Figure (4): shows a set of the orthogonal unit vectors (i, ) k) 3‘
where i and j lic on the planc of the forces and in wm & is /. i

i AR

perpendicular to this plane.

Thus, the resultant vccloc'_k‘can be factorized in the two Fig (4)

directions of i and ) , where as the moment vector M _is parallel to the unit vector &

then: R =xi ); and M =M §

where:  x = the sum of the algebraic components of the forces of the system in the directions of i,
y  =the sum of the algebraic component for the forces of the system in the direction of ; N
M = the sum of the alfcbmic measures of the moments for the forces of the system in

the direction of k.
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Fromthat ,we find that if x =0, y=0and M = 0 then : R =

following formulation:

The sufficient and necessary conditions for the equilibrium of a body under the action of a set

of the coplanar forces

For a set of coplanar forces to be in equilibrium , it is necessary and sufTicient that the following

conditions are to be satisfied:

(1) The sum of the algebraic components of the forces in two orthogonal direction lying in their

planc vanishes.

(2) The sum of the algebraic measures of the moments of the forces about one point in its plane

vanishes,

These conditions can be expressed mathematically as follows:
X = Ze10 " y = ze10 " M = zero

D Example

Equilibrium of a horizontal rod

fixed in a hinge

1 Figure (5) represents a uniform rod of length 120 ¢cm and
weight 4 newtons attached to a hinge against a vertical
wall. A weight of 3 newtons has been suspended in the
rod and its free end is attached by a rope to a point on the
wall. If the rod is in a static equilibrium horizontally, find
the magnitude of tension in the rope and the magnitude
and direction of the reaction of the hinge.

> Solution

Figure (6) represents the graphical diagram of the example.
The rod is in equilibrium under the action of four forces
which are:

The weight of the rod 4 newtons vertically downwards, the
weight 3 newton vertically downward .

The force of tension T in the rope acts in the direction of
BC ., and makes its line of action an angle of measure 6 to
the honizontal.

The reaction at the hinge which is represented by the two
orthogonal components x, and y, as shown in the figure.
By writing down the conditions of the equilibrium:
x=0,y=0,M=0

X, =Tcos O
x,=% ......... (N
.)"'Tsine=3'4
. 4
- ¥+ 3‘T=7 (2)

Third Form Secondary
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0 .
Since we do not determine the two directions of i and j in the plane, we can deduce the

General Equilibrium o S i e N P

—_—

M= 0

4 3
Newton Newton

Fig (5)
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" M=0 T x '“:(;;3"-4-60.3-30 =0
296 T =480 . T=5 newton

By substituting in (1) and (2)

A 3
SXp =g x5 =3 newton,

Yy *ex3=7 . ¥, = 3 newton
Thus, the magnitude and direction of the reaction of the hinge can be determined. let R bc the
magm(udc of this force and L is the measure of angle of inclination of its line of action AX

—_—

SR=y xj+y} = /9,9 =32 newton
danL=dL=2=1 - L=45

¢. : the mhgmtudc of the force of the reaction of the hinge =
3 /2 newtons and makes an angle of measure 45° with AX .
L) Try to solve hinge
1. Figure: (7) represents a rod of a negligible weight and of length /

210 ¢m is hinged at a vertical wall by a hinge. A weight of 120

A b

newtons is suspended in the rod. If the rod is in horizontally l50cm
static equilibrium, find the magnitude of tension in the rope Fig (7) :0
and the magmtudc and direction of the reaction of the hinge. Newton
where sin 0 =
Eumplo
& Equilibrium of an inclined rod fixed at a hinge

2 Figure (8) represents a uniform rod AB of weight 20 newtons inclined
at 307 to the horizontal . A weight of 10 newtons is suspended at its
end B and by a rope BC inclined at 30° to the horizontal, If the rod is
in static equilibrium, find the magnitude of tension in the rope and the
magnitude and direction of the reaction of the hinge.

> Solution
Figure (9) represents a graphical diagram to the example . (notice that the
triangle ABC is equilateral).

The rod is in equilibrium under the action of four forces which are:

Its weight is 20 newtons and acts vertically downwards at the midpoint
of the rod.

The weight is 10 newtons and acts vertically downwards at the end
of the rod.

The tension T in the rope and acts in the direction of BC.

The reaction of the hinge whose two component x, and y, arc N

C

orthogonal. ",
By applying the conditions of the equilibrium which are: o
x=0,y=0,M,=0 (let the rod length = 2 ¢) A g

S M=0 STxAK-20AD - 10xAM =0

STxVE =202 ¢410/F ¢ . T=20newton
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. 3 —
X, =Teos30"=20x = =1043 newton
.y, +Tsin30°'=10+20 ¥y =30-20 % 1 =20 newton
*R=4 xfy? “R= v 300-400 =10 V7 newton

6 s Equilibrium of a ladder on two orthogonal

3

> Solution

‘tanL= YL = 2_:!.1547

S L= 49° 6' (where L is the angle of inclination of the reaction of the hinge with the horizontal)

k) Try to solve
2,

A uniform rod AB of length 60 cm and weight 8 newtons is hinged at its end A to a hinge
fixed at a vertical wall, A weight of 6 newtons is suspended at a point in the rod distant 40
cm from the end A. The rod is being kept in a horizontal position by a light string attached
at one of its two ends with the end B of the rod while the other end of the string is fixed at a
point on the wall distant 80 cm vertically upwards from A. Find the tension in the string and
the reaction of the hinge .

planes one of them is rough .

A uniform ladder of weight 20 kg.wt rests in a horizontal ground
with one of its ends and the other end on a smooth vertical wall and
the ladder is being kept in a vertical plane and inclined at 60° to the
horizontal. If it is known that the cocﬂ'u ient of friction between the
ladder and the ground is equal to ——‘ Prove that the maximum

distance a girl of weight 60 kg.wt can ascend the ladder is equal 1o
half the length of the ladder.

The ladder is in equilibrium under the action of the forces: B

The weight of the ladder 20 kg.wt and acts vertically
downwards at its midpoint.

The weight of the girl 60 kg.wtand acts vertically downwards
at a distance x from the ladder base.
The reaction of the rough ground at end A whose two

components the vertical R, and the horizontal 4 R, .

The reaction of the smooth wall R, and its orthogonal on the wall
By applying the conditions of the equilibrium which are :
x=0,y=0,M =0 let the ladder length = ¢,

and the maximum distance the girl can ascend = x then the rod is about to move

'.'R|=20'60=m kg.“" . R\= ———— Rl
- 2 v3
. ! 40 e
c Ry= «<80 = kg.wt (1) . MA=O
- 2 "’.T v 3
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cosw'o(s()xxcosw'—R:x(sinw’=() ...... (2)

e

from(1).(2)

5¢+30x- 1 ’3 & ’40_
2 vy 3

.". The maximum distance the girl can ascend is equal to half the length of the ladder .

5
L 3x-15¢=0 xn_'q‘)l-%(

L) Try to solve

3. Auniform ladder AB of weight 30 kg.wt and length 4 meters rests with its end A on a smooth
horizontal plane and its other end B against a smooth vertical wall. The ladder is being kept
in a vertical plane and inclinded at 45° by a horizontal rope joining the end A with a point
of the horizontal plane lying vertically under B exactly. If a man of weight 80 kg.wt ascends
the ladder, prove that the tension of the rope increases whenever the man ascends. If the rope
does not stand tension more than 67 kg.wt, find the length of the maximum distance the man

can ascend without cutting the rope.

a Example

Equilibrium of a rod on two rough orthogonal planes

4 Auniform rod rests with its upper end on a vertical wall, such that the coefficient of friction
between the wall and rod is equal to % . and with its lower end on a horizontal plane such
that the coefficient of friction between the horizontal plane and the rod is equal to % . Find
the tangent of the angle of inclination of the rod to the horizontal when it is about to slide.

> Solution
The rod is in equilibrium under the action of the forces:
The weight of the rode (w) and acts vertically downwards.
The reaction of end A on the horizontal plane and its two orthogonal

components R, and Z R .

The reaction of end B on the vertical wall and its two orthogonal
components R 5 and ' R,

Let the rod length be ¢, and inclinded at an angle of measure 0 1o the
horizontal. By applying the conditions of equilibrium which are:
x=0 , y=0 , M,=0

3 . i
VR =UR R =1R, . R GUR, =W R IR=W
cpadw._l o gl o

Ry= 2w- 1Ry ~Ry= 3W-3R,
'.%st%w ~Ry= 55 W (1

S M=0 0 W LcosOR lsmO% < ¢cos 6 =0 By dividing both sides by ¢ cos
Gthcn multiplying - 2
s W-2R, tan0-R,=0 ~R,2tan 1+ @) =W )
from (1),(2)

6 5 . 5 1] 3

nWxQunl+0)=W - 2unl+0= ¢ Sotan 6 =5
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ﬂ Try to solve

4. A uniform rod AB of weight 40 newtons rests with its end A on a vertical wall such the
coefficient of friction between the wall and the rod is equal to % and with its end B on a
horizontal ground such that the coefTicient of friction between the wall and the rod is equal
to % . If the minimum horizontal force making the end B of the rod about to move towards
the wall is equal to 60 newtons. Find, in the position of the equilibrium, the measure of
the angle of inclination of the rod to the horizontal known that the rod is being kept in a
horizontal plane.

Example
e Equilibrium of a bar on a rough horizontal plane and a smooth wedge

5 A uniform bar AB  of weight 5 kg.wt and length 30 ¢m rests with its end A on rough
horizontal ground and at one of its point C on a smooth wedge which is 12.5 ¢cm up on the
ground surface. If the bar is about to slip when it inclines at 307 to the horizontal ground and
lies in a vertical plane, find:

First : the reaction of the wedge.
Second : the coefficient of friction between the end A and ground.

> Solution
We notice that AC=25¢m R, cos 30
The bar is in equilibrium under the action of the forces:
The weight of the bar 5 kg.wt and acts vertically
downwards.

The reaction at end A of the ground and its two
orthogonal components R, and 4R .

The reaction of the wedge at the bar R,, and it is
perpendicular to the bar at the point of tangency C .

By applying the conditions of the equilibrium which
arc:x:().y:().MA =0

WM =0 5x15c0s30° - Ry x25=0 SRy 2L (n

From the two equations of the equilibrium :x=0 y=0

SR, sin30° - 4R, =0 SR, =2 UR, By substituting from (1)
~2uR, = Y3 R, = LI 2)

R, +R,c0s30° =5 ~R,+ le R, = 5 By substituting from (1)

" Ry L 343 =5 R,=5-9=Y kgw.

By substituting the value of R, in equation (2) to find the value m .

T
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k) Try to solve

5. A uniform rod AB of weight 20 newtons and length 60 cm rests with its end A at a rough
horizontal plane and at one of its points C at a smooth wedge which is 25 ¢cm upon the
horizontal plane. If the rod is about to slip as it is inclined at 30 to the horizontal, find the
reaction of the wedge and the coefficient of friction between the rod and the plane known
that the rod lies in a vertical plane.

90’\9 Exercises 4 - 1 g}}

First: Put (v)or (X):

1. For a set of coplanar forces which do not meet at a point to be in equilibrium, it is necessary
and sufficient that the vector sum of the forces vanishes.

2. Forasetof coplanar forces acting on a body to be in equilibrium, it is necessary and sufficient
that the sum of the algebraic components of the forces in cach two orthogonal directions
lying on their plane vanishes.

3. If the sum of the algebraic components of the forces of a set vanishes and its moment about
one point in its plane vanishes, then this set is in equilibrium.

4. A ladder is in equilibrium if it rests with one of its ends on a smooth horizontal ground and
its other end on a rough vertical wall.

Second : Complete:

5. The sufficient and necessary conditions for a set of forces to be in equilibrium are

6, If a rod rests with one of its ends on a smooth wedge, then the reaction of the wedge at the
rod is
7. If a body of weight 6 newtons is rested upun a rough horizontal place and the coefficient

of friction between the plane and the body i is 3 L then the magnitude of the horizontal force
making the body about to move is equal to

Third : Answer the following questions

8. A uniform rod AB of weight 4 newtons and length 120 cm, one of its end is attached at a hinge
fixed at its end B and the hinge is fixed at a vertical wall. A weight of 6 newtons is suspended at
a point on the rod distant 20 ¢cm from A. Then the rod is kept in a horizontal position by a fine
rope BC whose end C is fixed at a point on the wall lying vertically above A exactly and distant
90 ¢cm from A. Find the tension in the rope and the direction of the reaction at the hinge.

=N

9. Auniform bar of weight 4 kg.wt is hinged at its end A to a vertical wall and carries a weight
of 2 kg.wt at B. The bar is kept in a position inclided at 30° 1o the horizontal upwards by a
rope equal to it in length and one of its ends is attached to the end B of the bar, and its other
end to point C of the wall lying vertically above A and at a distance equal to the bar length.
Find the tension in the rope and the reaction of the hinge.

-
=

A uniform rod of weight (W) rests on a \cnual wall with its upper end; the coefficient of
friction between the wall and rod is equal to = 3 L and with its lower end on a horizontal plane;

the coefficient of friction between the plane and rod is equal to 3 Find the tangent of the
angle which the rod makes with the horizontal when it is about to slip.

"

Al-Ashraaf Printing House Applied mathematics




. 4 4 pE——
General Equilibrium

P4

11 A uniform ladder of weight 64 kg.wt rests in a smooth vertical wall with one of its ends and
the other end on a smooth horizontal plane. The ladder is being kept in a position inclinded
at 45° 1o the horizontal by a rope fixed at the ladder base and at a point of the plane lying
vertically downwards the top of the ladder. A man of weight equal to the ladder weight
stands at a position of the ladder distant % of the ladder length from the direction of the base.

Find the tension in the rope and the reactions at the wall and plane as well.

12 In the opposite figure: a uniform rod of weight
24 kg.wt rests in rough horizontal ground with one
of its two ends and the other end on a smooth plane o
inclinded at 60° to the horizontal if the rod is about
to slip when the measure of its angle of inclination,
to the horizomtal is 30°, find the coefficient of AL IIATEIAnE
friction between the ground and the rod and the reaction at the plane and ground.

A\
Rl

A uniform ladder of weight 10 kg.wt rests on a smooth horizontal plane with its end A and
on a smooth vertical wall with its end B. The ladder is being kept in a vertical plane in a
position inclined at 45° 1o the horizontal by a horizontal rope attaches end A 1o a point on
the horizontal plane vertically under B. If a man of weight 80 kg.wt ascends this ladder, find:
First : the tension in the rope when the man has ascended : of the ladder length.

Second : the maximum value of tension which the rope can stand known that it is about to be
cut as the man reaches the ladder top.

™
-

A uniform rode of weight 40 newton rests in rough horizontal ground with its end A and on
a smooth vertical wall with its end B such that the rode is in a vertical plane perpendicular
to the wall and inclindes at 45° to the horizontal ground. Find the minimum horizontal
force acting at end A of the rod to make it about to slip away from the wall known that the

coefficient of friction between the rod and ground is 0.75

-
)

A uniform rod rists in a vertical plane with its upper end on a smooth vertical wall and on

a rough horizontal plane with its lower end such that it makes an angle of tangent ; to the
horizontal . Find the coefficient of friction between the rod and the horizontal plane as it is

about to slip.

A\
-

A uniform rod AB of weight 56 newtons rests on a smooth vertical wall with it end A and on
rough horizontal ground with its end B such that it lies in a vertical plane and inclines at 45°
to the horizontal, Prove that in case the rod is in equilibrium, the coefficient of friction 2 0.5
and if the coefficient of friction = 0.75. Find the horizontal force acting at B and making it
about to move:

First : towards the wall Second : away from the wall

C—
o~

A uniform rod of weight (w) is attached at one of its ends by a hinge and the other end is
attached by a string joined to a point at the same horizontal plane passing through the hinges
such that the measure of the angle of inclination for each of the rod and the string to the
horizontal is equal to 6. Prove that the reaction at the hinge is equal to ‘: S cot20+9
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If a rigid body is in equilibrium under the action of two forces, then the point of action of
any of the two forces can be traveled into another point on its line of action without acting
at the equilibrium of the body.

If three coplanar forces meeting at a point, are in equilibrium and a triangle whose sides
are parallel to the lines of action of these force is drawn, the triangle sides lengths are
proportional to the magnitudes of the corresponding forces.

If a body under the action, of three coplanar forces but not parallel is in equilibrium, then the
lines of action of these forces meet at one point.

The conditions of the equilibrium of a body under the action of a system of coplanar forces
meeting at a point:

< The algebraic sum of the components of the forces in the direction of OX =zero
< The algebraic sum of the components of the forces in the direction of 0Y = zero

The vanishing of the moment of a set of forces about any point : the moments of rotation
acting on a body in the clockwise direction are in equilibrium to the moments of rotation in
the anticlockwise direction so that the body is in an equilibrium state.

The sufficient and necessary condition for a set of coplanar forces to be in equilibrium: for

a set of coplanar forces to be in equilibrium, it is necessary and sufficient to satisfy the next

conditions:

< The sum of the algebraic components of the forces in the two orthogonal direction
lying in their plane vanishes.

< The sum of the algebraic measures of the moment of these forces about one point in
their plane vanishes.

< These conditions can be expressed mathematically as follows: x =0, y =0, M =0

For more activities and exercises, visit www.sec3mathematics.com.eg
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GENERALIEXERCISES

1. A non uniform rod AB of length 140 cm rests on horizontal ground with its end B and on a
vertical wall with its end A. If the lwo coefﬁcncm of friction between the rod and both of the
ground and the wall are equal to 1 ana 1 3 respectively and if the rod is about to slip as the
measure of its angle of inclination at 450 lhc horizontal, find the distance between the weight
center of the rod and the end B.

.2, Auniform rod AB of length 260 cm and weight 43 newtons rests in a vertical wall with its end
A and on horizontal ground with its end B on a rough horizontal ground . If the two coefficients
of friction between the rod and both the wall and ground are equal to % and 1 respectively. If
the end B is at distant 100 ¢cm from the wall, find the horizontal force acting at the end B to make

the rod be about to move towards the wall,

FaN

3. A uniform ladder of weight 40 kg.wt rests on a smooth vertical wall with an end and on rough
horizontal ground with the other end such that it lies in a vertical plane perpendicular to the
wall and inclinds at 45 ° 10 the horizontal . A young man of wcaghl equal to the ladder weight
ascends and the ladder is about to slip when the young man ascends > of the ladder length. Find
the coefficient of friction between the ground and ladder. If the young man wants to ascend the
ladder to the top, find the minimum horizontal force acts on the lower end of the ladder so that
the young man can ascend the ladder to the top.

‘4. A uniform rod AB of weight 15 kg.wt rests on a rough horizontal ground with its end A and on
smooth vertical wall with end B such that the rod lies in a vertical plane perpendicular to the
wall and inclines at 457, 10 the horizontal. A horizontal force F acts at point C of the rod such
that AC is equal o4 L of the rod length . then the end A becomes aboul 1o move towards wall, If
the coefficient of fncnon between the rod and the ground is equal lo 5 « find the force F and the
reaction of the wall ,

5. A uniform ladder rests on a rough vertical wall with an end and on a rough horizontal ground
with the other cnd and the coefficient of friction between the ladder and both the wall and

ground is equal o , . If the ladder i |s in equilibrium in a vertical plane perpendicular to the wall

and inclines at an angle of langcm ; Prove that a man of weight equal twice the ladder weight
cannot ascend more than 1 of the ladder length without getting imbalanced .

6. Auniform rod of weight &V ) rests on a rough vertical wall with an end and on rough horizontal
ground with the other end and the coefficient of friction between the rod and wall is equal
to § and the coefficient of friction between the rod and ground is equal to 1. If the rod is
in equilibrium at a vertical plane perpendicular to the wall, find the tangent of the angle of
inclination of the rod to the vertical as the rod is about to slip.

.7 A uniform ladder is in equilibrium in a vertical plane on a vertical wall and horizontal ground. If
the measure of the angle of friction between the ladder and both the wall and ground is L., prove
that the measure of the angle of inclination of the ladder to the vertical as the ladder is about to
slidis@=21L.

FaN

8_ A uniform rod AB of weight rests in 10 kg.wt rests in rough horizontal ground with end A and
on a smooth vertical wall with end B such that the rod is at a vertical plane perpendicular to the
wall and inclines at 45° to the horizontal ground if the coefficient of friction between the rod and
the ground is equal to % find the minimum horizontal force acts at end A of the rod to make it
be about to slide away from the wall and the reaction of the wall,
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Accumulativeitest

1) Three coplanar forces of magnitudes 4, 5 and 6 act at a materialistic point. What is the
measure of the angle between the last two forces if this set of forces is in equilibrium.

P\

.2, If a pendulum sphere of weight 600 kg.wt is translated until the string makes an angle of
measure 30° with the vertical under the action of a force on the sphere in a perpendicular
direction to the string, find the force and tension in the string.

3. Aweight of 26 newtons is suspended in two strings of lengths 25 cm and 60 cm. The other
two ends of the two strings are fixed at two points of a horizontal line. If the distance
between the other two ends is 65 cm, find the tension in each of the two strings.

4. A body of weight (w) is suspended by two strings inclinding at 8° and 30" to the vertical
to get the body equilibrated as the tension is 12 newtons in the first string and 9 newtons
in the second string . Find the value of the weight (w) and the measure of angle 0 .

5. A uniform solid sphere of weight 30 gm.wt rests on two planes with its surface, If the
sphere is in equilibrium between two smooth planes one of them is vertical and the other
inclinds at 60° 1o the vertical , find the magnitude of two forces of the pressure exerted on
cach of the two planes,

.6 Auniform rod of length 100 ¢m and weight 20 newton (acting at its midpoint) is suspended
at its two ends by two light strings whose two ends are fixed at a point in a room ciling. If
the two strings are perpendicular and the length of one of them is 60 cm, find the tension
in each of the two strings when the rod is freely suspended and in equilibrium .

7. Auniform rod AB (its weight act at its midpoint jattached in a vertical wall with its end A
by a hinge and the rod is attracted from the point B by a horizontal force F kg.wt until the
rod is in equilibrium in a position it makes an angle of measure 30 10 the vertical. Find F
and the reaction at the hinge.

8. Auniform rod in a vertical plane rests on a smooth vertical wall with its upper end and
on a horizontal plane with its lower end the coefficient of friction between the horizontal
plane and the rod is equal 1o % Find the tangent of the angle which the rod makes to the
horizontal as the rod is about to slip.

9. A uniform ladder of weight 14 kg.wt rests on rough horizontal ground with end A and on
a rough vcmcal wall with end B. The coefficient of friction between the ladder and the
ground is 5 and the coefficient of friction between the ladder and the wall is % . f the
ladder is in equilibrium at a vertical plane perpendicular to the wall when it inclinds at 45°
to the horizontal, find the minimum horizontal force acts at the end A of the ladder to make
it be about to move towards the wall .

10 A uniform ladder of length 10 meters and weight 20 kg.wt rests on rough horizontal
ground with its end A, The coefficient of friction between the ground and the ladder is %
The ladder also rests in a smooth vertical wall with its end B. Prove that the ladder cannot
be in equilibrium when the end B is distant 8 meters from the ground surface.

11 A uniform ladder AB of weight 9 kg.wt rests on rough horizontal ground with its end A
nnd on a rough vertical wall with its end B. If the two coefTicient of fncuon atAand B are

S and 1 mspecuvely then the end A is pulled by a horizontal force ¥ making the ladder

85 aboa: 10 slip away fhom »the wall and the ladder makes an angle of measure 45" to the

horizontal. Find the force F (the ladder is in a vertical plane perpendicular to the wall).

Applied mathematics



Unit introduction

In the previous unit, you leamed to obtain two parallel forces in opposite direction by replacing them into
two forces meeting at a point (concurrent). You noticed that it can be possible as long as the two forces
are equal. But if the two parallel forces are equal in the magnitude, they cannot be replaced by two non-
parallel forces. We always obtain two parall, forces equal in magnitude and of opposite direction. Hence,
such two forces cannot be obtained at the same time

In regard to what is mentioned above, we believe that the system made up of two parallel forces of
equal magnitudes and of opposite direction has a new name in statistics which is called “couple™ in this
unit, we are going to demonstrate the concept and defimition of a couple and, calculate its moment | the
equilibrium of a rigid body under the action of two coplanar couples, and the moment of the resultant

couple. This unit ends up with leaming the sum of any finite number of couples.

By the end of this unit and by doing all the activities involved |, the student should be able to:
Identify the concept of a couple. about any point # zero) or the sum of moments
Find the moment of a couple. of the forces about three non-collinear points =

: a constamt ¥ zero,
Deduce that the moment of a couple is a constant

vector. Prove that a system of forces is equivalent to a

Identify equivalent couples and equilibrium of CONpIS Mg the deliniion.

two couples. Identify the theorem stating “ If many coplanar

forces act on a rigid body and are completely
represented by the sides of a polygon. taken the
same cyclic order. then the system is equivalent
10 a couple.

Identify the concept of the equilibrium of a
body under the action of two coplanar couples.
Find the resultant of several couples

Prove that a system of forces is equivalent to a

Solve vanous applications on the couples.
couple ( the resultant = zero and the moments
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Key Terms

- Couple : Rigid body
¢ Line of action . Equivalence
* Equilibrium
Unit Lessons Materials
Lassen (3-1): Couples Scientific calculator

Lesson (5-2): Resultant couple

Unit planing guide
' Concept of couple :
Definition of moment of couple |
n ]
( | )
“ iv. Resultant of
Equivalence of two % Equilibrium of esultant o
couples : several couples
1 . two couples
’ : 4 : \ 4 :
A system of forces acting at a Equilibrium of a body under |
'body is equivalent to a couple the action of two couples
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Unit Five

5-1

You will learn

» Coupie and moment of
couple

» Equivalence of two
couples

y Equilibrium of a body
under the action of two

Or more couples

Key terms
y Couple
y Line of action
y Equilibrium
» Rigid body

y Equivalence

Materials

Y Scientinge calculator

yMechanical Lab

-

acting on

If you le»kuiheoppuiteﬁgué.ywwillﬁhdtwofmcesofcqual |

COUPLES

kept at rest (static).

magnitudes and opposite direction (their resultant is equal to zero). |
You see that this body will move a rotational motion about (0). The

speed of rotation depends upon several th

ings which the students can

discover through the next cooperative work:

AP

F

¥ » cooperative work

The opposite figure represents a
graduated ruler two parallel forces

in opposite direction of magnitude

IS newtons of cach act at its ends. B
With your classmates. Find the sum

of the moments of the two forces .
about each of the points A, B, C, D, L

E, F and G and place your results in the ne

The points A B C

Sum of moments
of two forces

What do you notice from the results?

Learn

LA
(&

Couple

on

»

m

Couple: a system of two forces of
equal magnitudes and opposite
directions and acting in different
lines of action.

*

Def

G

xt table:

D E

=20 cm 20 em -




COUPLES 1.5

Moment of a couple T
The moment of a couple is known as the sum of the moments of the two 1
forces of the couple about a point in space, and its magnitude is equal \
to the product of the magnitude of one of the two forces by the distance oy

e =S
between them and is denoted by M = I Ml :
s IMN=FxL  where F=IIF ll and L is called the arm of the couple - ../l -

D Example o

1 Find the algebraic measure of the moment of the couple in each of the following figures:

> Solution
a The algebraic measure of both the couples in figure (A) is equal to - 4000 newton. cm
b The algebraic measure of both the couples in figure (B) is equal 160 newton. cm. Notice
the increase of the distance between the two forces, the decrease of the magnitudes of
the two forces, and the constancy of the magnitude of the moment.

L) Try to solve

. " . a5
1, Find the algebraic measure of the moment of the P V o (70) mewten
4 d
couple in the following figure: &7
If;i-._ 4
s 457-7;
C figure (1)

The moment of a couple is a constant vector independent of the point about which
we take the moments of the two forces.

The proof (is not required)
Let the two forces F and - F act at the two points A and B respectively g E
and let point O be a general point in space.

We find the sum of the moments of the forces about point O T:
M=0AxF + OB ~-F =(0A - OB)~ F

— — —n — — —m

“OA - OB = BA S M = BA « F

The last form of the moment shows that the moment of the couple independent of the position of
point O about which we take the moments of the two forces.

79
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Couples

OExnmplo

2  If the two forces ?T =2i +bjand [_‘ = ai - 5) form a couple and act at the two
points A(-1, 3)and B (2, 2) respectively, find the value of aand b, and the moment of

the couple. -
’-l
> Solution /

*." The two forces form a couple
Sa=-2, b=35
The moment of the couple

)

1"

)
=
<
-

i

a

A_\j >

mumml of [ about B

= BA » F, where BA = A - B /
;B
= (-3 «(2, 5 /
3.1) % (@2.5 / an
= (-15-2)k = -17k s

L) Try to solve _ _
1. 0f -IT and TT are two forces of a couple where I_T =-31 + 2 acting at point A(l, 1)
I_T acting at point B ( -1, 2), find [_- , moment of the couple, and the length of the

perpendicular drawn from A on the line of action of l_.‘

Equilibrium of a rigid body under the action of two or more coplanar couples

A rigid body is said to be in equilibrium under the action of two coplanar couples if
the sum of their moments is the zero vector

If \_AT and M, are the two moments of two couples, then the condition of the equilibrium of a
) e , e —t
body under the action of the two couplesis M, + M, = O
. P — —
In general: If the body is acted on by several coplanar couples of moments M, , M, , ... M_,

then the condition of the equilibrium of the body under the action of such couples is

—_— e

M,+My,+.. + M, = 0

A rigid body is said to be in equilibrium under the action of two or more coplanar
couples if the sum of the algebraic measures of the moments of the couple vanishes

lxlmpl. ‘/
0 .‘\ -, ‘0\ ‘}‘
3 The forces shown in the figure act at the light rod AB. 2,. l)/\‘ 1 -l'"(

prove that the rod is in equilibrium. — A
> Solution r--\\.o‘ },m
The two forces 10, 10 from a couple. 250 newon 9" S—
The algebraic measure of its moment is M, = -10 x 7 = -70 newton. meter
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The two forces 4043 and 40 '3 form a couple. The algebraic measure of its moment

M, = 403« 3 sin 60 = - 180 newton. meter

the two forces 250 and 250 form the couple of the algebraic measure of its moment

M, = 250 x | = 250 newton. meter

MM, +M=-70- 180 + 250 =zero  .". the rod is in equilibrium.

k) Try to solve

2,

In the oppeosite figure: ABCD is arectangle. E and
F are the midpoints of BC and AD respectively,
AB = 6¢cm and BC = 16¢cm. If the forces acting
in newton and their magnitudes and directions are
shown in the figure, prove that the system is in
equilibrium.

0 Example

4 AB isarod of negligible weight is honzontally suspended by a pin at its midpoint, two forces
cach of a magnitudes 7.5 newtons act at its two ends that at one end is vertically upwards and
at the other end it is vertically down wards. It is also pulled by a string in a direction making
an angle of measure 60° with the rod from point C on it. Find the magnitude and direction

COUPLES 1.5

and the point of action of the force which if acts with the previous forces on the rod will keep

itin equilibrium in a horizontal position, given that the tension in the string is of a magnitude

10 newtons and the rod length is 30 cm.

Solution

The two forces 7.5 and 7.5 newtons at A and
B form a couple. The algebraic measure of its
momentis M, = -7.5 « 30 = -225 newtons. cm
Since the rod is to be in equilibrium, the force of
tension in the string and the other force should
be form a couple. The algebraic measure of its
moment is 225 newtons. cm

. the other force F = T = 10 newton, 0= 60°
SCD = 15/3 em i point D is distant 153

k) Try to solve
3. ABCDEEF is a regular hexagon, The forces 3, 9, F,, 3, 9, F, gm.wt act along the

directions AB ., BC . DC, DE . EF and AF respectively. Find the value for each of

F,and F, so that the system is in equilibrium.

Al-Ashraaf Printing House
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7~ T = 10 newton
25) e
y ,
B l) L'A" w. .\
= /
0 E C
y

and 10 « CDsin 60 = 225
c¢m from point C on the rod.




|

[t

Couples
C, Example

5 ABCD is a fine lamina in the form of a square whose side length is 60 cm and of weight
200 gm.wt acts at the point at which the diagonals meet. The lamina is suspended by a pin
from a small hole near the vertex A such that its plane is vertical and a couple acts on its
plane of a magnitude 3000 "2 gm.wt. Find, in the position of equilibrium, the measure of
the angle of inclination of AC 1o the vertical.

O Solution
In the position of equilibrium, the lamina is under the action
of two forces which are; the weight of the lamina and the
reaction of the pin at A, in addition to the external couple.
Let the external couple act in the anticlockwise direction (as
in the figure). Since the couple is in equilibrium, only with

a similar couple, then the reaction at point A and the weight
form a couple whose algebraic measure of its moment is

M, = -200 x AMsin @ where AM = 30,2
M, - M, = Ictlu 30002 - 200 « 30y 2sin0 = zero
where sin @ = 5 0 =30 or 10

L) Try to solve

4 Arod of length 40 cm and weight 2.4 kg.wt act at its midpoint. It can casily rotate at a vertical
plane about a fixed hinge at its end. A couple of moment 24 kg.wt.cm and of orthogonal
direction to the vertical plane at which the rod can rotate in acts on the rod. Identify the
magnitude and the direction of the reaction of the hinge and the angle of inclination of the
rod to the vertical in the equilibrium position.

Equivalent of two couples

Two couples in the same plane are equivalent if the algebraic measures of their
moments are equal

6 ABCD is a rectangle in which, AB= 12 cm and BC = 16 cm Two equal forces each of a
magnitude 96 newtons in the directions of AB and CD act on it. Find the magnitudes of
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COUPLES 1.5

two equal forces acting at A and C in a direction parallel to BD such that the couple formed
from the first two forces is equivalent to the couple formed from the second two forces.

> Solution
The two forces 96 and 96 newtons form a couple
whose algebraic measure of its moment is o
M, =-96 = 16 = -1536 newtons. cm (F) 26 96
since the two couples are equivalent, then the two B

forces at A and C act on the rotation in the clockwise ¢ 16 om
direction (as in the figure). jmm Euclidean theorem )
"M, = -F x CF o CE = AB*AD
oM, = -F x 192 it
" two couples are equivalent .. M, = M, CE =—"3 — =9.6¢cm
S-Fx192=-1536 .. F=80newton CF=2CE

CF = 19.2cm )

) Try to solve

5. AB is a light rod of length 50 cm, two forces each of a magnitude 30 newtons act at A and
B in two opposite directions. Two other forces, each of a magnitude 100 newtons, act in two
opposite directions at points C and D of the rod where CD = 30 ¢m such that they form a
couple equivalent to the couple formed by the first two forces. Find the measure of the angle
of inclination of the other two forces on the rod,

~ ~
&)? Exercises 5 - 1 g?

Choose the correct answer:
1. The couple is:
a8 Two parallel forces of equal magnitudes and in the same direction.
b Two perpendicular forces of equal magnitudes.
€ Two parallel forces of equal magnitudes and on one line of action.
d Two parallel forces of equal magnitudes, in opposite directions and are not on one line
of action.
2. Which of the following conditions does not change the effect of the couple on the body?
8 Translating the couple into a new position in its plane.
b Translating the couple into another plane parallel to its plane
€ Rotating the couple in its same plane. d All what previously mentioned.

3. The two forces acting on the steering wheel of a car and producing the rotation of the steering
wheel form:
a Friction. b Couple.
€ Perpendicular force on the steering wheel. @ Non-zero resultant.
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4_ To form a couple of two forces, the two forces should be :
a Egqual in magnitudes. b Opposite in directions.
€ Not on one line of action. d All what previously mentioned.

( ull[‘lr\

5. If M, and M, are the algebraic measures of the moments of two couples and M, + M, = zero

then:
@ The two couples are equivalent b The two couples are not in equilibrium
€ The two couples are equilibrium d  The two couples are equivalent to a force

6. The product of the magnitude of a force of the two forces of a couple and the arm of the
couple is called:
@ The resultant of the couple. b The moment of the couple.
€ The moment of one force of the two forces of the couple.
d Nothing of the previous.

A

v} IIFT =3i-bj and ?‘ =ai -5) form acouple, then (a, b) =
a (3,4 b (3.5 € (-3.5 d (-3,-5

8 _ If the norm of the moment of a couple is 350 newtons. m and the magnitude of one of its two
forces is 70 newtons, then the arm length of the couple is equal to:

a 50 meter b 5 meters ¢ Scm. d 24500 cm.
Answer the following questions : (O
o
9. The opposite figure shows two forces each of a magnitude \
40 newtons act on the two edges of a lamina in the form of a
triangle of dimensions X and Y ¢cm. Find the moments of the A\
couple of the two forces in each of the following cases:
@ x=3m, y=4cm , 6 =zero %\ y
b x=y=6m, =2
4 40
€ x=0, y=5m, 6 =30
d x=6cm, y=0, 6 =60
e x=5cm y=12cm, tanf = 152 B
L
~ 35 N
\8; ew lon \ \\
10 The opposite figure shows two forces each of a magnitude C ‘49 "‘7‘
50 newtons, act on a lever AB find the algebraic measure of . 40am
the moment of the couple in two methods: \\7_/
8 Using the perpendicular distance between two forces., \ /
b By finding the sum of the moments of the two forces Ap 9L soem
?_ ,
about point A NG /,./
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COUPLES 1.5

11 Twoforces (31 - Sj)and(-31 + 5j)newtons act at the two points A and B respectively
whose position vectors are, (61 + j)and (41 + ) meters. Prove that the system is
equivalent to a couple and find its moment.

12 Two forces (a: ‘ b} ) and (5; - 2; ) newtons act at the two points C and D respectively
where C(-2, 1) and D( 3, 1). If the two forces form a couple, find the value for each a and b,
then find the moment of the couple and the perpendicular distance between the two lines of
action of the forces.

ras

0O (10) dyne

13 The opposite figure represents an : L‘“" 4cm B Zm/{

equilibrium rod under the action of four ‘/1)"(
forces. Find the value of F.
‘ ‘o wm ,”,‘\‘

\
./

14 ABCD is a rectangle in which AB = 8cm, BC = 6 cm, x, y, z and L are midpoints of AB ,
BC, CDand DA rcspulm:l) the fouc\ of m.ngmludcs F.F,F, F, 6and 6 newtons
act in the direction of AX , CZ . YX . 1Z . CY and AL respectively. If the rectangle is
in equilibrium, find the value of F.

15 AB is a rod of length 60 cm and weight I8 newtons, acts at its midpoint. The rod can rotate
casily about a fixed horizontal pin passing through a small hole in the rod at point C which
is distant 15 cm from A, If the rod rests with its end B on a smooth horizontal table and the
end A is pulled horizontally by a string until the reaction of the table is equal to the weight
of the rod, find the tension in the string and the reaction of the pin known that the rod is in
equilibrium as it inclines at 60° to the honzontal,

16 ABCD is a fine lamina in the form of a rectangle in which AB = 18 ¢cm, BC = 24 cm and its
weight equals 20 newtons acting at the intersection point of the two diagonals. The lamina
is suspended by a pin in a small hole near the vertex D such that its plane is vertical. If the
lamina is acted by a couple whose moment is 150 newtons and in a perpendicular direction of
the plane of the lamina , find the angle of inclination of DB to the vertical in the equilibrium
position.

17 ABCD is a square of side length 10 cm, Two forces each of magnitude 60 newtons act in the
directions of BA and DC . Find two forces equal in the magnitude, acting at A and C, parallel
to BD and forming a couple equivalent to the couple formed by the first two forces.
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Unit Five

5-2f

Resultant couple

What is the action occurring on a body if this body is under the
action of a couple?

2) Does the body under the action of a couple move in a lincar motion
or circular motion?

termn of coplanar forces i
Rl PRI 3) If the resultant of a system of concurrent coplanar forces is equal to
eqwvaientltoa Jell. “
zero, can these forces represent a couple?
4) If the resultant of a system of non-concurrent forces is equal to

zero, can these forces represent a couple?

i3]
s Learn
The system of the coplanar forces equivalent to a couple
- - i T — . . .
(Tl Asystem of coplanar forces F, + F, voes F I8 said to be equivalent

»Resultant couple to a couple if the following two conditions are satisfied together :

» Equivalent 1) Vanishing the resultant of the forces (or the sum of the algebraic
components of the forces in any direction = zero)

2) The sum of the moments of the forces about any point does not vanish,

Notice: satisfying one of the two conditions only is not enough to prove

that the system is equivalent to a couple. If the resultant of the concurrent

forces, vanishes, then the system of the forces is in equilibrium but is not

equivalent to a couple.,

) Example

(15, newlon
1 AB is a hight rod acted on by
the forces shown in the figure. ( B
Prove that the system of forces A
1s equivalent to a couple and Som b l
find the algebraic measure of -\
8 | newton 7/ newton

iIts moment. N’

Materials

ulator “» Solution

Let C be the unit vector in the direction of the force 15 newtons
—n — —n — —n
R =15C -8C -7C =0

1.¢. the resultant vanishes

.. Either the system is in equilibrium or it is equivalent to a couple.
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Resultant couple 2 . §

As a result, we find the sum of the moments of the forces about a point (say A)

M,=8x5-7x14=-138

.. the system is equivalent to a couple and the algebraic measure of its moment is equal to
- 138 newtons. cm

Critical thinking: Find the sum of the moments of the forces about each of B, C. What do you
notice?

?jwm/;f newlon
N S
L) Try to solve I I
1. In the opposite figure, prove that the system B & : (‘.7 A
is equivalent to a couple and find the algebraic 3m D Sem [ dem l
measure 1o its moment.

If three coplanar forces act on a rigid body and are completely represented by

the sides of a triangle, taken the same way round, then this system is equivalent
to a couple, the magnitude of its moment is equal to twice the area of the triangle

multiplied by the magnitude of the force represented the unit length,

Proof (is not required)

. . ) p— — —_—

The directed straight segments AB , BC and CA represent the
three forces completely.

i.¢. in the magnitude, direction and line of action, let m represent
the magnitude of the force of the unit length

+n
e, ms= "1 = ": - "3
AB BC AC
- AB + BC CA =0
F, ¢ F: + Fpb =0

Fpb+ F, =-F

i.¢ the resultant of the two forces [_T and [__‘ is the force (-T‘-) acting at point B - thus the
system is equivalent to the two forces TT acting at C and ( T: ) acting at point B, it is equivalent
to a couple.

To identify the magnitude of the moment of such a couple, draw a perpendicular from B to AC
to meet it at point D,

The magnitude of the moment of the couple = |l T: I« BD

ButlF, I = AC »m

The magnitudc of the norm of the couple = AC « m < BD

= (AC = BD) » m = m ~ twice the area of triangle ABC

A'“m‘mwm \l‘;)ll(‘d mathematics
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Ow.

2 ABC is a triangle, in whichAB = BC = 17¢cmand AC = 16 cm. Forces of magnitudes
340, 340 and 320 newtons actat AB . BC and CA respectively. Prove that the system
is equivalent 1o a couple and find the magnitude of its moment. A

©> Solution
.". The magnitude of the force representing the unit length 5@ e NI
is equal to 20 newton and since the forces are takeninone /T
cyclic order (taken the same way round) Z_ ) T
.*. the system is equivalent to a couple C 17cm @@ B

the magnitude of the moment of the couple = twice the area of A ABC =« the magnitude of
the force representing the unit couple
To find the area of A we draw BD L AC to bisect it

S BD = ."' 177 - 8 = 15¢cm

.. the magnitude of the moment of the couple =2 « 2« 16 < 15 « 20 = 4800 newtons. cm

1

2

k) Try to solve

2. ABC is a right-angled triangle at B in which AB = 30 cm and B C = 40 cm. Forces of
magnitudes 6, 8 and 10 newtons act at AB, BC and CA respectively, Prove that the system
is equivalent to a couple and find the magnitude of its moment.

Generalization: If a system of coplanar forces act on a rigid body and are completely represented

by the sides of a closed polygon taken the same cyclic order, then this system is equivalent to

a couple. The magnitude of its moment is equal to the product of twice the surface area of the

polygon by the magnitude of the force representing the unit length.

Gwo

3 AB CDis a quadrilateral in whichAB=AD=20cm, BC=CD=10y7 em, m(~ A)= 120",
forces represented by the directed straight segments AB . BC . CD and DA acton. If the
system ends to a couple the magnitude of its moment is 180y 3 newtons. cm in the direction

of AB CD Find the magnitude of the forces acting on the sides of the figure.
C

> Solution

*." The forces act on the sides of the polygon and take
the same way round

*. the magnitude of the moment = twice the area of the
figure * m :

Twice the area of the figure xm =180 y'3 (1)

from the geometry of the figure A ABC = A ADC

from the cosine rule in A ABC
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. co_s(B;\C)
20 « AC
+ (AC)* - 20AC

s (ACY - 20AC - 300 = zero

(BC)® = (AB)F + (AC) - 2AB ~ AC
S(10YVT)Y =200 <« (AC)Y - 2~
700 = 400

< ¢os 60

SAAC 10 (AC - 30) =0 then AC = 30

Arca of figure ABCD = 2 » arca A ABC
2

=2x1xAB x AC x sin60= 20

X o X

By substitution in (1)

2% 3003 «m= 1803 thenm = %
R _F B _ B

1 =
AB BC CD DA
F F, F, _ F, 3

|
20 7 107 20 10

then Fy=6newtons , F,=3y7 newtons , Fi=3/7 newtons ,

L) Try to solve

30 « sin 60 =300 y 3 cm?

Resultant couple 2 _ §

F, = 6 newtons

3. ABCD is a trapezium in which AD // BC . AB L BC.,AB=6cm, BC=9cmand AD = 3 cm.

Theforces F ., F,. F, and F, completely represented by the directed straight segments act

at DA, CD, BC and AB respectively. If the system is equivalent to a couple the magnitude

of its moment is 360 newtons.cm in the direction of ABCD. Find the magnitude for cach of

—_— W —a

F'- F:v F‘ am .'_:-:-

If the sum of the algebraic measures of the moments of a system of coplanar forces
with respect to three non collinear points in its plane is equal to a non zero constant,
then the system is equivalent to a couple. The algebraic measure of its moment is

equal to the value of the constant.

Proof (is not required)

- . _— . - - .
For any such system of forces reduces to either a single force F or a single couple or it is in

equilibrium,

It is clear that the forces are not in equilibrium since the sum of the algebraic measures of the
moments of the forces about a point does not vanish . Let the system be equivalent to one force
of a magnitude F, the three points be A . B and C and their distances to the line of action of the

force be L., , L, and L, respectively.

S FxL,=FxL,=F « L, = a constant magnitude

By dividing by Fwhere F # zero L, =L,=L,

i.e. points A, B and C lie on one straight line parallel to the line of

action of F and this does not match with the hypothesis.

. The system forces is not equivalent to a force

.. The system is equivalent to a couple. The algebraic measure of
its moment is equal to the value of the constant.

Al-Ashraaf Printing House
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Couples

O Example

4 ' ABCD is a trapezium in which AD / BC . m(./ B)=90", AB =12 ¢m, BC = 18 cm and
AD =9 ¢cm. Forces of magnitudes 200 , 600, 500, 1200 and 300 ¢T3 kg.wt act at BA .

BC . CD DA and AC respectively. Prove that the system is equivalent to a couple and find
its moment.

> Solution
Calculate the sum of the algebraic measures of the moments of the forces with respect to three
non-colinear points. Let them be A, B and C.

M, = -600 « 12 - 500 « AO .
where AO = 9sinf =9 - ,:% =172 "\
“My= -600 <12 - 500 x 72 = - 10800 kg.wt. cm
M, = -1200 < 12 - 500 = BL + 300 /13 = BE
>
where BLL = I8sin = I8 ~ ':i = 144
. _ 12x18 _ 36
. BE = —
6413 v13
Mg = <1200 x 12 - 500 « 144 + 30073 » b
V13

-10800 kg.wt cm

200 = I8 - 1200 = 12

- 10800 kg.wt.cm

. The system is equivalent to a couple acting on rotation in the clockwise direction. The
magnitude of its moment is 10800 kg.wt. ¢cm

* M

<

k) Try to solve
4) ABCD is a square of side length 10cm,E€ CB ,Fe CD , such that C E=C F = 30 cm.

—_—— @ —— @ @—e —e

Forces of magnitudes 40, 10,20, 30 and 204 2 kg.wt.cmactat AB , BC, CD , DA and

EF respectively. Prove that the system is equivalent to a couple and find its moment.

Resultant couple
The sum of two coplanar couples is known as the couple whose moment is equal to the sum of
the two moments of those two couples ™M = TIT ¢ W and the sum of the two coplanar
couples is called the resultant couple ( the system is equivalent 1o a couple).
N

0 mm". /amm gpm

5 In the oppeosite figure find the algebraic y o RO

measure of the resultant couple. — >
newton
150 cm T 80cm
w newton @ newlon
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Resultant couple 2 _ 5

> Solution
The two forces 200 and 200 newtons form a couple the algebraic measure of its moment
M, = 200 x 0.8 = 160 newtons .meter
The two forces 500 and 500 newtons form a couple the algebraic measure of its moment
ﬁ: = - 500 x 2.3 = -1150 newtons. meter
The two forces 100 and 100 newtons form a couple the algebraic measure of its moment
M, = -100 » 0.04 = -4 newtons. meter
The resultant couple =M, + M, - M,
= 160 + (-1150) + (-4) = -994 newtons. meter

7N\ ii,\ o——
) Try to solve L gy &)

5. The opposite figure represents a uniform
lamina in the form of an equilateral triangle, 2m
If a forces act on the lamina as shown in
the figure, find the algebraic measure of the ~ "™'*"100
moment of the resultant couple.

Z2m

2m
0 Example

6 ABCD is a square of side length 10 cm. Two forces, each of a magnitude 40 kg.wt act at
AD and CB and two forces each of a magnitude 70 kg.wt at AB , CD. Find the algebraic
measure of the moment of the resultant couple.

> Solution

| (40)w kg
The two forces 40 and 40 form a couple the algebraic D < A
measure of its moment
M, = 40 « 10 = 400 kg.wt.cm £\ 10w
- | 71)/1w kxA . (7\'
the two forces 70 and 70 form a couple the algebraic )
measure of its moment N
B - » B - ’ ) ’ .‘ (A. — B
M, 70 < 10 700 kg.wt.cm (“) wig
the resultant couple =M, + M, = 400 « (-700) = - 300 kg.wt.cm 10cm

) Try to solve
6. ABCD is a rectangle in which AB = 60 cm , BC = 160 ¢cm , X and Y midpoints of BC and
AD respectively. The forces of magnitudes 200, 200, 400, 400 , F and F newtons act in

the direction AB . CD . CB . AD . XA and YC, respectively. If the algebraic measure of
the moment of the resultant couple is equal to 6400 newton.cm, find the value of: F,

Al-Ashraaf Printing House Applied mathematics
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o 28 o
\0/ Exercises 5 -2 &

1. Show which of the following system of forces is equivalent to a couple and find the algebraic

-

measure of its moment;

®

newton b @w newton c 1@| newton 6 newton

5\ newton
d |Qb newlon S newton @ 2)W j_ff“ j
‘ I L am O lm‘A po2m)2my dm 4
(15) mewton (5)Wikg (3w 50 T
9 . /l 'i newton ‘:g) mewlon i

—\
= I\?y ”~
- &
a:
IZ om
e LIS | B
/ \
'
I; > "
|
A b 4
(6 mewlon  *

\

.§ | mewlon

||4mm
16 cm

10 cm

. 10 cm -~

ABCD is a square of side length 3 meters. The forces of magnitudes S, 2, § and 2 newtons
act in the directions of BA ,BC ., DC and DA , respectively. Show that the system is
equivalent to a couple and find the magnitude of its moment.

ABCD is a rectangle in which AB = 6cm , B C = 8 cm forces of magnitudes 7 kg.wt act at
AB .BC . CD and DA respectively prove that the system is equivalent to a couple and
find the magnitude of its moment.

ABCD is a rectangle in which AB = 30 ¢cm, B C = 40 ¢m forces of magnitudes 15, 30, 15 and
30 gm.wt act at BA , BC , DC and DA respectively. Prove that this system is equivalent
to a couple and find its moment , then find the two forces acting at A and C perpendicular to
AC such that the system is in equilibrium,

ABCD is a rhombus of side length 10 em, m(_~ BAC ) = 120°. Forces of magnitudes 20,
15, 20 and 15 kg.wt act at AB BC , CD and DA respectively. Prove that the system is
equivalent to a couple and find the magnitude of its moment. Find the two forces acting at B

and D perpendicular to BD such that the system is in equilibrium.

Third Form Secondary Student Book
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Resultant couple 2 _ 5

6. The opposite figure represents an arch.
The shown force in the figure acts on it. If
the algebraic measures of the moment of the
resultant couple is equal to 200 - 20043
newtons. meter, find F,

Q'(T!D newton

7. ABCD is an isosceles trapezium in which AD / BC , AD =9 ¢cm AB = DC = 15 ¢m and
BC = 33 cm. The forces of magnitudes 45, 99 ., 45 and 27 act in the directions of AB ,
BC., CD. DA respectively. Prove that the system is equivalent to a couple and find the
magnitude of its moment.

8. ABCDEF is a regular hexagon of side length 15 cm. Forces of magnitudes 40, 50, 30, 40, 50
and 30 newtons actat AB , CB . CD ., DE ., OF and FA respectively. Find the moment of
the resultant couple.

9. ABCDEisa n.gulur pentagon of side length 15 cm. Forces of magnitudes 10w kg act at AB

,BC . CD . DE and EA respectively. Prove that the system is equivalent to a couple and
find the magnitude of its moment.

10 ABC is a triangle in which AB = BC = 6¢cm, m(_~ ABC) = 120", Forces of magnitudes 18,
18 and 18/ 3 actat AB , BC and CA respectively prove that the system is equivalent to a
couple and find the magnitude of its moment.

11 ABCD is a square of side length 60 cm. Forces of magnitudes 10, 20, 80 and 50 newton act
at AB , BC , CD and mmspccti\cly and two forces of magnitude 50 V2 and 20 V2
newtons act in AM and DB respectively. Prove that the system is equivalent to a couple the
magnitude of its moment is 4800 newtons. cm

12 In the figure opposite, find F which makes
the algebraic measure of the moment of the
resultant couple equal to 150 - 500 /'3
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UNITESUMMARY,

Definition of couple: it is a system of forces formed from two forces of equal magnitudes and
opposite directions and acting in different lines of action.

The moment of a couple: it is known as the sum of the moments of two forces of the couple about
a point in space. Its magnitude is equal to the product of the magnitude of one of the two forces
by the distance between them.

Theorem: the moment of a couple is a constant vector independent of the point about which we
take the moment of the two forces.

Equilibrium of two couples: the two couples are said to be in equilibrium if the sum of their two
moments is the zero vector.

Equilibrium of a body under the action of several couples i several coplanar couples which the

direction of their moments are M, .M. ..., M, acta rigid body, then the condition of
equilibrium of the body under the action of these couplesis M, + M, +.. + M, = O

Equivalent couples: two coplanar couples in the same plane are equivalent if the two algebraic
measures of the two moments of their vectors are equal.

The system of the coplanar forces equivalent to a couple: A system of coplanar forces T: o Fy»

" T-T is said to be equivalent to a couple if the following two conditions are satisfied together:

! -Thcmsultamoffomesiscqual(olhcnmvecmf(—FT ‘ T: twt+t F, = 0)
2 - The sum of moments of the forces about any point in space does not vanish,

Rule 1: If three coplanar forces act on a rigid body and are completely represented by the sides of
a triangle, taken the same way round, then this system is in equivalent to couple the magnitude
of its moment is equal to twice the area of the triangle by the magnitude of the force representing
the unit length.

Generalization: if a system of coplanar forces act on a rigid body and are completely represented
by the sides of a closed polygon taken the same way round , then this system is equivalent to
a couple the magnitude of its moment is equal to the product of twice the surface area of the
polygon by the magnitude of the force representing the unit length,

Rule 2: If the sum of the algebraic measures of the moments of a system of coplanar forces with
respect to three points in its plane and are not lying in the same straight line is equal to a constant
magnitude unequal to zero, then the system is equivalent to a couple the algebraic measure of its
moment is equal to to a constant magnitude.

Resultant couple: The sum of two coplanar couples is known as the couple whose moment is
equal to the sum of the two moments of those two couples M = ﬁ-, + ﬁ. and the sum of the
two coplanar couples is called the resultant couple ( the system is equivalent to a couple):
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GENERALIEXERCISES

1, Find the algebraic measure of the moment of the resultant couple in each of the following
figures:
a SO mewton b B

@m c @m @m

Im 2m

B doem 44 & A : A

0 mewton 00 ewten

"2 The opposite figure shows a lamina in the form (7) newton
of a parallelogram acted on by two couples. Find: €
8 The algebraic measure of the moment of the  (5)
couple formed by the two forces 7 and 7. 106 L (5) mewteon
b The algebraic measure of the moment of e >
the couple formed by the two forces § and 5 (D) mewton
newtons when 6 = 60",
€ What is the value of @ if the algebraic measure of the moment of the resultant couple is
equal to 30 newtons. cm?
d  What is the value of @ if the lamina is in equilibrium?

3. Auniform rod AB of length 20 cm can rotate in a vertical plane about a fixed horizontal pin
passing through a small hole in the rod at point C € AB where AC = 5 cm. If the rod is in
equilibrium in a horizontal position under the action of two forces each of a magnitude 50
newtons act at its two ends A and B in opposite directions and make an angle of measure 30°
to the rod, find the weight of the rod and the reaction in the pin.

4. ABCD is a rectangle in which AB = 30 ¢cm, B C = 40 ¢m forces of magnitudes 1, 2, 4, 6 and
Skg.wt act at AB , BC .CD DA and AC respectively. Prove that the system is equivalent
to a couple and find the magnitude of its moment.

5. Determine the moment of the couple acting in each of the following figures:
a 08 cm b

Applied mathematics



GENERALIEXERCISES

6 In The opposite figure shows a lamina in the
form of a right-angled triangle. It is acted up on by

2
the forces shown in the figure, find the algebraic 220 """ &
measure of the moment of the resultant couple. l __- '

-

) ABCD is a square of side length 20 cm, forces of magnitudes 3, 5, 3, 5 w kg act at BA. BC,
DC , DA respectively and two forccs cach of a magnitude 4,2 kg.wt act at the two points
A and C in the direction of BD and DB respectively. Find the magnitude of the resultant
couple equivalent to the system.

@ Twoforces F, =ai -3j and F, = -5i +bj actattwo points C(2, -1) and D0, -2)
respectively and form a couple. Find the value for each of a and b, then find the moment of
the couple and the perpendicular length between the two forces.

) The force F, = 6 ) acts at the origin point and the force F, =-6 ] at point (2, 0). Show that
the sum of the moments of the forces about any point (x, y) does not depend upon x and y.

30 The forces F =20 -4, Fo= 4 - 3j . F, = -3i + 7) actatpointA(-1,1),
B (-2, 3), C (0, 1) respectively. Prove that the system of forces is equivalent to a couple and
find the magnitude of its moment

11 The opposite figure shows a system of forces acting @ newton @ newton
on rod AD forms the couple of the algebraic measure
of its moments is equal to -75 newton. m. Find the 5m Cdam_3m

D A
value for each of F and k. B

(15 newton (k) mewton

For more training and activites, visit : www.sec3mathematics.com.eg
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Choose the correct answer:
1 If the two forces each of a magnitude 4 and 8 newtons act at a point and the measure of the
angle between then is 120 °, then the magnitude of their resultant is:
a 12 b 4 ¢ 4/3 d -8\3
2. If two forces parallel and in the same direction each of a magnitude 5 and 7 newtons act at
two points A and B | then the magnitude of their resultant is equal to:
a |2 B2 € CJ/74 d /24
3 If the force F =21 - 3 acts at point A (1, -2) then the moment of T about point
B (-1, 4) is equal to:

a 6k b 6k ¢ 22k d 22k
@) Ifthe force F = i +2j -3 kacts at point A (2, -1, 3) then the moment of F_ about origin
point is equal to:
@ 3i +9j +Sk  b.i.2jk
€ 3i -9) -5k d2i -5j +k

5. If three coplanar forces equal in magnitudes and concurrent at a point are in equilibrium,
then the measure of the angle between the two forces is equal to:

a 30 b 60" c -9 d 1200
Answer the following questions:
6 The opposite figure shows a uniform rod AB in an () mewton

equilibrium state under the action of the shown forces.
Find F and K.

DUTF =Li +Mj acts at point A (3, -2) and if the
mnmcntoflhc force F about the origin point is equal
00 about point B (-1, 2) is equal to -8 k, find the /
value of each of L and m. 20) newton

~

8 Iftheforce F = i + bj +ck actsat point A (-2, 1, 2) and the two components of the
moment of F_about Yz axes are2, -3 respectively, find the value for each of band c.

9. ABC is an isosceles lnanglc in whlch m(é B) = 120", AC = 12y 3 c¢m forces of magnitudes
6.7.8 V3 newtons actat AC , CB and AB respectively. Find the sum of the moment of
forces about the midpoint of BC .

10 A, B, C are three points lying in one straight line where AB = 6 cm, BC =4 cm, C € AB.
Two parallel forces act at the two points A and B of the magnitude of their resultant is equal
1o 24 newtons and act at point C. Find the magnitude for each of the two forces.

—

A1 The parallel forces F, . F, . F, . F, act at point A(1, 1), B(-2, 1), C(3, 3) and D (-2,0)
respectively. If the forces are in cqulllbnum and F = i ~2J andlIF I=2y5 newtons in
the opposite direction of Fl . find each of Fz > F, and F4

Applied mathematics 97



However the bodies daffer (made up of a great nember of particles) in shape and the owter appearance even they ase of the same
weight; they are acted by the force of the gravity which always acts vertically down wards, (in the disection of Earth's cemter)
Scientists have found that the resultant of the forces actimg on all the parts which the body is made up of s ogual 10 the weight of the
body. Furthermore, they have found that the resultant of such forces acting on a body centralize at a poant and then the conter of gravity
of the rigad body is the constamt point of that body thought which the line of action of the resultant of the gravitational forces 1o the
points of the mentioned body at any of its positions in space passes. 1t is worth to mention that the comier of gravity is & geometnc point
lying outside the body in case of being in the ring shape and its parts centralize in this poant. The center of gravity of some regular
bodies have been idemtified quite easily since this point is the position of its geometnical cester (such as uniform geometrical laminas,
discs, spheres and so on ...) For iregular bodies (sach as the human body ), the method 10 identify their comter of gravity is condected
throughout dafferent scioatific methods. It is worth 10 mention that the center of gravity of the human body has been sdentified wsing
some computer programs which supply the computer with information about the weight of the human body and the weight of cach
pant of the whole parts and the dimenssons of thear conters of gravity in the orthogonal coordnase systems

Of the studies comcerned in sech a topic is the study of (Brown and Ficher) whach has identified the heaght of the center of gravity of
the human body 1o be S4.8% of its height measured from under the foot. (Crosky ) has also mentioned that the center of gravity for men
is higher than of women. The study of the center of gravity is quite essential in regand 1o the sports motion in the fickd of biomechanics
of sports. We are going 10 leam all about that through the activities incladed in this usit

Im this wait, you will kearn the center of gravity of a system of particles and find its components in orthogonal coondenate systems with
wentifying the cemter of gravity of the rigid body and the complex laminas. In this unit, you are also gomng 10 keam some applications
on the center of gravity in differest daily life fickds

Unit objectives
By the end of this unit and by doing all the activities involved , the student should be able to:

Idemtify the cemter of gravity of a rigid body

Idemtify the relation among the weight of a body, the
center of gravity, Equilibrium and the gravity

Idemtify the cemter of gravity of a system of particles.

Idemtify the position vector of the cemter of gravity for a
ngid body about the ongin point

Deduce the components of the cemter of gravity in an
orthogosal Canesian coordmnale system.

Deduce the center of gravity of a ngid body suspended
freely

98 Third Form Secondary

Deduce the center of gravaty of two physical poists of
dastance L between them.

Deduce the center of gravity of a uniform fine rod.

Deduce the cemter of gravity of a uniform fime kamina in
the form of a paralic! gram

Deduce the cemter of gravity of a uniform fine kamina in
the form of a trangle

Ientify the negative mass method 1o calkculate the center
of gravity of a body after climinating a part of it

Identify the center of gravity of some bodies which have
he propertics of symmetry
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Key terms

© Negative Mass ¢ two-dimensional system
Symmetry ¢ Theee-dimensional system
Center of Gravity ¢ free suspension
Physical point
Unit lessons Materials
(6 -1): The center of gravity Scientific calculator.
(6 -2):The negative mass method
Unit planning guide
‘ Center of gravity ,
___{____ ~\ Free suspension of a rigid body ~
_ Definition | 2
sy e Center of gravity of two
: f ;_ } 1 ‘ physical points
[ Weightof '\« (Center of gravity) Center of gravityofa .
. body uniform rod
C_POSMO" vector about the origin point Center of gravity of a lamina ..
i 'ifhflﬁ'””"ﬁ 2 in the form of a triangle
Z:—:Components in the coordinate system{ Center of gravity of a
“-.» TigugN I* - T y lamina in the form of -
[ Symmetry a triangle

l Negative mass method |

¥

s Y

("Regular geometric igures ) (Uniform geometrical solids )

. (" Solid sphere  )e—
(Glicicrr)-

( Right cylinder )4—
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Unit Six

6-1

You will learn

O The center of gravity of
a rigid body.

O The weight of the body,
the center of its gravity
and gravitation.

O The center of gravity of
two physical points.

O The position vector of
the canter of gravity of o
rigid body.

O The center of gravity in
the orthogonal coordi-
nate system.

O The free suspension of
the rigid body.

O The center of gravity of
a uniform fine rod.

O The center of gravity of
a uniform lamina in the
form of a parallelogram.

O The center of gravity of
a uniform lamina in the
from of a triangle.

Key terms

O Center of Gravity
O Pearticle

O Physical point

2 two-dimensional
system

O Three-dimensional
system

O free suspension

Materials
O Scientifie calculator

-

0 or §
L ywhavcnouceddluwelnvcmugwendu: /’T
volumes or dimensions of such bodies much care. It \
has been sufficient to represent such bodies by a point, —
small circle or a rectangle supposing that the force
acting on the body passes through a single point lying .
on its midpoint. Figure (1)
The center of gravity of a rigid body:
If we look at the huge bodies which move in a transitional way only, we
will find that each point in these bodies moves the same way exactly.,
In tumn, considering the body is equivalent to a single point is possible
in this case.
But if we have a huge body moves randomly (as transition or rotation),
then cach point in this body will move in a different way from other
points,
For example, when a bat is pushed in air, then its motion upward and
downward motion is more complicated than the motion of a metallic
sphere. This be cause the existence of the revelational motion of the bat
during its transitional motion. In other words, each point of the bat has
a different motion than other different points. In figure (2), you will find
that there is a certain point on the bat that moves on the pathway which
we know about the launched body such as the motion of the small
metallic sphere as it is launched in air,
It is clear that this point moves as
if the mass of the bat centralizes
at this point and the weight of the
bat acts on this point. This certain
point is called the center of gravity -
which seems as if the whole body is A a
assembled at it. This means that the "
center of the gravity is a hypothesis 1 Y
point expressing the resultant of the
weights of the clements of the rigid &
body and it is also the equilibrium 7
point. We can also say that it is the
point at which the weight of the body
is equally distributed about it in all directions.

ez

Figure (2)
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Center of Gravity 6 -1

The weight, center of gravity and gravitation of body:

If we generally consider the body (gas, liquid, solid) a system of the physical points, then the
gravitation acts on the body by the force of its weight and it is at each point of these points. If
we consider that the Earth is a homogenous sphere, then the line of action of the weight of each
point acts at the straight line connecting between this point and the Earth’s center. As the bodies
which we meet in our daily life and belonging to our study are extremely tiny comparatively to
the Earth. Since they are extremely distant from the Earth's center, then the lines of action of the
weights of the physical points forming a body are parallel. As a result, they can be formed in a
singular force which equals in regard to the magnitude the sum of the weights of these points and
acts vertically down wards towards the Earth.

The gravitational force acts on all the parts of the body, but when the moments are taken, the
gravitational force (weight of body) acts at a single point in the body called the center of gravity
of the body.

The center of gravity of a system of particles
If we consider A, (A, A, . a system of particles P
forming a rigid body and W, . W, . W, ... are
the weight of these particles respectively and act
vertically downwards as in figure (2). ™ G,
# The resultant of the two parallel force W, . W, | 1 1
Ay

acting at A, A, respectively and passing through |
point G is (W, + W s0: W, <A G =W, <A, | "
G, disregarding the position of the body to the | (w, *w, w J
ground since the distance between A, and A, is N
constant because the body is rigid and in tum G, s
keeps constant. Figure (2)

# The resultant of the two parallel forces (W, + W,) ., W, is (W «W,+W,) and let its point of
action be point G, then : W, x A, G, = (W, + W,) x G, G, and the distance A, G, remain
constant. So G, is a constant point what ever the position of the particles are at points A,
A, LA,

» By repeating the previous steps with respect to all other particles forming the body, we
finally get the weight of the body. We find that it is equal to the sum of all the weights of the
particles and always passes through a point of a constant position.

The center of gravity of a rigid solid body is a constant point. with the body, through which the
line of action of the resultant of the weights of the particles which the body is made up of passes.
Its position does not change with respect to the body whatever the position of the body changes
with respect to the ground,

Note . The center of gravity of a rigid by changes by the changes of its shape since the dimensions
of the particles forming this body change.
per coherent body weight of a single center

The body of a uniform density:
It is the body whose the mass of its unit length, arcas or volumes taken from any part of it is

Constant. —
Al-Ashraaf Printing House Applied mathematics 1 01




Center of Gravity

The center of gravity of two physical points (particles)

If the masses of the two particles are m, and m, in two positions x, and x, on the x-axis

respectively with respect to an observer standing at the origin point O as in figure (3), then the

center of gravity of those two particles with respect to the observer is determined by the relation:
m, X, +m,x,

X = k
m m, +m, - - k" >
X Xz
Figure (3)

’ P® The center of gravity of two physical points
1 Two physical particles of weights 2 newtons, 4 newtons, and the distance between them is
3 meters. Find the center of gravity with respect to the particle 2 newtons.

O Solution
Let the line connecting the two bodies lie on x-axis and consider the origin point lies at the body
2newtons then: x, =0, x, =3, w, =2, w,=4

4newtons
2 newtons
. . WX S W, X, @ 3 meler
Use the relation : x; = 170 7272
bt Gt x,=0 x,=3
figure (5)
lh" -2"0’4‘3-3-,
e A i Py e
i.e : the center of gravity of the two physical particles is distant 2 meters from position the body
2 newtons,

k) Try to solve
1. Two physical particles of weights 3 newtons, 5 newtons and the distance between them is 8
meters. Find the center of gravity about the position particle 3 newtons.

The position vector of the center of gravity of a rigid body about the origin point

IfW, , W, . W, ..., W, are the weights of the particles forming the rigid body and,T, .
B bk _?; are the position vectors of these particles about the origin point, then the
position vector r to the center of gravity of the rigid body about the origin point

is determined by the relation: ::1 =m, g,
— i iy — 1 - .I 8
—~ Wl r +W2 T, °W3 T, Foeeet W T,

flc =
wl'w,ow“ ...... W

W =
By writing cach of weights W, , W, , Wi ,....., W, s the product of the corresponding | 0
mass by the magnitude of the gravitational acceleration, and dividing each of the numerator and
denominator by g, we get the relation.
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The previous vector relations can be written in terms of the components in the direction of the
orthogonal coordinate axes ox and ;; to get the following:

= m' X' + mz xz‘ m3 X:‘* + mn xn
G
ml + mz + m_‘ + + mn
you ml y' + mz yzo m_\ yso + mn yn
5 e B Pl B

6 . The center of gravity of a 2-dimensional system

2 In figure (6): Find the center of gravity of three :mm
weights of magnitudes 1, 2 and 3 newtons placed at N
the vertices of an equilateral triangle of side length ) ' \\ 12cm
12 ¢m. 1 \\. 3 newton :
¢ Solution Figure (6)

The data of the problem can be placed in a table as follows, considering the axes are
orthogonal as in figure (5):

Weight I newtens = 2 newtens | 3 newtens
X 0 6 12
y 0 63 0
W X)W, X+ Wy Xy
X = -
(' Wyt Wyt W,
xg = "“0'12*"26*’33”2--8cm
. WY1 "W Yt Wi,
.yc=
W, W,y Wy
S Yo = 1x0+2x6V3 +3x0 o5 /5 cm

1-2+3

The position of the center of gravity of the system is G(8 ,2 V3
Critical thinking: Does the center of gravity change by changing the positions of orthogonal
axes? Explain,
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E) Try to solve
2, A BCisan cqullawral triangle of side length 4, The points , D, E and F are midpoints of
"BC . CA and AB respectively. The weights 5. 1.3 ,2,4 and 6 kg.wt are placed at points
A,.B,C,D,E and F respectively. Find the center of gravity of the system from B,

Important notes: The free suspension of a rigid body
If a rigid body is suspended from a point A freely, then its center of gravity lies C on the vertical
line passing through the suspension point since the body, in this case, is in equilibrium under the

action of the two shown forces in figure (6) which are: B
(1) The tension in the string |, (2) The weight of the body and works vertically f ‘ 'A

downwards
Thus, those two force are to be of equal magnitude, opposite directions and ¢
having the same line of action. Hence the center of gravity of the body G must 1

lic along the vertical line connecting point A Figure (6)

The center of gravity of uniform rods and laminas
1= The center of gravity of a uniform rod is at its midpoint.

2- The center of gravity of a uniform fine lamina bounded by a parallelogram is at its geometrical
center (intersection point of the diagonals)

3= The center of gravity of a uniform la mine bounded by a triangle is the intersection point of
the medians of this triangle (centroid point).

4- The center of gravity of a uniform la mine pisces on the circle graph is its center.

0 e The center of gravity of a uniform rod

3 Auniform rod AC of length 2 L is bent at its midpoint B, then suspended from end A freely.
If BC is horizontal as the rod is in equilibrium, prove that cos (£ AB C) = 1.

O Solution

Let the weight of the rod AB be equal to (w) and act at its
midpoint M, and the weight of the rod BC be equal to (w) and
act at its midpoint M,

Note that : AB=BC and m (.- ABC)=6

*." The rod is in equilibrium when it is suspended from point
Aand BC is horizontal.

ot M, C
.". The center of gravity located on the line AD . J '
\J
SWXMD=WxND ..M D=ND....(1) Wow
Figure (7)
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From geometry of the figure:
“* AD // M,N , m, is midpoint AB

DN =B Neoooovoorrre )
mD=ND=BN=1.L_L
- - 6
NB _L_L_L_2_]
cosO= B _m_X_=m~
BM, 6 2 6 L 3

E) Try to solve

Center of Gravity 6 -1

. N is midpoint BD

from (1) and (2)

3. A thin wire of uniform thickness and density in the form of a trapezium ABCD in which
AB=15cm ,BC=12em,.CD=10cm, m(ZABC)=m(ZB CD)=9%" Find the
distance between the center of gravity of the wire and the two sides AB and BC.

¢ Exampie

4 Auniform fine lamina in the form of a parallel gram ABCD in which A B =40 ¢cm, BC =20 ¢cm
and m (/2 BCA) = %" If the lamina is suspended at point (E) on CD tobe in equilibrium
when CD is horizontal, find the length of CE .

> Solution

*"The vertical line passing through the
suspension point must pass through the

center of gravity of the lamina.

m is vertical

*.* CD is horizontal .. m (- MEC) = %0".
From the triangle ABC , we find that m: (.~ ACB) = %",

BC = AB
Som(Z CAB) = 30",
SMC=103 cm
.. CE = MC cos 30°

k) Try to solve

AC=20/3 ¢m

"3

S CE= 10\’7 x

20cm M

. H0cm oA

© m(ZMCE) = 30°

= )=15¢cm.

4. Auniform squared lamina of weight (w) is suspended freely from the vertex A and a weight

of % w is fixed at vertex B. Prove that the tangent of the angle of inclination of the diagonal

AC to the vertical in the equilibrium position is equal to %
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T Thnk e

Prove that the center of gravity of a uniform lamina in the form of a triangle is coincident with

the weight of three equal masses placed at the vertices of the triangle.

’ . Finding the center of gravity of a triangular lamina

5 A uniform fine lamina of mass 3 kg in the form of a figure triangle ABC in which AB = AC,
B C = the height of the triangle = 6¢m. the masses 3,2, 3 and 4kg are fixed at points A.B
. C and D respectively, such that D is the midpoint of AB . Determine the center of gravity
of the system and prove that the center of gravity is distant 4 cm from C If the lamina is
suspended from C freely, find in the equilibrium position the measure of the angle of

inclination for each of BC and AC to the vertical.

Y
> Solution +

Consider the two orthogonal directions are X
and CY . then point C is the origin point.

Distribute the mass of lamina 3 kg at the vertices
A, B and C into 3 equal masses each of 1 kg, then
the fixed masses at A, Band Care 4, 3, 4 and 4 kg

as shown in the figure.

‘l'hodauoftlnptoblcmanbcphadln@)

the table as follows: o
atA atB atC
Mass 4 3 4 4

X 3 6 0 45

Y 6 0 0 3

...*(;=4x3'3-“6' - '4"4'5=3.2tm

4+:3+4+:4

...y(;‘4x6'0-0 +4x3 _24cm
4+3+4+4

S.G=(32,24)

.. Let the distance between the center of gravity G and C

beGC

T T T
SGC=y (32X +(24)F =4cm
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Finding the measure of the angle of inclination CB to the vertical
Draw CG to be the vertical line passing through the suspension point (C) and let 6 be the
measure of the angle of inclination of CB to CG .and draw GK L CB.

_ _GK _24 e e
..lanO--l(—é--ﬁﬂ.75 S.0=36°52'12
Flndingunmmofthcanglcoﬂnclimﬁondatommﬁalz

Calculate the measure of angle ACB Let it be * where tan x = %

O z - 63. 26’ 6"
. The measure of the angle of inclination of CA to the vertical CG = x - 0
=63"26'6"- 3652 12" =26"33' 54"
k) Try to solve
5. In figure (11) A fine lamina of mass 300 gm in the form of ¢
an equilateral triangle ABC of side length 12 cm, A mass of
100 gm is stuck to the lamina at the trisection point AB from
A. Determine the ccntcr of grav ity of the system about the two
orthogonal axes AX and AY.

Example [
0 Finding the center of gravity of a .
squared lamina Figure (11)

olo

"J

6 ' A uniform fine lamina in the form of a square ABCD of side length L in which E and F are
the midpoints of AB and AD respectively. If the triangle AEF is bent about the side EF
such that point A is coincident with the square M, determine the center of gravity of the
lamina in its new position.

»

> Solution
Consider the mass of the lamina is (4m) and F is the mldpmmD
of the side BC in the new position. ‘

Let the lamina be formed of three parts as

follows:

# The trniangular lamina (formed from two layers)
FEM whose mass (m) is equal to one fourth of the
mass of the lamina and let its center of gravity be G,

» The squared lamina EBF'M whose mass is (m) and ¢ F
let its center of gravity be G, Figure (12)

# The rectangular lamina FFFCD whose mass is (2m) and let its center of gravity be G,.

Then, the lamina in its new position is equivalent to a system formed of three masses, the mass of
(m) at G, and another mass equal to it at G, and the mass of (2m) at G, as shown in figure (12).
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Consider MX . MY are two orthogonal directions such that the first axis passes through point
E and the second axis passes through point F, as shown in the same figure, and consider point h
is the midpoint of EF then:

AM= %A M =% J (AE) + (EMY

L L2 _1/ L2 I
= = | ‘ =5 = L
2 R “ 2 ? V2
MG, =2MH= 2. L= L
3 3 2/2 W2

G =(—=Lcosds', —_Lsinas)=(k L)

W2 W2

The center of gravity G, for the squared lamina EBFM lies in the center of the square i.e:
L -L
G,=(=,-)
e 4 4

The center of gravity G, for the rectangular lamina FFCD lies in its center also i.e G, = ( : L0

To find the center of gravity of the lamina in its new position, use the following :

g mlxl + mzxz' m,xs' ...... + mnxn
ol + [He
m| ’m:'m." ------ 'ml'l
L L L
m(—omw—azmx(—) |
. _ 6 4 4 =-2=L
..X(; = =-38

m+m+2m

M, ¥y, + I Yo+ My Y3 Feereeet M, ¥,

-.-YG=
m, + m,+ my ... +m,
mxk¢mw(-k)~2mwzcm
g 6 4 =-LL
a m+m - 2m 43
> Solution

In figure (13) and through out data of the table, the following components are determined:

G | S, G, I Gy Bl F A
Mass m m m m G.
* G,
X L L -6 L £
6 4 4 il M -
Y 1 1 L L G, c.
6 ry T E 4
‘L ’
Figure (13)
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L,L L L
‘(i=m- 6 44m4 4 =-'4'TL
L L L L

) Try to solve
6. A fine lamina of a uniform density in the from of a rectangle ABCD in which AB = 6 cm,

BC = 10cm and E € AD such that AE = 6¢m | if the tangle A B E is bent about the side
BE until AB is coincident with BC completely, find the position of the center of gravity of
the lamina after bending it with respect to CB, CD.

90\? Exercises 6 - 1 \oo‘?

First: put (/) or (X) for each phrase of the following:
1. The center of gravity of a rigid body is constant and it is not necessary to lic on a particle of

the particles of this body.

‘2. If a non-uniform lamina bounded by a triangle is suspended from one of its vertices freely,

then the vertical line passing through the suspension point passes through the intersection
point of the medians of the triangle.

3. If three equal masses are placed at the midpoints of an equilateral triangle, then its center of

gravity lies on the intersection point of the medians of the triangle.

‘4. The center of gravity of a uniform fine lamina bounded by a triangle is coincident with the

center of gravity of three equal masses placed at the vertices of this triangle.

5. The center of gravity of a uniform fine lamina bounded by a parallelogram lies at the

intersection point of its diagonals.

(6, If four equal masses are placed at the vertices of an isosceles trapezium, then the center of

gravity of the system acts at the intersection point of its diagonals.

7. If arigid body is suspended freely, then the vertical straight line passing through the center

of gravity of this body passes through the suspension point.

8 The center of gravity of two physical points separated by a constant distance lies on the

straight segment drawn between them and divides its length by a ratio equal to the ratio
between their masses.

9. If a lamina of uniform thickness and density and bounded by an equilateral triangle is

suspended freely from one of its vertices, then the side opposite to this vertex is horizontal.

10 If four equal masses are placed at the vertices of a parallelogram, then the center of gravity

Al-Ashraaf Printing House Applied mathematics
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Second: Answer the following questions
11 Find the center of gravity of two physical particles of weights 4 newtons and, 6 newtons and

the distance between them is S meters.
12 Where does the center of gravity of a system, made up of three masses distributed as follows:

m, = | kg at the position p, (0, 0) , m, = 1 kg at the position p, (3 ,0) , m, = 2 kg at the

position p, (3, 4), lie.
3 Find the center of gravity of the following distribution:

w, = 3 newtons at (4, - l).w2=5mwtonsat(0.3)and

W, =4 newtons (- 2, 3) where the forces are like.
14 Determine the center of gravity for each of the following systems according to the given data

A
1

in the table:
B
A 60cm B
,5, 20em
- | —L
Figure (14) v
A 15¢cm C Figure (15)

Mass 20kg @ d0kg .
Position atA aB aC Position | at A aC aB aD

"
C A 50m 4 £ 50cm ¥
50cm
Figure (16)
C D
> -X S
A 12om B
Figure (17)
Mass | 4kg | Skg | 3kg Mass | 8 kgwt | 3 kgwt | 2kgwt | 2kgwt
Position | at A atB aC Position wmtA  aC | aE atF
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10cm - »

| Figure (18)
. X
C Figure (19)

Mass [20gm (30gm |10gm 40gm || Mass | 10gm | 1Sgm | Sgm | 20 gm
Position atA atB wC awD Position| atA | atC | atD | aF

Third: Answer the following questions:

15 AB is a uniform rod of length 90 cm and mass 5 kg. C and D are its two trisection points from
end A. Masses of magnitudes 1,2, 3 and 4 kg are placed at A, B, C and D respectively.
Determine the distance from the center of gravity of the system to end A.

16 AB is a non-uniform rod of length 30 cm and weight 500 gm.wt. Two weights of magnitudes
100 and 200 gm.wt are fixed at the two ends A and B of the rod respectively to make the center
of gravity of the system at the midpoint of the rod. Determine the center of gravity of the rod
about end A.

17, ABC is a lamina in the form of an equilateral triangle of mass 3kg and M is its center of gravity,
Masses of magnitudes 2, 2 and 11 kg are placed at the vertices A, B and C respectively. Prove
that the center of gravity of the system lies at the midpoint of MC.

18 A squared lamina of a uniform density of weight 40 gm.wt is freely suspended from the vertex
A and a weight of a magnitude 10 gm.wt is fixed at vertex B. Find the measure of the angle of
inclination of the diagonal AC 1o the vertical in the equilibrium position.

19 Figure (24): AB is a fine wire of a uniform density is bent at A
B and C. Find the distance from the center of gravity from T
cach of AB and CB, then find in the equilibrium position, D
the measure of the angle of inclination of AB to the vertical ~ 12em
if the wire is freely suspended from A. |

20 ABCD is a square of side length L, drawnon BC an isosceles X
triangle B C E such that the vertex E lies outside the square.
Find the center of gravity of the lamina of uniform thickness
and density bounded by the resulted figure given that the e
square side length is twice the triangle height length.

21, A lamina of a uniform density is made up of two parts, the rectangle : ABCD in which AB = 12 cm,
B C = 16 cm and an isosceles triangle CED in which DE = CE = 10 ¢m and the vertix E lies outside
the rectangle. Determine the center of gravity of the lamina.

22 ABCD is a lamina of a uniform thickness and density in the form of a rectangle in which
AB = 12cm, B C = 16 cm and point E is the intersection point of its diagonals AC and BD,
the triangle A E D is separated and fixed above the tnangle B E C. Find the center of gravity of
the lamina in this case. If the lamina is freely suspended from point C, find the tangent of the
angle of CB 1o the vertical.

-

¢
6cm
v
C

- 12¢m —*»

111

Al-Ashraaf Printing House Applied mathematics




Unit Six

Negative Mass Method
6 - 2 Bt

- 4
You nagative A

y ' the center of gravity of a rigid &
usammupoml mthebodythmughuhuhu:elmcol'aumofthe
resultant of the weights of the particles which this body is made up of
passes. We have also found the components of the center of gravity in a
2 - dimensional system in the orthogonal coordinate system. Then you
learned that the center of gravity of a rigid body suspended freely lies on
the vertical straight line passing through its suspension point.

In this lesson, you are going to leam the negative mass method to calculate
the center of gravity of a body after removing a part away. Besides, you
will identify the center of gravity of some symmetrical bodies.

The negative mass method

Considering a body of mass m and center
of gravity G. If the left side is (cut off)
removed as in (figure 20) G, is the center
of gravity of the removed part and G, is
the center ¢ of grav ityof lhc remaining nghl
part. If rl , r, and r( are the position
vectors G, G, and G, respectively about
the origin point (O) considering that
the mass of the origin body (m) and the
removed part (considering its mass is
negative) is (-m,) then the mass of the
remainder (m —m ) so r,, is given by the relation:

— —
m, r, +im-m) r,
= 1 2

o - by multiplying both by m, then:

-

mr

— —_—
c =m, r, +(m-m,) r,

e

—
l.l‘.‘m‘ml) f: =m G 'm' fl

— - — -
Materials le: —'" = fa_ 1)
s m - l!ll
O Sclentific calculator et — — ) i .
O Computer graphics. By substituting r, and r, interms of their algebraic components in
the direction of the orthogonal axes OX and OY , we get the coordinates
of the remaining part which are:
mX =W, X, my =m,Yy,
X, = Yy =
m m m. > m-m,
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2

Where (x , y) is the center of gravity of the origin body whose mass is m and (x, .y, ) is the
center of gravity of the removed (cut off) part whose mass is m,. This rule means that when
you want to find the center of gravity of the remaining part, it is considered as if it is made
up of two bodies which are:

(1) The origin body and the mass is m

(2) The cut off body considering its mass is (- m,) and it was named after that- the negative

mass method.
) Example
1 Four equal masses each of a magnitude 100 gm are placed at the
vertices of the square ABCD. D

First: Determine the center of gravity of the system about AB and AD.
Second : If the mass placed at vertex C is removed, determine the center
of gravity of the remaining system.

¢ Solution .
First : Let the square side length = L cm, point E is the center of the B -
square ABCD and A is the origin point as in figure (21). Figure (21)
at A atB at C ath
Mass 100 100 100 100
X 0 L L 0
y 0 0 L L
WX, + Wy Xp* My Xy + M,
o = -, I, *W,
. 100 <0+ 100 =< L+ 100<L+ 100 < 0 L
- Xg = =2Zqm
! 100 + 100 + 100 +100 2

my, *m,y,*myy;~m,y,

m, +m,+m;+ m,

Y =

: _ 1000410020 4100 L4100<L _ y
Yo = 100 + 100 + 100 +100 =3

The coordinate of the center of gravity of the system is (% " %-) i.¢ at the center of the square at point E
Second: After removing the existed mass at ¢ i.e 100 gm, then:

The center of gravity of the origin system (where the mass m = 400 gm) is point E = (x, y) = (%. %)
The center of gravity of the removed mass m, = 100 gm at the vertex C is (L, L)
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L
400 x = - 100 x L
xm BEEY 2 - kcm
2 m - m, 400 - 100 3
400 <X~ 100 %L
2 m - m, 200 - 100 3

‘. The center of gravity of the remaining system is ( % ’ %)

k) Try to solve
1. Can you solve example (1) using the different ways you learned in the last lesson? Explain
and write down such ways if existed. y

)
alxnmph

2. Figure (22) : A B C is an equilateral triangle of A
side length 20 cm , D is the intersection point
of its medians and , E is the midpoint of BC ,

masses of magnitudes 10, 20, 30, 30 and 50 are
fixed at points A, B, C, D and E respectively. (304D K
Identify the centre of gravity of the system.
Where does the center of gravity of the remaining @ N @ -
system about vertex C lie if the mass fixed at B is ¢ @ € b =
removed? Figure (22)
¢ Solution
Identifying the center of gravity of a system
Take CX and CY two orthogonal directions considering that C is the origin point.
=
AE=205in60" =103, DE= 103
By forming the following coordinate table:
atC | atE atB atA atD
Mass 30 50 20 10 30
X 0 10 20 10 10
y 0 0 0 |10y3| 10/F
3
fx. = 30x10+20220+10x10+30x10 _ 65
e 30 +50+20+10+30 7
104 1043 + 30« 103 10V3
Yo = 3 = - .
30+50+20+10+30
i.¢ the two coordinates of the center of gravity are (% ‘ '0+3) from point C.
1 14 Third Form Secondary i Student Book



Negative Mass Method 6 - 2

.". The new center of gravity after cutting of the mass 20 at B is (1,’5 . 2‘—:?-)

k) Try to solve

(2. Five equal masses are placed at the vertices A, B, C , D and E of the square ABCD where E
is the intersection point of its diagonals and the side length of the square is 12 cm. Identify
the center of gravity of the system. If the mass placed at B is removed, identify the center of
gravity of the remaining system about AB and AD.

The center of gravity of some symmetric bodies

The symmetry of a fine lamina of a uniform density by considering
‘AB The axis of symmetry of the uniform lamina, then it divides the
lamina into two completely symmetrical parts in regard to the shape
and in turn to the mass as in figure (23). o *G,

>

Consider that G, , G, are the two centers of gravity of those two parts,
then it is clear that the axis of symmetry intersects the line segment ¢b
G,G, on the orthogonality from its midpoint. v

Figure (23)

Since the center of gravity of the lamina is the same center of gravity
of two equal masses placed at G, and G, , then it lies at the midpoint of G,G, i.c on the axis of
symmetry we can deduce the following:

If a geometrical axis of symmetry of a fine lamina of a uniform
density exists, then its center of gravity lies on this axis.

Some geometrical solids of uniform density

The symmetry of the geometrical solids is typically similar to v

the symmetry of the geometrical shapes by replacing the axis of
symmetry with the plane of symmetry. Figure(24) shows that. Figure (24)

Thus, we can deduce that:

If a geometrical plane of symmetry of a solid of a uniform density is existed, then its center
of gravity lies in this plane.
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From the previous symmetry of the uniform geometrical shape and the uniform geometrical

solids, we can identify some special cases for the center of gravity as follows:

1 = The center of gravity of a wire of a uniform density in the form of a circle lies in the center
of the circle.

2 - The center of gravity of a lamina of a uniform density in the form of a circle lies in the center
of the circle.

3 - The center of gravity of a spherical crust (cortex) of a uniform density lies in the center of

the sphere.
4 - The center of gravity of a solid sphere of a uniform density lies in the center of the sphere.

5 = The center of gravity of a solid of a uniform density in the form of a cuboid lies in its
geometrical center.

6 - The center of gravity of a right circular cylinderic crust of a uniform density lies at the
midpoint of its axis,

7 = The center of gravity of a right solid circular cylinder of a a uniform density lies at the
midpoint of its axis.

8 - The center of gravity of a uniform right prism lies at the midpoint of the axis parallel to its
lateral edges and passing through the two centers of gravity of its two bases considering
them as two fine laminas of uniform densities.

@ Example

3 A uniform fine board of an area 200 cm? . A circular hole of an area 40 cm? | is punctured
(bored). If the distance between the center of the hole and the center of the board is 4 cm,
determine the center of gravity of the remaining part of the board.

O Solution

Mass Distance between
center of gravity and E
Board m 0 x
Hole B % — 4 4cm
Remaining 4
sm 2
part
Let the mass of the board be m Figure (25)
*.* the area of the board = 200 cm? , the surface area of the hole = 40 cm?,

.. The mass of the hole = % m.

1
m =0 ;m--‘ -4m
= =

— 57_
m-m, m %m il

Soxam MR M Y, o

.". The center of gravity of the remaining part is distant 1 cm from E in the direction OE.
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k) Try to solve

3 A fine lamina of a uniform thickness and density in the form of a circular disc whose center
is the origin point and the radius length is 6 unit length. Two circular discs , the center of one
of them is (-1 , -3) and radius length is a unit length and the center of the other disc is (1, 2)
and radius length is 3 unit length are cut off. Find the center of gravity of the remaining part
of the origin disc.

D Exampt

4 ' A uniform fine lamina in the form of a rectangle t
ABCD in which AB = 30 ¢m , B C = 80 ¢m, The 40 cm € 0em
triangle AB E where E is the midpoint of AD ,is P~ ~#- -\
cut off, then the remaining part is freely suspended € :
from the vertix C. Identify thc_mcmum of the 8 w5
angle of inclination of the side CBto the vertical & \.'l :"

in the equilibrium position, and if the mass of the
lamina is m, what is the mass which should be
placed at the vertix D until BC inclines at 45° to the vertical in the equilibrium position?

Figure (26)

¢ Solution
First : Finding the measure of the angle of inclination of side CB to the vertical

[
5 %30 < 40
30« 80

Sure area of triangle ABE
Sure arca of square ABCD

1
4

. Mass of rectangle ABCD = m and mass A AB E = - } m
Construct the following coordinate table:

1 2
Rectangle Triangle ) m * 40 sz”{“ 280
..xzi | = IT
m .%m m zm
m
x 40 80+80+40 200 mx 15~ 520 49
3 = m 3m o
y
15 0‘3?’30 =20
Tan0=%="—:?+229=:} 0 =23 12
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Second : When a weight of a magnitude W is suspended at D until BC inclines at
45’ to the vertical to be in an equilibrium position.
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k) Try to solve

4. A uniform fine lamina in the form of a rectangle ABCD in which AB = 6 cm and BC =8 ¢m,
A squared piece of side length 4cm | is cut off. Find the distance between the center of gravity
of the remaining part and both of CD and CB. If the remaining part is freely suspended from
the vertix C, find the tangent of the angle of inclination of CB to the vertical in the equilibrium
position,
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Negative Mass Method 6 - 2

9‘;9‘ Exercises 6 - 2 &:9‘

First: Complete the following:

1. The constant point through which the line of action of the resultant of the weights of the
particles from which the body is made up of whatever the position of the body change with
respect to the ground is called

2. The center of gravity of the rigid body suspended freely lies on the vertical straight line
passing through

3. The center of gravity of a fine rod of a uniform density lies at
‘4. The center of gravity of a uniform lamina bounded by a parallelogram lies at
5. The center of gravity of a uniform lamina bounded by a triangle lies at

6. If a geometrical axis of symmetry of a fine lamina of a uniform density is existed, then its
center of gravity lies on

7. If a geometrical plane of symmetry of a solid of a uniform density is existed, then its center
of gravity lies at

8 The center of gravity of a lamina of a uniform density bounded by a circle lies at

9. The center of gravity of a solid sphere of a uniform density lies at

10 The center of gravity of a solid of a uniform density in the from of a cuboid lies at

11 The center of gravity of a right circular cylindrical crust of a uniform density lies at point

Second: Answer the following questions:

N

12 Four equal masses are placed at the vertices A, B, C and D for a square of side length 80 cm.
Then a fifth equal mass is added at its center. Identify the center of gravity of the system. If
the mass existed at vertex A is removed, identify the center of gravity of the system using
the negative mass method.

13 A uniform fine lamina in the form of a circular disc of radius length 30 cm. A part in the form
of a circular disc of radius length 10 cm and its center is distant 20 cm from the center of the
lamina is cut off. Find the center of gravity of the remaining part.
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Center of Gravity

14 ABC is an equilateral triangle of side length 12 cm and G is its center of gravity. The triangle
GBC. is cut off. Identify the center of gravity of the remaining part.

15 A uniform fine lamina in the form of an isosceles triangle A B C in which AB = AC and AD
is the height of the triangle of length 45 cm. A straight line is constructed parallel to the base
BC and passes through the center of gravity of the lamina to intersect AB and AC at E and
F respectively. Prove that the center of gravity of the quadrilateral E B C F lies on AD and
is distant 7 ¢m from point D.

16 A uniform wire of length 100 cm is bent in the form of five sides of a regular hexagon
ABCDEEF. Identify the distance between the center of gravity of the wire and the center of
the hexagon. If the wire is freely suspended from the end A | identify the measure of the
angle of inclination of AB to the vertical in the equilibrium position.

17, A uniform fine lamina bounded by rectangle ABCD where AB =30 cm , B C = 60 cm. E is
the midpoint of AD and N is the midpoint of DC If the triangle EDN is separated from the
lamina and the remaining part is freely suspended from point B, find the tangent of the angle
which BC makes with the vertical in the equilibrium position.

18 A fine lamina of a uniform density in the form of square ABCD of side length 36 cm, its
two diagonals intersect at M, DM is bisected at point E and the triangle E A D is separated.
Identify the center of gravity of the remaining part of the lamina. If the lamina is freely
suspended from point A until it gets in equilibrium in a vertical plane, find the inclination of
AB o the vertical.

19 A uniform lamina in the form of a square ABCD of side length 8 cm | If a circular disc of
radius length 2 cm and distant 3 cm from each of AB . BC , Identify the distance between
the center of gravity of the remaining part and both of DC , AD.

20 A uniform fine lamina bounded by a square ABCD of side length 40 ¢cm. A circular hole
of arca 100 cm?® and its center is at a point on the diagonal BD and divides it internally in
a ration of | : 4 from B, is board, then suspended freely from vertex A, Identify the measure
of the angle of inclination of side AB to the vertical in the equilibrium position.
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Unit summary

1) The center of gravity of a rigid body is a constant point in the body through which the line
of action of the resultant of the weights of the particles from which the body is made up of
whatever the position of the body changes with respect to the ground.

2) Notes about the center of gravity:

The center of gravity of the rigid body changes by the change in its shape due to the change
of the dimensions of the particles which the body is made up of.

The body of a uniform density is the body which the mass of the unit length, areas or
volumes taken from any part of it is constant.

3) The position vector of the center of gravity of a rigid body about the origin point:

Ifm, , M o Wy peeeeee AIC the masses of the particles which the rigid body is made up of and,
fy ofy ofy weceees . r, are the position vectors of these particles about the origin point, then
the position vector 7: of the center of gravity of the rigid body about the origin point is

identified by the relation:
- —- - -
Tr.. = M, r oM, oMy or tetm

Itis expressed in terms of the components of the center of gravity in the
orthogonal Cartesian coordinate system as follows:

m,X, + My Xy* My Xyt + M X
G . ' o
My« My + My bt My
Y o m'Y| v mg Yz' m‘ Y" ...... mnYn
. M, + My« My et My

4) The free suspension of the rigid body : The center of gravity of the rigid body suspended
freely lies on the vertical straight line passing through the suspension point.

5) The center of gravity of a uniform fine rod : the center of gravity of a fine rod of a uniform
density lies at its midpoint.

6) The center of gravity of a uniform fine lamina in the form of a parallelogram: The center of
gravity of a uniform lamina bounded by a parallelogram lies at its geometrical center C
(intersection point of diagonals),

7) The center of gravity of a uniform fine lamina in the form of a triangle: The center of gravity
of a uniform lamina bounded by a triangle lies at the intersection point of the medians of the
triangle.

8) The negative mass method: Considering the mass of the origin body is (m) and the part
cut off (considering its mass is negative) is (- m,), then the mass of the remaining part is
(m — m,) thus _r.h is given by the relation:
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i —
== mr m, r

r, =G 1 1
- m m,
The previous vector relation can be written in terms of the components in the direction
of the orthogonal coordinates:
OX , 0Y ., we obtain the follows:
x, = Mg~ M, X, V¥y = mYc™ ™ Y,
= m-m, : s
9) The symmetry of a fine geometrical lamina of a uniform density: If a gecometrical axis of
symmetry for a fine lamina of a uniform density exists, then its center of gravity lies on the
line of this axis.
10) The symmetry of a geometrical solid of a uniform density: If a gcometrical plane of symmetry
for a solid of a uniform density is existed then its center of gravity lies in this plane.
11) Some special cases of the center of gravity :
# The center of gravity of a wire of a uniform density in the form of a circle lies in the
center of the circle.

» The center of gravity of a lamina of a uniform density in the form of a circle lies in the
center of the circle.

» The center of gravity of a spherical crust (cortex) of a uniform density lies in the center
of the sphere.

# The center of gravity of a solid sphere of a uniform density lies in the center of the sphere.

# The center of gravity of a solid of a uniform density in the form of a cuboid lies in its
geometrical center.

# The center of gravity of a right circular cylinderic crust of a uniform density lies at the
midpoint of its axis,

7 The center of gravity of a right solid circular cylinder of a a uniform density lies at the
midpoint of its axis,

# The center of gravity of a uniform right prism lies at the midpoint of the axis parallel to its
lateral edges and passing through the two centers of gravity of its two bases considering
them as two fine laminas of uniform densities.

Third Form Secondary Student Book



GENERALIEXERCISES

First : Choose the correct answer:
‘1. The center of gravity of three equal masses each of 2 kg placed at the ¢
vertices of a right- angled triangle whose length of the two legs of

the right angle are 3 cm and 4 cm is:
4 3 3cem
a (I, 3) b2, 5 )
4 d (2.2 -3
cls.l) (3..) | T TR
(2. The center of gravity of two physical particles separated by a constant Figure (35)

distance lies on the line segment connecting them and divides its length in ......... ratios:

a direct. b inverse. € random. d constant.

(3) The center of gravity of the next system :m, = I kgat (2,3) ., m,=2kgat (-2, 1)
m,=3kgat(0,1)is:

A1 71 4 ) S
‘4. The center of gravity of a system made up of two masses of 6 and 9 kg.wt distant 10 meters
from cach other is distant ... meters from the first mass:
& 3 mater b 4 mater € S mater d 6 mater

5. The center of gravity of a uniform fine lamina in the form of an equilateral triangle of side
length 12 cm is distant........... from one of the vertices of the triangle:.

a8 2/3 cm b 4/3 cm € 6¢cm d 6/3 cm
_6_ If uniform fine lamina in the form of an equilateral triangle is suspended by a string from a

point on one of its edges dividing it in ratio 1 : 2, then the angle of inclination of this edge
to the vertical is equal to :

a 225§ b 307 ¢ 45 d 60°

7 In the opposite figure, ABCD is a wire of length 32 cm in which AB=2BC =2CD = 16 cm ,
then the distance between the center of gravity of the wire and both BC and A
BA respectively is:

a (3,3 b (4.4) ¢ (3.5 d 4.8 ghC

D
Second: Answer the following question : e

8 ABC is aright angled triangle at B , in which A B = 3cm and B C = 4cm . Three equal masses
cach of a magnitude m are placed at B , the midpoint of AB and midpoint of AC find the
center of gravity of these three masses.
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9. A fine lamina of a uniform density bounded by the right- angled triangle ABC at B in which
AB = BC =9 cm. If the triangle AB M where M is the center of gravity of the lamina is cut
off and the remaining part is freely suspended from point B, Find the tangent of the angle of
inclination of BC 1o the vertical in the equilibrium position.

10 AB is a uniform rod of length 24 cm and mass 2 kg. A mass of a magnitude 2 kg is attached
at point A and another mass of a magnitude 3 kg is attached at point C lying on the rod and is
distant 8 cm from point B. Find the distance between the center of gravity of the system and
point B,

11 ABCD is a square of side length 4 cm. The masses 6,4, 3 and 2 gm are attached at A, B ,
C and D respectively. Another mass of magnitude 10 gm is attached at the midpoint of AB.
identify the distance between the center of gravity of the system and both CD and CB.

12 A fine wire of a uniform thickness and density is bent in the form of a right angled triangle
AB C at B in which AB = 3cm and B C = 4 cm. Find the distance between the center of
gravity of the wire and both BA and BC ., then find the distance between the center of
gravity of the wire and point B.

13 A fine wire of uniform thickness and density and length 40 cm. If the wire is bent
in the form of a trapezium ABCD in which AB = 16 cm, CD = 8 ¢cm, DA = 6 cm,
m(~. DAB)=m(CDA)=90". Find the distance between the center of gravity of the wire
and the two sides AD and AB. If the wire is freely suspended from A, Find the tangent of
the angle which AB makes with the vertical in the equilibrium position.

14 A fine lamina of uniform thickness and density in the form of a trapezium ABCD in which
m(~A)=m(D)=9%",CD=40cm ,AD =60 cm and AB = 120 cm. identify the distance
between the center of gravity of the lamina and both AD , AB.

15 A wire of uniform thickness and density, length 120 cm and mass 600 gm is bent in the form
a right-angled triangle at B where AB = 30 cm, If a mass of a magnitude m kg is attached at
vertex A, then the wire is freely suspended from vertex B 1o be in equilibrium when AC is
horizontal, find m.

A fine lamina of uniform thickness and density in the form of a circular disc whose
center is the origin point and radius length 24 cm, Two circular discs the center of one
of them is (- 2, - 12) and radius length is 4 ¢cm where the center of the other disc is
(6, 10) and the radius length is 12 ¢cm are cut off. Find the center of gravity of the remaining
part of the disc.

P
-

.
N7

ABCD is a uniform fine lamina in the form of a rectangle in which AB = 40 cm, BC = 60
cm, and its diagonals intersect at M. The triangle BCM is cut off and the remaining part is
freely suspended from vertex C. Identify the tangent of the angle of inclination of CB to the
vertical in the equilibrium position.

18 ABCD is a uniform fine lamina in the form of a a square of side length 48 cm and mass 40gm.
The two points L and M are the midpoints of AB and AD respectively. The triangle A LM
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is cut off and a mass equivalent to the mass of the removed triangle is attached at each of C
and D. Another mass of twice the mass of the removed triangle is attached at B. If the system

is freely suspended from point C, Find the tangent of the angle of inclination of BC 1o the
vertical in the equilibrium position.

19 ABC is a fine lamina of uniform thickness and density in the form of a right - angled triangle
at B where AB = 12 ¢m, BC = 20 cm and X , Y and Z are the midpoints of AB , BC and
CA respectively. The triangle CYZ is cut off and coincided with the triangle Y B X. If the

system is freely suspended from point B. Find the tangent of the angle of inclination of BC
to the vertical in the equilibrium position.

20 A fine lamina of uniform thickness and density in the form of an isosceles triangle ABC
where AB = AC = 26 cm, B C = 20 cm. AD L BC is drawn to intersect BC at D, If E is

the midpoint of AD and the triangle EBC is cut off, find the distance between of the center
of gravity of the remaining part and point E.

21 A fine lamina of uniform thickness and density in the form of a square ABCD of side length
48 cm and M is the intersection point of its diagonals. The triangle CMD is cut off, then

stuck on the triangle CMB such that MD is coincident to MB. Find the distance between
the center of gravity of the lamina and both BA and BC.

22 A fine lamina of uniform thickness and density in the form of a rectangle ABCD whose
center is M where AB = 16 cm and BC = 20 cm. The two points E and F are taken on AB
where AE = BF = 3 cm |, If the triangle MEF is cut off, Find the distance between the center
of gravity of the remaining part and both CD and AD . If this part is freely suspended from
D, Find the tangent of the angle which DA makes to the vertical in the equilibrium position.

23 Masses of magnitudes 10,20, 10, 30, 10 and 40 are attached at vertices A, B ,C ,D ,E
and F respectively for a uniform hexagon of side length 60 ¢m. Find the distance between
the center of gravity of this system and the center of the hexagon.,

24 A fine lamina of a uniform density in the form of a rectangle ABCD in which A B = 25cm
and BC = 16 cm. Let point E € BC and point F € BA such that BE = 10 ¢cm The triangle BEF
is cut off and the lamina rests in a vertical plane such that its edge CE is coincident with a
smooth horizontal table, then the lamina is about to rotate about (E) . Find the length of BF .

For more activities and exercises, visit www.sec3mathematics.com.eg
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Rectilinear Motion |

~

Introduction

In this unit, you are going to leam the rectilinear motion of a moving particle, analyzing this motion,

and studying the vectors of the position displacement, velocity, and the acceleration of the motion of a
particle. The motion will be identified at any moment during the motion of the particle in a rectilinear
motion whether this motion is uniform or uniform using the methods of differential and integral 1o deduce
the elements of study. The rectilinear motion will be analyzed graphically through the curves of the
motion and using it 10 solve different problems. The study will not only be for the particle in motion but

other different bodies such as cars, trains, and planes will be taken into consideration.

Unit objectives
By the end of this unit and by doing all the activities involved, the student should be able to:

: . If cach of s , v. and a are functions in time , then:
Use the related time 10 express the velocity if

the displacement is a function of time (v = : ) P vm : S [vdi=m fds c.s=fvdl
Use the related time to express the acceleration a= 'l”: & [adt= [ dv Sove [ adt
if the velocity is a function of time (a = ) If ais a function of displacement then:
Express the acceleration as a function of the N ',, & [ ads= [ vdv

dn ’ /

displacement if the velocity is a function of the
displacement (a = v %)

J
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Key terms

Rectilinear Motion Average Speed
¢ Position : Velocity
Displacement Speed
Distance Average Acceleration
Average Velocity ¢ Acceleration
Lessons of the unit Materials
(1 <1): Differentiation of the vector functions Scientific calculator
(1-2): Integration of the vector function. Computer graphics
Unit planning guide
v v
using differentiation using integration |
| |
/ N 4 N
+ ! + +
Positionis a Velocity is a function of  Acceleration is a function = Acceleration is a
function of time displacement of displacement function of time
Displacement is a Acceleration is Velocity is a function Velocity is a
function of time a function of of displacement function of time
displacement
Velocity is a Displacement is a
function of time function of time
- Acceleration is a
function of time

Al-Ashraaf Printing House 1 Applied mathematics 127




Unit One |

1-1

You will learn

»If s Isafunction of
time then
\1 5

\
dt

»If  Isafunction of
time, then:
d v

di

*if v isafunction of
displacement s then
~ dv

o N

ds

Key terms

» Rectilinear motion

» Position of the porticle
» Displacement

» Distance

y Speed

» Velocity

y Average velocity

y Instantaneous velocity
» Average acceleration

Y Acceleration

Materials

» Scientific calcwlator

» Computer graphics

Differentiation of
vector functions

) a

Fach of the following graphical figures represents the velocity-time
graph of a particle moving in a straight line.

Afer you study these curves,

N
L N
o \
f’_._“»_‘ 1 4 \\_\ 1
\) V- - N\ -
1 2 3 8\3 & 7 o] Y 2 e
\ 4
\
\ 4

Can you identify the velocity V of the particle at the starting of the
motion, after 2 seconds and after 4 seconds from the beginning of

the motion?

How can you calculate the displacement of the body att =2 and t = 47
Can you identify the acceleration of motion of the moving particle?

'._:g Learn

1- Rectilinear motion

If a particle moves in a straight line, it is said that it moves in a lincar

motion.

2- Position of the particle

When a particle moves in a lincar motion, at this moment it takes up a

- . . . - . . .. —n
certain position on the straight line. To identify the position of x for
a moving particle at any moment t, we choose a constant point "O" on

the straight line as an origin point and determine the positive direction

along the line.

F¢

w example:

4
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where ¢ is a unit vector in the direction OA .
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Differentiation of vector functions ] . ]

But if the particle is at position (B) on the straight line, then X =-37¢
B D . 2 A

- + . - . + - + + .

—-
P ¥

Note that the position of the particle is a vector quantity and it can be expressed as a function
of time t.
i.e. -; (t) and the magnitude of T in the international system is measured in metre.

3- Displacement
The displacement Sofa particle is known as the change of its position.
0 A A
x — —Ax->
X >

If a particle moves from position A to position A” on a straight line then:

Displacement S=A X whereA X = % - x .andin this case Ax s positive since the

particle's final position A" is on the right of the particle’s initial position A. If the final position of

the particle is on the left of the initial position of the particle , then A will be negative,

so generally TM=x M=% (0

< The displacement S ofa particle is a vector quantity and it can be expressed as a function
of time t Le. ‘:(ll. and the displacement s is distinguished from the distance traveled by
the particle. Specifically, the distance is a standard positive quantity and represents the
length of the whole pathway traveled by the particle.

< The symbols x and s can be used to express the algebraic measure of the position vector
" and the displacement o receptively.

S l_f:hc position of lhciody at the beginning of measuring the time is at the origin point, then

- i
xe = 0 and § = x

4-Velocity
If s =AX isthe displacement of the particle during a period of time At , then the average

-
velocity vector v is equal to the quotient of the displacement over time
a

i.c.'\7=A5 - x t+Ay-x @
a At PaXl
and the instantancous velocity vector vV at any moment t is defined by the relation:
v = lim AT - lim x (t+ At) x ()
at-0 At at—+0 At
-—
From the definition of the derivative: we can deduce that V = ‘:’—’l‘ (the slope of the tangent
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to the curve of position -time)

since X, is a constant vector Alinalt, lhcn:_‘lhc velocity vector is equal to the rate of change of
displacement with respect to the time V= % (the slope of the tangent to the displacement-time
graph) and the magnitude of the velocity vector is calculated in the unit m/sec in the international
system of units,

< The symbol V can be used to express the algebraic measure of the velocity vector V.

0 Example
1. A stone is projected vertically upwards and its height x after t second from the projection is

given by the relation x = 49 t - 4.9 t* where x is in meters.

a Find the maximum height the projected body can reach,

b Find the algebraic measure of the velocity vector when the stone is 78.4 meters high,
then find its norm velocity,

¢ Graph both the position-time graph and the velocity-time graph and use them to analyze
the motion.

¢ Solution
In the coordinate system of the motion in a straight line, consider x measures the height
( position) at the projection point,
v is positive in case of moving upwards.

X ()=491-49¢ V()= “’h—" V() =49-981
a The stone reaches the maximum height when V=0
S49-981=0 Sot=Ssec

.*. the maximum height x (5) =49 « 5 - 4.9 « 57 = 122.5 meters

b The stonc is 78.4 meters high when x = 78.4
S 491-49 =784 S4917-491+784=0
By dividing both sides of the equation by 4.9 we find that: ?- 10t + 16 =0
S-2)(1-8)=0 St=2secort=8sec
Sov(2)=49-98 «2=294 meters /sec .. v (8) =49 - 9.8 « 8 = -29.4 meters / sec
i.e.: the stone is 78.4 meters once ascending after 2 sec and once descending after 8 sec
The algebraic measure of the velocity vector is either 29.4 or - 29.4
.". the norm velocity of the stone in the two cases = £ 29.41 = 29.4 meters/sec
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Differentiation of vector functions ] . ]

b From the position-time graph, we find that: odre | [

» The stone reaches the maximum height 1225 s
meters when t = 5 sec (the curve vertex point), A .:

» The stone gets back to the projection point ::
once again when t = 10 sec (point B (10, 0) L o

» The ascending stage took S seconds, and the ’:
descending stage took another 5 seconds. W

# Thestone was at 78 4 meters high whent =2 sec,

s

and t = 8 sec
From the velocity-time graph, we find that:
1= The starting(initial) velocity of the stone was
49 meters/sec and it gets to decrease during the time
interval JO, 5[ until the stone got instantancously
static when t = 5 when the stone reaches its
maximum height, then its velocity increases in the |
opposite direction in the time interval |5, 10{ until = MEEEREN N ,'ﬁ:*;;
it tums back to the projection point whent = 10 sec s boes
at the same projection velocity 49 meters/sec. N
2
-

2~ The maximum height of the stone can be calculated
by the velocity-time graph in two methods:
# The maximum height = area A OAL = 5 OA~OL = % « 5 %49 = 1225 square meters
» By calculating the integration. This method will be di;cu.'w.-d in details later.

v

2

Critical thinking: How could you calculate from the velocity-time graph in Example (1) the
distance traveled by the stone until the stone turns back to the throwing point and also its
displacement during this time?

L) Try to solve
1. Aparticle moves in a straight line such that its position - atany time tis given by the relation
S (0= - 41+ 3) T where x is measured in meter, tin sec and & is the unit vector in
the direction of the motion of the body.
8 Find the displacement of the particle during the first three seconds.
b Find the average velocity vector of the particle whent e | 0, 2]
¢ Find the velocity vector of the particle whent =4
d Through the velocity-time graph and the position -time graph. analyze the motion of the
particle and show: when does the particle change the direction of its motion?
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Rectilinear Motion

5- Acceleration
If A v expresses the change of the velocity vector during time interval At then the average
acceleration a, is given by the relation

e i.t-::z v (1A= v ()

. At At

The instantaneous acceleration a (at any time) t is identified by

=t -
the relation o = lim ¥ t*A0- v (©

Al-0 At
From the definition of the derivative, we can deduce that: —: = dd:

i.e. the acceleration is the rate of change of the velocity vector with respect to the time (the slope

of the tangent to the velocity-time graph)

the magnitude of the acceleration vector is calculated by the unit m / sec/ sec (m/sec?) in the

international system of units

From the previous, we find that: if (1) the position of the particle is a function of time t,
d v

& X
"

Attention: when we refer to the algebraic measures for each of the position, velocity vector and
acceleration, we use the symbols x, v, a respectively.

— —— —
then the velocity vector v = dﬁ— and we can deduce that the acceleration a =

The algebraic measure of the velocity vector and acceleration:
s V.

1-1f a > 0 then V increases. This means that the particle el —
(1) -
speeds up in the positive direction figure (1) or the A . lf. =
. —_— s, " M \'. \"
particle speeds down in the negative direction figure (2) 2
and in the twocases AV >0 (2) 81 ry -
i
a>o
2- If a < 0 then V decreases. This means that the particle v v
speed down in the positive direction figure (3) or the gt P
particle speed up in the negative direction figure (4). (3, T
-
a<o i
3~ In cach of the cases (2) and (3), it is said that the vV, v,
body moves in retardation while in each of the ' B ' A
cases (1) and (4) it is said that the body moves in  (4) -
(acceleration). a<o -

i,e.: the body moves in an acceleration motion if Y and a have the same direction
(V a > zero) and moves retardation (deceleration) if YV and 3 arein opposite directions
(Va < zero)
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Differentiation of vector functions ] . ]

Q Example

2 ' If the algebraic measure of the displacement of a particle moving in a straight line is given
by the relation s =1t* - 6t + 9t where s is measured in meter and t in second
@ Find the acceleration of the particle when the velocity vanishes.
b Find the norm velocity of the particle when the acceleration vanishes.,
¢ Find the distance covered by the particle during the time interval fromt =011 = 2.
)

norm velocity = IV(2)l =13 « 4 - 12 % 2 + 91 = 3 m/sec T

¢ Solution | A S - -

vsEr -6 491 eIt a3n2.12049 =

. S - .. I - ll - - .‘o +

.'.a=£:6l-ll [® \

dt 6 |

a The velocity of the particle vanishes when 3t2-121+9=0 i |

.'.|2-4l’330 2 ’i

(t-1)(t-3)=0 when t=1,1=3 [ ] 4

) -2 l

a(h)=6(1)-12=-6m/sec’ e J

a(3)=6(3)-12=6 misec’ | o |

b The acceleration of the particle vanishes when 6t- 12 =0 8 f

S t=2 310 &}

’\

| ¥ ‘
¢ From the study of the velocity-time graph of the motion of the particle or by studying
the sign V (1), we find that the particle moves in the positive direction in the interval
0 <t < | then it changes the direction of its motion to move in the opposite direction in
the interval | <t < 3.
. the distance traveled from t=01tot =2 during the first and second seconds
=ls(D)-s(+Is(2)-s(Hl
=M -0l + 12 -4l = 6 meters

Critical thinking: Use the figure above to show the acceleration intervals and slowdown intervals
to the motion of the particle

L) Try to solve
2. If the velocity Y ofa particle is given as a function of time t by the relation
Y (M)=-(-61+5) ¢ where ¢ isa unit vector in the direction of the motion of the
particle.
a8 At what time does the particle change the direction of its motion?
b At what time does the velocity of the particle increase? decrease?
¢ Find the acceleration of the motion of the particle when its velocity vanishes.
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Rectilinear Motion

Critical thinking:
The opposite figure shows the velocity V= v(1) of a
particle moving in a straight line.

8 What time does the particle move forward? Backward?

b What time is the acceleration of motion be positive?
Negative? What time does the acceleration of motion vanish?

¢ What time is the velocity of the particle be maximum?
d  What time does the particle stop (rest) for a period more than one second?

Deducing the acceleration when the velocity is a function of position:
HV=Ff(x),x=gl)
By using the chain rule, we can deduce that: dv _dv , &
; e dt dx
eI ASVSe
dx

It is another form for the acceleration which can be used when the velocity vector V is a
—
function of position x

0 Example
3 A particle moves in a straight line such that the algebraic measure of its velocity vector v

is given by the relation V = % (400 - x?) where x expresses the algebraic measure of the
— = —
position x . Find the algebraic measure of the acceleration of motion a whenx = 15

> Solution
0 | 2 . dv -1
.\=20(4(l)-x) ..Fzmx
'.'a:vd_" a=_—1 x (400 - x?)
dx 200
when x = 15 unit length.
J.a= 20'0 < 15 (400 - 225) a=- %Accclcmkm unit

L) Try to solve
3. Aparticle moves in a straight line such that the relation between v and x is given in the form
where v is measured in m/sec, x is measured in meter. Find the acceleration of

5
Vs
4:x
motion when X = 2 meter.
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Differentiation of vector functions ] . ]

’ Example

4 A particle moves in a straight line such that the relation between V and x is given in the form
v =5 (9 - x%). Find the acceleration of motion when the velocity vanishes, knowing that the
velocity is measured in m/sec and x is measured in meter.

> Solution
wvi=5(9-x%) S22V - q0x
dx
S2a=-10x Ja=-5«x
The velocity vanishes when v =0 e.509-x)=0 Sx=13
a(3)=-5x3=-15m/sec? a(-3)=-5-3=15 m/sec’

L) Try to solve

4. A particle moves in a straight line such that the algebraic measure of its velocity vector V
is given in a relation with the algebraic measure of its position x in the form v? = 8(4—"3
2

Find a in terms of x where a is the algebraic measure of the acceleration of motion, then find

the minimum velocity of the moving particle.

90\9 Exercises 1 -1 \QOT?

Choose the correct answer:
1. When a particle moves in a straight line in a constant velocity, then the magnitude of its
acceleration
a8 increases b decreases € is constant and is not equal to zero
d zero
‘2. The change in the position vector of a particle moving in a straight line is called the
a displacement b distance ¢ velocity vector

d acceleration vector
3. A particle moves in a straight line such that V = 3¢"? then its starting (initial) velocity is
equal to

a 3 b ¢ c 3¢ d ¢’

‘4. Aparticle moves in a straight line and the equation of its motion x =tan t then the acceleration
of motion a is equal to
a sec’t b 2sect € 2vx d vx

5. Aparticle moves in a straight line and the equation of its motion x =2 + In(t + 1) then
a [ts velocity and the acceleration of motion always decrease.

Its velocity and the acceleration of motion always increase.

The velocity decreases and the acceleration of motion increases.

The velocity increases and the acceleration of motion decreases.
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Rectilinear Motion

6, Choose the appropriate chart in front of each sentence of the following sentences :

s ' [} 4

s S s s

L |
A J

Y
\J

figure @ figure B figure © figure d
(1) the body stalled (2) Body back wards (3) The body is moving forward at a constant at speed
(4) speed of the particle decreases
7. Choose the appropriate chart in front of each sentence of the following sentences:

4 4

\'“ \.ll v %

\
\J

A J
A J

figure @ figure b figure © figure d
(1) The particle move declaration (2) The body is moving constant speed (3) the body stalled
(4) the particle move at accelerated
8. Ineach of the graphs drawn ( position-time graph), identify the sign of the algebraic measure
of the velocity vector, then whether the particle moves in acceleration or deceleration.

) .
4 4
‘., i
LN ol :
s 1 3 ' i
|
¢ ‘. »
LJ
) 3 -1
2 F} -2
1 ] -
| !
> 4
v 1 2 3 4 3 v
figure (2) figure (3)
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Differentiation of vector functions ] _ ]

9 In each of the graphs drawn (velocity-time graph), identify the sign of the acceleration and
tell whether the particle moves in acceleration or deceleration.

' [y ¢
: I >
2
T 1 '_.
‘. 1134% - IR ' v

figure (1) figure (2) figure (3)

10 You have three graphs (1), (2) and (3), each of them represents the position-time graph.
The graphs (4), (5) and (6) cach represents the velocity-time graph. Match cach graph from
group A with its corresponding graph from group B.

-2
v
figure (2)
Group A
b v
o
"
b4
"
by 5
e .
N1 ]
2 \\\ 2
- | - "
> 0 |4
1 2 3 4 3 .,/ - e
" — — e Ly r . r |
[ + * - > > 4 2 ] ]
L - g 1 1 1 |
figure (4) figure (5)
Group B
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Rectilinear Motion

/

a1 If V = 3x, find a in terms of x, then find a when x = 2

12 A particle moves in a straight line such that the algebraic measure of the velocity V is given

in a relation with the algebraic measure of the position x in the foorm V = x -« % Find the
acceleration of motion when x = 2 where x is measured in meter and, V is measured in m/sec.

13 A particle moves in a straight line such that the algebraic measure of its velocity is given in

a relation with the algebraic measure of the position x in the form V = l‘. Find a in terms
x2
of x, then find a when x = %
14 A particle moves in a straight line such that the algebraic measure of the velocity V is given
in a relation with the algebraic measure of the position x in the form V2 = 16 - 9 cos x. Find
the maximum velocity of the particle and the acceleration of motion then.

13 A particle moves in a straight line such that the equation of its motion is given in the form
x(t) = 3 cos t « 4 sin t where x is measured in meter and tin second.

a Find the algebraic measure of the displacement s whent= % =

2
b Find the algebraic measure of the velocity vector Y whent=0,t=

N N
W
=

€ Find the maximum displacement of the particle.

16 A particle moves in a straight line according to the relation x = a sin k t such that x express
the algebraic measure of the position, ttime ,a ,k € R,

@ Find the relation between V and x such that V is the algebraic measure of the velocity
vector.

b Find\’whcnx=%.

€ Find the time taken until x = 7“ and find the acceleration of motion then.
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Integration of vector
functions

7y
4 .*/I &
W»m

The graph drawn represents the velocity-time graph and the acceleration-
time graph in one graphical figure. Show that the arca under the

acceleration-time graph during any time interval [0, t] is equal to the

velocity of the particle at time t.

! |
v
I .
of viv, ’
st ’,/l "
. ’t'l 5
) / 4
2 ﬁ’—Lm ]
' /V ]
t
] SR ——— '
o) 2 3 4 ol
figure (1) "" ' 1 figure (2)

The graphs drawn can be used or any other graphic program to draw
other graphs to prove the required.

.:‘_':]' Learn

1- Definite integration:
oS 1 (x) * dx = f(b) - f(a)

be: (x4 2x- 1) dx
s x' A ZX" <14
=55k
l"
= [+ x2-x) -|_ 16 - 4] - | “1]=33
The dn.ﬁmlc. integration will be Iumcd in me
the integral. e LT
2- Deducing the velocity and x are used to refer to
disol . the algebraic measures
splacement: br ook of B
(i) "d=d— then [adt= [ dv  acceleration, velocity
! vector and the pasition
“v= [adt (1-1

respectively.

Applied mathematics
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You will learn
sifeach ofaand V are
functions of time, then
T X | Vdrt
v | a dt

y If the acceleration is

nction of position,

then

fadx | vav

Key terms

» nlegration

Materials

2 Scienti 'l l'l']" wiator.

Computer graphics



Rectilinear Motion

: =

To identify a single acceleration of motion to be congruent to the given acceleration a (1),
the initial conditions for each of the initial velocity V_and the starting (initial ) position x,
should be stated

the indefinite integration can be replaced by the definite by integration with the proper limits
of integration, then we obtain.

v. [fdv=fadt

.‘.v-v.=0]'adt (1-2)
= the area under the acceleration-time graph

If the acceleration a is constant, then : V-V = ao['dl

V=V o+at (1-3
Notice that:
The equation (1 - 3) can be used only when the acceleration is constant but if the acceleration
is a function of time, we use the equation (1 - 1) or (1 - 2) in regard to the data of the problem.
(i) ifv = ‘(’;‘ then: f[Vdi= fdx
x= [ Vdt (2-1)
use the definite integration and the proper limits of integration to find that:
X
t
o dx= ) vdt
e x-x_:,j'vdt (Notice that x - x_=5) (2-2)
The displacement = the arca under the velocity-time graph

If the acceleration is constant, velocity (V) can be substituted from the equation (1 - 3) to
find that:

| »
xeX =l (v randt .'.x-x,a\'.h;al-
|

. X=X_+V,_t+5 at’by using in case constancy of acceleration

(iii)lra=v% then: fadx=fvdyv 3-1)
Use the definite integration with the proper limits of integration to find that:
\_I'V dv=-_]‘adx

-vi)=yf adx 3-2)

= The arca under the acceleration-displacement graph

X
At the constancy of the acceleration a, then: v2-v2=2a « [ dx

“vi=v2i2a(x-x) (noticethatx-x =s) (3-3)
“vi=v2iias

140
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Integration of vector functions ] . 2

6 Example
1 A particle starts to move in a straight line from the origin point with initial velocity of a
magnitude 8m/sec and the acceleration of motion after t second is given by the relation
(31-2), find each of the velocity of the particle and its displacement after 2 sec from the
starting of motion.

¢ Solution
a=3t-2 Sov=[f(Bt-2)dt v=’:-t3-2(wec
. V. =8m/sec S v=8misec whent =0 S.c=8
L V=3.2148 L v(2)=3x4-2x2+8=10misec
'.'v=%v3-2to8 .'.x=[(%v3-2l‘8)dl
I 4 .
.x:iv-‘-v +8v+c
* x=0whent=0 S C=0 x--!,v‘-v: 8t
$2)=x(2)-x (0) =1 (2 - (2)* « 8(2) = 16 meters
O» Another solution: 3
v a=31-2 s E=31.2
a ‘ t . % :
e dv= [ (Bt-2)dt Sov-8=508-21
L v=32.2148 SoW2) =3 %4-2x2+8= 10 misec
AT _]'vdt s(2)="]‘(%t3-2: 8)dt

Cs=le-esgi=1p-r

L) Try to solve

1. A particle moves in a straight line starting from rest and distant 8 meters from a constant
point on the straight line. If a = 61 - 4 where a is measured in m/sec?, find the relation
between the velocity and the time and between the displacement and the time.

0 Example

2 ' A particle moves in a straight line such that the algebraic measure of its velocity is given as
a function of time by the relation v = 617 - 24 where V is measured in (m/sec). Find when the
velocity of the particle reaches 72 m/sec, then find the magnitude of the acceleration of the
particle when its velocity reaches 30 m/sec and the displacement of the particle during the
interval t € [1 . 4].

> Solution
v V=60'-24

1= When the velocity of the particle reaches 72 m/sec

co62-24=T2 o 66 =96 =16 t=4sec
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Rectilinear Motion

2~ When the velocity of the particle reaches 30 m/sec

S 62 -24=30 s 62 =54 =9 L= 3 sec
an‘;—: Soa=121 a(3) =36 m /sec’
3- The magnitude of the displacement during the interval t e [1 , 4]
s= ' vdt s= [ (68-24)de=[2-24 1)}

$=(2%64-24x4)-(2-24)=54m

L) Try to solve

2. A car starts moving from rest in a straight line from a constant point on the line and the
algebraic measure of its velocity vector after time t is given by the relation v = 3t* « 2t where
v is measured in m/sec and t in seconds . Find each of the acceleration of motion and the
displacement of the car when t = 2

D Exampte

3 ' A car starts moving from rest in a straight line from a constant point on the line and the
algebraic measure of its velocity vector after time t is given by the relation v = 3t” - 6t where
v is measured in m/sec and tin second. Find each of the average velocity vector and the
average velocity during the time interval 0 €1 < 3.5

O» Solution
cov=3r-6 Sov=3t(-2)

- >

; =0 t=2
We find that the car changes the direction of its motion after 2 seconds and the process of
investigating the sign of V (1) of the velocity-time graph shows that

cam. MSvdte.MPS(382.
sos=o M vdi= M3 E-60dt Vi
c am o3 2138 3 »_ 49 1t
ca=(R-30R =35 3357 =%
49 = “
. e C
the average velocity vector V, = -8 = =175 < "
3-5 0 3 t
since ¢ is a unit vector in the direction of motion and the algebraic A

measure of the average velocity vector is equal to 1.75m/sec 1

The distance traveled during the time interval t € [0, 3.5]
3s

=lf vdtisl,f vdd=I[E-30R 10 -30)3% =4 2 o 4= 1 metens
13
8

1 |+ iy S
35-0 " 28 = 404 misec

.. The average velocity =
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L) Try to solve

3. A car starts moving from rest in a straight line from a constant point on this line and the
algebraic measure of the velocity vector after time t is given by the relation V =4 - 3¢°
where V is measured in m/sec and t in second. Find, through the time interval t, where
t € [0, 4] each of the average velocity and the average velocity vector. When does the
velocity of the car reach the maximum value? Find the magnitude of the acceleration then.

() Example
4 A particle moves in a straight line such that it starts its motion from a constant point on the
straight line and the algebraic measure of its acceleration a is given in terms of the algebraic
measure of its position x by the relation a =2 x + 5, given that the initial velocity of the
particle is 2m/sec. Find:
a viintermsof x b the velocity of the particle when x = |

€ find x when v =4 m/sec

O Solution
8 a=2x+$ v Jadx= [vdv
sSSP 2x e S)dx=, Vvdy S Ix e Sx)r = % (VY
xteSx=1dlg) Svi=2x2410x+4

b when x = 1, we find that:
vi=16 .. velocity = Ivl = 4 m/sec

€ when V =4 m/sec, we find that:
16=2x"+10x+4 . . x*+5x-6=0
(x+6)(x-1)=0 x=-6meters or  x =5 meters

L) Try to solve
‘4. A car moves in a straight line with initial velocity 12 m/sec from a position distant 4 meters
in the positive direction from a constant point on the straight line such that a = x -4, find:

a vintermsof x B the velocity of car whena =0
D Exampie
5 Aparticle moves in a straight line with initial velocity of a magnitude 8m/sec from a constant
point on the straight line such thata=40¢ ™, find:
a vZinterms of x b find x when v = 10 m/sec

€ the maximum velocity of the particle.
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> Solution
a ' a=40¢™ o Jadx= [ wdv
40 fetdx = Y vdv
40 fe Iy =3 V)Y 80 (e* - 1)=v3- 64

Sovi=144-80e

b When v = 10 m/sec we find that: 80e*=44
Lels f(: Sox=lIn f(l) meters
€ sviz|44. %? ** e* > 0 for all the values of x
" :‘—" *(0 when x —— = .. the maximum velocity = 12 m/sec

L] Try to solve

5. Aparticle moves in a straight line with initial velocity of a magnitude 2m/sec from a constant
point on the straight line such that a = ¢* . Find v7 in terms of x, then find v when x = 4 meters
and x when V = 20 m/sec.

&? Exercises 1 -2 g‘?

“In all problems , let the particle move in a straight line, x, V and a be the algebraic
measures for each of the position, velocity vector and acceleration respectively.

Choose the correct answer:
A Ifv=312-2t, x=1whent=0 then:
8 x=60-2 b x=3"-2t+1 € x=t'-t*+1 d x=t"-1-1

2 Ifv=1+sint, x=-2 whent=0then:

8 x=(+0ost b x=t1-cost € x=t-cost+2 d x=t-cost-2
3 If v=23t-2,then s in the interval [0, 2] is
@ | unit length b 2 unit length € 3 unit length d 4 unit length

4, If v =31 - 21, then the distance covered within the interval [0, 2]

a ;—7uni( length  © 4 unit length e U2 nit length d 16 it length

27 27
50 If v=1'- 31+ 21 then the distance covered within the time interval [0 , 3]

a %unil length b %unit length ¢ %unil length d % unit length

144
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6, Ifa=3,v_=-1, then s within the time interval [0 , 2].

o Luni b . 25 . a 13 ...
6 unit length 4 unit length 6 unit length 3 unit length
7. Ifa=3,V,=-1 then the distance covered within the time interval [0 , 2].
a % unit length b 4 unit length c 2—65- unit length  d l—:— unit length
8. From the velocity-time graph in the opposite figure, the = | 4V

magnitude of displacement is equal to . : | '

@ 3 unit length = /_\ 1t
e IR AN

S unit length L /‘ | P ™\

7 unit length B

8 unit length

9. From the velocity-time graph in the opposite figure, then the distance traveled =

a 4.5 unit length - ,“ v
b 10.5 unit length I

-
€ 13.5 unit length -

d 19.5 unit length

10 A particle is thrown vertically upwards with initial velocity of a magnitude 5.6 m/sec from
a point 24.5 above the carth's surface. Find cach of V and x in terms of t, then find the
maximum height the particle can reach.

11 A particle moves in a straight line with initial velocity 2 m/sec from a constant point such
that a = 2t - 6 where a is measured in m/sec’. Find each of V and x in terms of t and x when
V = I8 m/sec.

12 A particle moves in a straight line from a constant point starting at rest such that a =8 - 2¢°
where a is measured in m/sec’. Find the maximum velocity of the particle and the distance
traveled maximum speed up.

13 A particle moves in a straight line from a constant point on the straight line starting at rest
such that a = % x* where a is measured in m/sec” and x in meter. Find the velocity of the
particle when x = 2 meters, then find its position when V = 4 m / sec.

14 A particle moves in a straight line with initial velocity 3 m/sec from a constant point such
a = 6x + 4 where a is measured in m/ sec? and x in meter. Find v2 in terms of x, then find the
velocity of the particle when x = 2 and x when v? = 87,

145
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21 If x = 2 - 3t + 2 then the particle changes its motion when:
a 1=1,1=2 b 1=1 € =15 d 1=2

20 If x = 61 - 1%, then the distance traveled within the time interval 0 € 1 € 6 is
a zero b 9 c I8 d 36

3 If V(1) = 9.8t + S where x (0) = 10, then x (10)
a zero b 530 € 540 d 550

4 lfV(():i—cos(ﬂ).and X (%) =1 then x (1)
n
a lsin(Z')ol b isin(Zt)-l
n n b/ 4 n
¢ sin(24)+1 d sin(24)-1
n n

5 Ifa()=-4sin2t, and v (0) =2, x (0) = -3 then x (7)
a 3 b 0 c 2 d 3

6. The graph drawn in the opposite figure represents the position of
a particle and its velocity vector and the acceleration of motion.
Which of the following choices represents the position time graph,
the velocity-time graph and the acceleration-time graph respectively.

& 3,21
b 1,32
€ 312
d 1,2,3

7. The graph drawn in the opposite figure represents the position of
a particle and its velocity vector and the acceleration of motion.
Which of the following choices represents the position time graph,
the velocity-time graph and the acceleration-time graph respectively.

83,21 b 1,23
c 2,31 d 31,2

8. A particle moves in a straight line according to the relation x = 4 cos t where x is measured
in ¢cm and t in second, find:

a thcn(-% b awhent=7

9. A particle moves in a straight line from a constant point on the straight line according to the
mluionv-sinn-muﬁndx(%)
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10 A particle moves in a straight line such that the algebraic measure of its displacement s is
given as a function of time t by the relation s = t* - 61 + 9 t where s is measured in meter
and t in second.

8 Find the acceleration of motion at the moments the velocity vanishes.
b Find the velocity of the particle when a =0

€ When does the velocity of the particle increase? decrease?

d  Find the distance covered during the first five seconds.

11 A particle moves in a straight line according to the relation a (1) = -2 with initial velocity
of a magnitude 3 m/sec from a constant point on the straight line. Find each of the
displacement and the distance traveled within the time interval [ 1, 4].

a2 A particle moves in a straight line according to the relation s = t*- 3 t* where s is measured
in meter and tin second. Find:

a8 The acceleration of motion when the velocity vanishes
b The average velocity and the average velocity vector within the time interval [0, 5).

13 Aparticle moves in a straight line with initial speed of a magnitude -2m/sec from a position
distant 3 meters in the positive direction from a constant point on the straight line such that
a=2t+ 1. Find x at the moment the velocity vanishes.

14 A and B are two points on a singular straight line. A particle moves at rest starting from
point A in the direction of AB  such that the algebraic measure of its velocity is given
by the relation v = 0.4 t + 0.9 t* where v is measured in m/sec and t in second. After two
seconds from the motion of the first particle another particle moves starting from point B
in the direction of BA from rest with a constant acceleration of a magnitude 0.2 m/sec’.
The two particles meet after 5 seconds of the motion of the first particle. Find the distance

.mw‘q -

For more activities and exercises, visit www.sec3mathematics.com.eg
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NerOI'llS LCIWS

of Motion

Unit Introduction

Thanks 10 the discovery of the universal gravitation law by the British scientist, Isaac Newton (1642-1727), who is considered
one of the wons of the scientafic revolution in the Hield of modern mechanics, The German scientist, Johann Kepler (1571
1630), has stased] some mathematical reles which control the motion of the plancts around the sun. In additon 10 the work of the
islanic Sciemtisits which had been tramslated during the previous centuries. The stalsan scientist, Galileo Galilm (1564 - 1642),
had established the mechanics. He had conducted several experiments on the fallen or thrown bodies and the bodies moving
horizontally, Through his experiments, he had discovered a lot of the important properties of the motion of the bodies. Thanks
10 ham it was discovered that the bodies moving on hortzontal surfaces without resistance keep moving i o unilorm velocity
It &s thought that Galileo had discovered the first and second laws of Newton's laws of motion. Isaac Newton had collected his
overall rescarches in a book samed (Bermspaa) which means the mathematical prnciples of the natural philosophy. This book is
considered one of the most important scientific books that appeared in the modern age. Newton had formulated his three laws,
he newton's kaw of universal gravitaton had clanfied the concept that the force can be occured under the action of a distance
Bodies sttract cach other even if they are not contacting. For example, the Earth attracts the bodies by a force called (the weight
force). With respect 1o the mass, we notaoe that its static defmition does not allow us 1o identaly the mass of obpects or bodees but
10 only compare the masses through the resistance of their weights. The mass can get a dynamic definition through studying the
motion of bodses im thas unit. You are going 10 learn the mass, momestum and Newton's laws of motion with applicatxon on these
laws and you will also leam the motion on a rough or smooth plase and the motion of the simple pulleys

By the end of this unit and by deing all the activities involved, the student should be able tol

Identify the concept of momentum and its
measunng units- the change of momentum.
Identify Newton's laws (first. second. third).
Identify the relation between the force and
acceleration:

If the force F is a function of ime tie. F =
f(1) then:

FamdY
de

ie. [Fdt=mldav

If the force F is a function of displacement
Sie. F = {(S) then:

F =myv dL\ Le. J FdS = m/vav

dsS

148 Thir
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Apply newton's laws of motion in daily life
situations such as: a body 15 placed in a hft
moving in s uniform acceleration (motion of the
bodies connected by strings):

Motion of the simple pulley.

Motion of a body in a smooth plane (horizontal -
inclined).

Identify the motion on a rough plane (
horizomal - inclined)

Motion of a system of two bodies connected by
a string passing over a smooth pulley.

Motion of a system of two bodies connected
by a string one of them is hanging free and the
other moves on a rough horizontal plane.
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Motion of a system of two bodies connected by a string. One of them moves on a rough inclined
a string. One moves on a smooth inclined plane plane and the other moves vertically.

and the other moves vertically.

Motion of a system of two bodies connected by

Key Terms

© Momentum = Newton's second law : Balance

: Linear momentum . Equation of motion * Inclined plane

= Mass = Weight = Smooth plane

© Velocity ~ Newtons third law * Rough plane

¢ Change of momentum : Pressure : Kinetic friction

. Newton's first law : Reaction . Static friction

: Inertia ¢ Lift motion : Pulley

© Inertia principle Spring scale

: Force : Pressure scale

Unit Lessons Materials
(2 - 1): Momentum (2 - 5):Motion f" a‘hody on a Scientific calculator -
(2 - 2): Newton's first law smooth inclined plane Computer graphics
(2 - 3): Newton's second law (2 = 6): Motion of a body on
(2 - 4): Newton's third laws a rough inclined plane
(2 = 7): Simple pulleys
Unit Planing Guide
Newton's Laws of Motion
Newton's third laws  Newton's second law Newton's first law Momentum
Tl e g
: : 4 - -
‘Motion of lifts godies connected Motion on a Motion on a

bystrings rough plane ‘smooth plane

{ e p!

Motion of two bodies.  Motion of two bodies. ~ Two bodies connected
Oneisonaninclined  One is on a horizontal by a string passing over

plane and the other plane and the other a pulley and suspended
~ suspended vertically | | suspended vertically vertically
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Unit Two

Momentum

2-1

} \"\ e '

. . A — -

ewpssssprsmmmeny 1 What is the action of a big stone placed on the roof of a house? What
tum is the action of shooting a bullet from a barrel of a gun on this roof? |

SUTDEE R 2 What is the action of placing a grain of sand on your palm? What is

the momentum

You will learn

the action of this grain of sand if it moves in a storm in the direction
3 The change of momen

of a car moving fast towards the storm?

fum

From the examples, notice that:
1 - Shooting a bullet, however its mass is so small, on the roof of
the house will lead to the bullet being imbedded in the roof for
a distance since the velocity of the bullet is much faster than the
velocity of the stone.
2 - The grain of sand, however its mass is very small, can scratch off

Key terms the windshield glass since it acquired a momentum with respect to
> AMomsantuan the car and the momentum vector of the grain of sand has become
3 Linear momentum extremely strong due to the increase of its relative velocity vector.
y Mass

L A
» Velocity &u Learn
y» Change of momentum
Momentum

The momentum of a moving body is a vector quantity of the same
direction of the velocity of this body and its magnitude at a moment is
estimated by the product of the mass of this body by its velocity at this
moment. The momentum vector is denoted by the symbol 7.

— —tm

H=mYy

In case of the rectilinear motion, each of J{ and Y are parallel to the
straight line on which the motion occurs. Each of 1 and V' can be
expressed in terms of the algebraic measure for each of them:

Materials H=mV

» Scientific calculator. Since H and V are the two algebraic measures for the momentum vector
and velocity respectively.

Measuring units of momentum
The magnitude unit of momentum = mass unit = velocity unit
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In the international system of units, the magnitude of momentum is measured in kg. m/sec

i.e.: H(kg. m/sec) =mikg) = Vim/sec).

Notice that: At the constancy of the mass of the body, H is proportional to V and the relation
between them is linear. As a result the momentum in this case is called the linear momentum.

(D Example pefinition of momentum
1 Calculate the momentum of a bike whose mass is 35 kg and moves in a uniform speed of a
magnitude 12 m/sec towards East.

O Solution
“*H=mV S H = 35 < 12 = 420 kg, m/sec
The momentum of the bike = 420 kg. m/sec towards East.

k) Try to solve

\ : . ‘ Figure (1)
1. Calculate the momentum of a train whose mass is 40 tons moving

towards the North with a uniform speed of a magnitude 72 km/h.
‘2. Calculate the momentum of a car whose mass is 800 kg moving towards the Southwest with
a uniform speed of a magnitude 126km/h.

0 st Using the vectors
2 Acarof mass 2 tons moves in a straight line such that ' = (3¢ -4t + 1) T where T is the unit
vector in the direction of the motion of the car. If x is measured in meter, find the magnitude of
the momentum of the car when it starts 1o move, then after 3 seconds of its motion.

O» Solution
"X=03-2+1)T
- &

V = — =(6(-4)z-‘

dt
(1) Atthe beginning of the motion t = 0, 7 =-4T

—
\7

.. —"‘ =m
SH O =200(-4T) = -8000F
the magnitude of momentum = 8000 kg. m/sec

(2) whent = 3sec, then V = (6 x3-4)C = 4T
. o — R
S H =my o H =
the magnitude of momentum = 28000 kg. m/sec.

E) Try to solve
3. A car of mass 1200 kg moves in a straight line such that S = t* - 12 1* where S is measured
in meter, Find the momentum of the car after 4 sec from the beginning of the motion.

2000 (14 T) = 28000 T
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Newton's Laws

The change of momentum

If the two velocity vectors of a moving body at two successive moments t, and t, respectively

are VT and V7 then the change of momentum of the body is determined by the relation:
AH=mAY

where m is the mass of the moving body, A 7 is the change occurring in the value of its
velocity
0

.. The change of momentum of a body A H=m (

-
V,

)
If 3 (1) is the acceleration of the moving body, then:

AH =m[: adt

6 - The change of momentum
3 ' A rubber ball of mass 200 gm is let to fall on a horizontal surface from a height of 90 ¢m to
rebound up to a height of 40 cm. Calculate using kg.m/sec unit the magnitude of the change
of momentum of the ball as a result of impact.

O Solution
Let T be the unit vector directed
vertically upwards. vV, = —_
Studying the motion of the ball in case g = 980 cm/sec?
of falling.

wvi= Vo4 2g8 $ = 90cm V=0
g 2 _ 4 x x
..V|-0 2 <« 980 « 90 8 = - 980 cm/sec?
v, = 420 cm / sec
S = 40cm

LA =A0T

Studying the motion of the ball in case

of rebounding. |

wvi= V2o 2g8S

S0 =VE L2 . 980 « 40 Flgure G)
Vv, = 280 cm / sec

. ;: =-280C

The change of momentum A Ti‘ = m(t . ;T)

=20 (-28-42) T=-14C

.. the magnitude of the change of momentum = 1.4 kg. m/sec

k) Try to solve

‘4. Astone of mass 800 gm is let to fall from rest for two seconds then it impings with a surface
of a pond and sinks down in a uniform velocity to travel 12 meters in three seconds. Find the
momentum of the stone as a result of impact against water surface.
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0 s Using integration

4 A body moves in a straight line such that the acceleration of its motion a is given as a
function of time t by the relation a = 2t - 6 where a is measured in m/sec?, unit and time t
in second. Calculate the momentum of the body in the time interval 3 < t < 5 if the mass
of the body is 8 kg.

¢ Solution
»AH =m )" adt
~oH =8 2 -6)di=8[¢-60]]3
= 8[(25 - 30) - (9 - 18)] = 32kg. m/sec
S AH = 32T where T is the unit vector in the direction of the motion of the body.

k) Try to solve
5. Acarof mass 1.5 tons, moves in a straight line such that a (t) is given by the relation a= 12t - 2
where a is measured in m/sec?, unit and time t in sec, find:
@ The change of momentum of the car during the first six seconds.
b The change of momentum of the car during the time interval [2,14]

Critical thinking:

In the billiards game, when the white ball stricks one of the other
balls, we find that the motion of the two balls changes and the
motion of the white ball slows down and its direction may change
and in turn, its momentum slows down while the other ball starts

to move and its momentum speeds up. Explain.

Figure (4)

\c’\O Exercises 2 - 1 \00?9

0
Choose the correct answer:
1. The momentum of a bullet whose mass is 100 gm moving at velocity 240m/sec is:
a 24 « 10 % gm. m/sec b 24kg. m/sec
€ 24 « 10* gm. m/sec d 24 « 107 kg. m/sec
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Newton's Laws

‘2. The momentum of a car whose mass is 2 tons moving in a straight line at velocity S4kmv/ h is:
a 108 tons. m/sec b 30 ton. km/h
€ 30000 kg. m/sec d 108000 kg. m/sec

3 Abody of a mass 500 gm is let to fall from a height of 4.9 meters on the ground surface, then
its momentum as it comes the ground is:

a 245 kg. m/sec b 4.9kg. m/sec
€ 2450 kg. m/sec d 4900 kg. m/sec

‘4. Arocket of mass 4 tons including the fuel is launched at velocity 200 m/sec, and it throws out
the fuel at a constant rate of a magnitude 100 kg per second. If the momentum is constant,
then the velocity of the rocket after 10 seconds in kmv/h unit is:

o BD b 600
€ 800 d 960

5 Amissile of mass 1 kg is launched at velocity 720 kmvh towards a tank of mass 50 tons moving
towards the mortar at velocity 20 m/sec, then:

(1) The magnitude of the momentum of the missile with respect to the tank is:

a 200 kg. m/sec b 220 kg. m/sec
¢ 107 kg. m/sec d 1.1 %107 kg. m/sec
(2) The magnitude of momentum of the tank with respect to the missile is:
a 200 kg. m/sec b 220 kg. m/sec
¢ 107 kg. m/sec d 1.1 %107 kg. m/sec
Answer the following questions:

6. A ball of mass 200 gm moves horizontally at a uniform velocity of magnitude 40 m/sec
to collide with a vertical wall. If the magnitude of the change of momentum as a result of
impact is 12 kg.m/sec, calculate the velocity of rebounding the ball.

.7 A body of mass 90 gm is let to fall and after three seconds of falling, the body collides with
a viscous liquid surface to imbed in it with a uniform velocity to travel 2.2 meters in half a
second. Calculate the change of momentum due to the impact.

8. Arubber body of mass 100 kg moves horizontally with velocity 120 em/sec. When it collides
with a vertical wall and rebounds in a perpendicular direction on the wall, it loses two thirds
of the magnitude of its velocity. Calculate the change of momentum of the rubber body due
to the impact.

9. From a point under the ceiling of a room of a distance 240 ¢cm, a ball of mass 40 gm is thrown
with velocity 980 cm/second vertically upwards to collide with the ceiling and in tum, its
momentum changes by a magnitude 0.4 km.m/sec. Find the velocity of rebounding the ball.
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10 A rubber ball of mass % kg is let to fall from a height of 8,1 meters on horizontal ground,
then it vertically rebounds upwards to a height of 3.6 meters after it impings with the ground.
Calculate the change of the momentum of the ball due to the impact with the ground.

a1 A train wagon of a mass 15 tons moves horizontally with velocity of a magnitude 40 m/sec to
collide with a barrier at the end of the railroad, then it rebounds back with velocity 30 m/sec.
Calculate the change of its momentum.

12 A body of mass 1 kg is thrown vertically upwards with velocity 58.8 m/s. Calculate the
change of its momentum in the following time intervals:

a [2,5) b [4.8] c [7.11]

13 A body whose mass at any time t in second is equal to % (t + 5) kg, moves in a straight line
and its displacement at any time tis given in the form § = % (- 4t + 3)C where T
is the unit vector in the direction of the motion of the body and the magnitude of S is given
in meter.

8 Find the momentum of the body at any time .,
b Find the momentum of the body during the time interval |2, 5]

14 Abody of mass 12 kg moves in a straight line such that 5 is given as a function of time 1
by the relation § = t(6 - 1) C where T is the unit vector in the direction of the motion.
If the magnitude of 5 is in meter unit and t in second, find the change of momentum of the
body in the following time intervals:

a [1,2) b [25]) c [4,6)

15 A body moves in a straight line with a uniform acceleration a = - 3m/sec? and with initial
velocity Sm/sec. If the mass of the body is 18 kg, find the magnitude of the change of the
momentum in the following time intervals:

a [0.3) b (1.2

16 A body of mass 48 gm, moves in a straight line such thata = (3t - 12) m/sec’. Calculate
the change of momentum motion in the following time intervals:
a [1,3] b [3,5])
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Eelid Newton's First Law

2-2

'.P life, we k\t.., - hich

may act on the moving bodies to change their velocity. For example.
» Newton's first law when a person pushes or pulls a car. Forces can also act on the bodies at
> The inertia principle rest 1o preserve them in their state of rest for example, the book placed
on the office or the picture hanged up on a wall. The action of force may
be contact such as pulling the spring or pushing a box or may be acted -at
- a distance such as the repultion or attraction of two poles of a magnet.
The particle at rest is said to be in an equilibrium state when the resultant
of the forces acting on it is equal to zero,

There are several types of forces existing in nature. They are either
mechanical, gravitational, electrical, magnetic or nuclear forces. You
are going to study the first and second types only in this unit.

Types of forces
Key terms !

y Newton's first low f l l l 1

yinertic
mim Nuclear | | Magnetic Electrical | |Gravitational| | Mechanical

You will learn

yinertia principle

s Force

To study the mechanical forces, we start to study Newton's laws of motion

Newton's First Law
Within this law, Isaac Newton stated what happens to a body when the
vanish of the forces acting on it.

Every body preserves in its state of rest or of moving uniformly unless acted
upon by an unbalanced external force by an external effect

From Newton's first law, we notice that:

(1) The body at rest preserves at rest unless acted upon by a foree to move it
and the body in a uniform motion preserves at motion unless acted upon
by a force changes its motion.

(2) In the formulation of the law, the expression "force” means
the resultant of all the forces acting upon the body. The force is
measured by the newton unit as in the international system of units
Newton.

(3) The law considers the two states of rest and uniform motion in a
straight line in an equivalent position since both states represent the
"natural state” of the body when the resultant of the forces acting on

Materials

y Scientific calculator

y Computer graphics
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the body is equal to zero,

(4) The law shows that the body which is at rest or moving uniformly in a straight line (i.c. when
the body is in its normal state) cannot change its state and that's why Newton's first law is
named * law of inertia ".

Inertia

From Newton's first law, we can deduce that the bodies naturally endeavor to preserve their

states of rest or of moving uniformly in a straight line and this reluctance or resistance to the
change is known as inertia.

Inertia principle:
Every body, as much as in its state, endeavors to preserve its present state, whether it be of rest
or of moving uniformly forward in a straight line.

0
e Activity

N The relation between mass and inertia

1 The following activity shows that the mass is the measure to the
quantity of the inertia.

2 Bring balls such that one of them is a golf ball of weight about
S00 gm.wt and the other is a bowling ball of weight about 5 kg.wt.

3 Which ball needs a greater force to move? Figure (3)

4 Undoubtedly, the bowling ball requires a force greater to start moving than that of the golf
ball.

5 This is because the bowling ball endeavors 1o preserve its present state (rest position). i.e. its inertia
is greater due to its great mass which is approximated ten times of the mass of the golf ball.
Force

Newton's first law includes a definition of the force as it is the effect which changes or triest
change the state of the body whether of rest or of moving uniformly forward in a straight line.

’ y (Body at rest)
1 The opposite Figure shows a body at rest and a system of forces acting on it. Find F1 and F2,
© Solution P @
*.* The body is at the rest state T I
.. the vertical forces are in equilibrium

20 newton

~F, + 40 = 70 @_ :®

- F, = 30 newton
*.* the horizontal forces are in equilibrium
s F, =20 +F,

~.F, = 50 newton
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Newton's Laws

k) Try to solve @

1. The opposite Figure shows a body at rest and a

system of forces acting on it. Find F, and F,. I
@ 150 newton
pr—
90 newlon
0 * (Body at rest) Figure (7)
2 The opposite Figure shows a body moving R ——— 30 newien
hon)malIy m. the direction shown with a 400 newien
uniform velocity of magnitude 8m/sec. Find _L.
F,and F,.
© Solution 120 newton +—— — %
*." The body is in a uniform motion state ' ' newton
.*. The horizontal forces are in equilibrium l l
S2F, 4 90 = 300 + 120 Roun & 240 newton
~F, = 165 newton

*." The vertical forces are in equilibrium

240 + F, = 400 450 newton

I-'2 = |60 newton

) Try to solve 310 I I

7\ : . ) newton

2. The opposite Figure shows a body moving
vertically upwards with a uniform velocity and a
system of forces acting on it. Find F, and F,. l

3F, + 40 newton

-—  —

Figure (9)
800 newton

@ === . Givendua
3 ' Atrain of mass 200 tons moves under the action of a resistance

proportional to the square of its velocity. If this resistance is "1 = 96 ~ 200
9.6 kg.wt per ton of the mass of the train when the velocity of = 1920 sec kg
the train is 72 km/h, find the maximum velocity for the train V= 72km/h

if the engine of the train can entrain (pull) it with a uniform
force of magnitude 4.32 ton.wt.

O Solution
Let the resistance = r, when the velocity of the train is v,
The resistance = r, when the velocity of the train is v,.

*." The resistance is proportional to the square of its velocity.
158

Figure (10)
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The train reaches the maximum velocity when the resistance is completely equal to the
force of pulling the train.
If v, is the maximum velocity for the train, then r, = 432 tons.wt Sory = 4320 kgowt

-,_’1_=V_i 1920 _ 72 x 72 v, = 108 km/h.
Y 4320 V2 "3

E) Try to solve

3. Atrain of mass 240 tons is pulled by an engine with a uniform force of magnitude 12 ton.wt
If the resistance of the train motion is proportional to the square of the train's velocity and
the resistance is 8 kg.wt per ton of the moving mass when the train's velocity is 45 kg/h,
calculate the maximum velocity of the train,

@ Example

4 ' A parachutist lands vertically as the parachute is open. If the total weight of the parachutist
and his equipments is 90 kg.wt and the air resistance is proportional to the square of its
velocity and the landing maximum velocity of the parachutist is 15 kmv/h, find the air

resistance of the parachutist when his velocity is 10 km/h.

> Solution
The parachutist reaches the landing maximum velocity when the resistance is equal to the
weight of the parachutist and his equipments.
If r, is the air resistance when the velocity of the parachutist is v,
Sor = 90 kgwt when v, = I5km/h
If r, is the air resistance when the velocity of the parachutist is v,
Sl =t when v, = 10km /h
*." The resistance is proportional to the square of the velocity

12

AL S | L3
r, v? r, 10 = 10
E) Try to solve
4. A man tied in a parachute lands vertically. If the air resistance is directly proportional to the
square of his velocity and if the air resistance is equal to % of the total weight of the man and
his equipments when his velocity is 12km /h, find the landing maximum velocity of the man.

oﬁmplo

5 AbodymwsinastmigtﬂlimumkrtlnactionofﬂmefmmF‘T=4: . 3k _
F::-; + 4_Ai - ISIA&mdF_T such that its displacement vector ?hgimnafunﬂimof
timeby therelation S =2t i -t - k find the magnitude of F,.

r, = 40 kg.wt

Figure (11)
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O Solution
— - a & - ds A A = dVv .
S =2i-t1)+ Kk S VE_2=2i-) ., = = 0
] at J a T
.". The body moves
-'.?T + T:; + F: = _(" ...T:: - . ?T . T.::
7‘:-(-4.0.-3)-“.-4.15) ?_T--si.aj.ng

—3m .
F, =IF,ll = J9 + 16 « 144 = 13 force unit.

) Try to solve
5. A body moves with a uniform velocity under the action of a system of l'orccs?’?.?‘:and?:
where F=ai-5) +Tk, F, =-3 1 +4),F, =2i +4) +«ck,findeachofa,b andc.

9;9 Exercises 2 -2 g;?

Choose the correct answer:
1. A car of mass 4 tons moves on a horizontal road with a uniform velocity. If the force of the
engine is 120 kg.wt, then the resistance of motion per ton of the mass is:
8 4 sec tons b 30 kg.wt € 120 kg.wt d 480 kg.wt

2. A body moves in a straight line with a uniform velocity under the action of the two forces

F, = 2ai - 'U ' 4—\7and?: =6i b} -ekthena + b + ¢ equals:
a 4 b 3 g) -3 d .4
3. If abody of mass 20 kg.wt slips with a uniform velocity on an inclined plane to the horizontal
with angle of measure 30°, then the resistance of the plane in kg.wt equals:
a zero b 10 c 103 d 20
F,
F, =50 +7)+ 35k, F, = 5j + 49k, then the magnitude of T, is:

4. A body moves with a uniform velocity under the action of three forces F, , f:: . FT where

a8 49 force unit. b 54 force unit. € 85 force unit. d 103 force unit.
5. A parachutist lands vertically downwards and the air resistance 1o its motion is proportional
to the square of his velocity and v, is his velocity when the air resistance is equivalent to %
of his weight and, v, is the landing maximum velocity to the parachutist. Calculate v,: v,
a 9:25 b 25:9 ¢ 35 d 53
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Answer the following questions:

6. In cach of the following situations, the body is at rest under the action of a system of forces:

0 5ot ®

[ 50 mewton l
a ® ol = b
l 70 newton : ml 1
® Figure (13) = ":::m

1 1
49 newton 40 newton
Figure (15) Figure (14)
Find the magnitude of the ungiven force in each case:
7. In cach of the following situations, the body moves with a uniform velocity V under the
action of a system of forces.

-—

@ 20 newton @ 30 newlon

=t | ® [ 1 ®

a8 newlon b I
-— | —
£ p———
l l 20 newton
64 newton 75 newlon
Figure (17) Figure (16)

Figure (19) Figure (18)
Find the magnitude of the non-given force in each case:
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8 Acar of mass 8 tons moves with a uniform velocity under the action of a constant resistance
of a magnitude 6 kg.wt per each ton of its mass. What is the force of the car's engine?

9 A train of mass 240 tons moves with a uniform velocity and the force of the train's engine is
4 w tons. Find the magnitude of the resistance per ton of the train’s mass?

10 Acarof mass 3 tons moves under the action of a resistance proportional to the car's velocity.
If this resistance is 8 kg.wt per each ton of the car's mass when its velocity is 36 km/h, find
the maximum velocity of the car if the engine pulling force is 120 kg.wt.

a1 A train of mass 200 tons moves under the action of a resistance proportional to the square
of its velocity. If this resistance is 8 kg.wt per ton of the train's mass when its velocity is
T70km/h. Find the maximum velocity of the train if the engine pulls with a constant force of
a magnitude 6.4 tons. wt

12 Atrain of mass 300 tons is pulled by an engine with a constant force of a magnitude 810 kg.wt
under the action of a resistance proportional to the square of its velocity. If the maximum
velocity of the train is equal to 30m/sec, find the rate of the resistance per ton of the train's
mass when its velocity is 90 kmv/h.

13 The total weight of a parachutist and his equipments is 80 kg.wt and the air resistance to his
motion is proportional to the square of his velocity. If this resistance is equal to 45 kg.wt
when the velocity of the parachutist is 4.5 km/h, find the maximum velocity which the
parachutist can acquire during his landing.

14 The total weight of a soldier and his equipments is 90 kg.wt and the air resistance 1o his
motion is proportional to the square of his velocity. If the landing maximum velocity of the
solvdier is 12 km.h, find the air resistance when his velocity is Skm/h.

15 An engine of mass 30 tons and force 51 ton.wt pulls a number of train cars each of 10 tons
to ascend a slope inclined at 307 to the horizontal with a uniform velocity. If the resistance
of the motion of the engine and the cars is 10 kg.wt per ton of the mass, find the number of
cars.

16 A train of mass 300 tons ascends a slope inclined to the horizontal with an angle of sine 2%0
in the direction of line of the greatest inclination. If the train's maximum velocity is 108 km/h
and the force of the engine is equal to 3500 kg.wt and if the magnitude of the resistance is
proportional to the square of the magnitude of the velocity, find the resistance which the train
meets when it moves with velocity of magnitude 72 kmvh,
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Newton's Second Law

From ‘ g — e - . ey You will learn

acting on a uniformly moving body vanishes, but if the resultant of the BRI lE ittt

forces acting on a body is not equal to zero, the body moves with an [RESEE

acceleration,

# Is there a relation between the magnitude of the resultant acting
on a body and the magnitude of the acceleration of motion?

# Are you able to figure out such a relation?

E:;an

1 - Newton's second law

» Weights and mass

The rate of change of momentum with respect to the time is
proportional to the acting force and takes place in the direction

in which the force is acting
Key terms
d (m -vh),‘.‘ _[? i.e. d (m -\7). K _[? » Newton's second law
dt dt

» Equqtion of motion
(where K is the proportionality constant) |
As the mass of body is constant during motion, then:
mil-d:/— =K F (where K is the proportionality constant)
ma =KF
If we define the unit of forces as the force if it acts on a body of mass
a unit of masses, it acquires the body the unit of acceleration. By
substituting in the equation above, we find that:

l=Kx1x1 SK=1
and the equation above takes the form ma =
This equation is called the equation of motion of a constant mass body,
it is considered the basic equation in dynamics. It can be applied on all
the moving bodies of a constant mass by considering.
From the equation of motion above, we find that F and 3 arcinthe Materials
same direction. If 2 is measured in a certain direction, it is necessary
to measure F in the same direction so, it is better to write down the
equation of motion in the form:

» Scientific calculator

-l —
‘mlgF
5

to determine the direction of the acceleration first
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If a and F express the algebraic measure of each of = and ¥ respectively, then the equation of
motion of a constant mass body is written in the form:

[ ma=F
where m is the mass of the moving bod)a is the acceleration of motion and F expresses the
algebraic measure of the resultant of the system of forces acting on the body. i.e.:

ma=ZXF

But if the mass m of the body is variable, then the equation of motion is written in the form

| .

d i
F =?(mV)

.'.EF-%(mV) where each of m and v are differentiable function in 1t
Equation of motion using differentiation

The equation of motion of a constant mass body is given in the form

F =ma &V

Ifa = v ythenF =m u,f’ Fdt =m . " dV
dt dt
dv dv .

Ifa =Vd—s .lhan=mvdS O FdS=m . dV

Units of force and units of mass

As we deduce the equation of motion of a moving body, we choose certain units for cach of
the force, mass and acceleration until the constant of proportionality is equal to | (unity). The
equation of motion takes the foomm a = F. As a result, when we use the equation of motion, we

use the absolute units of force such as newton and dyne.

mxa=F
| Remember Q

kg = 1 m/ sec’ = | newton
1 kg.wt = 9.8 newton

lgm = lem/ sec? = 1 dyne 1 gmwt = 980 dyne

Weight and mass
The weight of a body is the Earth's attraction force to the body. If we have a body of mass 1 kg,
then its weight according to the equation of motion is equal to 1 kg.wt.

**ma=F S 1x98 = F F = 98 newton = | kg.wt

’ Example

1 Aforce of magnitude 10 newtons acts on a body at rest of mass 8 kg to move it in its direction
with a uniform acceleration. Calculate the distance traveled after 12 sec and its velocity.
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© Solution —— L
F= 10 newton \'0 =0 e e
m= 8 kg t= 12sec
The equation of motion of the body F
ma = F s. 8a=10 o
a= %m/soc:
v V= y, +at SV=0+ 3 % 12= 15 misec
o 1.5 Kd vy
T S=myte S at 9=0-;-3-N4=9()mclcr
- & Figure (20)

) Try to solve

1 If the last car of a train of mass 24.5 tons is separated from
the train when its velocity was 54 km/h to move in a uniform
retardation and stopped after 125m, find the magnitude of the
resistance acting on the separated car in kg.wt.

6 Example

2 A body of mass 3 kg is let to fall from a height of 10 meters on a sandy ground to sink
(embed) for a distance of 5 cm. Find the sand resistance to the body in kg.wt in position
constant given that the body moves with a uniform acceleration within the sand.

O Solution

The phase of free falling
v =V2:+2gS
vi=0+2-98~10

V = 14 m/sec
The phase of sinking (embedding) in sand Equation of motion
vV=v?+2a$ ma=mg - r
0 = (14 + 2a~ 005 3% <1960 =3 <98 - r
a = - 1960 m/sec ? r=3x98 + 3 « 1960
r = 59094 newton
r = 603 kg.wt
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k) Try to solve

‘2 Abox of mass 100 kg, is lifted off vertically upwards by a string with a uniform acceleration of
magnitude 25 ¢cm /sec?. Find the force of the tension in the string while neglecting the resistance.

@lumpu

3 ' A train of mass 220 tons moves a long horizontal straight
railroad with a uniform velocity of magnitude 29.4 m/sec.
During the train's motion, the last car of mass 24 tons is
separated and moves with a uniform retardation to stop
completely after one minute of the separation moment. Figure (23)

Find:

First: the magnitude of the resistance per ton of the train's mass supposing it is constant,

Second: the magnitude of the force of the train's engine.

Third: The distance between the remaining part of the train and the separated car at the
moment the car is completely at rest given that the remaining part of the train moves

with a uniform acceleration.

O Solution

First: Study the motion of the separated car:
V=V +at m = 24 ton v, = 29.4 m/sec
0=294 «60a V=20 t = 60 sec

Soa = -0.49 misec?

From the equation of motion of the separated car

mas= -r 24 < 1000 <« <049 = -r

r= 11760 newton. .. r = 1200 kg.wt

r= 50 kg.wt/ton

the distance traveled by the separated car within a minute after separation

S=Vi %alz
= 294 % 60 -

S = 882 meters

Second: study the motion of the train before separation
*." The train was moving with a uniform velocity before separation m = 220 ton
.. The moving force = the total resistances resistance/ ton = 50 kg.wt
S F =50 < 220 = 11000 kg.wt

< 0.49 « (60)°

0D |w—
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Third: study the motion of the remaining part of the train after the last car has

been separated
Equation of motion
ma=F-r m= 196 ton
196 « 1000a = (11000 - 50 =« 196) = 98 F= 11000 kg.wt
a= -3 misec? resistance/ton = 50 kg.wt

From the laws of motion
S=Vit+ %at’

=204 « 60
S = 1872 meters
The distance between the remaining part of the train and the separated car at the

3

x ﬂ) x (w)'

0D |

moment of its rest
= 1872 - 882
= 990 meters
Critical thinking: Draw a graph representing the distance between the remaining part of the
train and the separated car from the separation moment until this cae stops, then find the
following from the graph:
@ When is the distance between them equal to 110 meters?
b The distance between them after 40 seconds from the separation moment.

) Try to solve

3, A zeppelin of mass 105 kg, moves vertically
downwards with a uniform acceleration of magnitude
98 cny/ sec?. Find the magnitude of the air rising force acting
on the zeppelin in kg. If a body of mass 35 kg is let to fall
from the zeppelin when the velocity of the zeppelin was
490 cmv'sec, find the distance between the zeppelin and the

fallen body after 2.? seconds from the separation moment.

@ Example

Figure (24)

-~

4 A body of a unit mass under the action of three forces -FT =ai + |

F‘: =i +b 303 k, f-‘: =i+ 2;-ci.ifmdisplaocmcnl\'cctor 55 is given by
the relation § =t i - (:',-lzd) ; + 5 k find the value for each of a, band e

O Solution
—_— - A A A
' F=F +F +F =(a+2i+bB+3)j+3-0¢k

I 3 3

- 2 |l » A >
o.-s=t| 5(;[’4')]65k
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nde ds A A
V-w—' +(t+1))
a—
_h_ V_‘
ma =TF jm@+2i +®+2) j+G3-0k
a+2=0 b3 =1 3-e=0
a=-2 Jb==2 e=3

k) Try to solve

3 ~

4. A body of mass 3 kg moves under the action of three coplanar forces -FT =ai + j

—=

F, =21 - j.F, =3i +b j where i,

-

] are two unit vectors perpendicular to the
plane of the forces. If the displacement vector is given as a function of time by the relation
S =@ i 2¢ + 3) ; identify the value for cach of a and b,

D Example

5 Aforce ¥ actsona body of mass | kg at rest, moving in a straight line starting from the
origin point "o" on the straight line and F = 5x + 6 where x is the distance between the body
and point "o measured in meter and F in newton.

Find:
First: the velocity of the body V when x = 4 meters
Second: the displacement of the body when V = 9 m/sec

> Solution
o F=5x+6 - :
ma=S5x+6 o A
ca=vIY m= kg Figure (25)
dx
First:
Ve =5x 4 6 JYVAV = [* (5x + 6)dx
[%v’l%- [%x'-bx)ﬂ %v3=(% 16 + 6+ 4) - 0
vi= 128 V=% 8/2 m/sec
Second:
dv
“Vgr =5x+6 SV = (5x - 6)dx
5 [%v’lg = I%x2 ¢ 6 % = %xz ¢ 6x -0
SLSxTs12x-81 =0 A
5x + 2N(x - 3) = 0 x =3 x---5—7
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) Try to solve

5. Aforce F acts on a body of mass 3 kg, moving in a straight line with initial velocity of a
magnitude 2m/sec. If F = o 3 whem V is the velocity of the body after a time of a
magnitude t, when is the velocity of the body 6 m/sec.

P Lxample

6 A force acts upon a body of mass 250 gm moving in a straight line starting from rest at the
origin point "0" on the straight line and T =(5t-2) i+4tj

If F is measured in newton unit and t in second, find the velocity V and the displacement
S interms of t.

O Solution X .
F=(t-2) i +41) F=ma  where m=)ke
.-}7:(5& 2) i + 41 a =(20t-8)i +16t)
A T E; A -
. - OV —— = 20[-8"'6"
a : % ( )1 J

LoV AV = [(200-8)i 161 ]d1

WV = (100 -80 i 8¢

Y 45 o2 -80; + 8]
.V-d' ‘“-(IO( LAV 8t )
oft S 1(100-81)i <87 |du

= = 10,3 i + 8 3]

S =3 -419i 3 )

) Try to solve

:6\ Aforce F acts upon a body of mass 2 kg at rest slamng its motion from a constant point

O" on the straight line and F = (4t-1) l + 4 j where t is the uime measured in second
an F in newton. Find the velocity of the body whent = 2 second and the distance between
the body and point "O",

o Example
7 ' Abody of a vanable mass of m=2t+1 moves ina straight line and its displacement vector is

given by the relation: S = .', e i where 1 is the unit vector parallel to the straight
line. Find the momentum of this body and deduce the magnitude of the force acting on it.

> Solution
m=2t+ |
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A}

d

dt T dt
The momentum vector ﬁ =mV .
=2t D@+ i =22 +3t.1)i

The velocity voclorv = o+ t)i =(1 + l);

(

19|

From Newton's scu_)_nd law, we find that:

+ .%(mv,.%.%ml C3 i =@ 3

i.e. the force acting upon the body is in the direction of vector i and its magnitude is equal
tod4t + 3)

k) Try to solve

7. A metal ball of mass 100 gm moves with a uniform velocity 10 m/sec in a dusty medium
such that the dust sticks to its surface at a constant rate equal 1o 0.6 gm per second. Find the
mass of the ball and the force acting on it at any moment in dyne.

9;? Exercises 2-3 &\9

Choose the correct answer:
1 Abody of mass 5 kg then its weight is:

a % newton b S newton € 49 newton d 49kgwt

'2) A body of mass m kg moves under the action of the force F =3m i +4mj , where F is in
newton, then the magnitude of the acceleration of motion in m/sec? unit is:

a j b 4 c 5 d 7

’3) A body of mass unit moves under the action of the force F =5 C if its velocity vector
v-(atzobl)?.wna-bis: Fé
a0 b : o L d 5

‘4. A body of mass 8 kg moves vertically upwards with a uniform acceleration a
under the action of a force acts at the direction of motion of a magnitude 12 wt
kg.wt. Find a in m/ sec’: Figure (26)

| 3

5. Abullet of mass 7 gm is shot vertically from the barrel of a pistol with velocity 245 m/sec
on a vertical barrier of wood to embed in it for 12.25 cm  before being at rest. Calculate the
wood resistance to the bullet given that it moves in a retarded motion.

a 17.15 newton b 175 newton € 175 kg.wt d 1715 kg.wt

‘6. If a body of mass m (2t + 3) kg moves in a straight line and its displacement vector as a
function of time is given by the relation s = (% €+ 20C .S is measured in meter and,
t in second, then the magnitude of the force acting upon the body in newton is:

& 2t+3 b 12t + 3 € 12t +13 d 6t + 13

170

Third Form Secondary | Student Book




j Ak “‘.ﬁ‘\\\m

Newton's Second Law 2-3

7. Ineach of the following cases; the force F acts upon the body whose mass is m and acquires
it a uniform acceleration shown in the figures, both magnitude and direction, find F

FT rT F
=2 e 35 newton T
m/sec | |m = 10kg m=5kg |0 m=10kg | a :ecz’
[T e £
Figure (29) W 53 newton hod Figure (28) Y Figere (27)
a = 2m/sec?

8 In cach of the following cases; the force F acts upon the body whose mass is m and acquires
it a uniform acceleration shown in the figures both magnitude and direction, find F

25 newlon 9 newton r‘ 76 newlon
i
Pt N
a=13 50 newton
m/sec? m m —— m a=6b
m/sec?
l | |
w w w
R
a = 3m/sec?
Figure (32) Figure (31) Figure (30)

9. In cach of the following cases; the force F acts upon the body whose mass is m and acquires
it a uniform acceleration a measured in m/sec?, find a

16 mufn 24 newlon 60 newton 72 fewlon
m = Bkg m = 6kg m = 15kg a=1
'l Wl Wl
Figure (35) Figare (M) Figure (33)
10 Abody mass 150 gm is acted upon by a force of a magnitude 4500 dyne. Find the acceleration
resulted.

1 A mass of a magnitude 20 kg is placed on a smooth horizontal plane. A horizontal force of a
magnitude F acts on it to move it with a uniform acceleration of a magnitude 49 m/sec?. Find F.

2 A car at rest of mass 4.9 tons, is acted upon by a force and its velocity gets 27 km/ h within
one minute, find the force acted upon the car in kg.wt.
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13 If the force of the engine is equal to 2.5 ton.wt and the mass of the train and the engine is
200 tons and if the train starts to move from rest, find the velocity of the train after half a minute
in pose negligence resistors,

14 Find the resistance force of the brakes to the motion of the train in kg.wt per cach ton of its
mass if the velocity is 72 km/h and the brakes stop the train after it traveled 250 meters, find
the time needed for doing that,

15 A man has pushed a car at rest of mass 980 kg with a constant force. If the velocity of the car
is 45 cm/sec after 5 seconds, find in kg.wt the force by which the man has pushed the car if
the resistance is S0 kg.wt.

16 Find the horizontal force by which an engine of a train of mass 245 tons is pulled to speed up
its velocity into 18 km/h after it covers a distance of one kilometer on a horizontal railroad
if the resistance force is 4 kg.wt ton,

17 A constant horizontal force of a magnitude 1 ton.wt acts upon a car of mass 4 tons moving
on a horizontal road. If the car starts to move from rest and reaches a velocity of 4.9 m/sec
in 10 seconds. Find the magnitude of the resistance acting on the car.

18 Abody of mass 2 kg is acted upon by the forces iT =4i+2], i-: =-i + ) wherethe

magnitude of F is in newton. Find the magnitude of the acceleration

-

19 The force F acts upon a body of mass 500 gm to acquire it an acceleration a where
a =50 +2]

j if a is measured in m/sec?, find the magnitude of F in newton.

20 Find the acceleration vector ) which a body of mass 2 kg, acquires if the next forces act
uponil?T =2 Yis 3; + 4£T=: =i+ 53 + 2I:ifFisinnc\nonunil.

:Zi'l‘hcforocsf=ai +bj +ck .TT:=2 i -3 ) +« k actonabody of a mass 2 kg, to

~

acquire it an acceleration a =4 i+ k_Find a,b,cif Finnewton and a is in m/sec’.

22 A body of mass 3 kg moves under the action of 3 coplanar forces F. =21 -b J,
—F: =a i+ ; -F: =3 i +2 ; where i . ; are two unit vectors perpendicular in the
planc of the forces. If the displacement vector is given as a function of time by the relation
T =@+ 1)i « (22 +3) ], identify the two constants a and b.

’33Abodyofmassm:(2(~5)kgandpositionvcctor_|" = (%tz +1-5)C where vector

C 1S a constant unit,vector r is measured in meter and t is the time in second, find:

First: the two vectors of velocity and acceleration of the body at any moment t.
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Second: the magnitude of the force acting upon the body when t = 10 seconds

24 A metal ball of mass 150 kg moves with a uniform velocity 12 m/sec within a dusty medium
such that the dust sticks to its surface at a constant rate of 0.5 gm per second. Find the mass
of the ball and the force acting upon it at any moment t in dyne.

25 A metal ball of mass 10 gm moves in a straight line within a dusty medium such that the dust
sticks to its surface at a rate of | gm per second. If the displacement of this ball at the end
of a time interval is S = (® + 31) i where i is a unit vector in the direction of its motion,
find the force acting upon the ball at any moment t and calculate its magnitude when t =
3 seconds given that the magnitude of the displacement is measured in cm.

26 A body of variable mass moves in a straight line and its mass at any moment t is equal to m=

(4t 1) gm and its displacement vector is given by the relation T =2 i where i is
a constant unit vector parallel to the straight line, tis the time in second and S is the distance
in cm, find:

8 the momentum vector of this body.

b the magnitude of the force acting upon the body when t = 4.

27 Aforce F=3t+ 1 acts upon a body at rest of mass, 4 kg starting its motion at the origin point

"O" on the straight line.
a Find Vwhent = 2 seconds.
b Find S whent = 2seconds , given that F is in newton unit.

28 Find the least acceleration by which a man of mass 75 kg can slide on a survival rope from
a fire if the rope cannot stand tension more than 50 kg.wt. Find the velocity of the man after
landing 30 meters given that the acceleration is uniform.

29 A bullet of mass 20 gm collides with a constant barrier of wood when its velocity was 700
m/sec to embed in it for a distance of 5 cm. Calculate the resistance of wood supposing it is
constant in kg.wt.

30 A body of mass 2 kg is let to fall from a height of 10 meters toward a sandy ground to embed
in it for a distance of Sem. Find the sand resistance supposing it is constant in kg, wt.

31 A train of mass 245 tons (including the engine) moves with a uniform acceleration of
a magnitude 15 cm/sec? on a horizontal straight rail road. If air resistance and friction are
75 kg.wt per cach ton of the train’s mass, find the force of the engine in kg wt. If the last car
of the train of mass 49 tons is separated after the train moved from rest for 4.9 minutes, find
the time taken by the separated car until it stops.
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Newton's Third Law

Unit Two

2-4

-
&S
You will learn "..\J'ﬂ.’ a cla: \\ » bring a pressure s e
3 The pressure and reac and place it on the roof of a lift. Then stand on '
won the scale while the lift is at rest and have your
2Lt motion classmate record the scale readings as you stand on
the pressure scale. Let the lift move upwards and
have your classmate record any change occurring —
in the scale readings. After that, stop the lift and Figuee (36)
record the readings once more. Then let the lift descend and have your
classmate record the readings of the scale when any change occurs in
the readings. Repeat this experiment alternately with your classmate.
Record the scale readings as you and your classmate stand on the scale
in each phase of the scale: at rest, ascending and descending.
What is your interpretation of the scale readings in each phase?

Key terms ¢ 2

Y Newtons third low E'u —

3 Pressure 1 - Newtons third law

» Reaction To every action, there is a reaction equal in magnitude and opposite in
o e direction.

e 2 - Pressure and reaction N,

Y Pressure scale

When we place a body of mass m on a
rested horizontal plane, then the body acts
on the plane with a pressure force equal, in
this case, to the weight of the body and a
force of reaction is generated for the plane
acting upon the body completely equal to
the pressure exerted by the body on the
plane and the two forces are opposite in direction but
equal in the magnitude completely. The pressure of
the body on the plane changes as the plane moves up
or down. The pressure in this case is known as the
Materials apparent weight.

3 Scientific calculator Lift motion

e The lift motion is considered the most well known
application of the reaction when a person of mass m
stands in a lift of mass m’, then there is a system of
forces acting upon each of them.

y Balance

Py
Figure (37)

3 Spring scale

Figure (38)

3 Pressure scale
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R e ke

The forces acting on the person inside the lift

There are two forces acting upon the person inside the lift:

1« The weight of the person = mg (it acts vertically downwards
whatever the direction of the lift is)

2 = The reaction of the lift on the person = R
(it acts vertically upwards whatever the direction of the lifts is).

The equation of a person's motion -
When the lift is at rest or moves uniformly (constant velocity upwards l
or downwards)then, mg=N | mg
| ) Figure (39)
When the lift moves up with acceleration of a magnitude a, the equation of the person's
motion is | ma:N-n\gﬁ

When the lift moves down with acceleration of a magnitude a, the equation of the person’s
motionis m a =mg-N 1

Critical thinking: What do you expect about the reaction of the I
lift on the person if the lift falls with an acceleration equal to the )
gravitational acceleration?

The forces acts on the lift only if the person is inside it (Figure 40) ~
There are three forces acting on the lift as a person s inside it: v
1 = The weight of the liftonly = m" g (it acts vertically

downwards whatever the direction of the lift is)
2 = The pressure of the person on the floor of the lift = P

(it acts vertically downwards whatever the direction of the lift is) ¢
3 = The tension in the wire carrying the lift = T m g

(it acts vertically upwards whatever the direction of the lift is) Figure (40)
The equation of the lift's motion 1

As moving up with an acceleration of a magnitude a, the equation of I

the lift's motionis | m'a =T -P-m' g

As moving down with an acceleration of a magnitude a, the equation

of the lift's motion is m a=mg+P-T @
The forces acting on a system ( the lift and the person
together) (Figure 41) A
There are two forces acting on both the lift and the person: i
1 = the weight of the system (lift and person) = (m « m') g )
(it acts vertically downwards whatever the direction of the lift is) (m tm)g

Figure (41)

2 = ‘The tension in the wire carrying the lift = T

(it acts vertically upwards whatever the direction of the lift is)
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Note:
The pressure of the person on the floor of the lift is equal and opposite to the reaction
of the lift on the person

The equation of the motion of the a system
As moving up with an acceleration of a magnitude a, the equation of the motion of the lift is
m-+m)a=T-(m-+m)g

As moving down with an acceleration of a magnitude a, the equation of the motion of the lift
sm+m)a=m+m)g-T

Spring Scale

When a body of mass m is suspended in a spring scale fixed in the D
ceiling of a lift, then the reading of the scale expresses the tension

occurring in the spring. L

Pressure scale Figure (42)
When a body of mass m is placed on a pressure scale fixed in the floor of a lift,
then the reading of the scale expresses the pressure of the body on the scale.

I |
!

I—

Figure (45) Figure (44)

1 = If the reading of the scale > the real weight T > mg , N > mg, then the lift is moving
upwards with an positive acceleration or moving downwards with negative acceleration.

2 - If the reading of the scale < the real weight T<mg , N < mg, then the lift is
moving downwards with an positive acceleration or moving upwards with a negative
acceleration.

3 = If the reading of the scale = the real weight T =mg , N = mg, then the lift is ¢ither
at rest or moving with a uniform velocity. The readings of the spring scale or pressure
scale are called the apparent weight.

Notice that

If the lift moves upwards with a uniform acceleration and moves downwards with the

same acceleration, then:

the reading of the scale when moving upwards - reading of the scale when moving

down wards = twice the real weight.
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The balance WO —

The balance is the only machine that can measure the real
weight in all conditions.

0 Example

1 A man of mass 80 kg is inside a lift. Calculate in kg.wt the pressure
of the man on the floor of the left in each of the following:
1 - Moving upwards with a uniform acceleration of magnitude 49 cnv/ sec?,
2 - Moving with a uniform velocity of magnitude 80 cm/ sec.
3 - Moving downwards with a uniform acceleration of magnitude 98 cmy/ sec?.

Figure (46)

O Solution
The pressure exerted by the man on the floor of the lift is equal in magnitude to the reaction
of the lift on the man.
1 = The lift moves upwards with an acceleration of magnitude 049 m/ sec?.
Joma = N -mg N
80 « 049 = N -80 ~ 98 t
*“N= 80049 « 80 « 98
N = 823.2 newton N = Bdkg.wt
2 = The lift moves with a uniform velocity.
Sa=0 mg ¥

SN =mg g = 80 kg.wt
3 = The lift moves downwards with a uniform acceleration of magnitude 0.98 m/sec’.
ma=mg - N
80 < 098 = 80 ~ 98 - N
N =80 ~98 - 80 « 098 N = 705.6 newton, N= 72kg

k) Try to solve
1. Aperson of mass 60 kg is inside a lift. Calculate in kg.wt the pressure of the person on the
floor of the left in cach of the following cases:
1 = If the lift is at rest.
2 - The lift moves upwards with an uniform acceleration of magnitude 49 cm/sec’.
3 = The lift moves downwards with an uniform acceleration of magnitude 49 cm/sec?,
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& Example

2 ' A body is suspended by a string in a spring scale fixed at the top of a lift moving upwards.
If the magnitude of tension in the string during ascending with an uniform acceleration of
magnitude 245 m/sec? is equal 1o 50 kg.wt, find the mass of the body. What is the magnitude
of tension if the lift moves down with the same acceleration?

©» Solution —Ii
b
L
T

First: the lift moves upwards with an acceleration 2.45 m/sec?
the equation of motion: ma = T - mg
mx 245 = 50 < 98 -mx 98
m(245 + 98) = 50 « 98 m = 40 kg

Second: the lift moves downwards with an acceleration 245 m/sec’.

the equation of motion: ma =mg - T ms
Figure (48)

40 245 =40-98 - T

T=40098 - 245) T = 294 newton T = 30kg.wt

] Try to solve

2. A body of real weight 240 kg.wt is suspended in a spring scale fixed at the top of a lift and its
apparent weight is 276 kg wt according to the reading of the spring scale. Show that the acceleration
of motion of the lift has two values, then find them and determine the direction of the motion.

D Exampte

3 Alift moves vertically upwards with a uniform acceleration of a 140 cm/sec?. and a person
is inside the left. If the pressure of the person on the floor of the lift is equal 1o 72 kg.wt.
calcaulte the mass of the person, then find the magnitude of his pressure on the floor of
the lift as he moves downwards with the same acceleration.

O Solution

First: The lift moves up with acceleration a = 1.4 m/sec’. N

the equation of motion: ma = g -mg
mx=14=72x98 -m~x 98

Som= 63 kg
Second: the lift moves down with acceleration a = 1.4 m/sec?,
the equation of motion: ma =mg - N mg "

63 « 14 =63 «98 -N
N=63098 -14) .. N = 5202 newton
N = 54kgwt SO
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E) Try to solve

3. A man of mass 70 kg is inside an electrical lift of mass 420 kg. If the lift moves vertically
upwards with an acceleration of uniform 70 cm/sec?,
find in kg.wt the magnitude for cach of the tension in the rope carrying the lift and the
pressure of the man on the floor of the lift.

D Example

4 A body is suspended in a spring scale fixed at the top of a lift. It is noticed that when the lift
moves up with acceleration a m/ sec?, the reading of the scale is 8 kg.wt and when the lift
moves down with acceleration 2 a m/sec? the reading of the scale is 5 kg.wt.

Calculate of a if the steel wire carrying the lift cannot stand tension more than 1.2 ton.
wi. Find the maximum load that the lift can stand as it moves up with acceleration a
given that the mass of the lift as it is empty is 600 kg.

©» Solution
First: The lift moves up with acceleration a
the equation of motion: ma = T -mg l
ma=8x98 -m~x 98 ‘f
ma=(8 -m) « 98 (n 3
Second: The lift moves down with acceleration 2 a
the equation of motionma=mg - T
2ma =m~x 98 - 5« 98 mg
2ma = (m - §) « 98 (2) Figure (48)
From (1) and (2) we find that
2ma (m - s5) ~ 98
ma (8 - m) « 98
=m 5
8 m
m-5=16-2m 3m= 21
Som= Tkg T
from (1) we find that I
7a =98 a = L4 misec’,
Third:
Suppose the maximum load that can be placed inside the lift of
mass m kg
Hence, the tension in the wire carrying the lift is equal to 1200 kg.wt
The equation of motion:(m + m)a=T - (m + m’)g

-2

So(m o+ 600) < 1.4 = 1200 < 98 - (m + 600) « 98
So(m o+ 600) < 112 = 1200 < 98 m - mg
m+ 600 = 1050 m = 450kg Figure (51)

179
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Newton's Laws

E) Try to solve

4. Abody is suspended in a spring scale fixed at the top of a lift to record 17 kg.wt. When the
lift moves up with a uniform acceleration 1.5 a m/ sec? and the scale records 16 kg.wt as the
lift moves down with a the acceleration negative uniform of magnitude a m/sec’. Find the
mass of the body and the magnitude of a.

90\? Exercises 2-4 @

Complete each of the following:
1. A body of mass 70 kg is placed on a pressure scale on the floor of a lift moving with a
uniform acceleration 1.4 m/sec? downwards, then the reading of the scale is. kg.wt.

2. Abody is suspended in the hook of a spring scale fixed at the top of a lift to record 390 kg.wt
as the lift moves up:
if the acceleration of motion is - 70 cmv/sec?, then the mass of the body is. gm.
If the mass of the body is 350 gm, then the acceleration of motion is. cm/sec?’,

3. Aperson stands on a pressure scale fixed at the floor of a lift the scale reads 75 kg.wt. As the
lift moves up with acceleration a m/sec’, and reads 69 kg.wt as the lift moves down with the

same acceleration, then the real weight of the person is. kg.wt.
4. A child stands on a pressure scale inside a lift moving downwards with acceleration
1.4 m/sec?,
If the reading of the scale is 30 kg.wt, then the weight of the child is =. kg.wt
If the weight of the child is 49 kg.wt, then the reading of the scale is. kg.wt
Answer the following questions:

5. A person of mass 80 kg stands on a pressure scale fixed in the floor of a lift. Find the scale
reading in each of the following cases:
@ The lift moves with a uniform velocity.

b The lift moves upwards with negative acceleration of magnitude 44.1 cmv/sec?,

€ The lift moves downwards with an uniform acceleration of magnitude 29.4 cm/sec?,
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Newton's Third Law 2- 4

6. A body of mass m is suspended in a spring scale fixed at the top of a lift. Find m in each of
the following cases:

@ The lift moves upwards with an uniform acceleration of magnitude 98 cm/sec? and the
scale reading is 44 gm.wit.

b The lift moves downwards with an uniform acceleration of magnitude 140 cm/sec? and
the scale reading is 210 gm.wt.

€ The lift is at rest and the scale reading is 100 gm.wt.

7. An electric lift moves vertically upwards in a retarded motion with a uniform acceleration
of magnitude a m/sec?, and there is a spring scale fixed at its top carrying a body of weight
35 kg. If the apparent weight which the scale shows is of magnitude 30 kg.wt, find the value
of a.

8 A body is placed on a pressure scale on the floor of a lift to record reading 14 kg.wt as the
lift was at rest. Find in kg.wt the scale reading when it moves vertically upwards with a
uniform acceleration of 70 cm/sec?.

9. A body of mass 94.5 kg is placed in a box of mass 52.5 kg, then raised vertically upwards
by a movable rope with an acceleration of magnitude 1.4 m/sec’. Find the magnitude of the
pressure of the body on the box base and the magnitude of the tension in the rope carrying
the box. If the rope is cut, find the pressure of the body on the box base on that time.,

10 An electrical lift of mass 350 kg.wt moves vertically downwards with a negative uniform
acceleration of magnitude 49 cm/sec? and there is a person of weight 70 kg.wt inside it. Find
the magnitude for each of the pressure of the person on the floor of the lift and the tension in
the rope carrying the lift in kg.wt.

11 Abody is suspended in a spring scale fixed at the top of a lift. The scale reading is 7 kg.wt when
the lift is at rest. Then the scale reads 8 kg.wt when the lift moves vertically with a uniform
acceleration. Find the magnitude and direction of the acceleration in which the lift moves.

12 A body is suspended in a spring scale fixed at the top of a lift if the scale reads 16 gm.wt,
when the lift moves up with acceleration of uniform a cm/sec’, and the reads 11 gm.wt when
the lift moves downwards with acceleration of uniform 1.5 a cm /sec’. Find the mass of the
body and acceleration a, then calculate the scale reading when the lift moves downward with
a acceleration uniform negative of magnitude % a cm/sec?.
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2-5

You will learn

» The motion of a body

on an inclined plane

Key terms

yinclined plane

3 Smooth plane

Materials

3 scientific calculator

A’ I —

Motion of a body on
a smooth inclined plane

od planc nclines
m&ehuhodalwmmnmglednwm If hi body cted upon by
a force of magnitude F newton in the direction of the line of the greatest
slope upwards the plane, then determine the direction of the motion of
this body and what acts on the direction of the motion

Motion of a body on a smooth inclined plane
Let a body of mass m moves on a
smooth plane inclined to the horizontal
with an angle of measure @ under the
action of a force of magnitude F acting
in the direction of the line of the greatest
slope of the plane upwards, then we
notice that the body is under the action
of the following three forces:
1 = The given force and acting in the
direction of the line of the greatest  Figuee (52) mg
slope to the plane upwards and its magnitude is F.
2 = The weight of the body acting vertically downwards of magnitude m g.
3 = The reaction of the plane acting in a perpendicular direction to the
plane upwards of magnitude N,
By analyzing the weight into two component: one of them is in the
direction of the plane downwards and the other is in the perpendicular
direction 1o it.
The component is in the direction of the plane = mg sin 6.
The component is in the perpendicular direction to the plane =mg cos 6
then, we have three cases that rely on the comparison among F, mg sin
0 with the same unit .
First case: If F > mg sin 0, then the
body moves with a uniform acceleration
a upwards the plane and the equation of
its motion is m a = F -mg sin 6
If the action of the force F is ceased after
passing time t from the beginning of the
motion, then the body moves upwards
the plane ( the same previous direction)
but with a retarded acceleration a” where
a=-gsinf
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The body inevitably reaches an instantancous rest, then it changes the direction of its motion
downwards the plane with an increasing acceleration of magnitude g sin 6.

Second case: If F < mg sin @ the body moves with a uniform acceleration a downwards the
plane and its equation of motion N
ma=mgsin@-F

Third case: If F =mg sin 6, then the body preserves its rest state

on the plane. But if the body has acquired a uniform velocity 0
V in the direction of the plane upwards of dowm\ard's. then the ¢~$
body moves on the plane in the direction of V' with a uniform
velocity according to Newton's first law.

@ Example

1. A body of mass 12 kg is placed on a smooth plane inclines
at 30°, to the horizontal. A force of magnitude 88.8 newton acts in the direction of the line
of the greatest slope upwards the plane. Find the velocity of this body after 14 seconds from
the beginning of the motion. If the force acting on the body is ceased at this moment, find
the distance which the body moves on the plane after that until it is at rest.

O Solution
“ R = 88.8 newton
mgsin® =12 < 98 «
= 58.8 newton
F > mgsin®
The body moves upwards the plane with a uniform
acceleration a

1 |

Equation of motion:

ma =F -mgsin@ .
12a =888- 58,'8 Figare (55) MB  mgcos O
a = 2.5 m/sec”

V. =V +at=0 +25 =14 =35 m/sec

After leasing the action of the force, the body moves in the same previous direction with a
uniform retardation a°

Equation of motion:

ma  =-mg sin6

@ =-98 x 3 =-49 misec?

the body travels a distance S until it reaches the instantancous rest where

v =v?+2aS$

0 =(35°-2+49S

S =125 meters
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Newton's Laws

k) Try to solve

lAbodyo" s 32.5 kg is placed on a smooth plane inclines with an angle of measure 6, where
cos 0 =3, AfomcofmgnimchlSmmmindlcdircctionoflhclincoflhcgma!cst
slope to the plane upwards, find the magnitude and direction of the acceleration of motion, then
find the velocity of the body after 8 seconds from the beginning of the motion.

7D Example

2 A body of mass 25 kg is placed on a smooth plane inclines with an angle of measure ¢ where
tan @ = 3. A horizontal force of magnitude 30 kg.wt, acts in the direction of the plane and its
||mofact|onh¢smthc\cmcalplmc[msmg(hmughu\cllmofdwgmalcslslopctomcpm

Find the acceleration generated acceleration and the magnitude of the reaction force of the plane.
5

O Solution
FcosO = 30 x ‘—-Iskgm wsin@ = 25 « %smkg.wl A
Fcos6<wsm9 3
. The body moves downwards the plane with a uniform acceleration a where
ma =mgsin® -Fcos O
25a = (20-18) <98
= B 2
a = l2sm/soc
N FslnG mg cos 6

= 30-3 + 25 g = 9 kgwt

4

A

k) Try to solve

2. A body of mass 2 kg moves on the line of the greatest
slope of a smooth plane inclines at 60° to the horizontal ~ Fwre (56 ™8 mgcos 0
under the action of a force of magnitude 1 kg.wt directed towards the plane and makes an
angle of measure 30° to the horizontal upwards. Find the magnitude of the reaction force of
the plane on the body and the acceleration of motion.

0 Example
3 Abody of mass 30 kg moves upwards a smooth inclined plane inclined at 30 to the horizontal
under the action of a force of magnitude F newtons in the direction of the line of the greatest
slope upwards with an acceleration of magnitude 1.5 m/sec®. Find the accclcmlum by which

this body moves on the same plane under the action of a force of magnnude 5 Newton and
acts in the direction of the line of the greatest slope upwards.

N F

> Solution
The equation motion of the first case
ma = F -mgsin@
% 30%15=F-30 98 <} ot

thenF =192 newton .. sF=96N |

mg
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Motionof abodyon asmoothinclinedplane 2- S

mgsin@=147N . 1F<mgsin® .. The motion downward of plane
The equation motion of the second case

N
ma = LF -mgsin@ F
s 300 =96-30x98x) - at=-1.7 misec?
k) Try to solve wg
3. Abody of mass 200 kg moves upwards a smooth 4% S0 m g cos 0

1 |=—

inclined plane inclines at 30° to the horizontal under
the action of a force F of magnitude F newton in the
direction of the line of the greatest slope upwards
with an acceleration of magnitude 2m/sec?. If this force is reduced into a half, then the body
. Find the magnitude and direction with an acceleration which the moves of the body on the
same place.

mg

?;9 Exercises 2-5 P;Q

L
Complete the following: %
1. In the Figure drawn: the mass of the body placed on the
smooth plane is 2 kg and starts to move from rest under the
action of the force F whose magnitude is 1.5 kg.wt
a The acceleration of motion =, m/ sec’ and its 130 ‘ X

direction is.
b The velocity of the body after 4 seconds of starting 1o Fisere (55) ME

move

€ The reaction of the plane =. kg.wt.
2. In the Figure drawn: the mass of the body placed on a "
smooth planc is m = 12 kg. It starts to move from rest
under the action of the force F whose magnitude is 8 kg.wt.
8 The acceleration of motion =, m/sec?, and its 0 Y

direction is.
b The distance which the body travels on the plane in 3
seconds from the beginning of the motion is. meters  Figure (59) 3
€ The reaction of the plane =. kg.wt

Choose the correct answer:

30 A cyclist and his cycle of mass 85 kg move with a uniform
acceleration of magnitude 0.5 m/sec’, then the force used to occur
this acceleration is:

a 425kgwmt b 425 newton
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Newton's Laws

€ 170 kg.wt d 170 newton.
‘4 A car on a road of negligible resistances with acceleration of magnitude 147 m/sec’. If the
force of the engine is 150 kg.wt, then the mass of the car is equal to:
a 102kg b 100 kg
€ 1000 kg d 220.5kg.

I

5. If a body moves on a smooth inclined plane and inclines with an angle of measure 6 under
the action of its weight only, then its acceleration of motion

is equal to:
a g b gcos@
€ gsin@ d zero.

(6. If a body moves on a smooth inclined plane under the action <0
of its weight only, then its acceleration is only based on: .
8 jts mass b its weight

€ the angle of inclination of the plane d the reaction of the plane.

Answer the following questions:

7. A body of mass 10 kg is placed on a smooth plane inclines with an angle of sine 3 to

the horizontal. A force of magnitude 80 newtons acts in the direction of the line of the
greatest slope upwards. Find the magnitude and direction of the acceleration generated and
the magnitude of the reaction of the normal.

8. A body of mass 1 kg is placed on a smooth plane inclines at 30° to the horizontal. A force
of magnitude 10 newtons acts in the direction of the line of the greatest slope of the plane
upwards. Find the acceleration of motion and the reaction of the plane on the body.

9. A body of mass 16 kg is placed on a smooth plane inclines at 45°, to the horizontal. A
horizontal force of magnitude 24 newtons acts toward the plane and its line of action lies
in the vertical plane passing through the line of the greatest slope to the plane. Find the
magnitude of the acceleration of the motion and the reaction of the plane.

10 Creative thinking: A
In the opposite Figure: AM is a vertical radius, AB , AC
are two chords representing two smooth rods in the circle
where  AC > AB. Two beads slid from rest from point A g
such that one bead on the chord AB  to reach B after time t,
and the other bead on the chord AC to reach C after time C
1,. find the value of the ratio t,: t,.
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Motion of a body on LI
a rough plane 2 -0

lntrod q'”// . . K

In your previous study of friction, you knew that when you try to move SERTEEERURFENEY
a body on a rough plane, the friction force appears as a resistance force

acting in an opposite direction to the direction which the body intends
to move in this force keeping completely equal. The tangential force

acting to move the body increases, the more the friction force increases
until it remains equal to this force until it reaches the maximum value.
At this time, the body is about to move. If the tangential force acting
to move the body increases, it can move the body and the friction force
then changes and its value decreases as the body starts to move on that
time. The friction force is called the Kinetic friction and the coefficient
of friction in this case is the coefficient of the kinetic friction.

nﬂ Key terms
Learn

uu » Rough plane

Motion on a rough plane s Kinetic friction

If the body is in equilibrium on a rough plane under the action of a BEREISEEE
force acting to move it, then the friction force is the static friction force
and the coefficient of friction in this case is the coefficient of the static
friction 4 . But if the body moves on a rough plane, then the coefficient
of the friction is the coefficient of the Kinetic friction 4, .

aﬁmph

1. Arough inclined plane of length 250 cm and height 150 cm, another
body at rest is placed on it to slide downwards the plane and the
acceleration of motion is equal to 196 cm/sec?. Find the coefficient
of the Kinetic friction, then find the velocity of the body after it
travels (cuts) 200 cm on the plane.

Materials

s Scientific calculator

» Computer graphics
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Newton's Laws
> Solution .
N =mgcosO = % mg N

The body moves downwards with a uniform acceleration

ma =mgsin6 - 4 N

&
< S mg o“&,‘ o

=3 .
I%m-smg Hy R
196 =2 « 980 - g« + « 980 <
S
Hy =3 r N
A2 =V2.2aS mg llgcose
V2 =0+ 2«19 =« 200 5
Figure (61) 3

v = 280 cm /sec A

-+

E) Try to solve

(1. The boxes at a factory are transported by sliding them on an inclined plane of length 15 m
and height 9 m. Find the velocity of the box which starts it motion from rest at the top of the
plane at the base of the plane if the plane is smooth and the coefficient of the Kinetic friction
is equal to :'I

’ Example
2 A body of mass 12 kg. is placed on a rough horizontal plane. If the coefficient of the static
p—
friction between the body and the plane is equal to * ; whereas the coefficient of the kinetic

v 3

friction is equal to . then calculate the force which make the body about to move, then

find the force which make the body move with an acceleration of magnitude % m/sec? if
the force inclines at 30° to the horizontal.

©» Solution
First: The force makes the body about to move N
N+Fsin3 =W

N = (12- 1 F) kgwt sy P i

F 30
Feos30 = uN HgN < -
Yy 3 _"’T ,_l'
7 el o
3F = 24-F I
F = 6 kg.wt

Third Form Secondary \ Student Book
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Motion of a body on a rough plane 2 -6

Second: The force moves the body with an acceleration of magnitude % m/sec?
* N =mg - Fsin30 ie. N=(12 98 -1 F) newton

m a =Fcos30 - USN
X "9',-5 - -Q.Q X -‘l
12 % F 5 4(!2 9.8 2F)
1293 5B E_3/7 <98
20 N

F =94.08 newton
k) Try to solve

1 In the previous example, calculate the magnitude of the force F if the force acting on the
body is horizontal.
(7D Example
3 A body of weight 800 newtons is placed on a rough inclined plane inclines at 25° to the
horizontal and the coefficient of the static friction between the body and the plane is equal
to 0.35 and the coefficient of the Kinetic friction is equal to 0.25. Find the force which the
acts on the body and in the line of the greatest slope N
upwards in each of the following cases:
@ F the force which that makes the body starting of

moves. _
b F the force which that force P the body of moves. QPs
€ F prevents the body from sliding. otp
where F acts in the direction of the line of the ‘ N
greatest slope upwards the plane. _ 0
Figure (63) - m g cos
O» Solution s

a - Power that make the body starts movement is the same power that will make it on
the verge of movement
g =mg cos 0
F = U N +mgsin @
= 0.35 ~mgcos @ + mgsin @
= 0.35 » 800 cos 25 + 800 sin 25
= 591.86 newton
b The force that keeps the body moving is the force that
keeps the movement after the a start and then be regular
movement
F = u N -mgsin6
= 0.25 ~mgcos 6 +mgsin@
= 0.25 « 800 cos 25 + 800 sin 25 e o mgeonl
=~ 519.36 newton e

Applied mathematics
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Newton's Laws

€ The force F prevents the body from sliding %
N =mg cos 6
F+UN  =mgsin
F + 0.35 «mgcos @ =mg sin 0

F = 800sin 25 - 0.35 « 800 cos 25 o®
I = 84.33 newton 0 =
E) Try to solve Figure (64) (o> mg cos 0

2. In the previous example, calculate the magnitude of the force F if it is horizontal in all cases.

-
9;? Exercises 2 -6 g?
1. In each of the following figures, a body of mass 5 kg is placed on a rough horizontal plane

and the cocfficient of the kinetic friction between the body and the body 4, , calculate 4, in
cach case, F is the kinetic force.

a b <
N
N‘ . ) .8""\“\“: @mm .
a =2 m/sec” — ] a=1 m/sec’
e e @ >
newlon
Pa -
. 2 newton - - - @;mmn
T s f
5g s 5g
Figure (66)
Figure (65) Figure (67)
d d f
N
a =3 misec’ 1 @ '41 t a=2w
» = ¢
F e : ; ;
- - poa—
+ »F 5
9 v
5
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Motion of a body on a rough plane 2 -6

@m

toN

Figure (71) 8
Figure (72)

2. A body of mass 1 ton is needed to drag into a rough plane inclines with an angle of measure

€ where tan 0 = % to the horizontal by a force parallel to the plane in the direction of the
line of the greatest slope upwards, Find the coefficient of the Kinetic friction between the
body and the plane if the least force needed 1o move this body on the plane is of magnitude
1400 kg.wt.

3. Abody of mass 2 kg is placed on a rough horizontal plane and the coefficient of the kinetic
friction between the body and the plane is % Find the horizontal force making the body

move with a uniform acceleration a where:

8 a = Sm/sec? D a = Im/sec?

4. A body of weight 10 kg.wt is placed on a rough horizontal plane. A force of magnitude

37 newtons acts on this body to move it on the horizontal plane with a uniform acceleration
of magnitude 5 m/sec?, Find the coefficient of the kinctic friction between the body and the
plane.

5. Abody of mass 2 kg is placed on a rough horizontal plane and inclines at 30" to the horizontal.

A horizontal force of magnitude 20 newtons acts on the body towards the plane, then the
body moves in a uniform velocity. Find the coefficient of the Kinetic friction between the
body and the plane.

6. A body slides on a rough plane inclind at 45° to the horizontal. If the coefficient of the

Al-Ashraaf Printing House Applied mathematics

kinetic friction between the body and the plane is equal to % prove that the time taken by
the body to travel any distance is equal to twice the time taken by the body to travel the same
distance if the plane is smooth supposing the body starts to slide from rest in both cases.
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You will learn ‘ v UDLT I ! &
> Siple pulieys force needed 1o lift a body, ease the motion and to change
s Motion of a system of the direction of a force. There are fixed pulleys and movable

Rl Rl pulleys, in this unit. You are going 1o learn a system of
vertically by a string

passing over a smooth pU“C)\ Of a constant w"cy
pulley When the pulley is small and smooth, then the tension on
>Motion of @ system both sides of the pulley is equal. The following Figure shows

of two bodies one of

which moves the forces acting as we lift a bag (body) using a pulley.
smooth horiz
tadre and :' gy The force acting on both ends of the string  Forces acting on the pulley
moves vertically
y Motion of a system
of two bodies one of ':b. force i Tersion force in the T i
which moveson o m“ *‘!“N"'N! 2 1
gh } N tab - ning / T
rou wovizontal table

and the other moves

vertically [H (mumm)

y Motion of a system 1on on bott When the m i

:.': .'0‘:!1)' bodies one ides of the d the M M its "w is
of which moves on

is equal
smooth inclined plane F-h

and the other moves Figure (74)

vertically
» Motion of a system

of two bodies one of n u Learn

which moveson a

rough inclined plane Motion of a system of two bodies suspended vertically
b e by a string passing over a smooth pulley

The motion of two bodies connected by a string passing
over a smooth pulley and suspended vertically

If two bodies of masses m,, m, are connected by the two ends of an
inclastic light string passing over a smooth small pulley, suspended
vertically and m, > m, , then the system starts to move from rest with a
uniform acceleration of magnitude a.

vertically

Materials

y Scientific calculator

y Computer graphics
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— Simple pulley 2 -7

Equation of motion

ma=mg-T ma=T-m,g

By adding the two equations by eliminating the tension, then acceleration

of motion can be calculated: - 'y

(m, + my)a=(m, -m,) g -(m' m')g *, A

Thus, from any two equations, we find the tension T in the string L

When the string is cut:

If the string connecting two bodies is cut after time t, then both bodies -

move in their same previous directions before the string is cut.

1) The mass m, moves downwards with initial velocity V (itis the same ¥
velocity at the moment the string is cut) and under the action of the mg
gravitational acceleration.

2) The mass m, moves upwards with initial velocity V(it is the same Figure (75) "
velocity at the moment the string is cut) until it
reaches an instantancous rest under the action of o
the gravitational acceleration, then it falls freely. If the system starts
the motion and the
The pressure on the pulley twe mams are b
When the two masses are hanged up by the ends \ one horizontal plane
of the string passing over the pulley, the string gets and the distance
tensioned due to the tension exerted on the string and covered after time of
a pressure force generated on the axis of the pulley is magnitude t is equal
to S unit length, then

equal to the resultant of the two forces of the tension

in the string. P = 2T the vertical distance

between the two

Similar cases (1) masses at the same
In the drawn case: time is equal to 2 8§
(m, + my)>m,,ifm, < m, then the e
equation of motion

(m +my)a=(m +m)g-T
ma=T-mg

When the additional mass is separated

If the mass m, is separated after time of magnitude t seconds, then the system
moves in the same previous direction, but with a retarded acceleration
(deceleration) until it instantancously rests, then changes its direction to find
the deceleration motion after the mass m, is separated, we find the equation

of motion
ma =mg-T (m, = m)g
ma =T -m,g Figure (77)

Al-Ashraaf Printing House Applied mathematics




7 1N

Newton's Laws

After the mass m, gets separated, the system moves with initial velocity which is the velocity
it acquired at the moment of separation and reached the instantancous rest, then changes the
direction of its motion and rebounds to gets mass m, to be the leading.

The tension in the string between the two masses

In the previous Figure, if the two masses m, , m, are tied by another string
then the tensions are as shown in Figure (78) and
the equations of motion are:

ma =mg+T -T

ma =mg-T

Similar cases (2)

Ifm, = m, =m Figure (79)

i.e. the two masses are equal in this case, the
system does not move, But if a mass of magnitude
m is added to onc mass of both, then the
system moves in the direction of the two masses
(m + m’) and the equations of motion
m-m)a=m-+m)g-T

ma=T -mg =
when the additional mass is separated: Figure (79) (M + m')g
If the additional mass m’ is separated after time

of magnitude t second, then the system moves in the same previous
direction with a uniform velocity which is the velocity it acquired
during t second t (the velocity at the moment of separating mass m’)
Similar cases (3) Figure (80)

If the two masses m, , m, are hanged up in the ends of a string and we
do not know which of the two masses is heavier and we let the mass m,
acquire a velocity of magnitude V downwards and the system moves, then

Figure (78)

we have three cases H
1) If the system returns back to its original position after time of
magnitude t then we deduce that m, < m, and the system moves
with deceleration until it instantancously rests, then changes the
direction of its motion the acceleration of motion can be deduced ™28
from the given data where the initial velocity is the velocity which Figure (s0) " B

the mass m,, acquired and the final velocity = 0, timc:%

2) If the system moves uniformly with a constant velocity which is the velocity the mass m,
acquired, we can deduce that the two masses are equal m, = m,, and the motion belongs to

Newton's first law.

3) Ifthe system moves uniformly with an increasing acceleration, we deduce that m, > m,,
and the motion can be studied to find the equations of motion
ma=mg-T ma=T-m,g

194
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Simple pulley 2-7

@ Sxnmpie

1. Two bodies of masses m,, m,, where m > m, are connected by the ends of a string passing
over a smooth pulley and the two bodies are at the same height from the ground at the beginning
of motion, after one second, the vertical distance between them is 20 em. Find m;: m,

> Solution

At the beginning of motion, the two bodies were in a one horizontal plane and after a second
the vertical distance between them was 20 cm.

'.S=§?=I0cm v S=Veedag
10 =0~%-all a = 20cm/sec’
equation of motion

ma=mg-T ma=T-mg T
By adding, we find that

(m; + m)a =(m -m)g

20(m; + my) = 980(m, - m,) —

m, + m, =49(m, - m,)

m, + m, =49m, - 49m, "8 v
Figure (81) ™8

S0 m, = 48 m,

RN = % m;: m,= 25:24

m, - :

E] Try to solve

1. Two bodies of masses 21 gm and 28 gm are connected by the two ends of a string passing
over a smooth small pulley. If the system moves from rest, find the acceleration of the set,
the magnitude of the tension in the string, and the velocity of the system after two seconds
from the beginning of motion.

D Examie

2 Two bodies of masses 105 gm and 70 gm are connected by the two ends of a light string of
constant length passing over a smooth small pulley and suspended vertically. If the system
starts to move from rest when the two masses are on one horizontal plane, find the magnitude
of the acceleration of motion of the system. If the first body is impinged against the ground
after it traveled 50 ¢cm, find the total time taken by the second body from the beginning of
motion until it instantancously rests.
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©» Solution

Equation of motion:

105a =105 < 980 - T

T0a =T - 70 =« 980

By adding the two equations, we find that

175a = 35 « 980 T
a = 196 cm/sec?

At the moment the body of mass 105 gm impings against the

ground, it takes time t,

V2=V2i+2a$

V2=0+2 « 196 ~« 50

V = 140 cm/sec 70 < 980 '

V =V «at 105 ~ 980
140= 0 + 1961 oo

t = 3 seconds

Whe Jn body of mass 105 gm impings against the ground, the body of mass 70 gm, moves
vertically upwards with a gravitational acceleration beginning with velocity V, = 140 cm/
sec. 1o rest instantaneously after time t,

V. =V, + gt

5

= 140 - 9801
t = % seconds
. The body of mass 70 gm takes time of magnitude t to reach the instantancous rest from
the beginning of motion
wheret=1, +t, = % ' % = gsoconds

) Try to solve
2. Alight string passes over a fixed smooth pulley and a body of mass 90 gm is suspended in
one end of the string while the other end is connected by a body of 70 gm. If the system starts
moving from rest when the mass 90 gm is at a height of 245 ¢m from the ground, find:
8 The time taken until the mass 90 gm reaches the ground.
b The time taken until the string gets tensioned once more.

’ Example

3 Two bodies of mass 5 kg and 3 kg are connected by the two ends of a light string passing
over a smooth pulley. The system starts to move from rest when the two bodies are in the
same horizontal plane at a height of 245 ¢m on the ground and after one second from the
beginning of motion, the string is cut. Find the acceleration of motion and the velocity of the
two bodies as they reach the ground.
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O Solution
Equations of motion:
Sa=5x98-T (n
Ja=T-3«98 (2)
By adding, we find that
8a =2 x98
sooa= 245 misec’
at the moment the string is cut

V =V_+at

=0+« 245 « | = 245 m/sec

- v lag
S =V 5 at 3 x 98

=0+ 1 %245 « 1 = 1.225 meters S x98
after the string is cut Figure (83)

the body of mass S kg moves vertically downwards

V,=245m/sec, g = 98 misec?, S = 245 - 1.225 = 1.225 meters

V2 =V2i2gS

" V2 = (2450 + 2 x 98 x 1.225

RA L 492':;? m/sec

the body of mass 3 kg moves vertically upwards free from a point distant S from the ground
surface to reach an instantancous rest, then it turns back passing through the starting point of
motion, then to the ground surface.

V.=245m/sec , g =-98misec’, S = - (245 + 1225)= - 3675

sV2 mv2iie2gS

(2450 + 2 « -98 x - 3675

Vv = 49413 pygec
20

E) Try to solve

3. A light string of constant length passes over a fixed smooth small pulley and is connected
to two masses 20, 12 gm suspended vertically. Find the acceleration of the motion of the
system and the tension in the string if the system starts moving from rest and the string is
cut after two minutes from the beginning of the motion. Determine the maximum height the
mass 12 gm can reach from its original position at the beginning of motion.

D Exampe

4 ' Alight string passes over a smooth vertical pulley and a body of mass 40 gm is connected by
one of its ends and two bodies the mass of each is 30 gm are connected by the other end of
the string. The system is let to move from rest. After one second from the beginning of the
motion, one of the two small masses is separated from the system. Find the distance traveled
by the mass 49 gm from the beginning of the motion until it reaches an instantancous rest.
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O Solution
Equations of motion:
60a =60 ~98 -T
40 a =T - 40 « 980
By adding the equations, we find that
100a = 20 ~ 980

a = 196 cm/sec?
The moment of separating the small mass
\Y =V, +at

0« 196 < 1 = 196 cm/sec

Vot + %al2

-0'%x|96nl-98cm

After the separation of the small mass - equations of motion
400 =T - 40 « 980

40 ~ 980

sl 60 ~ 980 Figure (84)

0a =30+98 -T

By adding the equations, we find that
70 a = - 10 » 980

a = - 140 cmv/sec?

i.¢. the system moves in the same previous direction before the
small mass is separated but with deceleration until it reaches the

instantancous rest after it covers a distance S,, then changes its 40 ~ 980
motion. . 30 ~ 980

V¢ =2V?e+2a8 Figure (85)
0 = (196)° - 2 « 1408, 2 8,=1372¢em

.. the mass 40 gm moves upwards for a distance S before it rests instantancously where S
=S, + S, = 2352cm

k) Try to solve

‘4. A light string passes over a smooth small pulley and carries two weights 235 gm and 20 gm
connected together by a string in an end such that the weight 20 is placed below the weight 235
and in the other end of the string a weight of magnitude 235 gm is connected. Calculate the
common acceleration if the system moves from rest. If the string carring the weight 20 gm is cut
after the system covers a distance of 45 cm and the weight 235 descending at a distance of 90 cm
above the ground then, calculate the time taken by this weight to reach the ground.
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Motion of a system of two bodies one of which is on a horizontal table
and the other moves vertically downwards

If two bodies of masses m, m, are connected by the two ends of a light inelastic string passing
over a smooth small pulley such that the body of mass m, is placed on a horizontal plane and the
body of mass m is suspended vertically.

First: the smooth horizontal plane

Equations of motion

ma =mg-T

ma =T

By adding the two equations, the tension is eliminated and

then the acceleration of motion can be calculated
m, Figure (86)

m,+ mz) &

then, from any two equations, we find the tension T in the string

When the string is cut:

If the string connecting two bodies is cut after time t, then each of the two bodies moves in the

same previous direction before the string is cut.

1= The mass m, moves downwards with initial velocity V( it is the same velocity at the moment
the string is cut) and under the action of the gravitational acceleration.

2= The mass m, moves on the plane with a uniform velocity V(it is the same velocity at the
moment the string is cut).

The pressure on the pulley

(m + my)a=mg S A= (

When the two masses are connected by the ends of the string passing T <
over the pulley, the string gets tensioned due to the tension occurring ﬁ
in the string and a pressure force is generated on the axis of the pulley 1
equal to the resultant of the two forces of tension in the string. The °

pressurc on the pulley =2 T

Second: The rough horizontal plane

If 4, is the coefficient of the Kinetic friction, then

N =m,g

Equations of motion

ma =mg-T

ma =T- 4N

By adding the two equation and eliminating the tension
then the acceleration of motion can be calculated

(m, + m)a =mg - MUN

then, from any two equations, we find the tension T in
the string when the string is cut.
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If the string connecting the two bodies after time t is cut, then each of the two bodies moves at
the same previous direction before the string is cut.

1

2

The mass m, moves down with initial velocity V(it is the same velocity at the moment the string is
cut) under the action of the gravitational acceleration.

The mass m, moves upon the plane with initial velocity V( it is the same velocity at the
moment the string is cut) with uniform deceleration until it rests the deceleration motion can
be deduced from the equation of motion.

m,a = - N

(D Example
5 Abody of mass 45 gm is placed on a horizontal table and is connected by a string whose

> Solution
Equations of motion
4da=4 <980 -T (n
45a =T (2)

other end is connected by a body of 4 gm suspended vertically and the string passes over
a smooth pulley at the edge of the table. Find the common acceleration for the system, the
tension in the string and the pressure on the pulley.

By adding the two equations, we find that
49 a =4 « 980
a = 80 cm /sec?
from(2) T = 45 « 80 dyne
R = 3600 dyne
the pressure on the pulley = V2 T
= 3600 /2 dyne

k) Try to solve

5. Abody of mass 400 gm is placed on a smooth horizontal table, then connected by a light string

passing over a smooth small pulley at the edge of the table. Another body of weight 90 gm
suspended vertically is connected by the end of the string. Find the common acceleration of
the two bodies, the tension in the string, and the pressure on the pulley.

D Exampte

6 A body of 60 gm is placed on a rough horizontal table, then connected by a string passing

over a smooth pulley at the edge of the plane and a body of mass 38 gm is connected by the
other end of the string. If the system moves from rest to travel a distance of 70 ¢cm in one
second, calculate the coefficient of friction if the string is cut at this moment. Calculate the
distance which the first mass moves after that on the plane until it rests.
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‘< S =V_t‘:l,-at
'.70=0»%xaxl

a = 140 cm/sec?

N = 60 ~ 980 dyne

Equations of motion

38a =38g-T

38 « 140 = 38 « 980 - T (n

60 a =T- uN

60 140 = T - u » 60 = 980 (2)

from (1), (2) by adding, we find that

98 140 = 38 x 980 - 4, * 60 x 980

M= §
At the moment the string is cut
V =V, +at
=0+ 140 x|
V = 140 cnv/sec
After the string is cut
the mass 60 gm moves with deceleration on the
rough plane until it rests,
Equation of motion
ma = - U N

60a = -2 x 60 x 980

5
a = - 392 ¢cm/sec?
v? =V?2+2a$
S0 = (1400 - 2 « 3928
S =25¢cm

) Try to solve

6. A body of mass 63 gm is placed on a rough horizontal table and connected by a horizontal
string passing over a smooth small pulley fixed at the edge of the table. Another body of
mass 35 g at a height of 280 ¢m above the ground is connected by the other end of the string.
If the coefficient of the kinetic friction between the body and the plane is equal to % find
the velocity by which the mass 35 gm reaches the ground surface and the distance the mass
63 gm moves until it rests.
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0 Example
7 ' A body of mass 400 gm is placed on a smooth horizontal table connected from two sides by
two strings one of them passes over a smooth pulley fixed at the edge of the table distant 150
¢m from the body and a body of 200 gm is suspended vertically from it and the other string
passes over another smooth pulley fixed at the opposite edge of the table and at distance80cm
from the mass 400 gm and abody of 100 gm is suspended vertically from it such that the two
pulleys and the body between them are colinear. If the system starts to move from rest and

the string carrying the mass 200 gm is cut after one second from the motion, find when the
mass 400 gm reaches the edge of the table.

O Solution
Equations of motion
200a = 200 « 980 - T,
400a =T, -T,
100a =T, - 100 x 980
By adding the equation, we

find that
700a = 100 « 980
a = 140 cm/sec?
At the moment the stringiscut 400 + 980 200 ~ 980
off
Vv =v =+ al
=0+ 140 =« 1 = 140 cm/sec
S = vl ~% at?

=0+1 x140 x 1 = 70cm

i.c. the mass 400 gm is distant 150 - 70 = 80 ¢cm from the edge of the table.

After the string is cut, the system moves with deceleration which can be deduced by the new
equations of motion which are:

400 o =-T,

100 o =T, - 100 = 980
So500a = <100 < 980

o = - 196 cnv/sec?
V2 =v2.2aS

0 = (1400 - 2 < 196 S
S = S0cm

Vv =V, +at

0 = 140 - 196t

L =%=%s¢c
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i.c.lhcmass-i()()gminslmlarmmlymaﬂcr% mtdfmnthcm(mudlc{mgncmw
itis distant 80 - 50 = 30 cm from the edge and 80 + 70 + 50 = 200 cm from the other edge.
Now, the system changes the direction of its motion and moves in the opposite direction
with acceleration starting from rest.

S =Vi+lag

“200=0+ 35 x 19608 .-.n,=179

. the mass 400 gm reaches the edge after time of magnitude 1 + ; + % =27—23ecomis

0|

k) Try to solve

7. Abody of mass 14 kg is placed on a rough horizontal plane and the coefficient of the kinetic
friction between them is % . the body is connected from two sides by two light strings one of
them passes over a smooth pulley at the edge of the plane and a body of 35 kg is suspended
vertically from it and the second string passes over another smooth pulley at the oppsite edge
of the plane and a body of 21 kg is suspended vertically from it such that the two pulleys and
the body between them are colinear. If the system moves from rest and all the parts of the
string are tensioned when the mass 35 kg is at a height of 21 ¢m above the ground surface,
find its velocity when it impings against the ground.

The motion of two bodies connected by a N

string passing over a smooth pulley one of

T
them on an inclined plane and the other o
suspended vertically o
Two bodies of masses m, m, are connected by two ends - g
of an inclastic light string passing over a smooth small g '

pulley such that the body of m,, is placed on an inclined  pigure 92) m,g m, g cos O

plane inclines with an angle of measure @ to the horizontal

and the other body is suspended vertically. If m, > m, then the body placed on the plane moves
up the plane and the equations of motion are:

ma =mg-T

ma =T-m,gsin@

Adding the equations by eliminating the tension, the acceleration a of motion can be obtained
and so can the tension in the string when the string connecting the two bodies is cut, the mass
m, moves vertically downwards with a gravitational acceleration starting with the velocity at
the moment the string is cut. The mass m, moves on the inclined plane at the same previous
direction with deceleration starting with the velocity at the moment the string is cut until it
instantaneously rests, then changes the direction of its motion.

The vertical distance between two masses:

If the system starts to move, the two masses m,, m, are at a singular horizontal plane and the
system traveled a distance S, then the vertical distance between the two masses is equal to
S (1 + sin ) where 6 is the angle of inclination of the plane to the horizontal .
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The pressure on the pulley. _

If the tension T in the string and ¢ is the measure of the angle of inclination

of the plane to the horizontal, then the pressure on the axis of the pulley is T

the resultant of the two equal tensions in the string. P
P=2Tcm—g— =2Tcos(902—9)=1‘ V2 +2in@ Figure (93) L
0 Example

8 Abody of mass 3 kg is placed at the lowest point of a smooth inclined plane of length 210
cm and height 140 ecm. This body is connected with another body of mass 4 kg by a string
of length 210 ¢m, coincident to the line of the greatest slope of the plane and the other body
is suspended at the upper edge of the plane. If the system starts to move from rest until the
greater mass reaches the ground and gets at rest, find the distance which the small mass
moves on the plane before it stops supposing that its motion is not acted as the greater mass
impinges against the ground.
> Solution

‘*4g>3gsinf

.. The direction of motion as shown in Figure (94)
The equations of motion of the system:

4a =4 -T

3a=T-3gsin@

By adding the two equations, we find that

73-(4-3n;—':g).9_8 Pigare (94) mg Igcos O

a = 2.8 m/sec? 210

Calculate the velocity of the body 4 kg to reach the ground 140

V2=V2,2a$ A
=0+2x28x14

V = 2.8 m/sec

After the body 4 kg reaches the ground, the body 3 kg moves on the plane with deceleration.

The equation of the motion of the body moving on the inclined plane

3Jaa = -3gsinf

Soa o= - ?8—5 m/sec?

We find the distance which the body moves on the plane until it rests:

V2 =V2+2aS$

0  =(282-2x73%S

S = 0.6 meters

. The mass 3 kg rests instantancously at a distance of two meters from the base of the
inclined plane.
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E) Try to solve

8 A smooth inclined plane inclines to the horizontal with an angle of sine % and a body of mass
210 gm is placed on this plane and connected by a light string passing over a smooth small
pulley at the top of the plane and its other end carries a pan of mass 70 gm, on which a body
of mass 210 gm. If the system starts to move from rest, find the tension in the string and the
pressure on the pan in kg.wt. If the body is placed far from the pan after seven seconds from
the beginning of the motion, prove that the system instantaneously rests after 8 seconds more,

(P Rxampie

9 A body of mass | kg is placed on a rough inclined plane inclines to the horizontal with an
angle of measure 6 where sin 6 = % and coefficient of the Kinetic friction between the body
and the plane is equal to * _,2 . The body is connected by a string coincident on the line of

the greatest slope of the plane and passes over a smooth pulley at the top of the plane and

suspends vertically to carry a body of mass 3 kg, in its end. Find the pressure on the axis of
the pulley, if the system starts to move from rest and after the mass | kg travels a distance of

1.8 meters on the plane, the string connecting the two masses is cut.

Find the total distance which mass 1 kg traveled on the plane before it rests instantancously.
> Solution
““3g> gsinf
.. The direction of motion as shown in Figure (95)
N =gcosB
=98 x 22
= 92 pewton

The equations of motion

Ja=3g-T (N

a =T-uUN-gsnb (2)

By adding the two equations, we find that
4a =3g - N - gsinb 1
4a =3x98.Y2 982 _gg.1 A

a = 49 m/sec’ - - 22
From (1) we find that T = 14.7 newtons

P =JV2TJ 1 +sinf@ =1472 = ,2_ = 496 pewtons

At the moment the string is cut V3 .

V2 =V2.2a8S=0+2x49x18

V = 42 m/sec

After the string is cut, the body moving on the plane moves with deceleration until it
instantancously rests.
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The equation of molmn of the body moving on an inclined plane.

ma = - N -mgsin@

I xa =.»’;’-"<93;:5-|-9.8-%

a = -9.8 m/sec?

Vv? =V2.+2a$

0 = (42)7 -2 « 988 s S = 09 meters

.. The mass travels a distance of magnitude 1.8 « 0.9 = 2.7 meters until it instantancously rests.

) Try to solve
9. A body of mass 1 kg is placed on a rough plane inclines to the horizontal with an angle of
measure @ where sin @ = 1 and is connected by a light string passing over a smooth pulley

at the top of the plane such tha( a pan of mass 400 gm holds a mass of magnitude 100 gm,

is suspended from the other end. If the coefficient of friction between the body and the plane

is equal to -% and the system is let 1o move from rest and the string is coincident on the line

of the greatest slope of the plane, find the pressure of the mass on the pan. If another mass of
magnitude 100 gm is placed in the pan after one second from the beginning of motion, find the
pressure exerted on the pan at this moment and the distance which the system travels within

the successive three seconds:

-
90? Exercises 2 - 7 9};
Complete the following:
1. Two bodies the mass of each 3 kg, are connected by the ends of an
inclastic light string passing over a smooth small pulley. If the system

acquires a velocity of magnitude 2 mv/sec, then:
8 The acceleration a =

b The tension in the string T =. kg.wt
€ The distance which one of the two masses travels within one Figure (96)
second from the beginning of motion is. meters.

2. In the opposite Figure: if the system moves from rest, then:
a The acceleration of the system =, m/sec?
b The velocity of the system after 2 sec =. m/sec
€ If the mass 2m is separated from the system after 2 seconds, then
the systems moves after that with acceleration =,
d The distance traveled by the mass m within 5 seconds from the
beginning of motion =,
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3. Two masses each of a magnitude 420 gm one of them is placed in a pan
of mass 140 gm. and the system moves from rest, then:

a8 Acceleration =. cm/sec’
b Tension in the string =, gm.wt
€ Pressure on the axis of the pulley =. gm.wit
d Pressure on the pan =. gm.wit
‘4. In the opposite Figure: two bodies of masses m and 2 m are connected e aad o

by the ends of a string passing over a smooth small pulley and the system moves from rest
when the two bodies are in a horizontal plane.
a Acceleration =. m/sec’.

b Pressure on the pulley =. kg.wt.
€ Velocity of the system after % seconds from the beginning of the ¢
motion =, m/sec.

d  Vertical distance between the two bodies after % seconds from the
beginning of motion =, meters.

@ If the string is cut after % seconds from the beginning of motion,

2 ' : mg 2mg
then the mass m reaches the instantancous rest after time of Figare (99)
magnitude. seconds.
f If the distance between the two bodies after time t second as the string is cut becomes
12.25 meters, then t =, seconds.
If a smooth horizontal plane group moved from sleep
5. In the opposite Figure:
aa= m/sec’
b T = kg.wt
€ The pressure on the pulley = kg.wt
d The distance traveled after 2 seconds = meters

The velocity of the system after 2 seconds = m/sec
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‘6. In the opposite Figure:
The body 3 kg is placed on the inclined smooth plane
and connected by the body 4 kg suspended vertically.
Complete:

>

@ The acceleration of the system =. m/sec”
b Tension in the string =. newton
€ The pressure on the pulley =. newton
Answer the following questions:
7. In each of the following

figures find:
8 The acceleration.

b The tension in the
string.

€ The pressure on the
pulley. 2g 58 58 58 900 g 500 g
Figure (104) Flgure (103) Figure (102)

8. Two bodies of masses 5 kg and 3 kg are connected by the ends of a string passing over a
smooth small pulley and the system is kept in equilibrium and the two parts of the string are
vertical. If the system is let to move, find the magnitude of its acceleration, and the pressure
exerted on the pulley, then identify the velocity of the body whose mass is 5 kg when is lands

40 cm.

9. Two bodies of masses m, m, where m, > m, are connected by the ends of a string passing
over a smooth pulley. If the system moves with acceleration 196 cm/sec?, find m: m,.

10 Two masses 3m, m are connected by the ends of a light string passing over a smooth pulley
and the system is kept in an equilibrium state and the two parts of the string are vertical. If
the system is let to move from rest when the vertical distance between the two masses is 160
c¢m and the mass m is below the mass 3 m, find the time at which the two masses are in one
horizontal plane.

11 Two pans each of mass 210 gm are connected by the ends of a light string passing on a
smooth small pulley and suspended vertically. A body of mass 700 gm is placed in a pan and
a body of mass 840 gm is placed in the other pan. Find the acceleration of the system and the
pressure on both pans.
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12 Two masses Sm, 2m are connected by the ends of a string passing over a smooth small
pulley and the system is kept in an equilibrium state and the two parts of the string are
vertical. If the system is let to move from rest, find the acceleration of the system. If the
pressure on the axis of the pulley is equal to 112 newtons, find the value of m.

13 Two bodies of masses 420 gm and 560 gm are connected by the ends of a light string
passing over a smooth small pulley. The system starts to move from rest when the two
bodies are in the same horizontal plane. After passing one second, the string connecting
them is cut. Calculate the distance between the two masses after passing another second
from the moment of cutting the string.

14 Abody of mass 4 kg is placed on a rough plane inclined at 30° to the horizontal and connected
with a string passing over a smooth small pulley at the top of the plane. A body of mass m
suspends from the other end of the string. If the mass 4 kg moves from rest on the plane
upwards for a distance of 560 ¢cm in 2 seconds. Find the magnitude of m given that the
coefficient of the Kinetic friction between the body and the plane is equal to '/_ . Then find
the magnitude of the pressure on the axis of the pulley.

13 A body of mass 400 gm, is placed on a smooth horizontal table, then connected by a light
string passing over a smooth pulley fixed at the edge of the table and carries a body of
mass 90 gm in its end. Find the acceleration of the system, the tension in the string, and the
pressure on the pulley.

16 A, B are two bodies of masses 200 gm and 45 gm respectively. The body A is placed on a
smooth horizontal table of height 90 ¢m and distance 270 ¢m from the edge of the table and
connected by a light string of length 270 ¢cm passing over a small pulley fixed at the edge of
the table. The body B is connected by the other end of the string at the edge of the table. If
the body B is displaced quietly to fall from the edge of the table, find the time taken by the
body A after that to reach the edge of the table.

17 A body of mass 200 gm is placed on a rough horizontal table and the coefficient of the
kinctic friction between them is equal to % . It is then connected by a light string passing
over a smooth pulley fixed at the edge of the table and a body of mass 200 gm is suspended
from the other end of the string and a height of 1 meter above the ground surface. If the
system moves from rest, calculate:

@ The pressure on the pulley in newton.
b The velocity of the impact of the suspended mass against the ground surface.
€ The distance which the mass, placed on the table, moves until it rests,
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UNITESUMMARY:

The momentum of a body at a moment is a vector quantity whose magnitude is equal to
the product of the mass of this body by its velocity at this moment and its direction is the
direction of the velocity itself.
“H =mV
2 The change of the momentum of a body =m(;: - ;T )

AH =mJ" adt

If the acceleration a is a function of time t

3 Newton's first law: Every body preservers in its state of rest or of moving uniformly except

in so far as it is made to change that state by an external effect,

4 Inertia principle: Every body, as much as in it lies, endeavors 1o preserve its present state,

whether it be of rest or of moving uniformly forward in a straight line.

5 Force: Newton's first law includes a definition to the force as it is the effect which changes or
acts on changing the state of the body whether of rest or of moving uniformly forward
in a straight line.

6 Newton's second law: The rate of change of momentum with respect to the time is proportional
to the acting force and takes place in the direction in which the force is
acting.

7 The equation of motion of a body whose mass is m and moves with a uniform acceleration a

ma =X F
where £ F i the resultant of the forces acting on the body

> Ifa = id‘li then the equation of motion is in the form:

JP Fdr=m S av
> Ifa = V%lhcn the equation of motion is in the form:

S ds =m )" vav
# If the mass is variable, then the equation of motion is in the form:

d
F= —_
T (mv)

8 The units used with the equation of motion
m(kg).a ( m/sec®) = F ( newton)
m(gm) a (cm/sec’) = F (dyne)
9 Newton's third law
To every action, there is a reaction equal in magnitude and opposite in direction.
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7 P/

v L

(m+m)g mg
the forces acting on the lift the forces acting on the lift the forces acting on the
and the person together and the person is inside person inside the lift
Figure (107) Figure (106) P Figure (105)
Simple pulleys: .
» Equations of motion T *
ma=meg-T

ma=T-m,g
The pressure on the pulley = 2T

» Equations of motion m8 m e
ma=mg-T Figure (108)
mya=T T
The pressure on the pulley = T2 T

Figure (109)

» Equations of motion
ma=mg-T

mya =T - mygsin@ T o
The pressure on the pulley =2 Tcos & =T /2 26n6 o7 / T
) o
X
o¥

£ e

Figure (110)
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Complete the following:

a\
X

'\
2,
N
3,
PN
4,

PN

3,

N

‘/

b

7

Answer the following questions:

N
8,

o\
I,

10

GENERALIEXERCISES

A body of mass 40 kg, then its weight is:
8 Inkgwt
b In newton.

A body moves with velocity of magnitude 135 km/h then it travels. meters per
second.

An inclined plane of length 200 cm and height 150 ¢m then the two sines of its angle of
inclination to the horizontal are.

A body of mass 8 tons moves with a uniform velocity and the resistance per ton mass is 4.5
kg.wit then the force in newton is

A body of mass 35 kg, is placed on a pressure scale fixed in the roof of a lift moving
with velocity of magnitude 4 m/sec and the scale reading is 343 newton, then the distance
traveled by the lift in 7 seconds is... meters.

147 newton =, kg.wt

I kg.wt =, newlon

A rubber ball of mass 200 gm is vertically thrown with velocity 30 m/
sec 1o collide with a vertical wall and rebound with velocity 26 m/sec.
Find the change in the momentum of the ball due to the impact in kg
m/sec

A car of mass 6 tons moves under the action of a
resistance proportional to the square of the velocity.
If the resistance is 5 kg.wt per ton when the car's
velocity is 36 km/h. Find the force of the engine if
the maximum velocity of this car is 40 m/sec.

A train of mass 160 tons starts to move from
rest from a train station. The force of the engine
increases with a magnitude 4 ton.wt more than
the total resistance of the train when the velocity
reaches 44.1 km/h. The train keeps moving with this
velocity a period of time, then the driver presses the
bracks to acquire the train deceleration of magnitude 17.5 cm/sec’. The train stops at the
next station at a distance of 4998 meters from the station from which the train moves. Find
the time taken 1o travel the distance between the two stations.

Third Form Secondary Student Book




GENERALIEXERCISES

A light string passes over a smooth small pulley. A body of mass 800 gm is suspended at an
end of the string and a spring scale of mass 400 gm, is connected by a body of mass m gm is
suspended at the other end of the string. If the system moves from rest and the scale reading
during the motion is 160 gm.wt, find the value of m.

12 Two masses of 1300 and 600 gm are placed on a smooth horizontal plane and connected
by a string tensioned between them of length 50 cm. Then a mass of 600 gm is connected
by another string along the first string and passes over a smooth pulley fixed at the edge
of the plane near 1o the second mass. A mass of magnitude 100 gm suspended vertically is
connected by the other end. Find the magnitude of the acceleration of the system and the
magnitude of tension in each of the two strings, if the string connecting the first two bodes
after 2 seconds from beginning the motion; what is the distance between the two bodies after
I second from the moment the string is cut?

13 Two bodies of masses 350 m gm, and mg are connected by the ends of a string passing over
a smooth small pulley and suspended vertically. The system moves from rest when the two
masses are in a horizontal plane and the pressure on the axis of the pulley is 200 gm.wt. Find
m and the vertical distance between the two bodies after one second from the beginning of
motion,

14 Two bodies each of mass m kg are connected by the ends of a light string passing over a
smooth small pulley fixed vertically and the two parts suspended vertically. When a body of
mass 2 kg is added to one body, the value of tension in the string gets % of its value in the
first case, find m.

15 A light string of a constant length passing over a smooth small pulley is fixed in one of its
ends. A body of mass 60 gm and two bodies of masses 40, 50 gm are fixed in the other end.
If the system moves from rest, find the acceleration and the tension in the string connecting
the two masses 40 gm, 50 gm. If the body of mass 50 gm is separated after 2 seconds from
the beginning of motion, prove that the system instantancously rests after two seconds from
the moment of separation.

16 Two bodies of masses 260 gm and 230 gm are connected by the ends of a string passing
over a smooth small pulley and suspended vertically. The system moves from rest when the
greater mass is at a height of 270 cm above the ground surface. Find the acceleration of
the system, the tension in the string, and the time passing until the greater mass reaches the
ground,

17 Two bodies of mass 260 gm and 230 gm are connected by the ends of a string passing over
a smooth small pulley and suspended vertically in one horizontal plane at a height of 70 cm
above the ground surface. If the system moves from rest and the string is cut after a second
from the beginning of the motion, calculate the velocity by which each of the two bodies
reach the ground surface.

For more activities and exercises www.sec3mathematics.com.eg
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Impu|se and Collision

Introduction
You have previously leamed some physical quantities by which you can describe the motion of the bodies such

as velocity, acceleration, and mass

In this unit, you are going to identify other quantities useful to describe the motion of bodies.

Some tines, you find it is quite casier to stop a small bead when it rolls over than to stop the bowling ball of the
same velocity. We find that the two bodies move retroactively in a straight line.

There is another observation, the truck does much work 1o stop suddenly although its velocity may not be high,
While small sized-cars can stop within a short distance. However its velocity may be higher than that of the truck.
From the observations above, it is clear that the velocity and mass are closely related and this is called the
momentum. Since the mass of the body is constant in most cases, the velocity always changes. The change of
velocity means acceleration of motion and, in turn, the acceleration means that there is a resultant force, i.e the
change of velocity changes the momentum.

There is another essential factor which is the time through which the force acts upon the moving body. The
force and time are two necessary factors to cause change in the momentum and their product is called impulse.
The collision of bodies is considered a practical application to the momentum. When two bodies collide in the
absence of any external effects, we find the resultant of momentum for cach of the two bodies before and after
collision is equal. As a result, the resultant of the momentum before collision is equal to the resultant of the
momentum after the collision.

There are various forms of collisions such as the elastic and inelastic collisions and you are going to learm about
in this unit,

Unit objectives

By the end of this unit and by doing all the activities involved, the student should be able to:

Identify the concept of impulse. Identify the elastic collision.
Deduce the relation between the impulse and Deduce that the sum of momentums of two
the change of momentum. bodies before collision is equal to the sum of

momentums of the two bodies after collision,
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Key Terms

* Impulse ¢ Elastic

- Momentum : Collision of smooth balls

* Impulsive forces
Unit lessons Materials
@ - 1) Impulse Scientific calculator

(3 - 2) Collision

Unit Chart

| Impulse Planning Guide
{ } i |

Impulse < Momentum Collision |
Relation - ' I x
l between them ( l
(impulsive force Elastic collision | | Inelastic collision
Measuring units
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You will learn

% The concept of impulse
yDed the relation
he impulse
and the change of

momentum

Key terms

yimpulse
»Momentum
yImpulsive forces

Materials

» Scientific calculator

- Colliding of cars on the highways.

- Colliding the wheel of planes like landing in
airports.,

In such cases, the study of the motion of the body

is an extremely difficult process due to the overlapping of the acting

factors on them and the shortness of the infinitesimal time intervals. In

this unit, you are going to learn some information specially related to

this topic to relate the position of a body before and after the occurrence

of change of its velocity vector through this activity.

'::0, Activity Typeofball Height Masimam rebound

Materials: awoodenrulerof length ~ Glassball 2 m

more than | meter and a group of  Billiardball 2 m

different balls such as a golf ball, o0y

tennis ball, billiard ball, clay ball.... Wesdbel | 2m

Construction: Let these balls fall

one after another from a constant ~ Golfball ~ 2m

height. Let it be 2 meters on the  Bowlingball 2 m

roof of marble or ceramics, then  Tepnisball 2 m

record the height which each ball

rebounds back.

Observation and deduction: Have you noticed differences in the

heights in which the different balls rebounded? Can you order the balls

according to the rebound for each in a descending order?

The difference of the distance of rebound is related to several factors

such as the change of momentum due to the impact (collision) of the

ball with the ground.

Search in the internet for impulse and momentum.

2m

Clay balt 2m

First: impulse

If force —l- of a constant magnitude acts on a body during a time
interval t, then the impulse of this force

It is denoted by the symbol t - is known as the product of force vector
by the time of its action i.¢

-— e

I = F 1
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According to such a definition, it is clear that the impulse T is a vector in the same direction
as the force vector F :
[ I =Ft J

The rclallon between the algebraic measure of lmpulsc T and the algebraic measure of the
force F can be written as follows:

Impulse 1 .3

The measuring units of the magnitude of impulse:

From the definition of the impulse, we find that:

The measuring unit of magnitude of impulse = measuring unit of magnitude of force = time
measuring unit

In the international system of units, the magnitude of the impulse is measured in newton. sec (N,
sec) It can also be measured by the product of any force by any time unit.

Furthermore, the measuring units of the magnitude of impulse can be expressed in a different
method with regarding that:

kg.wtsec , gmwtsec , ..

So, we find that: if the mass is in kg and the velocity is in m /sec, then the impulse magnitude
unit is kg.m/sec and it is the same N. sec unit.

When the mass is in gm and the velocity is in cm/sec then the impulse magnitude unit is gm.cm/
sec and it is the same dyne.sec unit

0 Example nefinition of the impulse
1. A force of magnitude 25 kg.wt acts on an object for a time interval of magnitude _II(T of
second. Find the force impulse on the body in N.sec unit.

O Solution

Impulse = Fet = 25 « 98 » ILO = 24.5 N.sec

L] Try to solve
1) A force of magnitude 10'? dyne acts on a body for a time interval 10 * % seconds, find the
force impulse on the body in N.sec

6 . Fmdmg the magmtude of lmpulse

2)Theforces F, =41 -3) + k, F, =1 +2k, F, =4) - k actonabody
fotaumclmcnralof magnnuchwconds Find the magnitude of the forces impulse on the
body if the magnitude of the forces is measured in newton unit.
¢ Solution
F=F+F+ §
=(@i-3) +k)+(i ~2k)+ (@) -k)=5i + j -2k,

—

T = F xt=S5Gi+ ) +2k)
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Impulse and Collision

Magnitude of impulse = | (257 + () + (10’ = 530 N.sec

£l Try to solve )
‘2 The force FT =2i+3j, F: = j - 5i actonabody for one second. Find the force
impulse on the body if the force magnitude is measured in newton unit.

Second: impulse and momentum e

Since the impulse of a force F of a constant magnitude on a body for a
time interval t is equal to F t and from Newton's second law, we find that:  *." v=v +at
impulse =ma-«1 Jov=v =al
Jooimpulse =m (v -v)
Where v, and v are the two algebraic measures to the two vectors of the initial velocity and
velocity after time t respectively.
i.¢ the impulse is equal to the change of momentum. But if the force is variable, then the impulse
is given by the following integration :
impulse = ./ Fdt
s o Fd = f'ma d
JFEdU =m [ (¥
=mv[ dv
0,f'Fdl =m|v |‘v.
(J'Fdl =m(v-v)

In general, impulse is equal to the change of momentum

F L ] F 3
s. & . ) 34 4 | s 4 {
Force of a varishle magnitude Force of a constant magnitude

41 41 ' * ' {
34 4 34 4
2 21 1
' 'l 4
v > >

o 1 2 3 4 5 q © 1 2 3 4 35 g

e e
Impulse = [ Fdt Impulse = [ Fdt
I I
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=z
= -

0 Example
3 ' The opposite figure represents the force-time graph where
F=1+(t-2) Find:
@ The impulse of the force F within the first three second.
b The impulse of the force F in the fifth second.
Where the magnitude of the force F is in newton and the time t

in second

- N wWeeaWV SN

> Solution
F=1+(1-2) F=t*-4t+5 01323 435"

& Impulse within the first three seconds = ,f " Fd 1
=,J (@ -41+5)dt

=[5 0-20+ 5P, = 6 Nusec

b Impulse within the first fifth seconds =, ;‘: Fdt
= J(P-41+5)dt

”
:l%t-‘-zt’ +51),° = == N.sec

L) Try to solve F
3. The opposite figure represents the force-time graph. Find using the
integration: 3

@ The impulse of the force F within the first second. 2

b The impulse of the force F within the first five seconds where ' |/ t

the force F is in newton and the time tis in second.

The impulsive forces

The impulse forces are extremely tremendous forces acting
for infinitesimal time interval and causing an extremely
tremendous change in the momentum of the body without any
acting on its position. The motion resulted at the action of these

forces is called an impulsive motion. For example, the baseball
when hit by a bat, the contact time between the bat and the ball is extremely infinitesimal although

the average of the force acting on the ball is extremely tremendous. The impulse is tremendous
enough to change the momentum of the ball with out any change in the position of the ball.
When an impulsive force acts on a body then m v | < F. t = m v, where t is an extremely

infinitesimal time interval.

myv, £ = Fe1 2 mv,
-— . — == —
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Impulse and Collision A PRSI NS ®)

0 Example Impulse and momentum

4 A body of mass 4 kg placed at rest on a smooth horizontal plane and is acted upon by a
horizontal force of magnitude 5 newtons for 8 seconds. Find the impulse magnitude on the
body and the velocity magnitude of the body after 8 seconds.

¢ Solution
.t impulse = Fe1
. impulse = 5 « 8 = 40N.s
. impulse = The change of momentum
40 = m(v -v)
40 =4(v - 0)
= 10 m/sec

L) Try to solve

‘4. A constant force of magnitude F acts on a body of mass m for - of a second to change its
velocity from 3 m/sec to 54 kmvh in the force direction and the orcc impulse is equal 10 4.8
N.sec. Find the mass of the body and the force magnitude in kg.wt.

0 Example Expressing the impulse and momentum using vectors

5 The fmcc F =2 i 7j acts on a body of mass 5 kg for 10 seconds when its velocity
vector v = i - "J Find its velocity after the action of the force if the force magnitude
is in newton unit and the velocity is in m/sec unit.

O» Solution
" impulse = change of momentum
P
'.F°I=m(\' °‘ﬂ)
S10Q20 +7))=5%~ - V) LV -y =2Q0 4 7))
=41 +14) +1 -2) v =50+ 12]

ﬂ Try to solve

5. A body of mass 3 kg moving with velocity T =5 . 21 is acted upon a constant force
for a time interval t and the force impulse on the body is equal to 6 i i+9j J . Find the velocity
of the body after the action of the force if the velocity is in m/sec, unit and the impulse
magnitude is in N.sec unit
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Impulse 1 .3

» When a body of weight «w» falls vertically on the ground, then:

Notice that | R l
at the moment of contact

ol rashon

The pressure of the body on the ground = reaction of the ground
onthe = F + w

» When a body of weight «w» is projected vertically and collides
with the ceiling of a room, then: 0

The pressure of the body on the ceiling = reaction of the ceiling on l
3

thebody = F - w R i
13

» When a body of weight « w » is projected horizontally and collides [ —
with a vertical wall, then:
The pressure of the body on the wall = reaction of the wall on the
body = F
Where F is the magnitude of the impulsive force in each of the
cases above.,

0 Example The vertical motion

6 A rubber ball of mass % kg fell down from a height of 10 meters above the ground and
rebounded after collided with the ground for a height of 2.5 meters. Find the impulse resulted

from the collision (impact) of the ball with the ground and identify the reaction of the ground

on the ball if the contact time of the ball with the ground is —II(T of second.

©» Solution
Studying the phase of falling down Studying the phase of rebound back
v =vis2gs ovi= w2, + 2gs
v =0+2x98x10 S 0= vy -2x98 x 25
SV = [ misec SV, = Tmisec
Itis the velocity of the ball be for it contacts | .. The velocity of rebound back = 7m/sec
directly with the ground. vertically up wards
impulse = Change of momentum = m(v, - v,) V=0
= 117 - (- 14)] = 525kg. misec O ©
“impulse = F.t .. 525 = F » -L $=10m Y

10
. F = 52.5 newton g~ 9.8m /sec’ .r

9.6m /sec
s=2.5m

The reaction of the ground on the ball = impulsive
force + weight of the ball v. ¥

= 525 + } < 98 = 54.95 newton

Direction of motion
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Impulse and Collision

L) Try to solve
6. A body of mass 300 gm is projected vertically upwards with velocity 840 cm/sec from a
point placed under the ceiling of a room of magnitude 110 cm to collide (impact) with the
ceiling and bounds down to the roof of the room after 3 of second of the rebound. Find the
impulse of the ceiling to the body given that the ceiling height is 272.5 ¢m. If the contact
time is 116' find the impulsive force.

Critical thinking: A clay ball of mass 1kg fell down from a height of 40cm on a pressure scale
and the collision (impact) time is % of seconds, find the scale reading given that the ball did not
rebound after the impact.

o Example Horizontal motion

7 A ball of mass 100 gm moves horizontally with velocity 9 m/sec to collide with a vertical wall
and rebound back with velocity of magnitude 7.2 knv/ h If the contact time of the ball with the
wall is -1 of second, find the impulse of the wall to the ball and then find the pressure of the ball

10

on the wall.
O Solution v, = 9m /sec
‘

Sy = -9misec, v, = 72 % Jp = 2misec ®
-.- l - m(vz 2 \'l) Dhwrws Ty of wmotam

100 . :
=12 -(-9)] = 011 gm. m/sec

1000' l g | v.=7.2km /h
‘I=Fxt .'.0.II=F-ll—0 .

. F = LI newton = the pressure of the ball on the wall

L) Try to solve

7. Atennis ball of mass 40 gm moves horizontally with velocity of 50 cm/sec to collide with
the bat and rebounds in the opposite direction with velocity of 110 em/sec . Find the impulse
magnitude of the bat on the ball. What is the magnitude of the impulsive force of the bat on
the ball. If the contact time of the ball with the bat is % of a second?

9(:9 Exercises 3 - 1 3:9

First: Choose the correct answer:
1. If a force of magnitude 16 kg.wt acts on a body for four seconds, then the magnitude of the
force impulse in N.sec unit is equal to,
a 4 b 392 c 49 d 64

‘2. If the magnitude of the impulse of the force F on a body for 10" * seconds is equal to 10
N.sec, then the magnitude of F is equal to:
a 10" dynes b 10° dynes ¢ 10" newton d 10’ newton

222
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Pt et i < I | impulse ] . 3

3) Ifthe woforces F, = i + 5) + Tkand F, =2i - j - 2k whichF,,F,of
measured Newton unitact on a body for a time interval of magnitude 2 seconds, then the
magnitude of the impulse of the force in N.sec unit is equal to:

a 51’? b lO\r_Z.
¢ 5042 d 100,/2
‘4. If a force of constant magnitude acts up on a body for =1
a time interval as given in the figure, then the impulse § "
magnitude in N.sec unit is equal to: § 3
a g b |12 ;f :
ol t in second
¢ 2 d 50 1234567

5. If a force of magnitude 90 newton acts upon a body of mass 10 kg for five seconds, then
the magnitude of the change of the velocity of the body in the same direction of the force is

equal to:
a 45m/sec b S0m/sec
€ 90m/sec d 120 m/sec

6. A body of mass 20 kg is placed on a smooth ’
horizontal plane. If it moves under the action of
a force in a constant direction and its magnitude
changes over time as shown in the figure, then the

F in newton
g

impulse magnitude of this force after 40 seconds t in second
in N.sec unit is equal to: Ww 20 30 40
a [0 b 2000
c 3000 d 4000

Second : Answer the following questions:

7. Abullet of mass 20 gm is shot horizontally from a gun. If its path inside the gun continues
for 0.5 of a second and the magnitude of the impulsive force of the gun on the bullet is 20
newton, find the velocity of the bullet’s exit from the barrel of the gun.

8 A fast shooting mortar shoots bullets each of mass 500 gm vertically upwards. If the average
of the impulsive force of the gas in the mortar's cylinder on the ballet is 250 newton and acts
on the bullet for 0.2 of a second until the moment the bullet exits from the barrel of the mortar,
calculate the speed of the bullets of the barrel of a gun.
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Impulse and Collision

9 A rubber ball of mass 20 gm fell down from a height of 6.4 meters above the ground to
rebound vertically upwards. If the average force which the ground exerts (does) on the ball
is 182 » 10" dynes and the contact time of the ball with the ground is 0.02 of seconds, find:

@ The magnitude of the impulse of the ground to the ball
b The maximum height the ball reaches after it rebounds

10 A smooth ball of mass 200 gm moves in a straight line on a smooth horizontal ground
with velocity 10 m/sec. If the ball collided with a smooth vertical wall and rebounded with
velocity 4mv/sec, Find:

& The magnitude of impulse of the wall on the ball.
b The magnitude of the impulsive force of the wall if the contact time of the ball on the
wall is 0.05 of a second.

a1 A train car of mass 10 tons moves with velocity 18 km/h to collide (impact) with a barrier
and rebounds with velocity 9 km/ h. Find the magnitude of the impulse of the barrier on the
train car.

12 A car at rest, of mass 1 ton is pushed in the direction of its motion with a force of 200 kg.wt
for 5 seconds, then it is released freely to become at rest again after 15 seconds. Find the
magnitude of the resistance supposing it is constant in the two cases. Then find the maximum
velocity that the car reached using the relation between the impulse and momentum.

13 Aball of mass | gm is projected vertically upwards and in the direction of a ceiling of height
360 cm from the projection point with velocity of magnitude 14 mv/sec. If the ball collides
with the ceiling and rebounds back with velocity 10 m/sec, find the impulsive force of the
ceiling on the ball if the contact time of the ball with the ceiling is 0.02 of a second.

14 A fast shooting mortar shoots horizontal 600 bullets each of mass 39.2 gm a minute with
velocity 1260 km/h. Calculate the force of reaction acting on the mortar in kg.wt.

13 A ball of mass 1500 gm falls down from a height of 2.5 meters on a viscous liquid surface
to embed in it with a uniform velocity and travels for a distance of 70 ¢cm in 0.2 of a second.
Calculate the magnitude of the impulse of the liquid on the ball.

:l(;'lhcfa'ccsﬁ xa:-j.F:-3:ob;. F:

a second and the impulse of this force on the body is given by the relation T = 2 i + 4]
, Find the valuc of a, b,

=ai 23 actonabodyfor%of

17 Abody of mass 20 gm falls down from a height of 40 ¢cm above a pond surface to embed in
water for a distance 210 ¢m within one second with acceleration 2. Im/sec’. Find the impulse
of water on the body. As a result of colliding surface water.
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momentum. When two bodies collide in the absence of external effects,
then each body changes the momentum of the other body. According to
Newtons third law, the two forces are equal in magnitude and opposite
in direction. Due to the collision of the two bodies, the change of the
motion of the two bodies remains constant. This is known as momentum
conservation law. By considering that the collision is instantancous (it
takes extremely infinitesimal time), then the impulse of the first body
on the second body is equal in magnitude and opposite in direction to the
impulse of the second body on the first one.

There are several forms of collision such as the elastic collision and
inclastic collision.

First: Elastic Collision

If the deformation and generating heat due to the collision between the
two bodies do not occur (there is no loss of the Kinetic energy), it is
said the collision is elastic. For example, when a moving billiard ball
collides with a ball at rest of the same mass, we find that the first ball
rests. Meanwhile, the second ball moves with initial velocity equal to the
initial velocity of the first ball. In regard to this example, we notice that
the momentum has totally traveled from the first ball 1o the second one.

Collision of smooth balls
Through the process of the collision among bodies, you can notice that
the directional sum of the momenta before and after the collision is

equal,

Before collision Collision After collision
@ = — -
O v (w3 @ v
b) —» -— - -— -
) “ [+ - v
) —» - e — —
() [ ® v
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Impulse and Collision

In the figure above:
wlhcnmsofthcﬁmballbcm,.thcsccondballbcm, and T be the
impulse of the first ball on the second one, then llslhclmpulscoflhc
sccondballonlhcﬁmonc

Let V,, v, be the two vectors of velocity of the two balls before collision ™

dlroctly and, v, : v, , are the two vectors of the velocity of the two mo
balls after the collision directly.

i . In direct collision, the (wo
With respect to the first ball: el
*.* The change of momentum of the ball = the impulse acting on it directly are paraliel to (he
. il = line of the lime of the two
my, -my o= - | (n cemters ol the moment of
" The two vectors ‘CT .- T are parallel to the line of centers
(Since the collision is direct)
Directly before collision

A . .
.. The vector v', is also parallel to the line of the centers.

V2 Y1
With respect to the second ball: 9—* s
*.* The change of momentum of the ball = the impulse acting on it

e Directly after collision _C

-.n mq‘ » - m,\. = l 12’ . .
- - - - v 1 ' '
-l i .
*.* The two vectors v', , | are parallel to the line of centers g_“ a O_‘
(Since the collision is direct)
..The vector \—: is also parallel to the line of centers by adding (1), (2):
Lmy Ve mV) s m - myy )=
LmE e myV = my emy 3
i.e: the sum of the two momentums after the collision directly = the sum of the two momentums
before the collision directly. If two smooth balls collide, then the sum of the their two momentums
doesn’t change due to the collision.

Using the algebraic measures:

The algebraic measures can be used for the vectors of velocity and impulse. This means that the

three previous can be reformulated as follows:

mv,-mv, =-I|

my V- myv, =1
Vitmvy,=mv, +myv,

0 Example
1 Two smooth balls each of mass 200 gm move in a straight line on a smooth horizontal plane;
the first with velocity 4 m/ sec and the second with velocity 6 mv/sec in the same direction of the
first ball. If the two balls collide, identify the velocity for each of them directly after collision
given that the impulse magnitude of the second ball on the first is equal to 5 < 10* dyne.sec.

226

Third Form Secondary | Student Book
|



' s Collision 2 . 3

O Solution
We take a constant unit vector C_ in the direction
of the two velocities directly before collision and
consider it in the positive direction.

*." The impulse of the second ball on the first ball
is in the positive direction.

I =5 « 10* dynes.sec.

, The impulse of the first ball on the second is in

the negative direction.

1= -5 » 10° dynes.sec.

With respect to the first ball:

clEm (V- v) s S 100 = 200(3, - 400)

250 = v, - 400 o v, = 650 cmisec = 6.5 misec

With respect to the second ball:

ClEm (V- v) s -5 % 100 = 200(v, - 600)

Soo=250 =V, - 600 v, = 350 ¢ misec = 3.5 misec

e : the two balls move directly after the collision in the same direction; the first with

velocity 6.5 m/sec and the second with velocity 3.5m/sec

L) Try to solve

1. Two smooth balls each of mass 200 gm move in one straight line on horizontal ground; the
first with velocity 5 m/sec and the second with velocity 9 m/sec in the same direction of the
first. If the two balls collide, identify the velocity of each directly after collision given that
the impulse magnitude of the second ball on the first is equal to 0.6 < 10° dyne.sec

@ Example (. .iicion of balls)

2 Two balls of masses 100 gm, S0 gm move in one horizontal straight line in two opposite directions.
The two balls collided when the velocity of the first was of magnitude S0cmy/sec and the velocity
of the second was of magnitude 30 cnvsec. If the second ball rebounded back directly after
collision with velocity = 40 cm/sec, find the magnitude and direction of the velocity of the first
ball directly after collision and the impulse magnitude for any of the two balls ont the other.

© Solution Q.L

First: Let the direction of the velocity of the first ball 30 cmisec 50 cm/sec

before collision in the direction of the unit vector C. e

*.* The sum of the two momentums before collision = the colliim
sum of the two momentums after collision

SOmp VMV, = m v, oeomy VY ” e
100 < 50 - 50 = 30 = 100 v*, + 50 ~ 40

. ) e 40 cm/sec
v', = 15 cm/sec in the direction of the unit vector C it self i

227

Second ball First ball

Al-Ashraaf Printing House Applied mathematics



Impulse and Collision

Second:

We find the impulse of the first ball on the second ball.

The impulse of the first ball on the second ball = the change of momentum of the second
ball

I=m(v, -v,)

I = 50(40 - (-30)) = 3500 gm. cm/sec

Second: Inelastic collision

The inelastic collision means that a deformation takes place. Heat is generated or the bodies get
contacted due to the collision process (loss of Kinetic energy occurs).

In spite of it all, the momentum after and before collision remains as it is without change.

And the momentum conservation equation is in form: (in case the two bodies contacted)

— — - -
m, v, +myv, =(m +m) v, (by using vectors)
m v, + myv,=(m, + myv (by using algebraic measures)

Common practical examples of the inclastic collision are the collision of train cars and a hammer
falling down on the wedge used to drill the foundations.

0 Example Collision of train cars

3 A train car of mass 10 tons moves with velocity 20 m/sec It collides with another train car
at rest of mass 10 tons. If both cars move directly after collision as one body, calculate their
common velocity at this moment.

> Solution —
Let the mass of the moving car be m, v, = 20 m/sec At rest

Thenm, = 10tons = 10000kg with velocity v,
where 1 v, = 20 m/sec
Let the mass of the car at rest be m,

m, = 10tons = 10000 kg with velocity v, = zero.
Consider the velocity of the first body before collision is positive and the common velocity
of the two bodies directly after collision is v

*.* Sum of the two momentums before collision = sum of two momentums after collision
m v, + myv, =(m + my)v

10000 « 20 « 10000 = zero = (10000 « 10000) =« v

200000 = 20000v

sov= 10 m/sec in the direction of the motion of the first car it self

L) Try to solve

2. A train car of mass 6 tons moves with velocity 25 m/sec and collides with another train
car of mass 3 tons. If the two cars move directly after collision as one body, calculate their
common velocity at this moment.
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o Example
4 ' An iron hammer of mass 210 kg falls down from a height of 90 ¢cm on a foundation pole of
mass 140 kg to push it in the ground for a distance of 18 cm. If the hammer and pole move

as one body directly after collision, find the common velocity of each, then find in kg.wt the
average of the ground resistance supposing it is constant.

O Solution
First: the velocity of the hammer hitting the foundation pole Hammer
v=v2s2gs
vi=2x98 %09 : §I
v = 42 misec P ’i'“"

Foundation
pole

Second: the moment of collision
mv, +mv,=(m + m,v
210 < 42 + 140 « zero = 350 v
Sov= 252 misec

Ground
surface

Third: after collision
The two bodies are one body moving with acceleration a for a distance 0.18m and initial
velocity v = 2.52 m/sec , and its final velocity = zero

v=v2.2as cozero = (2527 « 2 < a < 018

a = -17.64 m/sec’

To find the average of the ground resistance:

(m; + my)g - R =ma

350 < 98 - R = 350 « -17.64

R = 350 ~ 98 + 350 « 17.64

~. R = 9604 newton

S R = 980 kg.wt

L) Try to solve

3. An iron hammer of mass 2.1 tons falls down from a height of 1.6 m on a foundation pole
of mass 350 kg to push it in the ground for a distance of 12 cm. If the hammer and the pole
move as one body vertically downwards directly after collision, calculate the magnitude of
the common velocity of each after collision. Then calculate the magnitude of the ground
resistance supposing it is constant.
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Impulse and Collision

[0 R AR R AT e
\00‘? Exercises 3 -2 ?E}

First: Complete:
1. If a force T acts upon a body of a constant mass within a time interval t, then the impulse
of this force is equal to

‘2. If a constant force acts on a body for an extremely infinitesimal time interval, then the
change of the momentum of the body with this interval is equal to

3. If the mass is measured in kg and the magnitude of the velocity in m/sec, then the impulse
unit is measured in or

‘4. If two smooth balls collide and their velocities before collision directly were parallel to the
line of centers at the moment of collision, then this collision is called

5. If two smooth balls collide, then the sum of their momentums before collision is equal to

Second: choose the correct answer:

‘6. The magnitude of impulse in (dyne .sec) unit acting on a body of mass 20 gm to change its
velocity from 10 cm/sec to 18 ecm/sec in the same direction is equal to:
a 80 b 160 ¢ 280 d 560

7. If a force of magnitude 8 newton acts on a body at rest of mass 4 kg, then the velocity which
the body acquires by the end of five seconds from the beginning of the motion is equal to:
a 6.4 m/sec b 10 m/sec ¢ 20 m/sec d 40 m/sec

8. If a force acts on a body of mass 700 gm to change its velocity from 30 cm/sec to 65 cm/sec
in the same direction and the time of its action is 10 seconds, then the magniude of this force
in kg.wt unit is equal to:

a 25 b 25 c 1225 d 2445

9. Abody of mass 400 gm is acted upon by a force that changes its velocity from 25 cm/sec to
55 cm/sec in the same direction, find the magnitude of the impulse of this force,
10 A force acts on a body of mass 150 gm moving with velocity 20 cm/sec and changes the

velocity from 10 cm/sec in the opposite direction of its first motion. Find the impulse
magnitude of this force on the body.

11 Aball of mass 800 gm fell down from a height of 2.5 m on a viscous liquid surface to embed
in with uniform velocity of magnitude 2 m/sec. Calculate the impulse of the liquid on the
ball.
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12 A smooth ball of mass 300 gm moves in a straight Imc on a honmmal gmund with velocity
8 m/sec. If this ball collides with a smooth vertical wall and rebounds with velocity Sm/sec,
find the impulse magnitude of the wall on the ball. What is the magnitude of impulsive force

of the wall on the ball if the contact time of the ball with the wall is 2'0 of a second.

13 Two balls of masses 30 gm and 90 gm move in a straight line on a horizontal table and in two
opposite directions to collide when their velocities are S0 cmvsec and v emv/sec respectively
to form one body moving directly after collision with velocity 10 cm/sec in the direction of
the heavier ball. Calculate the magnitude of v. If the motion resistance of the new body is
300 dynes, find the distance it travels before resting.

14 A hammer of mass 1 ton fell down from a height of 4.9 m vertically on a foundation pole of
mass 400 kg to embed it vertically in the ground for a distance 10 ¢cm . If the hammer and
pole move as one body directly after collision, find their common velocity, then find the
ground resistance supposing it is constant in kg.wit.

13 Two balls moving in a horizontal straight line in two opposite directions. The first ball is of
mass 5 kg and velocity 40 cm/sec while the second ball of mass 6 kg and velocity 50 cm/sec
collide. If the first ball moves in the opposite direction to its motion with velocity 20 cnv/sec,
prove that the second ball rests directly after collision. What is the impulse magnitude of the
second ball on the first one?

16 Two smooth balls; lhcmassofthcﬁm i1s 50 gm, lhcmassofmcsecondnswgm lhcdlsplaccmcnl
ol'thcﬁr\nss mlandlhcdlsplaccmmofﬂ\csccowlss =- 1500 i where s
is measured in cm and timed in second. If the two balls collide and form one body directly
after collision, calculate the common velocity of this body, then calculate the foree of pressure
between the two balls if the collision time is % of a second.

17 A small ball of mass 30 gm moves in a straight line with a uniform velocity of magnitude
13 m/sec After 4 seconds of its passing through a certain position, another ball of mass
10 gm moves from this position in the same direction of the first ball with initial velocity
4 m/sec and acceleration 2 m/sec” to form one body after collision directly, Calculate the
common velocity of the body. When does this body rest if this body is acted on by a constant
resistance on the horizontal plane of magnitude 4 gm.wt?

18 A body of mass 1 kg is placed on a smooth horizontal surface. A force of magnitude 8
newton acts on this body for % second During the absence of the force action, this body
collides with another body of mass 2 kg and the first body rebounds with velocity 2 m/sec.
Find the velocity of the second body directly after collision.
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UNITESUMMARY

1 Impulse: If force F of a constant magnitude acts on a body during a time interval t, then
the impulse of this force - denoted by the symbol T is known as the product of force vector
by the time of its actionie: T = F 1

2 Measuring unit of impulse magnitude: The measuring unit of impulse magnitude = measuring
unit of force magnitude ~ time measuring unit

In the international system of unit, the impulse magnitude is measured in N.sec unit. It can also be

measured by any force unit in time unit.

impulse and momentum : impulse = change of momentum. ieF « t = m(v,-v,)

The force - time graph:

The impulse can be represented by the area under the force - time graph and it can be identified

by the relation : impulse = " Fau

3 The impulsive force: The impulse force are extremely tremendous force act for infinitesimal
time interval and cause an extremely tremendous change in the momentum of the body
without any acting on its position and the motion resulted at the action of these forces is
called an impulsive motion. For example, the baseball when hit by the bat, the contact time
between the bat and the ball is extremely infinitesimal. Although the average of the force
acting on the ball is extremely tremendous. The impulse is tremendous enough to change the
momentum of the ball without any change in the position of the ball.

4 Elastic collision : If the dcfurmanon doesnot ouur heat i |s not generated and there is not loss

A

in the Kinetic energy. m| fmyy, = m|\| ©m, \.

i.e: the sum of the two momentums after the collision directly = the sum of the two momentums
before the collision directly. If two smooth balls collide, then the sum of the their two
momentums does not change due to the collision.

Algebraic measures can be used as follows :
my,-my, =-L mv,-mvy=L mv,+mv,=myv, +mv,

Since s the algebraic measure to the impulse of the second ball on the first ball v, , v, are the

algebraic measure of the velocities before collision v' v, are the velocities after collision.

The direct collision : The two velocities before and after the collision directly are parallel to the

line of the two centers at the moment of collision.

5 Inelastic collision: The inelastic collision is meant that a deformation takes place, heat is
generated or the bodies get contacted due to the collision process (loss of Kinetic energy
occurs). In spite of it all, the momentum after and before collision remains as it is without
change.

and the momentum conservation equation is form: (in case the two bodies contacted):

m, VT ©om, :: =(m, + m,) v (by using vectors) (in case of soldering)

m v +mvy,=(m +myv (by using algebraic measures)
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GENERALEXERCISES

First:

(1. Define each of the impulse and momentum and mention the relation between them.
(2. Define each of elastic collision and inelastic collision, then give an example for each.
3. Show how the concept of momentum can be used to cut down the traffic accident.

Second: Choose the correct answer
(4. If the mass is measured in kg and velocity in m/sec then the measuring unit of impulse is :

a8 kg.sec b newton.sec € dyne.sec d newton. m/sec.

5. The impulse is:
8 The change of the force acting on the body.
b The interval in which the force acts on the body.
€ The change of the velocity of the body.
d The change of the momentum of the body.

6. The momentum is known as the product of:
8 mass of body and its velocity b mass of body and its acceleration
€ mass of body and the force acting time @ mass of body and the distance it traveled.

7. If a force acts upon a body of mass 300gm, to change its velocity from 20cm/sec to 45¢m/
sec in the same direction, then the impulse magnitude of this force on the body with unit in
gm . cmvsec is equal to:

a 75 « 107 b 75 « 1Y € 27 « 108 d 294 « 10°

8 Aball of mass 300 gm moving on horizontal ground with velocity 60 cm/sec directly collides
with a vertical wall. What is the velocity of the ball’s rebound from the wall in covsec unit
if the wall acts on the ball with impulse of magnitude 48000 dyne.sec?

a 100 b 120 ¢ 220 d 500

9 If the two forces FT =2i -14), T-: =3i +2] act up on a body for a time interval
of magnitude % of second, then the magnitude of the impulse of the force in N.sec unit. is

equal:

1 1
.65 575 c 9 d |3

Third: Answer the following questions:

{10 A rubber ball of mass 500 gm moves horizontally in a straight line to collide with a vertical
wall and rebound with velocity 150 cm/sec on the same straight line. If the average of the
force between the ball and wall is 10 kg.wt and the contact time between them is 5 of a
second, find the velocity of the ball directly before the moment of collision with the wall.

11 A rubber ball of mass 200 gm falls down from a height of 3.6 m above the ground and it
rebounds back after collision at a height of 2.5 m. Find the ground reaction on the ball in
kg.wt given that the collision time with the ground is % of a second.

Applied mathematics



GENERALIEXERCISES

12 A rubber ball of mass 1 kg falls down a height of 4.9 m
above solid horizontal ground 1o rebound back to a maximum height
of 2.5 m. Calculate the magnitude of the change of its momentum due to its

collision with the ground, then find the reaction magnitude of the ground on the ball in
newton if the contact time with the ground is 0.1 of a second.

13 Aball of mass 400 gm moves with velocity 70 em/sec. It collides with another ball at rest of
mass 800gm and the ball starts to move directly after the collision with velocity 35 cm/sec in
the same direction of the first ball. Prove that the first ball rests after the collision, then find
the collision force on any of the two balls in wgm if the contact time is % of a second

14 Two balls of masses 100 gm, S0 gm move in a horizontal straight time in two opposite
directions. The two balls collide when the velocity of the first ball was of magnitude 50 cm/
sec and the velocity of the second ball was of magnitude 30 cm./sec and if the second ball
rebounded directly after collision with velocity of magnitude 40 cm/sec. Find the magnitude
and direction of the velocity of the first ball directly after the collision, then find the impulse
magnitude of any of the two balls to the other.

15 A bullet of mass 20 gm is shot with horizontal velocity of magnitude 50.5 m/sec towards a
piece of mass 2 kg placed on a horizontal table and embedded in it to from one body. Find
the velocity of this body directly after collision. If this body rebound with velocity 2em/
sec after collision with a fixed barrier on the table and perpendicular to the direction of the
motion, find the barrier impulse on the body given that the total resistance is equal to 1.01
newton and the barrier is a distance of 24 cm from the piece of wood before shooting the
bullet.

16 An iron hammer of mass 210 kg falls down from a height of 90 cm on a foundation pole of
mass 140 kg to push it in the ground for a distance of 18 cm. If the hammer and pole move
as one body directly after collision, find the common velocity of both, then find in kg.wt the
average of the ground resistance supposing it is constant.

17 A body A of mass 10 gm moves vertically downwards to collide with another body B of
mass 4 gm moving vertically upwards when the velocity of A was 200 cm/sec and the
velocity of B is 800 cmvsec. The body B rebounds vertically downwards with velocity 100
cm/sec while the body A rebounds vertically upwards and after 1 of a second the body A
collided with another body C of mass 100 gm moving vertically downwards with velocity
13 em/sec to form one body. Find the common velocity between the two bodies A, C after
collision,

18 AB is the line of greatest slope for a smooth inclined plane of length 9.8 m inclines at 30°,
to the horizontal, A is the highest point on the plane and B is the lowest point. A smooth ball
of magnitude 700 gm is placed at A to move from rest on AB  and collide with a smooth
perpendicular vertical barrier at B to act on it with impulse of magnitude 11.76 newton.
second and the ball rebounded. Calculate the maximum distance the ball moves up along

BA.

For more activity and exercises, visit: www.sec3mathematics.com.eg
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1 If a body is projected vertically upwards with velocity 49m/sec, find the time taken for the
body to reach the maximum height and the distance it has already reached.

2. A car moves on a straight lined road with velocity 75 km/h. If a motorcycle moves on the
same road with velocity 35 kmv/h, find the relative velocity of the motorcycle with respect to
the car in cach of the cases.

First: the motorcycle moves in the same direction of the car
Second: The motorcycle moves in the opposite direction of the car.

3. A cyclist traveled 30 km on a straight lined road with velocity 18 kmv/h | then returns on the
same road to travel 20 km in the opposite directive with velocity 15 km/h . Find the average
of his velocity vector through the entire trip.

4. A particle moves from rest with a uniform acceleration in a constant direction and by the end
of 20 seconds its velocity reaches 36 km/h. Find the magnitude of its acceleration in. m /sec’.

“5) If the position vector of a particle is given as a function of time by the relation: R = (t* + 2)
C find the vectors of displacement, velocity and acceleration, then prove that the motion
is accelerated at any moment t > 0. When is the magnitude of the acceleration equal to 12
units?

.6 A particle is projected verticaly up wards with velocity T- . Write down the law which gives
its velocity in terms of the time and deduce the rate of change of momentum with respect to
time being a constant vector and find its magnitude.

<) Apanuleol’umlmxmmmcsun(krdncxuonoflwofmc F Ill ; f:‘ -2: ' h; where
J are the fundamental unit vectors A, B are lwo con\lnms If given that the displacement
vector of the body as a function of time is: 3= i (0« I)J . find the constants A, B.

B_ A lift contains a pressure scale on its floor where a person stands on this scale to record 75
kg when the lift was moving up with a uniform acceleration of magnitude a and the scale
recorded 60 wkg when the lift was moving down with a uniform acceleration of magnitude
2a. Find the magnitude for each of the acceleration a and the mass of the person.

9. Two bodies of masses 125 gm 120 gm respectively are connected by the ends of a string
passing over a smooth small pulley. Identify the acceleration of the system and the pressure
on the axis of the pulley. What is the vertical distance between. the two bodies after one
second from the beginning of motion if the system moves from rest and the two bodies are
in one horizontal plane?

110 A body is placed at the top of a rough inclined plane of length 4.5 m and height 2.7m and the
body starts 1o move from rest. Calculate the velocity of the body as it reaches the base of the
plane and the time required to o this where the coefficient of friction = .

a1 A car A of mass 4 tons moves with a uniform velocity of magnitude 5 m/sec in a straight
line on a smooth horizontal plane to collide with another car B at rest of mass 3 tons. If the
velocity of car B with respect to car A is 2m/sec directly after collision, find the magnitude
of the actual velocity for each of the two cars after collision.
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Introduction

In our study to the previous units, you found that when the resultant of a system of foroes acts on a body, it moves
in different forms. If you ask about the benefits of moving a body, the answer would be in two parts: first, humans
are naturely curious and always eager 10 interpret the natural phenomena, their reasons and results,

Second, the humans need to benefit from the blessing which God gifts the people. People for example need cars
to travel from a place 10 another, they need the light bulbs 1o lighten cities and villages and so on, Of course, these
matter can only be achieved when people know how to control the objects and benefit from their motion whether
these objects are electric or electronic devices, means of transportation or even celestial bodies cause the Earth's
revolution and rotation and the succession of day and night. In this unit, you are going 1o leam the motion of the
bodies and identify the work to know how 10 get the best benefit of moving the bodies. You also identily the Kinetic
energy and potential encrgy to relate these scalar quantities (noa - vectored) of different measuring units and the
relation among them. Finally you identify the force which conserve the energy and the forces which do not conserve
it to explore the principle of work and energy, then you identify the simple machines which humans had used and

compare them by calculating the power resulted in each one and their different benefits in your daily life.

Unit objectives
By the end of the unit and carrying out the involved activities, the student should be able to:
Identify the work done by a force and the work measuring units.
Identify the concept of the power and its measuring units,
Identify the Kinetic energy of a particle and its measuring units.
Identify the principle of work and energy.

Identify the potential energy. its measuring unit. and applications
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Key terms

¢ Work ¢ Variable force © The work - energy principle
Constant force Erg ¢ Power
Scalar quantity ¢ Kinetic energy ©  Horse power
Displacement vector ¢ Potential energy - Conservation of energy

¢ Position vector ¢ Change in potential energy

¢ Joule

Lessons of the unit Materials

(@-1): Werk Scientific Calculator .

(4 -2): Kinetic energy
(4 -3): Potential energy
(4-4): Power

Unit planning guide
| G B S )

Measuring units
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Unit Four

4 -1

You will learn

O The work done by a

constant force.

O Some different cases of
the two vectors of force
and displacement.

O Work measuring units.

O Work done by a variable

force.

Key terms

2 Work

O Constant force

O Scalar quantity

O Displacement vector
O Position vector

O Joule

OFfrg

Materials

O Sclentific calculator

Work

A

umdmm LINELIC since it re
onmeconwptoﬁhc force stated by Newton in his three laws. It is worth to
mention that the work and energy are scalar quantities and then it is easier
to deal with them than using Newton's laws of motion, especially when the
force vector is variable and in turn, the acceleration vector is also variable.

In this lesson, we are going to clarify the concept of work which is
considered the link between the force and energy. work may be resulted
from a constant force or a variable force. in this lesson, you are going to
learn both types.

First: The work done by a constant

force
Let a body move in a straight line under
the action of a constant force F and it

moves from position A to position B and its L
, emmin anle
displacement vector is AB = S as shown Figure (1)

in figure (1)

The work done by the constant force F tomovea particle from an
initial position to a final position and denoted by the symbol (W) is
known as the scalar product of the force vector by the displacement
vector between the two position
W=TF-§

It is clear that the work is a scalar quantity that may be positive,
negative or zero according to the magnitude and direction of both
vectors _lh ’ T

@ Example

1 A p.mule moves in a straight line under the action of the force
-Fh -(n + 8] from point A (3, -4) to point B (7, 2), calculate the
work done by this force.

> Solution
Thcdlsplm.cmcm vector S =AB=B- A
-(7| +2]))- Hl -4)

— -

S =4i +6)
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Work 4 . ]

Apply the definition of work and notice that the force given is constant
W=TF-%S
W =(6 i +8})-(4 i +6; )=6 x4+ 8«6 =72 work measuring unit
L) Try to solve

1. A body moves in a straight line under the action of the force F =5 i+ 23 from the point
A(5.2)tothe point B (3, 1), calculate the work done by this force

Some different cases of the vectors of the force and displacement
Since the equation of defining the work W = F +7S can be rewritten in another form which
isW=ITF I II_S-II cos 6 where 8 is the measure of the least angle between the force vector T

and the displacement vector _: by considering them drawn from the same point.
a If the force is constant and its direction is parallel to the direction of displacement i.¢ 6 =
- — - — - — -
zero, on that moment, the work W=l F Il § lcoszero=ll F Il g |l
and written: W=F«S

Figure (2) illustrates that

L S ol
Figure (2)

b If the force is constant and its direction inclines on the direction of the displacement with an
angle of measure less than 90°, then the work

W=IF IS Ncos®

The work in this case is positive and equal to the horizontal component of the force F
multiplied by the distance S.

X cos X cos O

o

Figure (3)
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Work. Power & Energ) A I A S S o B

@ [f the force is constant and its direction is perpendicular to the direction of displacement i.¢

m (.~ 0)=90", then the work W=I"F 015 Il cos 90 = zero
Figure (4) illustrates that.

0
The car moves horizontally, its weight does not do any work in the motion pathway

4 If the force is constant and its direction inclines at 90° 1o the direction of displacement, then
the work W=I F IS llcos ®
and the work is negative and called work resistant. For example, the work done by the
resistance force and friction force.

D Example

2) A particle moves in a straight line under the action of the force F =51 -3 ) from point A
(1,0)to point B (3, 3) where coordinates are referred to a system of rectangular cartesian
coordinates OX , OY . identify the work

> Solution

Figure (5) illustrates the position of the two point A | B referred to the axes.
—_—
To calculate the displacement vector S

— — — 2
S =08 -0A (Rule of subtracting vectors)

S =(3-1)i +(3-0) j vh

=2i +3) 3

—_— 249 2

W = F+«8§ (Work definition) '
=(51 -3)m2i +3)) -

=5%24(-3)«(3)=1 Work measuring unit.

Figure (5)

L) Try to solve
2. Aparticle moves under the action of two forces FT =2i-3j,F, =5i+ j frompointA
(2, 1)to point B (3 ,0) where 1 , ) are the main two unit vectors. Calculate the work done.

Critical thinking.

Prove that if two subsequent displacements occur to a body under the action of a force, then the
work done within the resultant displacement is equal to the sum of the two works done within
the two displacements.
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Work "=

7D Example
3 The force F =3 P+ Sj acts on a body and moves from point A (2, 4) on a straight line
to point B (5, 3), then to point C (8, -2). Calculate the work done by this force during each
of the two displacements, then check if the sum of the two works is equal to the work done
during the resultant displacement.
> Solution
First: The first displacement vector AB=TB - A =(5.3)-(2,4)=(3,-1)
The work done during the first displacement
W, =TS =Gi+5))e(3i-j)
W, =9-5=4 awork measuring unit
The second displacement vector BC=T -8B
=(8,-2)-(5,3)=(3,-5)

The work done during the second displacement

W,= F*S =i +5)p3i -5))
W, =9-25=-16 a work measuring unit
The resultant work = sum of two works
W=W, +W,=4-16=-12 a work measuring unit
Second: The resultant displacement AC = C - A =(8,-2)-(2.4)=(6,-6)
‘. The work during the resultant displacement
— i N o : -
W= F =+« § =(3i +5J)' 61 -6))
W = 18- 30 = -12 a work measuring unit
L) Try to solve
3) Theforce F =5i -7 acts on a body and moves it from point A (5, -1) on a straight line
to point B (-1, 3), then to point C (4, 6). Calculate the work done by this force during cach
of the two displacement, then check if the sum of the two works is equal to the work done
during the resultant displacement.
Oral expression: What is the magnitude of the work done in the pathway if a particle moves on a
straight line from a position, then it tums back to this position under the action of the same force?
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9 Example
4 Theforce F =21 + 3} acts on a particle and the position vector at o
a moment lAis identified by the relation: TW=0+ 5); +(0+ 4)3 T
where i , j are the main unit vectors, Calculate the work done by this Q<7
force fromt=ltot=35 A
> Solution The work is not based
The displacement occurring fromt=ltot=5is on the pathway which
F R the body take from
L . . )i . position A to position
S =101 +#29))-(61 +5))=41 +24) LNt
W = _F‘° _': (From work definition) displacement Xﬁ

W =(2,3)¢ (4,24)=8 + 72 = 80 work unit.
L) Try to solve

4. If the position vector of a particle is given as a function of time by the relation:
T=(+4)i +(t?+3)j where i, are the basic unit vectors. A force F =3i 2]

acts on the particle, calculate the work done by the force F fromt=1ltot=3

Work measuring units:
From the work definition, we deduce that:

The work measuring unit = the magnitude of the force measuring unit X displacement

measuring unit

From the work measuring units are:

#  Joule: It is known as the magnitude of work done by a force of magnitude |1 newton to move
a body a distance one meter .

— —
If wetake Il F Il = 1 newton , Il § Il = | mater then:
Joule = 1 newton < 1 mater i.e Joule = newton . mater (N.m)

The joule is the international unit to measure the work

#  Erg: It is known as the magnitude of the work done by a force of magnitude one dyne to
move a body a distance one centimeter.

If we take IIF Il = 1 dyne JIS Il = 1 cm then,

Erg =1 dyne « lcm i.e Erg =dyne.cm
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#  Kg.witm: it is the magnitude of the work done by a force of a magnitude 1 kg.wt to move a
body a distance one meter.

If we take IF Il = 1 kg.wt, IS =1 m, then kgwtm=1kgwt=Im
You can convert the work units as follows:

lkgwtm =lkgwtxlm 1 Joule = 1 newton = | m
=98N.m = 10° dyne = 100 cm

= 107 dyne * cm
kg.wtm= 9.8 Joule
Joule = 10" Erg

(7)) Example
5 A body moves on a straight line. A resistance force of magnitude 100 newtons acts on it.
Calculate the work done by this force during a displacement of magnitude 300 m.

> Solution

Since the force is a force of resistance, then it acts in an opposite direction to the displacement
vector, and if € is a unit vector in the direction of the displacement, we can express cach of the
displacement and force vectors in terms of their algebraic measures.

S =Sc. F =-F¢

-
In our case: —_ .
-

S =4300m , F=100newton

From figure (6)W =-FS PR (S [——.
= (-100) = (300) (figure 6)
=-3x10°N.m
= -3« 10* Joule

6 Example Work of weight , perpendicular reaction and friction
6 Abody of mass 10kg slides a distance 6 m on a rough plane and the coefficient of the Kinetic

friction between them is 0.2 and inclined at 30° 1o the horizontal, Find in kg.wt.m unit the
work done by:
First: The force of the weight of the body
Second: The normal reaction of the plane
Third: Friction force

> Solution

First: the work done by the force of weight

Weight of the body (W ) = 10 kg.wt _
The angle included between W , s is equal to 60° “Iw

Al-Ashraaf Printing House Applied mathematics




Work. Power & Energy

From the work definition:
Work =W, S cos 60°
Work =106« + = 30 kg.wt. m
O» Another Solution:

)

The weight component acting in the displacement direction, so the work W = W, sin 0 < §
W=10+1 . 6=30kgwt. m
Second: )
The normal reaction force of the plane (R) is always perpendicular to the plane on which
the body moves, then the angle between R , S is equal to 90°,
The worked done from R = zero.
Third: The work done by the friction force:
We know that the force of the Kinetic friction Z, R (where 4, is the coefficient of the Kinetic
friction)
Fx =0.2x10 %98 < cos 30" =49/ 3 newton
The work done by friction force W= -4 R < §
W=-49/3 «6=-294,3 Joule =-30,3 kg.wt.m

L) Try to solve

5. A car of mass 6 tons ascends a slope making an angle of sine %‘ to the horizontal against
resistances equal to 10 kg.wt per each ton of the mass of the car. If the car acquires velocity
54 km/ h within 30 seconds and starts to move from rest, calculate the magnitude of the work
done in juole by:
First: The engine force
Second: Resistance force
Third: Weight of car

Work done by a variable force

You have previously used the concept of work as you deal with the motion when the force is
uniform. This can be clear through the following example:

Explanatory Example. 4
Let a constant force of magnitude 10 newtons act on

a body to move from A to B as illustrated in figure (8) i

Then, the displacement from Ato B = 20 m. To g

represent that graphically, draw the force axis and

displacement axis as illustrated in the figure, thenthe 5| Work

force represented on a horizontal straight line parallel | | -

to the displacement axis S. v A 1077 | ] [ S|
Figure (8)

244

Third Form Secondary Student Book



Work & l

Work = F S = 10 (25-5) = 200 Joules

It is the arca under the curve and represented by the area of the rectangle whose width is 10
newton and length is 20 meters.

In figure (9), then the area under the curve is determined by the  x 1
relation:
w=J" Fas }
In this case, we take a small displacement of magnitude A s until s
the force acting on this displacement is uniform and the work done . - .
is given by the relation: Figure (9)
AW =F ¢ As

If we divide the force curve into small parts and calculate the work done during each part, and
find their sum, it can be expressed by the relation:

B
W= ¥ FAs
A

When the displacement Ax is as smallest as possible (it reduces to zero) to get accurate values
in the previous equation, then the previous equation is converted into:

w=J"F ds

This is the general form of work (notice that: F ¢ = F cos@ (represents the component of the force
in the direction of the displacement)

w=J"F ds

6!xamplo -

7) Figure (10) illustrates the action of a variable | -

force on a body, calculate the work done in Erg g
by this force in the following cases: where the
force magnitude with dayn, S by cm

First: When the body moves from

S=0 to S=8

Second: When the body moves from

S=8 to S=12

Third: When the body moves from Figure (10)
S=0 o S=12

~4

Y

-2
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> Solution

First : W| nof‘ F d s = the area under the curve from S =010 S =8

=areaof AOAB =1 <8« 12 =48 Erg

1D |

Second: W, =ufu Fds = -the arca under the curve fromS=81w0S =12
= -area of ABCD-— 4x6=-12Erg

Third: W, =uf" Fds:llxamuundcrlhccun'cfmmzop Fd s+.f”Fds
=arcaof AOAB-arcaof ABCD
=l 8x12-144.6=36En

2

L) Try to solve F newton
.6, The opposite figure illustrates the action of a variable ’“
force on a body, calculate the total work done by this &} 1
force in the following cases: ; /: | 1] \\
First: fromS=0tw0S =10 - pater
Ol 2468 t\ h
Second: fromS=810S =14 /
]

Figure (11)
Example
8 ' A variable force F (measured in newton) acts up on a body where F = 3s? - 4, S measured in
meter S Algebraic measured of displacement find the work done by this force in the interval

fromS=2mwS=5m.
> Solution
f =354, w=AJ" Fds
=1 (s -4)ds=[s- 4],
W =[(125-20)-(8 - 8)] = 105 Joules
L) Try to solve
7. A variable force F (measured in dyne) acts upon a body where F is given by the relation:
F = 45’ - 25 +1, S The algebraic measured of displacement at measured in with ¢m find the

work done by this force in the interval fromS=0tw0S =4
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O\ S~
\0? Exercises 4 - 1 \o?

First: Choose the correct answer:

1. If a body moves in a straight line from the origin point to the point A ( 3 ,2) under the action
of the force T =3 i -5 j , then the work done by this force = work unit .

a 4 b .| € zero d |

2. If a body moves in a straight line from point A (-3, 2) to point B (5, -3) under the action of
the force T =5 i +8 J .then the work done by this force = work unit
a zero b 40 € 40 d 30

3, The opposite figure illustrates the action of the force (F)on  F newton
a body moving a distance (S), then the work done by this ‘

force to make the body move from S =010 S = 6 m is equal

o Joule
a Jero b 40
c R0 d 25

EEEEEENN

S meter
4. The work done to lift a mass of magnitude 200 gm placed on the ground surface a distance
of 10 meters above the ground is equal to Joules.
a zero b 98 € 196 d 204

5. If a body moves in a straight line and a resistance force of magnitude 400 newton acts on it,
then the work done by this force during the displacement S where Il S Il = 350 m is equal

10 ... Joule.
a .14 10¢ b .7.10° € 7x10° d 14«10
Second: Complete:

6. A person goes shopping and pushes a shopping cart with a force of magnitude 35 newtons
inclined at 257 to the horizontal 1o move the cart a distance 50 meters, then the work done
by the person = Erg

7. The work done to move a mass of magnitude 600 gm a distance 4m with acceleration of

magnitude 20 cm / w? is equal to Joule
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8. The figure opposite illustrates a force of magnitude 16 newtons ®t
inclined at 25° to the horizontal acts on a body of magnitude BEREEEY'2
2.5 kg to move on a smooth horizontal table a distance 220 ¢cm - { |
then: - >
@ The work done by the force = Joule .
b The work done by the reaction of the table = e
€ The work done by the weight of the body =
d The total work done by the forces acting on the body = Joule

Third: Answer the following questions:

9 A particle moves in a straight line under the action of the force _l-. = 6: - 3} from point
A(-1,2)t0 point B (3, 4) where ), J are the main unit vectors, calculate the work done
by this force.

10 Theforces F, =4i +3) . F, =2i-4) . F, =3i - J actup on a body to move from
point A (2, 3) to point B (4 , 4), calculate the work done by the resultant of these forces

during the displacement AB

11 A body of mass 1kg and its displacement vector S = (31) i + (3t + )i moves. what is
the moving force? Calculate the work done by the moving force during five second from the

beginning of motion given that S is measured in meter , F in newton and t in second.,

12 The position vector of a particle of mass 3 kg is given as a function of time by the relation
T =00+2) 0 +(42+ 3)3 where i , ; are two unit vectors perpendicular to the plane.
Prove that the particle moves under the action of a constant force, then calculate the work
done by this force fromt=ltot=35

-
-

A tram car is pulled by a rope inclined at 607 1o the railroad. If the tension force is S00 kg.wt
and the car moved with acceleration 5 cm/sec? for 30 seconds, calculate the work done by
the tension force,

AN
-

L A construction worker of mass 70 kg carries an amount of bricks and ascends a ladder whose
top is 12 meters high from the ground. If work done with magnitude 11760 Joules until the
worker reaches the ladder top, find the mass of bricks.

&l
L

A force acts on a body at rest of mass 50 kg to a acquire it a uniform acceleration 0.7 m/sec?
to move distance S in direction. If the work done by this force is equal to 350 kg.wt. m, find
the distance which the body moves.

16 A stone of mass 4 kg is projected vertically upwards from the ground surface. If the work
done to reach the maximum height is 1176 Joule , find the maximum height the stone reached.
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17 Calculate in Joule the magnitude of the work needed to be done to lift 50 cubic meters to a
height of 10 meters.

18 A woman pushes a baby stroller with a baby from rest on a horizontal road with a force
of magnitude 2 kg.wt inclined at 60° to the horizontal downwards against resistances of
magnitude 0.95 kg.wt, If the mass of the stroller and the baby is 18 kg, find in kg.wt.m the
magnitude of the work done during one minute from :

@ The weight of the stroller and the baby
B The force of the woman
€ The resistance of the road.

A train of mass 200 tons ascends a slope inclined at an angle of sine ﬁ to the horizontal

with a uniform velocity. If the work done by the train engine is equal to 15 < 10° kg.wt.m unit

AVSN
-

the train reaches the top of the slope and the work done against resistances is 5 « 10°kg.wt.m
find:

First: The slope length

Second: The resistance per cach ton of the train’s mass

|
100

a resistance of magnitude 5 kg.wt per each ton of the car’s mass to acquire velocity S4km/h

20 A car of mass 4 tons ascends a slope inclined at an angle of sine to the horizontal against

during % minute. If the car starts moving from rest, calculate in Joule the work done by:
First: the force of the car’s engine Second: the resistance force
Third: the car’s weight Fourth: against the car’s weigh

21, A particle moves in a straight line under the action of the force F(newton) where F = 0.4 S
and S is measured in meter, calculate the work done by the force F when the particle moves
from ;

a S=0wsS=10

b S=1tw0S=5

N\
N~

A particle moves in a straight line under the action of the force F(newton) where F = sin 2 S
where S is measured in meter, Calculate the work done by the force F when the particle moves
from:

a s=(nos=§

b s:%(os=£
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Unit Four

4 = Kinetic energy

o Pretace
You will learn !ll“ __ learned that the fi Ihe . f

. you orce is the main reason for
motion. In this lesson, you will learn the source from which the force is
derived to move the bodies.
This source i1s simply the energy. In turn, the energy can be defined as
the ability of a system to perform (do) work.
Energy appears in our practical life in different forms such as mechanical

O Kinetic energy

O Measuring units of
kinetic energy

O Energy-work principle

energy, electrical energy, light energy and so on.

In this lesson, you namely learn the mechanical energy represented in

moving the bodies. It is divided into two types: the kinetic energy and

potential energy.

Kinetic energy

The Kinetic energy of the body is the energy which the body acquires

due to its velocity and it is estimated at a moment as the product of half

the mass of the particle times the square of the magnitude of its velocity

and it is denoted by the symbol T.

If m is the mass of a particle, Vs its velocity vector and V is the

algebraic measure of this vector, then:

Key terms

O Kinetic energy

-t - )
- (1

e I | 2
T-zmll -Il-zm\

.. — Y — — - .
Since ll v IF= v © v , then the Kinetic energy can be expressed a s
fellows:
| -l «in (2)
T= sm(ve v)

From the definition above, it is quite clear that the Kinetic energy of a
particle is anon-negative scalar quantity and vanishes when the velocity
vanishes. According to the definition, the Kinetic energy of a particle
may change from an instant to another during the particle’s motion in
regard to the magnitude of its velocity.

Materials Measuring units of kinetic energy:

Since the work is a form of the energy forms:

O Sclentific calculator

Measuring unit of Kinetic energy = Measuring unit of work

For example. if the mass is measured in kg and velocity in meter/
sec., then:

: . & o mater _ mater
The measuring unit of Kinetic energy = kg ~ x

SCC SOC
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=kg mwf < mater = newton. mater = joule
soCe
If the mass is measured in gm and velocity in cm/sec then:
The measuring unit of kinetic energy = gm ~ 0D . gm x M vem = deyan x ¢cm = Erg
sec  sec sec*
) Example

A

1. A body of mass 100 gm moves with velocity Y =50 412 j where i , j are two
perpendicular unit vectors and the magnitude of the velocity is measured in cm/sec, unit,

calculate the Kinetic energy of this body. First: in erg Second: Joule
> Solution
Findthe v =5i +12j
- e a—— -
v ll=y5+12° = 13cm/sec S lhviF=169

First: The Kinetic energy of the body = % mi~v I =

Second: The Kinetic energy = M_“Q =845 « 10* Joule
107

<100 * 169 = 8450 erg

p_)]—.

L) Try to solve
1. A body of mass 200 gm moves with velocity O 3 80} where i ; are two
perpendicular unit vectors and the magnitude of the velocity is measured in cm/sec unit,
calculate the Kinetic energy of this body.
First: In erg Second: In Joule.
6 Example
2 A body of mass 1kg is projected vertically upwards with velocity 49m/sec, find
@ The kinetic energy of the body after 6 seconds of throwing
b The kinetic energy of the body when it is at a height of 102.9 meters from the point of
projection

O Solution
8 v=v +gl S v=49-98 « 6 =-98m/sec

. The body discends with velocity of magnitude 9.8 m/sec? T = 4 m V2
T=1 12987 =48.02 Joule z
b)-r v=v2is2gs coVi= (4972259841029
", v =384.16 T= < 1% 384.16 = 192,08 Joule

L) Try to solve
2. A body of mass 500 gm is projected vertically downwards from a height of 78.4 meters
above the ground surface, find:

a8 The kinetic energy of the body after 2 seconds from the instant of fell,
B The kinetic energy of the body at the instant it contacts the ground surface.
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0 Example
3 ' A body of mass 200 gm is projected with velocity 280 cm/sec on the line of the greatest
slope 10 a smooth inclined plane inclined at sine 4 10 the horizontal upwards the plane.
Find the Kinetic energy of the body in the erg unit for each of the following:

a  After half a minute of throwing it.

b When the body is at distant 24.5 meter from the throwing point.
©» Solution
The equation of motion of the moving body
ma =-mgsinf

- T Ry 2
a = - 980 lw-'lq.m/.\cs

8 v =v +al

“_\

=280 - 7 = 30 = 70 cm/sec @' m g cost)

\J
T =Lmvi=1.200(707 =49 < 10* Erg

b v =vi+las
vi = (280) -2« 7 % 2450 = 44100
v =% 210 cm/sec

T =4mvi=1.200+2100 =441« 10" Erg

1 |

L) Try to solve

3. Acarof mass | ton ascends a slope inclined at sine ;0 to the horizontal. Its engine is tumed
off 1o stop after it traveled a distance of 20 meters from the instant of turning the engine off.
If the resistance force of the slope is % of the cars weight, calculate the Kinetic energy of the
car in joule unit. ‘

The Principle of work and energy
If F is constant :

Let a body of mass (m) move a distance (S) under _.Dlredoon of motien
the action of the resultant of forces (F) such that its v, v,
velocity changes from (v,) to (v,) then the work done — i ; —— ¢
by the resultant of these force: M
W=F=x§
v=v2+2asandlety, v, be the initial and Figure (1)

final velocities respectively.

v3, - v,* = 2 a s by multiplying both sides of the relation by Im

1
2

d »
m(v,--\'l°)=mas

252

Third Form Secondary Student Book



Kinetic energy 4 . 2

1
2
The change of the Kinetic energy is equal to the work done
If F is a variable force, then:

m (vzf - \.lz) = F . S where F is a constant force

T=%mv=

d dv PO d e dS
T(T)-m\ > T(T)-mav T(T)-l rTE
Jam= S Fds ieT-T =W

The change of the Kinetic energy = work done
The last relation expresses the principle of work and energy which states the following:

«The change of the Kinetic energy of a particle as it transfers from an initial position to a final
position is equal to the work done by the force acting on it during the displacement between
those two positions».

It is noticed that when the previous relations are used, the measuring units of Kinetic energy are
to be the same measuring units of work.

Critical thinking:

Prove that If a particle starts its motion from a certain position, then it turns back to the same
position, then its final Kinetic energy is equal to its initial Kinetic energy. Deduce that in the
motion of the vertical projectile under the action of the gravitational force, the velocity of the
projectile during the ascending phase at a point is equal to its velocity during its descending
phase at the same point.

@ Example

4 Abullet of mass 200 gm is fired with velocity 400 m/sec on a thick barrier to embed in depth
20 ¢m. Find the magnitude of the resistance force of the barriers material to the motion of
the bullet supposing this force is constant.

> Solution
Let A be the position at which the bullet entered the barrier, -— 20om ———»
B the position at which the bullet rested in the barrier and R s
is the resistance force measured in dyne unit. A S - B
we obtain AB = 20 c¢m, since the resistance force works 'y
in the opposite direction of the displacement, P —

Figure (6)

Then the work done by this force is negative and be calculated as follows:
W=-AB«R=-20R

The Kinetic energy as it enters the barrier :
T, =1 % 200 « (400 = 100)* = 1.6 = 10'" Erg
(Notice the velocity is converted into cm/sec).
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The Kinetic energy of the bullet at position B: T, = Zero since the bullet is at rest in this
position.

The change in the kinetic energy of the bullet : T, - T, = -16 < 10" Erg
VTy-Ty,=W
o= L6 10" =20R

-1.6 % 10"

=

L) Try to solve

4. Abullet is fired on a target of thickness 9 cm and exits from the other side with half velocity
before it enters the target. What is the least thickness needed for a target of the same material
in order the bullet not to exit from if it is fired with its previous velocity?

0 Example
5 A body of mass 20kg is let to discend on the line of the greatest slope to a smooth plane

inclined at 30° to the horizontal. Find the velocity of the body after it travels 5 meters on the
plane using the principle of work and energy.

> Solution

The only force doing work is the component of the weight

force parallel to the line of the greatest slope on which the

motion takes place. The force is directed down the plane and its

magnitude is mg sin 30 where m is the mass of the body and g is

the magnitude of the gravitational acceleration figure (7).

The work done by this force during the given displacement:
W = (m g sin 30°) « S = (20 « 9.8 « 1) « 5 = 490 Joule

“R= =8 « 107 dyne

2

myg Sin 30
Fiugre (7)

*." The change in Kinetic energy = work done

el
=

Lvi=49

*. v=T7m/ sec and this is the velocity of the body after it traveled 5 meters from its

mv: - zero=W « 20 « v2 =490

1 d

initial position.

L) Try to solve

5. A body of mass 2 kg is thrown with velocity 3 m/sec downward on the line of the greatest
slope 1o a smooth plane of length 10 meters and height 2 meters. Find the Kinetic energy of
this body as it reaches the base of the plane.

7D Example

6 A body of mass 300 gm is placed at the top of an inclined plane whose height is Im. Find

the velocity with which the body reaches the bottom of the plane if the work effort against
by the resistance force of the plane to the motion is equal to 1.59 Joules.
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> Solution
Let S be the length of the plane measured in meters, 6 the inclination
of the plane to the horizontal. Two forces acting on the body in a
direction parallel to the direction of motion, the component of weight
acting in a line of greatest slope downwards and of magnitude mg sin
6 and the resistance force, let its magnitude be R and acting along a Fiugre (8)
line of greatest slope upwards.

The work done during the motion of the body from the top of the plane to its base:
W:(mgsinO-R)-S:(O.S-9.8-%~R)-S =03+98-RS

But RS = 1.59 Joule is work effort against the resistance.
S W=03+98-1.59 = 1.35 Joule
A T-T.=W s 03viozero=135
N

=9 )= 3 m /sec

L) Try to solve

6. Abody of mass 200 gm is placed at a top of an inclined plane of height 3 meters. Calculate
the velocity by which the body reaches the bottom of the plane given that the work effort
against the resistance force of the plane to the motion is 4.48 Joule.

D Example
7 A body of mass 1 kg moves with a uniform velocity of magnitude 12 m/sec. A resistance
force of magnitude 6x° (newton) where x is the distance which the body travels under the
action of the resistance (meter) acts on it
a8 Find the work done by the resistance when x = 4
b Find the velocity of the body and its kinetic energy x = 2

> Solution
o W=of Fdx b - Change in Kinetic energy = Work done

- -6x*dx = |- Zx‘l:. %m(\‘z- v =o)’ Fdx

=- 128 Joul Laredaag) =) -6x7ax
FOP-14) =247
SOP-144)  =-16
v =112
v =47 m/sec
T=1mvi=11x112=56Joul
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O\O Exercises 4 - 2 s;

First: complete

1. The kinetic energy of a projectice of mass % kg and moving with velocity 300 m/sec is equal

1o Joule.

‘2. The Kinetic energy of a body of mass 40 gm and moving with velocity 20 m/sec is equal to

Joule

3. Acar of mass 1.5 tons and its kinetic energy is 168750 Joule , then the velocity of the car is

m/sec

A

‘4 Abody of mass 200 gm is moving with velocity v =30 i +40 j where i . are the two

perpendicular unit vectors and the magnitude of the velocity is measured in co/sec unit, then
the Kinetic energy of this body = Erg

A

) A body moves with velocity v =500+ l(l)) where \ is mcasun:d in cm/sec unit, 1,

j are two perpendicular unit vectors in the directions of OX .OY and the kinetic energy of
this body is equal to 3.9 Joules then the mass of the body = gm.

6 1f a body of mass 30 gm is let to fall from a height of 10 meters above the ground surface,

then the Kinetic energy of this body = Joules when it is about to collide with the
ground,

Second:

7. Abullet of mass gm and velocity 400 m/sec collides with a wood brick and rests after it

traveled 5 ¢cm in lhc brick. Calculate the time taken by the bullet inside the brick (use the
principle of work and energy).

U\

8_ A bullet of mass 25 gm is fired with a horizontal velocity on a piece of wood of mass 1.35

kg placed on a rough horizontal table to embed in it and form one body moving a distance
of 10 ¢m due to the collision. Calculate the velocity of firing the bullet using the principle
of work and energy if the coefficient of the Kinetic friction between the piece of wood and
the table is l.

N

9. A force of magnitude 12 newtons with constant dlrcctmn does work on a body moved. If

o\

its displacement is given by the relation S =3i i - R J where S is in meter, calculate the

measure of the angle between F and S ifthe change in the Kinetic energy of the body
is equal to:
First: 30 Joules Second: -30 Joules

0 A body of mass 200 gm is let to move from rest at the top of a smooth plane of length 25 m

and inclined at angle whose sine is il(-, to the horizontal. Find the Kinetic energy of this body
when it reaches the bottom of the plane.
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Kinetic energy 4 . 2

A particle of mass 5 kg is thrown on the line of the greatest slope inclined
to the horizontal at an angle whose sine is Tl(—) . upwards with velocity
4 m/sec. Calculate the change in the Kinetic energy of the particle after passing one second
from throwing instant, then when it returns to the throwing position.

A rough inclined plane of length 20 m and height 5 m. Find the minimum velocity by which
a body is thrown from the lowest point of the inclined plane and in the direction of the line
of the greatest slope to the plane in order to hardly reach the highest point in the plane given
that the body encounters resistances equal to ::— of its weight.

A cannon shell is fired with velocity v =105 i + 360 _| where i . J are two perpendicular
unit vectors and the magnitude of the velocity is measured in m/sec unit. If the Kinetic energy
of the shell is equal to 1.125 » 10° Joules, Find the mass of the shell in kg.

A body of mass 2 kg moves under the action of the forces TT =i +2).F, =2i+j.
F: =31 45 ) cachis measured in newton where 1, J are two perpendicular unit vectors,
If the displacement vector as a function of time is given by the relation s =A i - B (- 1)

i and the magnitude of the displacement is in meter. Find:

First: The value of the two constants A , B

Second: The work done by such force after 2 seconds from the beginning of motion.
Third: The kinetic energy at the end of time of magnitude 2 seconds

15 A ballet is horizontally fired with velocity 540 km/h on a piece of wood to embed inside it

at depth 20 ¢m. If the same bullet is fired with the same velocity on a constant target of the
same Kind of wood of thickness 15 cm. What is the velocity by which the bullet exits from
the target supposing that the resistance is constant.

A vertical target made up of two layers of two different metals; the thickness of the first is 7
cm and the second is 14 cm. If two bullets of the same masses are fired in opposite directions
and perpendicular to the target with one velocity, the first bullet penctrated the first layer
are rested in the second layer after it embedded a distance of 5 cm while the second bullet
penctrated the second layer and rested in the first layer after it embedded a distance of 1 cm.,
Find the ratio between the resistance of the two metals.
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Two smooth balls of masses 100 gm, 200 gm move in a straight line in opposite directions
to collide when their velocities are 8 m/sec , 12 m/sec respectively. If the first ball rebounds
directly after collision with velocity 2 m/sec, calculate the Kinetic energy lost due to the
collision in joule.

A ball of mass 100 gm is let to fall down of a height 3.6 m on horizontal ground to collide
with it and rebounds vertically upwards. If the loss in the Kinetic energy of the ball due to the
collision with the ground is 1.96 Joules, calculate the distance by which the ball rebounded
back after it collided with the ground.

A rubber body is let to fall from rest from a top of a tower. If its momentum reaches 1092
gm. m/sec and Kinetic energy reaches 1014 gm.wt.m directly before collision, calculate the
mass of this body and the height of the tower. If the body rebounds back as it collides with
the ground a distance of 4.9 m, find the impulse magnitude of the ground on the body.

A body (A) of mass 1.8 kg is let to fall down from rest of a height above the ground. At the
same time, a body (B) of mass 1.14 kg is thrown vertically upwards from the ground surface
with velocity 49 m/sec to collide with body (A) and form one body. If given that the velocity
of body (A) is 28 m/s before the collision directly, calculate:

First: the common velocity of the two bodies after collision directly.
Second: the Kinetic energy lost by collision.
Third: the impalse on body (A)

A hammer of 800 kg is let 1o fall vertically from a height 6.4 m on a foundation pool of mass
320 kg to dig it vertically downwards in the ground a distance of 10 ¢cm. Find:

First: the common velocity of the hammer and body after collision directly.
Second: the Kinetic energy lost due to collision,

Third: the ground resistance to the body measured in kg.wt.

Third Form Secondary Student Book



Potential energy

-

You have previously learned that the energy of a body is related to its
motion and this called the Kinetic energy. In this lesson |, you leam the
potential energy of the body which is related to the place of its existence.,
Several types of the potential energy can be defined such that each type is
related to a type of forces. The potential energy of the Earth’s attraction
to the bodies is one of the most common potential energies.

potential energy

When a particle moves in a straight line under the action of a constant
— - - - -
force F parallel to this line, then the potential energy of the particle P
at an instant is the work done by the force 0 il Final
0 A B

acting on this particle if it’s motion from
its position to another constant position on
the straight line “AB as shown in the opposite figure. If the force F
is parallel to “AB . (0) is the constant position , A, B are two different
positions of the body on this line, then:

the potential energy atAis P, = F +AO ,andthe potential energy at B is
Py = F *+ BO. by using the symbol P to express the potential energy,
We find that:

—_—

»#  Potential energy at (O) = 0 since potential energy st O = F « 0 =0

# Let A, B be the initial and final positions of the moving body.
P,. Py, . are the two potential energies at A, B respectively, then:
P,-P, =(F *BO)-(F *AO)

—_— = p——

=F «(BO-A0 )=(F * BA)

T3 Q)
But: F * AB =W @ from @ @
PB ’P.\ = ’w
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You will learn

2 Potential eneragy

O The relation between
work and the change in
the potential energy

O The principle of work
and energy - the
conservation of energy

O The potential energy
of a body actedon by a

variable force

Key terms

2 Potential energy

O Change in potential
energy

O The work - energy
principle

O conservation of energy

Materials

O Scientific calculator.

O Computer graphics.
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i.e.: The change in the potential energy of a body when it moves from an initial position to a final
position is equal to negative the work done by the force during the motion.

Consevation of energy
If a body moves from position A to another position B without encountering any resistance, then
the sum of the kinetic and potential energices at A is equal to the sum of the Kinetic and potential

energies at B.
From the principle of work and energy, we find that:
Ty-T,=W

From the previous relation relating the work to the potential energy, we find that:
Py-Py =-W

 Tg-T, =-[Py-P,l
S Ty4Py =T, +P,

The sum of the Kinetic and potential energies remains constant during the motion,

Measuring units of the potential energy: in regard to the definition of the potential energy, we
find that its measuring units are the same measuring units of work and Kinetic energy.

6 Example
1 Theforce F =6 i +2 , acts on a body to move it from p(muunAlu position Bm wo \ccmtl\

and the position vector of the body is given by the relation: T=024+2) i +22+) )
Calculate the change in the potential energy of the body where the magnitude of F is measured

in newton and rin m and t in second.

O» Solution
-~ O " - . A
S=r -7 =(3°+2) i +(2°+1) j§ - Qi + ,)
=307 +200 | = AB

FeBA =-(F+AB)

The change in the potential energy

-(6,2)+ (367,209

(182 + 4% =-22¢2
=-22'4=-88j00|¢

L) Try to solve

1) The force F =4 +5 acts on a particle to move it from position A to position B within
two seconds and the position vector of the body is given as a function of time by the relation
=(22+3)i +(4t+1);j.Calculate the change in the potential energy of the particle where
the magnitude of F is measured in newton and r in m and t in second.
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6 Example

2 ' A body of mass 300 gm is placed at a height of 10 m above the ground surface. Find the
potential energy of the body. If it fell vertically, find the sum of the Kinetic and potential
energies of the body at any instant during its fall, then find the energy of its motion when it
is 3 m above the ground surface.

A 4
> Solution
The potential energy of the body at A: "
The potential energy of the body at A =mg « h
=03 9.8 « 10 = 29.4 joule P —
The body rests at A .. its Kinetic energy = zero 3£ '

T,+P, = 29.4 joule

The sum of Kinetic and potential energies remains constant during motion

The sum of Kinetic and potential energies of the body at any instant during its falling =
29.4 joule

Kinetic energy and potential energy at B:
The potential energy of the body =mg ~ h
=03 9.8 « 3 =8.82 joule
T+ Py =T, +P,
Ty +8.82 =204 S Ty =294 - 8.82 = 20.58 joule

L) Try to solve

2. Aparticle of mass 100 gm is let to fall down from a height of 4 m above the ground surface.
Find the sum of Kinetic and potential energies of the body at any instant of its falling, then
find the energy of its motion when it is 1 m above the ground surface.

0 Example

3 ' A body of mass 3 kg is placed at A which is the highest point of a smooth inclined plane of
length 20 m and inclined at 30° to the horizontal. Calculate the potential energy of the body
and if it descends in the direction of the line of the greatest slope of the plane. Calculate the
velocity of the body at the instant it reaches the lowest point of the plane.

> Solution

The potential energy of the body at A:

P, =mg~h
=3 « 9.8 (20 sin 30%)
= 204 joule
T,+P, =0+294=2% joule (since the body rests at A)
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The Kinetic and potential energies at B:

Ty + P, = 294 joule

Imv?+0 =294 1.3.vi=2994
x 9

.'.V°’=294‘ = =19 v = 14 m/sec

L) Try to solve

3. A, B arc two points on the line of the greatest slope in a rough inclined plane such that B is down
A. A body of mass 500 gm starts its motion from rest from point A. If the vertical distance is
equal 1o one meter and the velocity of the body as it reaches B is equal to 4 m/sec, find in joule:
First: the lost potential energy
Second: the work done by the resistances

6 Example

4 ' A simple pendulum is made up of a light rod of length 80 cm carrying a body of mass 4 kg
suspended vertically and is oscillatory an angle of measure 1207, Find:
First: the increase of the potential energy at the end of the pathway more than at the middle
of the pathway.
Second: the velocity of the body at the middle of the pathway.
> Solution

From the geometry of the figure:

The mass moves in a circular arc whose center is point M and its radius length = 80 cm.
m(~AMC) = 1200
m(/AMD) =60
Triangle AOM is thirty -sixty triangle
MO =40 ¢m , BO =40 cm

The increase of the potential energy at A is more than at B:
P,-P, =mgh,-mgh, =mg(h, -h)=mgxBO
=4 « 980 ~ 40 = 156800 erg

I'o find the velocity of the body at the middle of the passway:
from the principle of the conservation of energy T, + P, =T, + P,

1 %4:V240=0+ 156800
V2 = 78400
V =280 cm/sec
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Motion on a rough inclined plane
If a body discends on a rough inclined plane under the Vo

action of its weight only from position A to position C, then

>

the change in the potential energy = the change in Kinetic

energy + the work done against resistances. v
Proof: o

Let the distance traveled by the body on the plane C
be (S), then the vertical distance AB which the body
descends AB=Ssin B
The change in the Kinetic energy fromAto B =
the work done by (mg sin @ - R)

x..............;‘..

Im(V3-V?) =(mgsin@-R)~S Im(V3-V?) =mgsin@xS- RxS

Im(V2-V2) =mg<AB-R~S mg ~ AB A ATLEL

The change in the potential energy = the change in the Kinetic energy + the work done
against the resistances.

Note: the previous rule can be generalized whether the motion is vertical or on an inclined plane
as follows:

If a body is fallen or thrown vertically in a medium containing a resistance or descended on a

rough inclined plane, then:

The change in potential energy = change in Kinetic energy + the work against resistance

Q Example

Motion on a rough plane “j
3 In the opposite figure , a cube of wood o!

of mass 2 kg at A, slides on a surface (as
illustrated in the figure) where AB , CD are

two smooth surfaces. The horizontal plane BC is rough, its length is 30 m, and its coeflicient
of the Kinetic friction between the cube and the horizontal surface % . If the cube starts

motion from rest and it is 4 m high, at which distance does the cube rest on BC .

Bl 30m

> Solution
The cube slides on the arc AB
According to the principle of conservation of energy T, + P, =T , + P,
zer0 +2 %98 <4 =T, + zero
Ty =784 joule.
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Since the cube moves on the rough plane BC. (N)

The change in potential energy = change in Kinetic energy + the
work against resistances AN«
zero =(0-784)+ 4, N =S
{98x2xS=784 s $=20m |

L) Try to solve W
‘4. Acar descends a slope from rest. The length of 180 m, it is height of 10 m. If it is given that
% of the potential energy is lost due to overcoming the resistances against motion and these
resistances remain constant during the motion of the car, find the velocity of the car after it

traveled the previous distance of 180 m.

\Oc?? Exercises 4 -3 \ao??

First complete:
1. Abody of mass 0.2 kg is let to fall from a height 5 m above the ground .

@ The potential energy of the body at the instant it fell =
b The kinetic energy of the body at the instant it fell =
€ The sum of the Kinctic and potential energies at the instant the body reached the ground
= Joule
2. Abody of mass 350 kg and height 20 m above the ground, then its potential energy = Joule.

3. A helicopter of weight 3500 kg.wt descends vertically downwards from height 250 m to
height 150 m above the ground, then the magnitude of loss in its potential energy = joule.

4. A body of weight 2 kg.wt ascends a distance of 200 ¢m on the line of the greatest slope to a
smooth plane inclined at 30° to the horizontal, then the increase of its potential energy = joule

5. A body is placed on the top of a smooth inclined plane of height 90 ¢cm , then its velocity as
it reaches the bottom of the plane = m/sec

6. A body moves from position A(2, 3) to position B (7, 6) under the action of the force
F =30 +4 j . then the change in the potential energy of the body = Erg: where
S is measured in cm and T in dyne.

N

.7 The force F=4i+ 5; acts on a body to move it from position A to position B in two
seconds and the position vector of the body is given as a function of time by the relation
R=02C4+3) i +@t+1 ); . then the change in the potential energy of the body = joule;
where F in newton and IR Wl in m and t in seconds.
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Answer the following questions:

8. A body of mass 300 gm is placed on a height of 10 m above the ground. Find the potential
energy of the body. If the body falls vertically, find its Kinetic energy when it is at a height
of 3 m above the ground.

9. Abody of mass 140 gm is projected vertically upwards from the top of a tower whose height
is 25 m above the ground. Calculate the change in the kinetic energy of the body from the
instant it is projected until it reaches the ground in joule.

10 A body of mass 2 kg from the Earth's surface is projected vertically upwards with velocity
70 m/sec . Find the sum of the Kinetic and potential energies after S seconds. If the Kinetic
energy of the body after time is 125.44 joule. Find this time and find its potential energy.

11 A body of mass 100 gm is let to fall from a height of 5 m above flabby ground and embeds
in it 20 cm. Find:

First: the magnitude of what is lost of the potential energy in joule before the instant the
body collides with the ground directly.
Second: the average resistance of the ground in kg.wt.

12 A person of mass 72 kg ascends a road inclined at an angle of sine :, to the horizontal. he
covers a distances of 120 m. Calculate the change in the potential energy of the person.

13 Calculate the velocity of a body of mass 300 gm placed at the top of an inclined plane
of height 2 m reaches the bottom of the plane if the magnitude of work done against the
resistance is equal to 2.13 joule.

14 A, B arc two points on the line of the greatest slope to a rough inclined plane such that B
is under A. A body of mass 500 gm starts moving from rest from point A. If the vertical
distance is equal to | m and the velocity of the body when it reaches B is equal 1o 4 m/sec
Find in joule:

First: the lost potential energy.
Second: the work done by the resistances.

15 In.the figure opposite: A simple pendulum of a string of string length
130 cm, If the pendulum starts its motion from rest from point A to move
freely to oscillate at angle of measure 20 where tan 6 = % . Find the

velocity of the sphere at the midpoint of the pathway. ey wea

16 Aring of mass X kg slides on rough vertical cylindric pool. If its velocity is 6.3 m/sec after it
traveled 4.8 m from the beginning of its motion, use the work-energy principle to calculate
the work done by the resistance during the motion.
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You will learn

Think . Discuss

O Power ~
A Constant power and A machine does work of magnitude 200 kg.wt. m in 4 minutes and

variable power another machine does another work of magnitude 100 kg.wt.m in a
minute.

Which machine is more efficient?

You may think that the first machine is more efficient than the second
machine since it did more work.

But what the first machine did in a minute = 2‘:’ = 50 kg.wt.m and
what the second machine did in a minute = 100 kg.wt.m . Thus, we can
deduce that when we measure the power of a machine, it is necessary 1o
know the work this machine does in a time unit.

Key terms m Power : the time rate to do work
2 Power
O Horse power I'his definition is formulated as follows:

« The power is the work done in a time unit»

Power = d (w)

dt
cw=l] Feds
dw=3 S F.d¥
dt dt
r==d8s
= )T a
dt dt
daw=4 (FV)a
dt dt
dw=TF+Vs=
dt

. — » » o - - y
If V has the same direction of F then power =F V

Materials From this relation; we can find that the power is a scalar quantity
2 Scientific calculator identified at any instant in terms of F, V and its value is determined by
the time rate to do work at this instant.

Notice that: the power is identified instantancously (at a certain instant)

otherwise the work which is always calculated between two instants.

Third Form Secondary Student Book



R ST MG PRI | Power 4 . 4

The average power:
If the force does work of magnitude w during a time interval At =1, - t, then:
w w
The average power = = I;T,
Using the integration to find the work
"' Power= -:—t (w), Jow= |,F’ (power ) dt

The variable power and maximum power

When the magnitude of the force F is constant , then the magnitude of power changes directly

with the magnitude of the velocity V of the body and F is the arbitrary constant where
power=F V power = V. when F is constant

As long as the magnitude of the velocity changes, the magnitude of the power changes and we

obtain the maximum power when the velocity is as maximum as possible . In this case, the power

is called the power of machine (in general)

Measuring units of power:

Since the power is equal to the time rate to do work.
measuring unit of work
measuring unit of time

The measuring unit of power = = measuring unit of force * measuring

unit of velocity
The measuring units of power are : watl (newton. mis), kgowtam/sec - erg (sec, horse

A Newton - meter/second ¢ is known as the power of a force doing work at a constant time
rate measured in newton one meter per second. The newton-meter /second (joule/second)
are called “Wan™,

A (Kg.wt meter /sec) : is known as the power of a force doing work at a constant time rate of
magnitude Kilogram-one meter per second.

~  Erg/second :is known as the power of a force doing work at a constant time rate of magnitude
one erg per second.

#  Horse: It is known as the power of the machine doing work of magnitude 75 kg.wt.m per
second.

Here are the rules to convert the measuring units of power.
7 1 kg.wt. meter/sec = 9.8 newtons. meter/sec

» 1 newton. meter/sec = 1 watt = 107 erg/sec
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There are other measuring units for the power such as kilowatt and horse.
# 1 kilowatt = 1000 watt = 1000 newton. meter/sec = 10' erg/sec

# | horse =75 kg.wt. meter/sec
=75 « 9.8 newton. meter/sec
= 735 newton. meter/sec ( watt)
= (735 kilowant

6Examplo

1. Aperson of mass S0 kg ascends the stairs of a tower of height 441 meters in time of magnitude
15 minutes. Calculate the average power in watt unit.

> Solution
Force (F) =mg =50 » 9.8 = 490 newton
S Berc’s averass velooky u SN _ 4]
The person’s average velocity = . I

The average power = force = velocity = F « V =490 « 0.49 = 240.1 watt

= (.49 m/sec

L) Try to solve

1. A plane engine produces a force of magnitude 32.2 « 10* newtons when the plan’s velocity
is 900 km/h. Calculate the power of the engine in horse.

@wo

2 ' A car of mass 2 tons moves on a horizontal road with a uniform velocity of magnitude 108
kmv/h against resistances equivalent to 150 kg.wt per each ton of the mass. Calculate the
power of its engine in horse.

> Solution
The body moves with a uniform velocity (according to newton’s first law) then F =
R = 150 = 2 = 300 kg.wt

Car’s velocity = |08 ~ % = 30 m/sec
Power =F « V=300 « 30 = 9000 kg.wt. m/sec

Power = "7‘—? = 120 horse

L) Try to solve

2. A truck of mass 6 tons moves on a horizontal road with a uniform velocity of magnitude
54 km/h when the power of its engine is 300 horses. Calculate the resistance of the road in
kg.wt per ton of mass.
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D Exampl

|
125

maximum velocity of magnitude 45 km/h against resistances equivalent to 200 kg.wt per

3 ' A car of mass 9 tons ascends a slope inclined at an angle of sine to the horizontal with

cach ton of the mass. Calculate the power of its engine in horse.

> Solution
The motion is upwards the plane

Equationof motion F =R+ mgsinf
F =20049<98+910°«98 - # newtons
F =2520 kg.wt B

I'he maximum velocity the car can ascend the slope

3 235
V =45x1g="7 misec
2520 x 23
The maximum power of the car=F « V = < =420 horse
75

L) Try to solve

3. In the previous example, if the car descends on the same plane after loading it with goods
of mass 3 tons, calculate the maximum velocity to descend in km/h given that the resistance

per ton of mass does not change.

Note: If the rate of doing work is uniform (constant), then:

Work _ Force « Distance

Power = — Time

@ Example

4 A worker whose job is to load boxes each of mass 30 kg on a truck. If the height of the truck
is 0.9 meter, calculate the number of boxes which the worker can load in time of magnitude
I minute if his average power is equal to 0.6 horse.

O» Solution
Total work  Number of boxes * Work needed to load a box
Time Time

Power =

Power =< Time
The work to one box

boxes per second

Number of boxes needed to be loaded in a second =

06%735 _§

Number of bo S e =
um O XCS 098 <09 3

Number of boxes =

i I

« 60 = 100 boxes per minute
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L) Try to solve
‘4 In the previous example, calculate the number of boxes if the power of the man is 352.8 watt

i R

5 A train of mass 200 tons ascends a slope whose inclination to the horizontal is an angle of sine
5(1—,0 with a uniform velocity of magnitude 27 km/h against resistances to the motion parallel to
the direction of the line of the greatest slope of the plane at a rate of 18 kg.wt per each ton of the
mass. What is the power of the engine in horse? If the train descends on the same slope with the
same velocity: what is the power of the engine in this case supposing the resistances are constant
in both cases?

> Solution
First: when the train ascends the slope:

. A . . . "
we take the unit vector ¢ in the direction of motion,
i.e. upwards the plane

Motion resistances = 200 « I8 = 3600 kg.wt
component of the train weight in the direction of
the plane = 200 » 1000 x 51 = 1000 kg.wt

The train ascends with a uniform velocity

Force of the engine = resistances + component of weight = 3600 + 1000 = 4600 kg.wt

Power =F v where F, force of the engine , v velocity
5

Power  =4600 x 27 « ¢ kg.wt . meter/sec
s

= 4600 % 27 « 75 75 =460 horses
Second: when the train descends the slope:

P
. A ™~ - . . .
We take the unit vector ¢ in the direction of motion. i.e.

<
Cal

downwards the plane /
" The train descends with a uniform velocity / /

Force of the engine + component of weight = resistances - o

Force of the engine + 1000 = 3600 . o ;d"
w

Force of the engine = 2600 kg.wt
Power = F,v where F, is the force of the engine, v is the velocity (since it doesn't change)

- IOE
Power = 2600 = 27 ~ 18 -A75-2whorscs

L] Try to solve

5 A locomotive of mass 28 tons pulls a train car of mass 56 tons with a uniform acceleration
downwards a plane inclined at sin —L_ {0 the horizontal. When the power of the engine
reaches 84 horses, its velocity becomes 2 Im/sec. Calculate the acceleration if given that the
resistance is 10 kg.wt per each ton of mass.
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6 A particle moves under the action of a force F=3i+4 J such that its displacement
S is given as a function of time by the relation § =3t + 6t j where i . j are two
perpendicular unit vectors. Find the work done by the force then find the power whent =2

seconds if F is measured in newton, S in m and t in second.

> Solution
-
‘W= l.' . S
ow=(3,.4)37%,60)=9"+241
* power = ::l (W) Soopower= 181+ 24
when t = 2 second power = 60 watt
L) Try to solve

‘6. A constant force T acts on a particle such that its displacement vector is given as a function
of time t by the relation _S‘ =32 +1)i - 41; where i j are two perpendicular unit
vectors. Find F if the power of the force Fis equal to 75 erg/sec when t = 4 seconds and the
power of force T is equal to 165 erg/sec when t = 9 seconds given that S is measured in cm

and F in erg dayn.
0 Example

7 | If the power of an engine at any time measured in seconds is equal to (9t% + 4t), find the work
done by the engine during the first three minutes, then find the work done during the fourth

second.

> Solution

. Power = dw

ww o =J" (powen) dt

The work done during the first three seconds =0 J" (9% + 40) dt
=3¢ + 2%,
= 99 work unit

The work done during the fourth second = JU o s a
=36 + 20%)*

= 125 work unit
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S

o

Find the time taken by a car of mass 1200 kg to reach the velocity 126 km/h from rest. If the
power of the engine is constant and equal to 125 horses.
Solution
w=al' (power)dt coow=ad' (125 735) dt
w= 1257351
work = change in kinetic energy % mi(vi-v,
11200 (126 % )2 - 0)= 125 % 7354
735 % 1000 = 125 « 7351 s t=8sec

e

)= 125 <7351

L) Try to solve

P
\7/

The force of a car’s engine does work at a rate given during the time interval t € |0, 5] by the
relation 144 t - 26 °. If the mass of the car is 980 kg and its velocity by the end of the third
second is 90 km/h, find its velocity by the end of the fourth second.

. .
g‘? Exercises 4 -4 g?

Complete

o\

\'/

272

A particle moves under the action of force F = 3 i+ 4] where its displacement
S=ti +(+1) j where Fin dyne, and S in cm then the power of the force F at instant
t = 3 seconds is equal to dyne. cm/sec.

A train of mass 375 tons and the power of its engine is 625 horses moves on horizontal ground
with maximum velocity of magnitude 90 km/h, then the resistance which it encounters per
ton of the train’s mass = kg.wt.

A car of mass 4 tons and the power of its engine is 10 horses moves in a straight line
on horizontal ground. If the maximum velocity of the car is 75 kmvh, then the resistance
magnitude of the road to the car’s motion = kg.wt.

A train of mass 108 tons moves with a uniform velocity on a horizontal railroad with velocity
30 knv/h. If the resistances are equivalent to 10.5 kg.wt per each ton of mass, find the power
of the engine in horse.

The power of a train’s engine is 504 horses and its mass is 216 tons moves on a horizontal
railway with its maximum velocity against resistances equivalent to 5 kg.wt per cach ton of
its mass, find its maximum velocity in km /h.

A horizontally train moves under the action of a resistance proportional to the square of its
velocity. If the resistance is equivalent to 800 kg.wt when its velocity is 20 km/h and the
power of the train is 200 horses when it moves with a maximum velocity, find this velocity
in km/h.
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7. Acarof mass 1500 kg and the power of its engine is 120 horses moves on a horizontal straight
road with maximum velocity of magnitude 72 km/h. What is the maximum velocity this car can
ascend a straight road inclined to the horizontal with an angle of sine %0 given that the resistance
is the same on the two roads?

Power 4 _ 4

o\

8_ Acarof mass 3 tons moves on a horizontal road with a uniform velocity of magnitude 37.5 km/h
to reach the top of a slope inclined at an angle of sine 0.03 10 the horizontal . The driver stops
the engine and the car moved down the slope with its previous velocity. If the slope resistance is
2 the horizontal road resistance, find:

first: the slope resistance in kg.wt. second: the engine power on the horizontal road.

N

9. A car of mass 6 tons moves with maximum velocity of magnitude 27 km/h ascending a slope
inclined at an angle of sine L to the horizontal , then the car starts to descend the same road
with maximum velocity of magnitude 135 kmv/h. Identify the magnitude of the resistance force
of the road to the motion supposing it did not change along the time, then find the power of the
car’s engine.

Py
2

The engine power of a plane is 1350 horses when it moves horizontally with a uniform velocity
of magnitude 270 kmvh. Find the air resistance to the plane’s motion. If the air resistance is
proportional to square of its velocity. Find the power of its engine when it fly horizontally with
a uniform velocity of magnitude 180 kmv/h.

A\
s

A train engine of power 400 horses pulls a train with a maximum velocity of magnitude 72 km/h
on horizontal ground. Calculate the resistance to the train’s motion. If the mass of the engine and
the train was 200 tons, Find the maximum velocity by which the train ascends a slope inclined at

an angle of sine 2%” to the horizontal, supposing the road resistance to the motion didn't change.

12 The mass of a cyclist and the bike together is 80 kg, and the greatest power to the cyclist is
4 of horse. If the maximum velocity for this cyclist in a horizontal road is 18 km/h, calculate
the road resistance in kg.wt. If given that the cyclist ascends a slope inclined at an angle of

sine 4%) to the horizontal with maximum velocity, calculate this velocity in km/h,

A truck of mass 5 tons moves on a horizontal road with a uniform velocity of magnitude 144 km/h
when the power of its engine is 120 horses. Find the road resistance per ton of the truck’s mass in
kg.wi. If the resistance is proportional to the velocity, find the power of the engine in horse when
the truck ascends a slope inclined at an angle of sine —27}5 to the horizontal with a uniform velocity
of magnitude 96 km/h.

Y
-

A truck of 2 tons descends a road inclined at an angle of sine —L_ 10 the horizontal from

site (A) to site (B) with maximum velocity of magnitude 9% l!n‘{’/h Calculate the power
of the truck’s engine if given that the road resistance to its motion is estimated with ratio
13 % of the truck’s weight. If the car is loaded with a mass of % ton as it reaches site (B),
then it ascends the road to site (A) with maximum velocity, find this velocity if the resistance
remains with its same ratio of the weight.

AP
-

sk
\u'/

A train of mass (m) ton moves on a horizontal road with the maximum velocity of magnitude
60 kmv/h. The last car of mass 15 tons is separated from the train and the maximum velocity
of the train increases at a magnitude of 7.5 km/h. Find the power of the engine in horse and
the mass of the train given that the resistance is equal 1o 9 kg.wt per each ton of mass.,
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+4] , and lLs displacement vector
+ —l' + l)) if F is measured in

16 A A particle moves under the action of the force P =3
S is given as a function of time by the relation S=t
newton,s in meter and t in second, find

@ The work done during the first three seconds
b The average power during the first three seconds
€ The power of the force F when t = 3 sec

et

17, A particle moves under the action of the force
=(2-1) i +(5t+ 2)} where its displacement vector is given as a function of time
by the relation S=03C+1i +4 j . if F is measured in newton, S in meter and t in
seconds, find:
8 The work done during the third, fourth and fifth seconds
b The average power during the third, fourth and fifth seconds.
€ The force power whent = 5 sec
18 A body of 3 kg moves under the action of the force T and the position vector of the body
at any instant t is given by the relation Tt (1) =’ i+ , . If F is measured in newton, r in
meter and t in seconds, find:
8 The acting force T in terms of t. b The power of force T in terms of 1.
€ The work done by force ¥ during the time interval 0 €t < 2
19.1f the power of an engine (in horse) is equal to (6t - :.ll, t*) where t is time in second,
te |0, 120] find:
a Power of engine when t = 90 sec,
b The work done during the time interval [0, 30).
€ The maximum power of the engine.
20/ A body of mass 5 kg moves under the action of force F such that its position vector at the
time tis given buy the relation TM=ti+ J . If F is measured in newton, rin meter and
t in seconds, find :
- using the integration the work done by force F in the time interval [0, 2] .
210 A body of mass 3 kg moves under the action of force F such that its velocity vector V. is
given by the relation v=_(1-sin2t) i +(-1+cos2t) ; . If F is measured in newton,
V in meter /second, find:
a Force F in terms of L.
b The kinetic energy at time t.
€ Prove that the rate of change of T is equal to the power resulted form force ¥.
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GENERALIEXERCISES

(1 A particle of mass 200 gm is projected upwards a smooth plane inclined at an angle of
sine ;g to the horizontal in the direction of the line of the greatest slope with velocity
30cm/sec. Calculate the change occurring to the potential energy of this particle when its
velocity gets 18 em/sec.

o\

2. A force of magnitude 48 gm.wt acts on a rested body placed on a horizontal plane for a
time interval to acquire kinetic energy of magnitude 18900 gm.wt.cm by the end of this
interval, Its momentum reaches 176400 gm.cm/sec at the instant, then the force is ceased
and the body gets rested once again after it traveled a distance of 10.5 m from the instant
of ceasing the force. Find the mass of the body and the magnitude of the plane resistance
1o its motion supposing it is constant and then find the action time of the force.

3. Acarof mass 1800 kg moves on a horizontal road with a uniform velocity of magnitude
54 kmv/h. If the magnitude of the resistance to the car’s motion is equivalent to 0.25 of

the car’s weight, find the power of the engine in this case in horse.

4. Ahammer of mass | ton falls down from height 4.9 m vertically on an iron body of mass
400 kg to embed it vertically in the ground for a distance of 10 cm. Identify the common
velocity for both the hammer and the body after collision directly. Identify the Kinctic
energy lost due to collision and the magnitude of the ground resistance supposing it is
constant,

o\

5. A body of mass 2 kg is projected on an inclined plane inclined at an angle of sine 918
to the horizontal in the direction of the line of the greatest slope to the plane upwards
with velocity 1.4 m/sec. Calculate the work done by the weight until the body rests
instantancously.

6. Abody of mass 2 kg moves under the action of a constant force T where F =4 +8 ;

where F is measured in newton. If the body starts to move from rest from the point of the
position vector 2 i +5 ; . find the position vector of the body after 3 seconds, then find the
magnitude of the work done by this force during this time interval and the power generated
when t = 3 sec.

7. Acyclist and the bike of mass 98 kg move on a rough horizontal ground from rest to reach
the maximum velocity of magnitude 7.5 m/sec after time of magnitude | minute when the
cyclist stop peddling. The bike gets rested after it traveled a distance of magnitude 15 m.
Calculate the maximum power in horse for the cyclist during this trip.

o\

8. A body of mass 60 kg ascends from rest on the line of the greatest slope to an inclined
plane of length 20 m and height 12 m. If the body starts its motion from the highest point
on the plane and the coefficient of kinetic friction between the body and the plane is T‘a'
find the kinetic energy of the body when it reaches the plane base.

Applied mathematics
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) A7 body of mass 5 kg is placed on a rough inclined plane inclined at an angle of tangent
34 tothe horizontal . A force in the direction of the line of the greatest slope to the plane
upwards acts on the body to move it with a uniform velocity a distance of 75 cm. if the

coefficient of kinetic friction between the body and the plane is 'l% find :
a8 The magnitude of the work done against the resistance of the plane.
b The magnitude of the work done by this force.

10 A car’s engine does work at a constant rate of magnitude 5 kilowatt and the car’s mass is
1200 kg. If the car moves on a horizontal road against a constant resistance of magnitude
325 newtons, find:

a The magnitude of the car’s acceleration when its velocity is 8m/sec.

b The car’s maximum velocity.

11 A car of mass 5 tons moves with uniform velocity of magnitude 36 km/h ascending a
slope inclined at tangle of sine 1 1o the horizontal against the resistance equivalent to
2.57 of the car’s weight. Find the power of the engine in horse. If the power of engine
suddenly increases to 50 horses, find the magnitude of the car’s acceleration directly
after this increase.

12 A train moves with uniform velocity of magnitude 72 kmv/h , the last car is of mass 16 tons
is separated and the velocity of the train increases to be 96 km/h. If the power of the train
engine is constant, find the power of the engine and the train’s mass given that the train
encounters a constant resistance of magnitude 6 kg.wt per each ton of the moving mass,

13 A particle moves in a straight line under the action of a variable force F where F = % X
(newton) where x in meter is the distance between the particle and a constant origin point
on the straight line. Find the work done by the force F in the following cases :

@ When the particle moves from x =010 x = 10.
b When the particle moves from x=ltox =5,

14 Abody of mass 1 kg is let to fall vertically downwards fmm rest under the action of the
gravitational acceleration against resistances of magmludc x (newtons) where x is the
distance between the body and the falling point in meter al any instant. Find the work
done by the body against the resistance from the instant of falling until the body travels
a distance of 10m under the falling point and find its velocity at this inslam

15 A constant force of magnitude F Newton inclined at an angle of tangent 3 pulls a stalled
car of mass 1400 kg with uniform velocity of magnitude 22.5 m/secena rough horizontal
road and the coefficient of kinetic friction between the road and the car is 0.3, find :

a8 The force power in this case.
b The work done by this force to move the car for a minute.

For more activities and exercises visit www.sec3mathematics.com.eg
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First: Statics
AR R Tesl | G SN U S

Answer the following question:
Question 1 : Choose the correct answer

{1 If @ is the measure of the angle between the final limiting force and the resultant
reaction, then the coefficient of the static friction is equal to:

a unb b sin@ € cos@ d cotf

(2) The opposite figure represents a rod in equilibrium, then F = 20~ ) . iy
a 28 newtons b 16 newtons
€ 2 newtons d 4 newtons am 2Zm  2m

3) Theforce F =37 -5 actsat point A (-1, 1) then the moment of the force F about
the origin point is equal to:

a 2k b 2k € 8k d 8k
‘4. Two forces form a couple; the magnitude of one of them is 15 newtons and the moment
of the couple is 45 newtons. cm, then the perpendicular distance between them is equal

o
a 675¢m b 60cm € 3cm d 30cm

5. If a system of coplanar forces is in equilibrium, then the algebraic measure of the sum
of its moments about any point in the plane is equal to:

a8  pon-zero constant b zero
€ resultant of these force d the unity

(6, The center of gravity of two physical bodies of masses 3 newtons and 6 newtons and
the distance between them is 15 cm is at distance ....... cm from the 3 newtons body

a5 b 10 ¢ 715 d 9
Second: answer three questions of the following:
Question 2 ) ',..u" .
1) The opposite figure illustrates a winch puller AB @7
acting on an inclined fence CD. Find the magnitude of o~ 5- - im
the moment of the tension force about point D. o
po ) 2
2. A body of weight (W) is placed on a rough plane . m 30cm

inclined at an angle of measure (6) . If the measure of
the angle of friction is (Y), find the magnitude and direction of the least force making
the body move upwards.
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ACCUMULATIVESTEST

Question 3

1. Two like forces cach of magnitude 10, 15 newtons act at the two points A, B where AB = 75 cm.
Find the resultant of the two forces.

(2) ABC is an isosceles triangle in which AB = AC = |3 ¢m and BC = 10 ¢m forces of magnitudes
65, F, 65 newtons act along AB. BC. CA respectively. if the system is equivalent to a couple
3. What is the value of F and the magnitude of the moment of the couple ?

Question 4

{1 AB is a light fine rod of length 2 L connected in a vertical plane at its two ends A, B by
two strings inclined at 30, 60 Io lhc horizontal respectively, two weights of 2, 8 newtons are
wspcndcdonlhcmddulam L. L from A.
Find in the position of oqulllbnum. and tension magnitude in the two strings and the measure
of the angle of inclination of the rod to the horizontal.

2. ABC is an equilateral triangle of side length 10 cm the weights 3,69 act at its vertices.
Identify the position of the center of gravity of the system.

Question §

1 In the opposite figure, A force of 25,6 newton acts
at EM where M the center of face ABCD. Find the
components of the moment of the force about the
coordinate axes.

2 A fine lamina of uniform density in the form of a
n:clanglc ABCD in whichAB=5cm, BC = 12¢cm,
E € AD such that AE = 5 cm. The triangle ABE is

bent about side BE until AB is coincident on BC
totally. Identify the center of gravity of the lamina

after bending it with respect to CB, CD.

ARkl Jest 2

First : Answer the following question:

Question 1: Choose the correct answer

1. Two couples act on a body; the magnitude of one of the two forces of the first couple is 20 kg.wt,
the moment arm is% m and the direction of its rotation is in anti clockwise direction while the
magnitude of one of the two forces of the second couple is 30 kg.wt, moment arm is | m and the

direction of its rotation is in the clockwise direction, then the resultant couple is equal to:
a 20 kg.wt.m and the direction of its rotation is in the clockwise direction.
b 20 kg.wtm and the direction of its rotation is in the anti-clockwise direction.
€ 40 kg.wt.m and the direction of its rotation is in the clockwise direction.
d 40 ke wi.m and the direction of its rotatiog s in the anti-clockwise direction.
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‘2. The angle of friction is:
8 The angle included between the normal reaction and the resultant reaction in the case of
limiting friction.
B The ratio between the force of limiting friction and the normal reaction.
€ The ratio between the coefficients of static and Kinetic friction.
d  The angle included between the force of the limiting fraction and the resultant reaction.

3. The opposite figure illustrates a force of magnitude F acts on F
an end of a rod. The measure of angle @ which generates the
maximum moment about point B is:
a (o b 90° L3
€ 45° d 30°

‘4. Two unlike forces: the magnitude of one of them is 7 newtons and the magnitude of their
resultant is 10 newtons, then the magnitude of the other force is.

a 3 pewtons b 17 newtons ¢ 27 newtons d 6 newtons

5. In the opposite figure:
If A is the angle of friction between the ground and the
rod, then tan € . tan A =

a2 b
d

e

6, A mass of 5 kg acts at point (2, -1 ) and a mass of 7 kg
acts at point (1, 2) then the center of gravity of the two
masses acts at point

a (17,9) b (13.3) ¢ (19,13 Of %7
Second: answer three questions:
Question 2

1) Ifthe force T =5i - j +3k acts at point A (-1, 2, 1) find:
First: the moment of the force T about the origin point.
Second: the length of the perpendicular drawn from the origin point on the line of action of ¥.

‘2. Prove that if a body is placed on a rough inclined plane, and the body is about to slide, then
the measure of the angle of friction is equal to the measure of the angle of inclination of the
plane to the horizontal.
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Question 3

1. Three bodies of weights 57,11 kg.wt are placed on a light rod as shown in the figure.
Identify the suspension point on the rod such that the rod remains horizontal.

2) ABCD is a rectangle in which AB=6cm, BC=8cm ,Ee BC ,Fe AD such that
B E = DF = 6 cm. The forces of magnitudes 5, 5,7, 7, F, F kg.wt act at the direction of AB
. CD. BC DA, EA, FC, respectively if the system is equivalent to a couple whose moment
magnitude is 10 kg.wt.cm in the direction of CBAD, find F.

Question 4 A

1) In the opposite figure, the top of a uniform ladder weight
(W) is leaning against a smooth vertical wall and its base is
leaning against rough ground inclined to the horizontal at an

angle of measure () upwards. If the ladder is about to slide H
while it is in a vertical plane perpendicular to the intersection . s

line of the wall and ground, prove that the ladder is inclined [§)

at an angle of measure = to the vertical where tan = = 2 tan (A - @) where A is the angle of
friction.

(2. Auniform rod of the length 15 L is bent from point B where AB = 15 L such that m (.~ ABC) = 90°
and a rod is suspended freely from end A. Prove that BC is inclined at an angle of @ where
tan 6 -glolhchon’wmal.

Question §

1 In the opposite figure:
If the moment of the force F perpendicular to the rotation
arm about point A is equal to 620 newtons cm, find F

2. ABC is an equilateral triangle of side length 2 cm, M is
the intersection point of its madians , D is the midpoint
of BC , masses of magnitudes 15, 30, 75, 45, 45 are
fixed at the points A, B, D, C, M respectively. Identify
the center of gravity of this system. Where does the
center of gravity of the remaining system lie if the
mass existed at B is lifted.

CEEEN TSI RIS ETTR RS Ty 3 DO e O A NG

First : Answer the following question:
Question 1: Complete
F

1) The magnitude of the least horizontal force F needed to equilibrate a body ~ —| 13
of mass 15 kg.wt on a rough vertical plane the coefficient of the static friction
between it and the body is equal to % is equal 1o kg.wt
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(2) A force of magnitude 70 newtons acts at AB where ABCD is a square of side length 10cm,
then the magnitude of the moment of the force about the center of the square is equal
o

BUF, I TFo=i-2) IH1=4/3 unit,then F = 50

‘4. In the opposite figure: the moment of the couple resulted from the two
forces 50, 50 is equal to

5, When a rod is placed in a smooth spherical container, it is in
equilibrium when the line of action of weigh passes

6. The center of gravity of the triangular uniform lamina lies at

Second : Answer three question:
Question 2

{1 A body of weight 66; newtons u. placed on a rough horizontal plane. The coefficient of
friction between them is equal o) . A force of magnitude 40 newtons acts on the body and
inclined at an angle of measure 3 where @ is acute. What is the value of 6 if the body is
about to move?

P

.2 In the opposite figure, find the moment of the force 200 newtons about O.
Question 3

o™\

1, @ AB is a non uniform rod of length Im is rests in a |
horizontal position on two supports at C, D where AC : 40 cm
{

= 20 ¢cm, BD = 10 cm. If the heaviest weight can be
suspended at point A or point B without disturbing the

rod is 5,4 kg.wt respectively, find the weight of the rod Oom [
and its point of action.
2. ABCDEF is a umform hcxagon of side Icnglh 10 ecm. The forces of magnitudes 2, 5,4, 6, 1,

3 newtons acts at AB , CB, CD, ED, EF., AF respectively. Find the magnitude and direction
of the force which should act at the center of the hexagon in order to reduce the system to a
couple, then identify its moment

Question 4

1. AB is a uniform rod of weight (W) is leaning by one of its ends A on smooth horizontal
ground and its end B on a smooth plane inclined to the horizontal at an angle twice the
measure of the angle of inclination of the rod to the horizontal in an equilibrium. The rod
is being kept by a string one of its ends is connected to the end of the rod leaning on the
horizontal ground and the other end of the string is in a point on the intersection line of the
inclined plane with the horizontal plane. Find the magnitude of tension in the string and the
two reactions at the two ends of the rod when the rod inclines at 30° to the horizontal.

o\

.2, ABCD is A fine uniform lamina in the form of a square of side length L. E ,F, N are the
midpoints of AB. AD. BC respectively. The triangle AEF is bent about EF such that A is
coincident on the center of the square M and the triangle BEN is bent on EN such that the
vertex B is coincident on the center of the square M. Identify the center of gravity of the
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lamina in its new position.
Question 5§

1) In the opposite figure: find the sum of moments of the
forces about O

(2. Find the center of gravity for the following distributions:
W, = 20 newtons acts at (2, 1) , W, = 15 newtons acts at
(-3, 1) W,=25 newtons acts at (1, -1)

ENRIIRT RCONSCISIONNNDR ORI  Jeot SO N I 0 TRy OM RN DRI

First: Answer the following question:
Question 1: choose the correct answer
1. The coefficient of friction is based upon:
@ The area of the contact surface between two bodies
b Shape of the two bodies
€ Nature of the two bodies d All mentioned

(2. The opposite figure represents a uniform rod leaning on
a support at its midpoint. A body is placed on the rod as %
shown !n the ﬁgun which of the following forces makes the 20 .
rod be in equilibrium:

a A force of magnitude 10 newtons upwards act on a distance 20 ¢m on right of the rod
midpoint.

b A force of magnitude 10 newtons downwards acts on a distance 20 cm on the right of
the rod midpoint.

€ A force of magnitude 30 newtons upwards acts on a distance 5 cm on the left of the rod
midpoints,

d A force of magnitude 30 newtons downwards acts on a distance 5 cm on the left of the
rod midpoint.

30 Theforce F =F, i +F, j +F, k acts at point A whose position vector about the origin point s

A.: +Ay; +A,i then the component of moment of F about x-axis is:(-m)

a F A -F ~A, b FxA, +F, xA,

A F,o<A +F A, d FxA +F, xA,
(4. The algebraic measure of the moment of the opposite couple is equal to:

a8 B00 newtons . cm b -800 newtons .cm &
newtons
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€ 40043 newtons.cm d -300y3 newtons.cm

5. In the opposite figure R,
If the rod is about to slide , then
S R,= .
a w b % w
A \l’3w El \'r‘iw
2 3

6. The center of gravity of the shaded lamina in the opposite figure is: "1

a (3,4) b 4,3

A (6.8 d (8.6) v
Second: Answer three questions of the following: — _
Question 2:

11 A body of weight 16 kg.wt is placed on a plane inclined at 30° 1o the horizontal and the
coefficient of friction between it and the body is equal to - A force in the line of the
v 3

greatest slope to the plane acts on the body upwards and with h\agniluck 10 newtons. If the
body is in equilibrium, identify the friction force and show whether the body is about to
move or not”?

150 newlons 250 newtons

2. In the opposite figure: Three coplanar
forces act on the rod AB . Find the algebraic
measures to the sum of the moments of the

forces about cach of the two points A, B
Question 3:
1 A uniform rod of length 4 meters rests its
midpoint. Two weights of 4.3 kg.wt are

suspended in one of its two halves distant 1,1.5 m from its midpoint respectively and two
other weights of S, W kg.wt are suspended in the other half distant —;- . 2 m from its midpoint
respectively. What is the value of W if the rod is in equilibrium?

2. ABC is a uniform lamina in the form of an equilateral triangle of side length 30,3 cm and
weight 50 kg.wt. The lamina is suspended by a horizontal pin from a hole close to vertex
A to be vertically in equilibrium. A couple perpendicular to the surface of the lamina acts
on the lamina to be in equilibrium in a position AB is horizontal. Find the moment of the
couple acting and the reaction of the pin.
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Question 4:

1. AB is a uniform rod. Its end A is connected to a hinge fixed in a vertical wall and end B is
connected by an end of a string and the other end of the string is connected by a point in the
horizontal plane passing through the hinge such that each of the rod and the string inclined

at an angle of measure 6 1o the horizontal. If (W) is the weight of the rod, show that the
i . n W [o.. 20

reaction of the hinge at A is equal to - V8 +csc?0 .

2. ABCD is a square of side length 20 cm. Four masses equal in magnitudes are placed at its
vertices:
First: Identify the center of gravity of the system
Second: Where does the center of gravity of the remaining system lie if the mass placed at a
one of the vertices is ceased?

Question 5:

{1 ABC is a lamina in the form of an equilateral triangle whose weight
is 3 kg and M is its center of gravity. Forces of magnitudes 2, 2,
11 kg are placed at the vertices A, B, C respectively. Prove that the
center of gravity of the system lies at the midpoint of MC .

‘2. In the opposite figure: A force of magnitude S0 newtons acts at
point A. Find the moment of the force about point O.

R TR EREETETE  Joil S e S e T T

First: Answer the following question

Question 1: Complete:

1. The coefficient of the static friction is the ratio between

2) If the force F =21 - j + S5k acts at point A whose position vector is i - 3k then the
moment of T about point B whose position vector is j + 3k is equal to

3. Two like forces; the magnitude of one of them is twice the magnitude of the second and the

magnitude of their resultant is 31 newtons, then the magnitude of the smaller force is equal
1o

) Ifﬂnlwofmesf-‘T=AE +5j .f-‘:=3; -Bj form a couple, then A + B =

5. The necessary and sufficient condition for the equilibrium of a system of coplanar forces

6. The center of gravity of the rigid body suspended freely on the vertical straight line passing
through
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Second: Answer three questions of the following:

Question 2:

{10 A body of weight 50 newtons is placed on a rough inclined plane inclined at an angle of
measure O 1o the horizontal. The least and greatest forces parallel to the line of the greatest
slope and makes the body in equilibrium on the plane are 10, 40 newtons respectively. Find the
coefficient of friction and the measure of the angle of inclination of the plane to the horizontal.

(2. The opposite figure illustrates the force F needed to remove a
nail at B. If the magnitude of the moment of the force about
point A needed to remove the nail is equal to 200 newtons.cm.
Find the magnitude of the force F

Question 3

1 If the resultant of three forces act on the rod AB of negligible
weight in the figure is 13.6 kg.wt and acting upwards
distant 3 meters on the right of A. Find the magnitude
direction and point of action of the third force 0.6m 34m

2. ABCE is a rectangle whichAB = 12¢m, BC =9 ¢m,
M e BC such that BM =4 cm. Forces of magnitudes
F,,8/10 ,26,F,, 18 newtons in the directions BA, AM, MD, DC , DA respectively. If the
system of forces is in equilibrium, find the value for each of F, | F,.

Question 4

1 AB is a uniform ladder of length 5 m and weight 20 kg.wt rests with its end A on a smooth
vertical wall and on rough horizontal ground with its end B and the coefficient of friction
between them is - and the end b is distant 3m from the wall. Prove that the ladder is not in
equilibrium in such a state, then find the smallest weight of the body which the coefficient
of friction between it and the ground is % such that if it is placed at the end B of the ladder,
it stops the ladder from sliding. ]

‘2. A uniform wire of length 100 cm is bent in the form of five sides of a uniform hexagon
ABCDEF and starts from point A. Identify the distance between its center of gravity and
that of the hexagon. If the wire is freely suspended from end A, identify the measure of the
angle of inclination of AB 10 the vertical in the equilibrium state.

Question 5:

1) AB is a uniform rod of length 2 m and weight 5 newtons. C,D are two trisection points
from direction A. Weights of magnitudes 1, 2, 3, 4 newtons are connected at point A,C,D.B
respectively. Identify the center of gravity of the system.

2) Twoforces F, =2 - j . Fy= ) -2 i actattwo points A(1, 1), B(0, -4) respectively. Find

the moments of the system about any point on the plane.

Applied mathematics



ACCUMULATIVESTEST

Second : Dynamics
arewcnrerys eI Tes 6 ST "

First: Answer the following question:

Question 1: Complete:

1. The momentum of a body of mass 700 gm moving in a straight line starting with velocity of
magnitude 15 m/sec and with a uniform acceleration 2.5 m/sec” in the same direction of its
initial velocity after 12 sec from the beginning of motion is equal to kg.m/sec,

2. A body of mass unity moves under the action of the force F=(A+3)i + B; if its
displaccmcntvcctm-s.=t=;+%l3;than= .B=

3. If A child of mass 35 kg stands on a pressure scale inside a lift moving downwards with
acceleration of magnitude 1.4 m/sec? then the scale reading = kg.wt.

4. The opposite figure illustrates the relation between the force ¥
by which a child acts horizontally on a box of mass 10 kg 1o«
move on a smooth surface with the distance component which
the box travels in the direction of x, then the work done by F
on the box from x =0 1o x = 8 is equal to the work done
by-l? on the box fromx =8t x = 12,

2 4 b B2
Ameters)

5. Abody is projected horizontally with velocity 2.8lm/scc on a rough horizontal plane and the
coefficient of friction between it and the body is; . then the distance traveled by the body

on the plane before it rests is equal 1o meters.

(6 In the opposite figure: the small pulley and the plane are smooth. If 5} -
the system moves from rest, then the magnitude of the acceleration ‘
of the system = m/sec’.

Second: Answer three questions

Question 2:

1. An a locomotive of mass 30 tons starts to move from rest on a horizontal plane with a
uniform acceleration against resistances l—& of its weight. When its velocity reaches 90
kmv/h, its magnitude becomes 441 kilowatt. Find:

@ The force of the engine in kg.wt.
b The magnitude of the uniform acceleration.

2. A force of magnitude 20 newtons and its direction making acute angle of sine % to the
vertical downwards acts on a body of mass 2 kg placed on a smooth horizontal table. Find

the acceleration of the body generated from this action and the perpendicular reaction of the
table.
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Question 3:

(1. Two bodies of masses 40 gm, 60 gm move in one straight line on a horizontal table in
opposite directions. The velocity of each is 50 cm/sec, 30 cm/sec respectively. If the two
bodies moved after collision directly as one body, find their common velocity on that instant,
then calculate the magnitude of the force of pressure between the two bodies in gm.wt if the
contact time is 45 of a second.

2. A stone of mass 20 kg moves on a rough horizontal plane with velocity 8 m/sec and stopped
due 1o the friction and the coefficient of the Kinetic friction between the stone and the surface
is % Calculate the work resulted from the friction until the stone stops.

Question 4:

{1 A light inelastic string passes over a smooth pulley. A spring scale of mass 15 gm and
connected by a body of mass 250 gm is suspended from one end of the string. A body of
mass 600 gm is suspended in the other end of the string. If the system starts to move from
rest, find the tension in the string in gm.wt and the scale reading in gm.wit.

2. A bag of mass 5 kg slides on a plane inclined at 24° to the horizontal downwards for a
distance of 1.5 meters. If the coefficient of friction = I_‘O|(—l . then calculate the work done by
cach of the friction, weight, reaction. If the velocity of the bag is 2.2 m/sec, calculate its

speed after 1.5 m.

Question 5:

{1 Abaody is placed at the top of a smooth inclined plane of length 40 m and height 10 m. Find
its velocity at the base of the plane and if the plane is rough and the resistance to its motion
s {- the weight of the body. Find its velocity at the base of the plane “using the principle of
conservation of energy.”

2. A body of mass 16 kg moves in a straight line such that T =(3-8)C where C is the
unit vector in the direction of the motion. If the magnitude of S is in meter unit, tin second,

find the change of the momentum of the body in the following time intervals:
First: |2, 4] Second: S, 8]

T s Jesl 7 D s e S SRR

First : Answer the following question

Question 1: Complete:

1. If a body of mass the unity moves in a straight line such that the acceleration of the body is
given by the relation a = 4t + 2 where a is measured in m/sec’ |, t in second , then the change
of momentum of the body in the time interval [2, 6] is equal to kg m/sec.
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2. A body of mass 500 gm is projected vertically upwards from a point on the ground surface
with velocity 14.7 m/sec, then its potential energy after one second from projection

= pule
3. A body moves with a uniform velocity in a straight line under the action of the forces
'F=2ai-3;.f=:=6:+b;'.E=a€+5}thcna= b=

‘4. In the opposite figure: the plane and pulley are smooth. When this
system moves, then its acceleration = m/sec’.

5. Ifthe work done by the force F =m i +4 j during the displacement
of its point of action T =-3i +(m+ I);' is equal to 0.05 joule, IS Il in cm where m is
constant , then the value of m =

6. A body is suspended in a hook of a spring scale fixed at the top of a lift moving vertically
upwards and the apparent weight of the body is twice the actual weight, then the acceleration
a= m/sec?

Answer three questions of the following:
Question 2:

{1 A man of weight 72 kg.wt ascends a road inclined at an angle of sine% 1o the horizomal to
travel 100 m. Calculate the change in the potential energy of the man.

2. A locomotive of mass 30 tons and force 56 ton.wt pulls a number of wagons each of mass
10 tons to ascend a slope inclined at 30° to the horizontal with a uniform acceleration 49 cm/
sec? . How many cars are there if the resistance to the motion of the engine and cars is 10
kg.wt per cach ton of mass?

Question 3:

1 Aworker at a factory pushes a box of mass 30 kg a distance of 4 m with a uniform velocity on a
horizontal surface. If the coefficient of friction between the box and the surface is % , calculate
the work done by the worker on the box, then calculate the work done by the reaction,

2. Abody of mass 35 gm is placed on a smooth horizontal table and connected by a light string
passing over a smooth pulley fixed at the edge of the table and the other end of the string is
connected by another body of mass 14 gm vertically. Find:

First : the common acceleration of the system and the tension in the string, then identify the
pressure on the axis of the pulley in gm.wt unit.

Second : if the string is cut off after l% seconds from the beginning of the motion, find the
distance which both the two bodies travel after -% of a second from the instant of cutting the
string.
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Question 4:

1. A train car of mass 20 tons descends a slope from rest making an angle of sine 7'% to the
horizontal against resistances of magnitude 14 kg.wt per cach ton of its mass to reach the
bottom of the slope after it traveled a distance of 350 m on it. At the bottom of the slope,
this car collided with another rested car of the same mass to move together as one body on
a horizontal road. If the two cars rest after one minute from the collision instant, find the
horizontal distance which both cars moved together.

2. A zeppelin moves vertically upwards when it was at a height of 40.4 m above the ground.
A body of mass 5 kg fell. If the Kinetic energy of the body at the instant it collides with the
ground is equal to 2940 joules, supposing the air resistance is negligible, calculate:

First: the velocity of the zeppelin at the instant the body fell.
Second: the distance traveled by the body from the instant of collision until it rests.

Question 5:

21 A car of mass 3 tons moves with its maximum velocity of magnitude 27 km/h ascending
a slope inclined at an angle of sine _\!(_) to the horizontal. Then the car descends the same
slope with its maximum velocity of ﬁ\agniludc 72 km/h. Find the resistance, supposing it is
constant, then calculate the power of the engine in horse.

2. Asimple pendulum is made up of a string of length 1 % m. Its upper end is fixed and its lower
end is connected by a body of mass S00 gm and suspended vertically. If the body is pulled
by a horizontal force until it becomes inclined at 60° to the vertex, find:

First: The change in the potential energy of the body in joule

Second: The work done by the force in joule

Third: The velocity of the body at the midpoint of the pathway if the horizontal force is
ceased and the body is let to oscillate.

CAVESTIETII AT, Jesl e e TR S TR D
First : Answer the following questions

Question 1: Complete:
1. In an instant, the momentum of a body is 112 kg.m/sec and its kinetic energy is 80 kg.wt.m

then the mass of the body = kg, its velocity = m/sec.
) Abodyofmass 300 gm moves in a straight line whose displacement vector is (17 4t + e
where I'S Il in cm, t in seconds, then the magnitude of the force acting on it = dyne.

o

3. A body of actual weight 28 newtons and apparent weight 32 newton in regard to the spring
scale reading inside a lift moving in a uniform deceleration, then the direction of the motion
is and the direction of the acceleration is

4 _ The vertical distance between two bodies connected by the end of a light string passing over
a smooth pulley fixed and suspended vertically is 100 cm after 2 seconds from the beginning

of the motion. Then the velocity of each on that instant = cm/sec.

5. In the opposite figure: A smooth inclined plane of length 20 m and ™ <
height 2.5 m. A body is placed at the top of the plane and is let to ® ?
descend on the plane, then it reaches the base of the plane with

velocity = m/sec’.
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6. A body of mass 200 gm is projected vertically upwards with velocity 49 m/sec, then its
potential energy at the maximum height the body reaches = joule

Second: Answer three questions of the following:

Question 2:

1. The opposite figure shows three
masses m, m, 2 m move from up
to down from rest (suppose the
air resistance and friction are
negligible).

First: Which of the three masses
reaches the ground with greatest
velocity?

Second: Which of the three
masses does the most work 10 a b c
reach the ground?

2. A force of 5 kg.wt acts on a mass of 196 kg moving in a horizontal straight line in the
direction of the force to travel a distance 2.8 m. Calculate the magnitude of the increase in
the Kinetic energy of the body in joule. If the Kinetic energy of the body at the end of the
distance is 141.12 joule, calculate the initial velocity of the body.

Question 3:

1. Abody of mass 170 gm is placed on a rough inclined plane inclined at an angle of sine %to
the horizontal is connected by a string passing over a smooth pulley at the top of the plane
and a weigh is suspended from the other end. If the least needed weight to be hanged from
this end of the string to keep the equilibrium of the body on the plane is 70 gm.wt, find the
resistance of plane in gm.wt, if a weight of magnitude 194 gm is connected by the other end.
Find the acceleration of the system supposing the resistance is constant in both cases.

2. The power of a car’s engine is constant and its maximum velocity as it ascends a slope is
54 kmvh and its maximum velocity as it descends the same slope is 108 km/h. Find the
maximum velocity by which the car moves on the horizontal plane given that the resistance
of the road to the motion of the car is constant in the three cases.

Question 4:

1. A ball of mass 200 g moves with velocity 7 m/ sec collides with a rested ball of mass 300
gm and both move together as one body.

a Find the common velocity for both balls directly after collision.

b The kinetic energy lost by collision,

€ The distance at which the body rests if it encounters resistance 200 w.gm.

e
R
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“2) In the opposite figure, T acts on a baby stroller of mass 2 kg

moving in a straight line parallel to x-axis. The component x 2| 1
changes by the change of the force as illustrated in the figure, ’ /—

Calculate the work done by this force when: LEEE ?\\j 1
a x=0tox=3m b x=3mtwox=4m ; ] '
€C x=4mtwox=Tm d x=Tmtox=2m

Question 5:

1. Abody of variable mass moves in a straight line and its mass at any instant t is m = (4t + 1)gm
and its displacement vector is given by the relation S = (.20 . tinsecond IS Ilin cm.
Find its momentum in the time interval [3 | §).

‘2. To identify the magnitude of the gravitational acceleration in a place, a body of mass 1.5
kg is suspended in the hook of a spring scale fixed at the top of a Lift. If the scale reading
recorded 15.5 newtons when the lift was ascending with acceleration a m/sec® and 12.75
newtons when it was descending with acceleration a m/sec?, calculate the gravitational
acceleration in this place and the acceleration of the lift ascending.

CEETTE ISR Jedl Y OSSO SEAN S TR

First: Answer the following question

Question 1: Complete:

il: A body of mass 5 mass units moves under the action of the force _F. =(a+1l) : +(b-2) j
and its displacement vector at any instant is given by the relation’s =0 i+ (%  + 30 ;
then a = b=

2 In the opposite figure: A smooth horizontal plane, then the ] —
pressure on the pulley = gm.wi £

3. A bullet of mass 98 gm moves horizontally with velocity 720
km/h to embed in a vertical barrier a distance of 10 ¢m before it
rests, then the average resistance of the barrier = kg.wt.

4. A ship of mass 441 tons moves with velocity 72 km/h, then its kinetic energy =
kilowatt. h

5. An engine does work of magnitude 15000 kg.wt.m during 10 seconds, then the power of the
engine in horse

(6. A force of magnitude 80 newtons acts in the direction of 30° northeast, then the work done
by this force during a displacement of magnitude 40 m towards north is equal to joule.

Second: Answer three question of the following:
Question 2:

{1 A cyclist moves on a rough horizontal road with a uniform acceleration. The kinetic energy
is changed with magnitude 107800 joules during % km. Then the cyclist stops pedaling to
travel 100 m during which the kinetic energy is lost with magnitude 7840 joules. Find each
of resistances and force in kg.wt.
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2. Two pans each of mass 35 gm connected by a light inelastic string passing over a smooth
small pulley. A body of mass 280 gm is placed in a pan and another body of mass m is placed
in the second pan. If the pan holding the mass of 280 gm is pulled down a distance of 560
cm from rest in two seconds, find:

First: The acceleration of the system Second: The tension in the string and the value of m
Third: The pressure exerted on both pans

Question 3:

1 A ball of mass 200 gm is projected with velocity 21m/sec on a horizontal plane against
resistances equivalent to 15 of its weight. After 10 seconds, the ball collides with another
ball equal in mass and moves with velocity 7m/sec in the opposite direction. If the two balls
move as one body after collision, calculate:

First: The common velocity of the two balls after collision
Second: The impulse of each ball on the other
Third: The kinetic energy lost due to collision

2 At a factory, the boxes are transferred by sliding them on an inclined plane ends in a
horizontal plane. If the length of the inclined plane is 40 m, inclined at 307 to the horizontal
and the resistance for each of the two planes is equivalent to {- of the weight of the body,
find the velocity of the box at the end of the pathway supposing its velocity does not change
by transferring on the horizontal plane if the length of the horizontal part is 10 m.

Question 4:

1. A force of magnitude 12.6 newtons acts on a rested body placed on a horizontal plane for
a period of time to acquire kinetic energy of magnitude 9 kg.wt by the end of this time. At
this instant, the momentum of the body reaches 42 kg.mv/sec, then this force is ceased and
the body returmns back to rest once again after it traveled a distance of 21m from the instant
of ceasing the force. Find the mass of the body and the resistance of the plane to the motion
of the body in newton supposing it is constant, then find the time of action of this force.

2 Abody is suspended in a spring scale attached in the top of a lift to record 80 kg.wt when the
lift was ascending with a uniform acceleration ¢ m/sec” and records 60 kg.wt when it was
ascending with uniform deceleration of magnitude ¢ m/sec? |, find the mass of the body and
the value of a.

Question 5:

1. The power of an engine is 1080 horses and its mass is 50 tons pulling a train of mass 130
tons on a rough horizontal plane with acceleration 49 cm/sec?. If the air resistance and
friction are equivalent to 10 kg.wt per each ton of the mass, calculate the maximum velocity
the train can travel in km/h.

2 A worker pushes a car of mass 20 km to ascend a plane inclined at 25° upwards with force
of magnitude I‘40 newtons to the horizontal. If the coefficient of friction between the plane
and the car is 1 and the car moves a distance of 3.8 m. Calculate the total work done by the
car if the car moves downwards the plane from rest. Calculate the velocity of the car when

it is distant 3.8 on the plane.
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First: Answer the following questions:
Question 1: Complete

{1 A horse pulls a wooden mass on horizontal ground with force of magnitude 100 kg.wt
and inclined at 30° 1o the horizontal. If this mass moves with a uniform velocity, then the

magnitude of the ground resistance to its motion = kg.wt.
(2. If a constant force of magnitude 5 kg.wt acts on a rested body of mass 49 kg for 3 seconds,
then the velocity of the body by the end of this time = m/sec,

3. In the opposite figure, 3 m and 3m are two masses connected by two ends of a string
passing over a smooth small pulley. An additional mass m is attached to one of the
two masses. If the system is let to move from rest, then the velocity of the system  3m
after 2 seconds = cm/sec.,

4. A shell of mass 45 gm moves with a uniform velocity of magnitude 1440 km/h, then its
Kinetic energy = joules.

5. A machine does work at a uniform rate = 18000 kg.wt. m per minute, then the power of the
machine = horses.

6. Aball of mass 300 gm moves horizontally to collide with a vertical wall when its velocity is
60 m/sec. If it rebounds after Iosing% of its velocity, then the change of its momentum due

to the collision with the wall= “gm.cm/sec.
Second : Answer three questions of the following:
Question 2,

(1) Abody of mass 1 kg moves under the action of the forces F, =bi +2j . F,=2i + .
f-‘?= 3i +a; where i ; are two perpendicular unit vectors .II?T II.IIT:?I.II?TII are measured
in newton , a , b are two constants. If the displacement vector S =t* i +(20-1)) where §

is in meter and t in second, find:

First: The value of the two constants a . b

Second: The work done by the resultant of the mentioned forces during the first ten seconds
of the body's motion.

.2_ In the opposite figure, two masses of 40 gm, 30 gm connected by the two ends of a light
string passing over a smooth small pulley fixed at the top of
two smooth opposite planes inclined at 30° to the horizontal as g
shown in the figure. The system is being kept in equilibrium Z 30
when the two bodies are on one horizontal line and the two
parts of the string are tensioned. If the system is let to move from rest, find the acceleration
and the vertical distance between the two bodies after one second from the beginning of the
motion.
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Question 3:
1. Alocomotive moves horizontally under the action of a resistance proportional to the square

of its velocity and the resistance is equal to 450 kg.wt. When the velocity of the locomotive

is 30 km/h, calculate the maximum velocity of the locomotive if the power of the engine is
400 horses.

2. An armored shield is made of two soldered layers of uniform thickness of iron and copper.
The iron thickness is | ¢cm and the copper thickness is 3 ¢cm and the shield is in a vertical
plane when two bullets of equal masses are fired in two opposite directions and perpendicular
to the shield plane with the same velocity. The first bullet penetrated the iron layer and
embedded in the copper layer gcm. where as the second bullet penetrated the copper and

. . : . " .
embedded in the iron 3 cm. Prove that the iron resistance = 7 times the copper resistance.

Question 4:
1. When doing the foundations of a building, a hammer of mass 480 kg is used to fall vertically

from a height of 2.5 m down on a construction column of mass 120 kg to form one body
embedded in the ground for a distance of 24 cm. Find:
First: The common velocity of the hammer and the column directly after collision.
Second: The impulse of the hammer to the cylinder.
Third: The average resistance of the ground surface to the hammer and the column

2. Abody is placed on the highest point of a slope of height 125 cm and inclined at 30° to the
horizontal. The body moves in the direction of the line of the greatest slope to the plane
downwards against a constant resistance estimated l the weight of the body. Calculate the
velocity by which the body reaches the lowest point of the plane. What is the velocity by
which the body is projected by to hardly reach the top of the plane?

Question 5:

1. A body of mass 42 gm placed on a rough plane is pulled by a rope inclined at an angle of
sin! % to the horizontal. If the tension force in the rope is 10 gm.wt performed work of
magni;udc 84 gm.wt.cm during 2 seconds from the beginning of the motion, find:

First: The acceleration of the body

Second: The ratio between the plane resistance and the perpendicular reaction,

2. A child stands on a pressure scale inside a lift ascending upwards with acceleration
1.96 m/sec? and the scale records 24 kg.wt. Find the weight of the child. If the lift descends
downwards, in the same acceleration on, find the scale reading in this case.
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First: Statics:
Unit 1: Friction
Answers of exercises (1-1)

‘1. Friction 2. Smooth
13: is about to move

‘4 Normal reaction

5. The resultant reaction

6. Normal reaction

70 18kg.wt OF

9 R=56, 4=0.7510 7()86kgm

1 F=13 gmwt 3
12 The body is about to moi'c
13 R = weight of the box = 40 kg.wt

14 F = 15 newtons , Fs = 9 newtons

Answers of exercises (1 - 2)

10X 2 v 3v a4 X

5 v 6 X 7 A 8. A

9. A

10 32 newtons

11 The body is about to move

12 The friction is not limiting Skgwt

13 250453 ncwmm 4 R=W , 8=4

15 0= , U= 16 19kg.wt

17 % ' r—-h}kg.wl.Z 3 kg.wt
LI

18 % V3 kgwt '—: V3 kgw

19 lan'% 20 F=0 «sin(0+L)

Answers of general exercises

1. a 2. b 3 ¢

4. The body is not about to move.

5 al5/3 kgwt b R=30,3 kgw

OF. 7. 10 kg.wt

8 ; the component of weight, the body is
in equilibrium

F = 1.2 newtons

Al-Ashraaf Printing House

Unit 2 : (Moments)
Answers of exercises (2-1)
7400 2540 320V

4 the force passes through this point

N

5. the distance from the point to the line of
action of the force

635 7.b 8 a Lsin®
/N =, = Zy -7 _ 13
9 X/ AB 10 L=-g-.m= 9

11 the line of action of the resultant is parallel
to the straight line passing through the two
points (2, 1) . (6, 4)

12 149.7689 newtons. meters

13 a -1200 newtons .cm
b -1175.877 newtons. cm
¢ 600y 2 newtons. cm

14 (- 46 , 28) newtons

Answers of exercises (2 - 2)

1, 8 -1 ;+9; + 5V

b -1l X +5Y -7V 3.73
2 L=3 31207 4480V
41205 +60V 5 X = 7')?

6 B=-3, ptrpmduularlcnglh-:, ?:
7 480 ¥ #3607 B8 V=1 x=1
9150 10 1328.43

Answers of general exercises
1. 18.199 newtons

56X -28Y +28V
11 newtons 4 28V
IV 6 K=2

-3260.77 newtons. m

"

IFNININ\NIN
W NN W W N
» " 4 » s’ » " " » "

The resultant of the force passes through

s

point C
9. 200 /2 newtons. m
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Answer of accumulative test

1. 10cos 0 2)5

® ) OENE

5. 8sin70 6 4

7. (-4,7,-6)

8 a -130 b -30 ¢ -80
9. ’75:"3 newtons . m

10 6485.19 newtons . cm
11, The least value of the force F when o = 90
15 20 newtons

Unit 3 : Parallel coplanar forces
Answers of exercises (3-1)
1d 2 a 3 a
4. a 26 newtons 8.5 cm
b 38 newtons 22.5¢m
¢ 26 newtons 18.75cm
5. b 8 newtons 14 newtons
¢ 12.75 newtons
6. @ 35 newtons 40 ¢cm
b F,=20newtons r=14
7. a 14 newtons 25cmat A
b 3 newlons 21 cm
¢ 2 newlons 12¢m
8 27cm 9 4 meter
10 30 ¢m 11 20 newtons 1 2cm
12 3 | meter 13 6.5 newtons
14 The magnitude of the resultant = ; newtons

and acts vertically upwards
5 :
3 M from point A

Answers of exercises (3 - 2)
1. 11 newtons,
2. m = 10 newtons
3 x=4cm

4 K = 10 newtons
5. r,=1425kg
6. 1 meter

X = 28¢cm
X = 17 newtons

X = 15 newtons
r, = 48.75 kg
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N
\7/
N
8,

O = 15 newtons

a 100 kg.wt 100 kg.wt

b 160 kg.wt 124 kg.wt

W= 100 gm.wt

R = 300 gm.wt

second: 0 = 200 gm.wt

x lies between 40cm, 60cm

the maximum value of tension is where A
= 12 w.gm

and the minimum value = 7w.gm

the maximum value of tension is where B
=15 wgm

and the minimum value = 10 w.gm

8 newtons the maximum distance from A is
33 km and the reaction at A, B respectively
1s 60 kg.wt / 40 kg.wt

— -

x=56cm

first:

1
-
J

Answers of general exercises

7\
\'/

\
2.

7N
\

’

105 ¢m

the moment of the resultant about the same
point

26 cm

© Fiest: 100 newtons and the distance between

the line of action of newton is 100 ¢m
Second: 400 newtons and the distance
between the line of action of newton is
25¢m

8 newtons
g 3em
4,2,12

First: 30¢m from a

32¢cm

Second: F = 80 kg.wt

weight of rod = 9 gm.wt the distance
between the two supports is 22¢m

First: 10 newtons 70 newtons

Second: 100 newtons
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Unit 4 : General equilibrium

Answers of exercises (4 - 1)

X 22X 3V ax

5 The vector of the sum of the forces
vanishes
the moment of the system vanishes about
one point

6. Perpendicular to the rod

7. 2 newtons

8. W =5 newtons R =65
L=19" 1§ &0

9. W =4 newtons R=2/7

10 ISZ

10 W=80,r,=128,r,=80

2r=12,m= 4 3 , reaction of the ground

-

12/3
13 fiese: W = 65 kg.wt

second: W = 85 kg.\\'l

14 10 newtons 15 mz%

16 fiest: 70 newtons second: 14 newtons

17 proof

Answers of general exercises
1. 80 ¢cm fromend B
2. 34 newtons

OLTT F= 110 kg.wt
4 F=20kgwt r,=12.5 kg.wmt
5. proof
OF 7)0=2L
8 r,=5kg.w

F=25kgw

Answer of accumulative test
1) x=26" 35 138"

2, W=30/3 Sgm F=300gm.wt
3. W=24newtons  w, = 10 newtons

Al-Ashraaf Printing House

O = 18.9 newtons
3, =103 wgm,r,=20y3 wgm
6 w, = 12newton , w, = 16 newtons

7

8 tanO=2

Answers of exercises (5- 1)
1.d 2.d 3. b 4.d
O~ 6. b 7 d 8. b
9 160 newtons . cm
240 2 newtons . cm
100 ¢ 3 newtons. cm
1203 newtons. cm
520 newtons. cm
100 newtons ¢cm

b 100 newtons . cm
11 10 moment units
2 A=-5,B=2,L=-

\‘?

13 6, 6 are tthe two vertices of the two forces
6.6

14 X = 40 newtons

~
10

10

15 W=12/3 newtons R =12/3 newtons
16 30" or 150"
17, The two forces 3042 , 30/ 2 newtons

one of them acts at the direction BD and
the other in the direction of DB

Answers of exercises (5 - 2)
1. a isequivalent to a couple
10 newtons 0 meter
b is not equivalent to a couple
¢ is not equivalent to a couple
d The system is equivalent to a couple
-15 newtons O m

297
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2. 9 newtons . cm
4. The magnitude of the moment of the

is equivalent to a couple 17 kg.wt .

is not equivalent to a couple

is equivalent to a couple

16 newtons O cm

is not equivalent to a couple

I The system is equivalent 10 a couple
=753 newtons O cm

3. 98 kg.wt0cm

couple = 300 gm.wt 0 cm and acts in the
direcionof ABCD

the two forces are 6, 6 gm.wt

175/ 3 kg.wtOcm

the two forces are 17.5, 17.5 kg.wt and act
aaB.D

400 newtons.,

1134 newtons. cm

300 '3 newtons. cm

Sl6kgwt.em 30 54 /3 gmwt cm
4800 newtons . cm

F = 200 newtons

Answers of general exercises

P

P

\2/

a 2000 newtons 0 cm

b 1000 newtons 0 ¢m O¢ zero
a 70 newtons . ¢cm

b 403 newtons 0 cm

c O=30 d 6=3 61

weight of rod = 100 newtons downwards
reaction of pathway = 100 newtons
upwards

M.=Mq =M, =220 wgm.cm

a 200 newtons 0 cm

b 176 newtons O meter

¢ 650 newtons

=800 newtons 0 meter

- 700 newtons 0 meter

=300 (y'3 - 5) newtons 0 meter

120 kg.wt 0 meter

A=5,B=3 I =11 gm unit
the perpendicular distance between the

Third Form Secondary

298

34

two forces = v34 length unit

= |5 newtons, K = 5 newtons

Answer of accumulative test
1. C 2 A 3 B

4 A 5D
6. F = 10 newtons
7 m=4 . L=-6

9 -54 newtons 0 ¢cm

m = 10 newtons
8 C=0 B=1

10 F,=8newtons  F, = 16 newtons
1nK=-2 L=3

Unit 6: Statics : Center of gravity
Answers of exercises (6 - 1)

LY 22X 3V av
5 Vv (6) X 7V 8 X
9 v 0 v
11 3cm from A 12 (%.2)
N\ | 7N\ | }_‘, s
33,(5.2) \N,(E.m.‘z')
158 5.1 b (44.6)
13 3 /v 130
c (?.Es.\) d (Tl(:)
e (5.6) f (zcm"T‘L)

let the hexagon side lcngth'n 2L
16 49cm from A
17 12¢m from A
18 the center of gravity of the system lies at
the midpoint of MC
1919 11°
20 The center of gravity is (4.8, 3),4 28"
2L, 1L n 3.6
Answers of exercises (6 - 2)
1 Center of gravity
2. Suspension point
3 Its midpoint

4. Its geometrical center (the intersection
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point of the diagonals)
5. medians of the triangle
6. Line of this axis
7. this plane 8 _center of the circle
9 center of the sphere

Its geometrical center
midpoint of its axis
first: it lies in the center of the square
second: it lies at (50 , 50) from A
30 - 27.5 = 2.5¢cm from the cdnter of
gravity of the original disc

N
\

V"
N, -

S\
-

14, the center of gravity of the remaining part

is (6, 8‘“
15 it is distant 7em at E
16 fiest: it is distant 2/3 ¢m from the center
of the hexagon
second: 11 54°
' b |
17
a¢ 141 123 =41
'MT B ). tan O = 37
19 (3.76, 3.76) 20 13
Answers of general exercises
Le 2B 3 A 4d
5 A 6. d 7) A
' 4 N ’
8, ¢c,=53¢cm ¥o=1cm
9 3.2cm, 2.08¢cm
10 g 13cm at point B
11 5/7 em
a7 9 337
13 7em
the coordinate of the center of gravity
|"
35
') N lm -
14 (T.25) 15 m = 200gm
16 (-2,-3)
17 tan 0 = 2
17 tan 6 = 25 5
18 tan 0 = 37 19 tan 0 =33
20 the center of gravity lies at point E
21 20 cm, 20 cm

Al-Ashraaf Printing House

ss

710 -
2 (g ;8) ,\““‘0'324
23 tan"; 24 24cm
Second: Dynamics

Unit 1: Collinear motion
Answers of exercises (1-1)

1,d 2 a 3¢ OF:

5.d 6 d 7)¢

8, (1)~ (5) (2) = (6)
(3)«— 4

9. (1) negative - the body is decelerated
(2) positive - the body is accelerated
(3) positive - the body is decelerated

10 (1) positive - the body is accelerated
(2) negative the body is decelerated
(3) positive - the body is accelerated

1mna -1 -6
b 4 -3
c ..~ Se|8,2]

-4

12 a V=+KJ/ AT-X
v".‘ )
b + ?k
A |
¢ L= +2mA) =y
Y S 1
t, =( 6 tem ) k
AK’
c= 2
7N |_5
13 g m/sec
14 +5 . ze1o
15 a lz; b -64 acceleration units
16 9x g 18 acceleration units
Answers of exercises (1 - 2)
1 ¢ 2.d 3 b 4 d
5. d 6. b 7)d 8 a
9 d 10 26.1 meter

N

1N V=t -6t+2

Applied mathematics




cx=iedten, x@®) =18

12 1=2 32

/‘3\ V=% J/2w/m

3

x = + 4/ 2meter

14 V=1 Tm/sec

-13

3 morx=4m

X=

Answers of general exercises

ad ) ¢ 3.d OF:
5 a 6 c 7)a

8 -4 cmisec 4 km/sec?
9 xH=-1

N\

10 a -6 m/sec 6 m/sec’
¢ ... Vincreases in the interval | 2 =]

V decreases in the interval | 0, 2|

d 28 meter
N ﬁ(’
11 -6m/sec =4— meter
12 ¢ (0) = -6 m/sec?

¢ (2) =6 m/sec’ 10m/sec

13 x(1) = 'o' m
14 43.4m
Unit 2: Newton's laws of motion

Answers of exercises (2-1)
b 2 ¢ 3 b 4. d
5 b ., d

6. 20 m/sec 7. 3042gm.m/sec
8. 160000gm.cm/w

9. 93m/sec 10 10.5 kg .m/sec
10 10° < 10 kg .m/sec

12 29.4 kg .m/sec

a
b 39.2 kg .m/sec
¢ 39.2 kg .m/sec

300

» maximum velocity = <= w/m

Third Form Secondary

13 6 kg .m/sec
1

4 a -24 kg .m/sec
b -72 kg .m/sec
¢ -48 km .m/sec
15 a 162 kg .m/sec
b 54 gm .m/sec
16 a 576 gm .m/sec b zero

Answers of exercises (2 - 2)

1. b 2 a 3 b O

5. ¢

6. a F=40newtons k= 120 newtons
b F = 80 newtons
¢ F=25newtons , k =49 newtons
d F =40 newtons

7. a 84 newtons b 45 newtons
¢ 28newtons , 22 newtons
d F =18 newtons

B 48 kg.wt 9 % 16kgwm
10 180 km/h 11 140 kmvh
12 1.875 wkm 13 6 km/h
14 . m’ =40 kg.wt 15 7 cars

N

16 1000 kg.wt

Answers of exercises (2-3)
10d 2)¢ 3.d ‘a)d
5)¢ 6. ¢

7. figure (27) F = 118 newtons

figure (28) F = 10 newtons

figure (29) 131 newtons figure (30) 20kg

figure (31) 8 kg
9. figure (33) - Sm/sec® ,

figure (32) 4 kg

figure (34) - % m/sec?
figure (35) 4.8m/sec?
10 ¢ = 30cm/sec?
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980 newtons
62.5w kg

-
/

s

13 367.5cm/sec

N

/
1
’,
1
>

)
LT N

S9w. kg
0.8 w. ton 18

16 1292.5 kg.wt
3v 2

.’; “
'%’ncmans

N
m/sec

ey »
\“/

™
\0/

LY
—3m

3is2) +67V)
=6 . b:‘ . c=1
|

»~
\‘
L N

23 el C second: 47 newtons
24 600 dyne 25 170 dyne

26 m=8C+10t+2)T

27 V(2)=2m/se¢c  B(2)=1.5m

28 c< f‘s 3 29 410 kg.wt

29 160 dyne

30 402 kg.wt

Answers of exercises (2-4)

1,60 2,420,112

3,72 4. 35.49

5 a 80 kg.wt ., b T764kgwt
¢ T7.6kgw

6. a 40gm b 245gm
¢ 100gm

7. LAm/sec? 8. 15kg.wt
9 108kgwt . zero

10 k=14gm , R=15gm
110 1.4 m/t upwards

Answers of exercises (2-5)
1, a 245 upwards b 9.8m/sec
c v'r3
’2\ 49 p— 2
2 a 75 downwards b 294
c 144
3 a 4)c 5)¢ OF:
7. 2.12m/sec? Sw.kg

Al-Ashraal Printing House

800m = newtons per ton of mass , t=2

| |
b; c -

198 newtons b 11.8 newtons
© 108

Answers of exencisos (2-7)
Complete:
1. a zero 3 c 2
a 49

b
2 b
3 a 140 b 480 ¢ 960 d 360
bl b

1
/w34 3
I
/N 7 10 10
5 a i’d b*7* c 7\2
7 4
d 2d e 7d
6 @ 35 b 252 ¢ 2523
7. b 280cm/sec
8 2.45m/sec? . 73.5 newtons , 1.96 meter
®3 10 1=45

10 70 e/t 780 gm.wt

12 4.2 m/sec, 19.6kg 13 420km

14 22.68kg

15 180cm/sec?
72000 dyne

16 2sec

274 .98 newtons

72000¢ 2 dyne

17, 1.47/2 newtons
70 /10 cm/sec ., SOcm

Applied mathematics

98 ¢ zero d 392

85k ¢ 49 d 735



Answers of general exercises

Questions of complete

1. a 40 b 2;:)

@ns @32 4 3528

528 (6 15 7,98

8 11.2kg m/sec 9. 80 kg.wt

10 468w 1n '“P gm

12 49m/sec 931 newtons

637 newtons ., 70¢m

13 ':5 gm ,7m 14 6kg

jsjc;l.%m/xwz Sot=2sec

16 .6m/sec’ . 2.392 newtons

Si=3w

.. v="¥ | y=[I
5 Y5

Unit 3 : impluse and collision

Answers of exercises (3- 1)

2 a 2)¢ 3b @b

5 a 6, C 7 S00m/sec

8 100 m/sec 9. 250cm

10 2.8km.m/sec , 56 newtons

11 75 <110 newtons

12 m =50 kg.wt V = 7.35 m/sec

13 1060 kg.wt 14 11.75wkg
15 -525 < 10 gm. cv/sec
16 A= % . B=7

Answers of exercises (3 - 2)
A f=Fxt

-2 impulse of this force on the body.

3 kilogram . m / sec or newtons » second
‘4 direct collision

5 the sum of their two moment after collision
7. 10m/sec

9 12 <710 gm. cm/sec

6. 160 dyne .sec

N\
8. 2.5w.gm

302
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10 4500 gm. cm/sec
11 -4 < 10° dyne . second

12 78 newtons
13 l?

20
g cm

14 Tm/sec «common velocity» . m = 36400

in an opposite direction to its motion

kg.wt
15 3kg. m/sec
16 100cm/sec , 60000 newtons
2 t = 17.6 second
18 3m/sec

m/sec

Answers of general exercises
4b 5. d 6 a 7.b
8 a 9 a

10 242¢m / sec in an opposite direction
11 4.16 kg.wt

12 16.8kg . m/sec
13 100 gm.wt
14 15cm/sec in the same direction , 3500 gm

177.8 newtons

. cm/sec
15 | misec 4.242 newtons . sec
16 980 kg.wt 17 10cnv/sec

18 S= 5 meter

Answer of accumulative test

19A=2 , B=1

20 & misec® | T0kg
21 20 meter

22 4.2m/sec l= % 2sec

2 1 m/sec in an opposite direction
Unit 4 : work, power and energy

Answers of exercises (4-1)
b 2, a 3.d 4 c¢
5 a 6 1586erg 7 48« 107 erg
8. a 31.9joule b zero € zero

d 31.9 joule
9 18 work unit 10 16 work unit
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11 30 V8] joule

12 F‘ = 18; +24} . 3600 work measuring
unit

13 55125 joule 14 30kg

15 S = 98 meter 16 30 meter

17, 49 < 10* joule

/

18 (1) zero (2)480.2 joule (3) -456.19 joule
19 F=m+ 2000 kg.wt 500 meter
=5 kg.wt
20 582300 joule 44100
joule
88200 joule
21 a 12600 work unit

b 28333 work unit

joule -88200

22 .53 joule 23 k d r work unit
Answers of exercises (4 - 2)
1015000 (2 8 315 42550
56240 6. 294

' 4 - ' F 4 b

7 / 3000 second 8. 70 cm/sec

9 A=60- B =120

\

g N/

10 49 joule v - 17.199 joule zero
12 14 m/sec 13 K=16kg

14 first: A=> B=-2

third: 72j(;ulc

b

second: 68 joule

15 V =75 m/sec 16 3

17, kinetic energy lost = 17.6 - 5.1 - 12.5 joule
18 1.6 meter

19 006 kg 169 meter  1.68 kg. meter /sec
20 first: V/= 2 meter /sec

second : 837.9 joule third: 34.2 kg.meter
/sec

first: 8m/sec

second: 14336 joule  third:3

kg.wt

37691

Al-Ashraaf Printing House

Answers of exercises (4 - 3)

N

1, a 98 joule b zero

c 9.8 joule
2. 686 3 34510 4196
5,42 (6 27eng )2

/

8 20.58 joule

9. 34.3 joule

10 4900 joule 6 second 4774.56 joule
1 49 joule 2.6 w.kg

12 14112 joule 13 5 m/sec

14 4 joule 0.9 joule 35 140 cm/sec

16 13.5975 joule

Answers of exercises (4 - 4)

1, 31 dync.cm/sec (2. Skgwt
3. 36 kg.wt 4 126 horses
5. 126 km/h 6. 30 km/h
7. 54 km/h 8. 187.5 horses
9. m=900 kg.wt power 150 horses
10 power = 400 horses
11 43.2 m/sec 12 12 kmvh
13 80 horses
14 80 hoses 432 knvh
15 270 horses
16 a 39 joule b 13 wau
¢ 19 wan
17, a 1122 joule b 374 wan
¢ power =647 watt
18 @ 181 +6)
b S4t'+ 12t e 240 want
19 a 135horses b 2250 kg.wt. m
¢ 180 horses
20 400 joule
21 a 'i:‘ =-6(cos2t,.sin21)

b 2-3(cm2|+sin2t)

c -6(cos2t-sin21)
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Answers of general exercises
unit 4

1. 57600 erg

2 m=18gmwt m=840gm t=6secc

3. 90 horses

4. V=Tw/m 13720 joule 36400 kg.wt

5 w=-1.96 joule

6 i +23 ; 180 joule power = 120 want

7. 2 horses 8. 5292 joule

9. 147 joule 24.99 joule

10 ¢ = ' m/isec V= ’m m/sec

11 first; lmhmsc\

N second: ¢ = ﬁ m/sec?

12 102.4 horses

13 a 10 joule b 2.4 joule

14 V= l()m/su 48 jouk'

15 _I‘ (()uls"t i +20e™ J)
de? “\sau (S5ei”. '3;’ joule

Test 1

Question 1

1.d 2. b 3. b 4 ¢

5. b 6. b

Question 2

1. 1754 newtons.m 2. Osin(0 + L)

Question 3

1,25C is distant 45¢m from A

2. 50 newtons 600 newtons.cm

Question 4

1. x1=5/3 x’=5 0=128"

2373

Question 5

1. -500 250 ZeT0

o (407 245

2 (3, £2)

304
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Question 1
1, a 2 a 3. b 4. b
5.b 6. b
Question 2
" A A V’ '94
1,7i+8 -9V —
v 35
Question 3
1. 9%cm 2. 462 kgwt
Question 4

2. B Cis inclined at an angle of langcnl’:

the honizontal
Question 5

65 104 3
7

‘ flrst:

A
.‘,| ~J

second:

Test 3

Question 1
1,75
3 +4(1,-2)
5. center of the sphere
6. intersection point of medians

Question 2
13652

Question 3
1. 70¢m

2. 35/ 3 newtons.cm
Question 4

J)n= %O r=
Question 5

2. center of gravity is 1% '

Test4

Question 1
O 2 b 3b 4.d
3, 6. a

15
20

2 63923

O = 2 newtons

1
6

e 6

Student Book

2 350 newtons. cm
4 3000 newtons .cm
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Question 2
1. is not about to move
(-30800 - 150003 ) newtons .cm
21700 newtons.cm
Question3
1, 3wkg

2, 750/3 gm.wt.cm
Question 4
1, (10, 10)  center of gravity is (
Question 5
202007 +150]
Test 5
Question 1
1. The final
perpendicular reaction
2D-1i-17]+V
313 4.2

20 Z())
3°3

fricion force and the

5. @ The vector of the sum of the forces
vanishes
b The moment of the system vanishes
about one point

6. suspension point

Question 2

p "’;— 2, 5.4 newtons

Question 3

1. The magnitude of the force acting
downwrds is 32 kg.wt 2.5

2) F,=24
Question 4
1. 125kg.wt )
Question 5

1. center of gravity is (8 ,0)

F=24

o~
o~
-3

L

—n

2) -11 v

Al-Ashraaf Printing House

Test 6

Question 1

3,21

2 A=-] B=1|

3. 30wkg 4. 20 joule

5. 39.2 meter 6. 7.35m/sec?

Question 2
1 1800wkg ¢ = 49m/sec’

2. 6m/sec? 35.6 newtons
Question 3
1, 2cmisec s X=9w.gm
2. -640 joule
Question 4
1, 480 gm.wt , 300 w . gm
2. -20.8 joule 30 joule

7ero " V = 8.44m/sec
Question 5

1. V= 14dm/sec
2. 28J5 m/sec

m, = 128 kg.m/sec , m, = 3696 kg.m/sec
Test 7

Question 1

1, 64kg.m/sec 2. 24.01 joule

3. A=20 B=20
4 2.45m/sec? 5 m=1
6. 9.8m/sec’

Question 2

1. 17640 joule 2. 7 cars

Applied mathematics




Question 3
1. zero

2, first: ; =10
Question 4

1. the distance required =
79.6 meter

Question 5

1. 32 horses

2. tiest: 36,75 joule
third: 70 30 cm/w

Test 8

2 gm.wt second: S = 332.5cm

196 <2 +404 =

second: 11,025 _F)Ulc

Question 1
 K=8kg 2. 600 dyne
1 downwards , upwards 4. SOcm/sec
5. 7 m/sec 6. 240.1 joule
Question 2
1. The three speeds equal
Perpendicular m does more work
2) 1372 joule , L m/sec
Question 3
1. 10w . gm 280cm/sec
2. 20 m/sec
Question 4
1 a 280cmisec S=100cm
2. a 4joule b zero
¢ 20 joule d zero
Question 5

1. 68 gm.cm/sec
2 E =9.75m/sec?
¢ = 1.25m/sec’

Third Form Secondary

N\

2, 160 gm.wt

2 total work =

Test 9
Question 1

1, A=9 B=7

3. m = 2000 kg.wt

4. 24.5 kilowatvh
5. 20 horses
Question 2

/\L i
6. lshur.\cs

1, m=8kg.w
=22 +8=30w kg

2. 280cm/ses® W= 225w . kg
= 140 gm
ascending r, = 200w. gm

descending ry = 180 w . gm

Question 3

1. tiest: 14m/sec second:

2, V=

m ) ke.misec

l4m/sec

Question 4

1, V= —' m/sec m = 4.2 newtons
t=5 scmnd

= | 4m/sec? K = 70kg

Question 5

1. V=27km/h
14.7 joule
V = 3.35m/sec
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Test 10
Question 1
15043 kgwt

2 3Imiw
3.V =280cm/sec
4. 3600 joule
5 4 horses
6. -120000gm.cm/sec
Question 2
A1) tis: B=3 A=1
second: 960 joule
2. ¢ =T0cm/sec’ , vertical distance = 35¢cm
Question 3
A1 3%mm (2
Question 4
1, 5.6m/sec ., m=4600w/kg

2, 12.25m/sec

Question 5

7N

1) 8 ¢=Tcm/sec?

57
b 340

2. K=20kg , R = 16w kg

Al-Ashraaf Printing House
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