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Introduction

PYRS 1 -

We are pleased to introduce this book to show the philosophy on which the academic content
has been prepared. This philosophy aims at:

1 Developing and integrating the knowledgeable unit in Math, combining the concepts and relating
all the school mathematical curricula to each other.

2 Providing learners with the data, concepts, and plans to solve problems.

w

Consolidate the national criteria and the educational levels in Egypt through:
A) Determining what the learner should learn and why.

B) Determining the learning outcomes accurately. Outcomes have seriously focused on the fol-
lowing: learning Math remains an endless objective that the learners do their best to [earn it all
their lifetime. Learners should like to [earn Math. Learners are to be able to work individually
or in teamwork. Learners should be active, patient, assiduous and innovative. Learners should
finally be able to communicate mathematically.

i N

Suggesting new methodologies for teaching through (teacher guide}.

(4]

Suggesting various activities that suit the content to help the learner choose the most proper activi-
ties for him/her.

6 Considering Math and the human contributions internationally and nationally and identifying the
contributions of the achievements of Arab, Muslim and foreign scientists.

In the light of what previously mentioned, the following details have been considered:

* This book contains: algebra and analytic solid geometry. The book has been divided into related
and integrated units. Each unit has an intreduction illustrating the learning outcomes, the unit
planning guide, and the related key terms. In addition, the unit is divided into lessons where each
lesson shows the objective of learning it through the title You will learn. Each lesson starts with the
main idea of the lesson content. It is taken into consideration to introduce the content gradually
from easy to hard. The lesson includes some activities, which relate Math to other school subjects
and the practical life. These activities suit the students’ different abilities, consider the individual
differences throughout Discover the error to correct some common mistakes of the students,
confirm the principle of working together and integrate with the topic. Furthermore, this book

contains some issues related to the surrounding environment and how to deal with.

* Each lesson contains examples starting gradually from easy to hard and containing various levels
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises
that contain various problems related to the concepts and skills that the students [earned through

the lesson.

K Each unit ends in Unit summary containing the concepts and the instructions mentioned and
General exams containing various problems related to the concepts and skills, which the student

learned through the unit.

* Each unit ends in an Accumulative test to measure some necessary skills to be gained to fulfill the
learning outcome of the unit.

* The book ends in General tests including some concepts and skills, which the student learned

throughout the term.
Last but not least. We wish we had done our best to accomplish this work for the ben-
efits of our dear youngsters and our dearest Egypt.
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First: Algebra

—

Permutations, combinations and
binomial.theorem

CDEDCDED
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Unit introduction

Nasser Eldin Eltosy was born (1201 - 1274) in Gahrood near tos in Iran in a family specialized in science and
philosophy. He was a student of Kamal Eldin EIMowsly and Moeen Eldin Elmasry, so he studied wisedom,
philosophy, astrology and mathematics, He had a great history in calculating the number of possibilities for different
phenomena to happen. He also used permmutations and combinations. Kardan (1901-1976) also had great interest
in calculating the number of possibilities using the fundamental counting principle, which allowed him a great
field in computer architecture which is about the design and structure of functional operations for computer. This
unit is dealing with the principle of counting and the relation between permutations and combinations and their
uses in solving some mathematical problems as well as the binomial theorem and solving some mathematical life
applications.

Unit objectives
By the end of this unit and doing all the activities involved , the student should be able to:
£ Identify the counting principle (Addition rule) # Find the coefficient of any power of x in the
4 Identify the relation between permutations and expansion of (x +y)"
combinations as methods of counting. # Find the term free of x in the expansion of (x + y)*
# Deduce rules and results on permutations and +# Find the coefficient of the greatest term in the
combinations. expansion of the binomial theorem
# Use permutations and combinations in solving + Find the middle term in the expansion of the
mathematical application problems in different binomial theorem when n is an even number and the
fields. two middle terms when n is an odd number.
# Tdentify the binomial theorem with positive integer  # Deduce relations between the combinations using
power the expansion of binomial theorem
# Deduce the general term in the expansion of the +# Deduce the relation between pascal's triangle and the
binomial theorem. coefficients of the expansion of binomial theorem
# Deduce the ratio between each term and the previous and deduce some patterns using pascal's triangle .
one in the expansion of the binomial theorem. # Solve mathematical life applications on the binomial
t# Find the coefficient of any term in the expansion of theorem.

the binomial theorem due to the order of this term.

2 Third Form Secondary - Student Book



Key Terms

Fundamenial counting principle Combinations

LA 4 A
FARY N

Permutations Binomial Theorern

Materials Unit Lessons

£ Scientific calculator Lesson (1 - 1): Counting principle - Permutations
- combinations
Lesson (1 - 2): Buonomial theorem with integer
positive power
Lesson (1 - 3): Finding the term containing x © in
the expansion of binomial
Lesson (1 - 4): The ratio between two

consecutive terms in the binomial
expansion

Unit Chart

Permutations - Combinations - Binomial theorem

1

~
( Counting principle
Binomial theorem gp p

l [ 1

The expansion of the binomial Permutations Combinations

l

The general term

Evaluation the term containing x"

Algebra and Analytic Solid Geometry - Algebra 3



Unit One

Fundamental counting principle-
1 A 1 permutations and combinations

L

You will learn A1!
' s;’t;;’;,tzfj‘e‘)"i"‘fp’e (Ad | First: Counting principle
As you have studied, counting principle (multiplication rule)

» More relation between
permutations andcom- = which states:

binations. If a certain act can be performed in m different ways, and a second act
» Applicationsonusing ., e performed in n different ways , then the two successive acts can

permutations and comn- ] .

binations be performed in (i x n) different ways.

(‘?) Think and discuss

How many different 3 - digit numbers can be formed from the elements
of the set {1,2, 3,4, 5}?
Key terms since the number formed from (3 digits)
» Permutations Then: The unit digit can be formed by 5 different ways
: gzumni::aﬁo"s _ The tens digit can be formed by 4 different ways
g prencipe The hundreds digit can be formed by 3 different ways
Thus, The number of ways to form different 3 digit numbers =5 x4 x3 =60
Think: How many 3-digit numbers (repeating is allowed) can be formed
from the elements of the set {1, 2, 3, 4, 5}?

.:l Learn

Counting principle (Addition rule)

If a certain act can be performed in n different ways, and a second
act can be performed in m different ways, then the number of ways to
perform the first act or the second act is (m + r) ways.

6) Example

1, From a class of @ boys and 6 girls it's required to select a 4-person
team of the same gender.

Materials
» Scientific calculator

C» Solutlon
& ' The number of ways to form the team if all members are boys
=9C, =126
4

4 Third Form Secondary - Student Book



Fundamental counting principle- permutations - combinations 1-1

b The number of ways to form the team if its members are girls = °C, = 15
then , the number of ways to form the team if all of its members from the same gender
= 9C4+6C4 =126+ 15 =141

ﬂ Try to solve
@ How many ways can 3 persons be selected from 5 men and 4 women in each of the following:

a_ The 3 persons are of the same gender? b/ Only 2 persons are of the same gender?

cjj Example

2 ) A paper exam contains 8 questions. The student should answer 6 of them in the condition
that at least two questions are to be from the first four questions. How many ways can the
student choose the questions to be answered?

C» Solution
a The student can choose 2 questions from the first 4 questions and 4 from the rest
questions “C, x 4C, =6

b The student can choose 3 questions from the first 4 questions and 3 from the rest questions
4y x4C; =16
¢ The student can choose 4 questions from the first 4 questions and 2 from the rest
questions “C, x 4C,=6
Number of ways to choose the questions = %Cy x 4Cy + 4C3 x%C4 +4Cy x4C, =6 + 16 + 6 =28
) 1ry to soive
@ A college student at the first year studies 8 subjects and it is not allowed to move on to the
next year unless he succeeds in at least 6 of them. How many ways can the student move on
to the next year?

Number of ways to select a sample with replacement or without

‘When you choose r ohjects out of n objects, we consider the following:

1 - If the selection is with replacement and arrangement, then the number of ways of selections = n"
> Number of ways to form 2-digit number from {1, 2, 3,4, 5} =5%=25

2 - If the selection is with replacement and without arrangement, then the number of ways of
selection="2"T-1C,
» Number of ways to distribute 3 identical balls on 4 boxes =4+*3-1C3 =5C; =20

3 - If the selection is without replacement and considers the arrangement, then the number of
ways of selection = nPr
> Number of ways to park 4 cars in a parking area with 10 places = 10P, = 10 x 9 x 8§ x 7

= 5040

4 - If the selection is without replacement or arrangement then number of ways of selection = "C,

» Number of ways a 5-person team can be chosen from 12 person = 12C5 = 792




Unit One: Permutations, combinations and binomial theorem

CS) Example

3 ) A bag contains 12 red balls and 8 white balls, find the number of ways to draw 3 red balls
and 2 white balls in each of the following:
8 | Considering replacement and arrangement.
b | Considering arrangement without replacement.
¢ Without replacement or arrangement.

O Solution
a | Number of ways = 123 x82=110592 ' b Number of ways = 12P; x 8P, =73920
¢ | Number of ways = 12C; x8C, = 6160

ﬂ Try to solve
@ In the previous example, find the number of ways to draw 5 balls of the same color in each

of the previous cases.
Critical thinking: Find number of ways to park 4 cars next to each other in a parking Area with
10 places to park if:
a | The parking area is in a shape of a circle. b ' The parking area is in a form of a row.

Second : Permutations:

As you have studied the concept of permutations and known that ©
permutations are each arrangement you can get from several objects

by taking them all, or taking some of them also you have studied the P, € Z*

following relations: In e Z*

1) "P,=n@-1)@-2)X .. x(@-1+1)

0=|1 =1
Foreachn 2r, neZ*, reN In_P =
=1l
2) "P,=|n = n@-1)@-2) X oo x3x72x1 “PO
1=
3) rLPr= [n foreachn=r, neN, reZ'
|1'1-I'
4) [n=n|n-1 =n(n-1) |n-2 =.....
@Example
4 ) Find the value of n in each of the following:
a 3u-5p, = 2520 b |[n+2 =90(n
C» Solution
a ;- 311—5P5 =2520 - 7P5=2520 b ‘| n+2 =90|£ o |I|l_;2=90
n
»n-Sps="Pg . 3n-5=7 . n+2p, = 10p, ~on+2=10
. n=4 S.n=8
ﬂTrytosolva

@ Find the value of r in each of the following: @ 8P; ;= 6720 b/, ,= |i

6 Third Form Secondary — Student Book



Fundamental counting principle- permutations - combinations

5)If8P, 4 =3P, 4, find the values of n.

1-1

) Solutlon
w8, 4=% 5 .. 8<1n-350 <n<1l . ne{3,4,5,6,..,10,11}
ﬂ Try to solve
(5) 24Py = 24P | find the values of n.
@ Example
6 Find the value of nif P, ¢ : 3P, ,; = 30800: 1
> Solution @ B
" 56P ¢ 54P, 5 = 30800 : 1 —— = 30800
I+6 r+3 — | 50 -1 ® |5_4
.. 56 %55 (51 - r)=30800 So5l-r=100 or=41
ﬂ Try to solve
(6) If2n+lp :20-1p =3:5, find value of n.
@ Example
7) 2P ,:"2P, =1:42 and P, ;=840 , find value of each of n, 17
C» Solution
" P, ;=840 , .- "P,=840
s TP ,=TP, Sor3=4 r=7
"2p 0% 14y o B2 |— =
n-7 |
(n-7Y(n-8)=42 n'F"P2—7P2 .n-7=7 n=14

ﬂ Try to solve

@ Find the values of n, r in each of the following:
b "P,=60480,| r =720

"'P, =380

8 If I‘Pr = 120 find all possible values of n, r
C» Solution
First: 'P,=6x5 x4 = 6P,
Second: 'P,=5x4x3x2=5P,
Third: 'P,=5x4x3x2x1=5Ps
Fourth: P, = 120p,

S.n=6whenr=3
s.n=5whenr=4
S.n=5whenr=35
Son=120whenr=1

Algebra and Analytic Solid Geometry - Algebra 7




Unit One: Permutations, combinations and binomial theorem

ﬂ Try to solve
If l]Pr = 210, find all the possible values of n, r

Third: Combinations:

As you have studied the concept of combinations and known that om

combinations are all sets you can get from several objects by taking them
all or taking some of them also you have studied the following relations : Ca="Cp =1

n < op
1) “Q:iforeachn>r,neN,reZ* TGS
lr "C,eZ*
2) C, = Lforeachn?r,neN,r eN
T |n-r
3) »Cc. =1C_ | (4)Ifan='1Cy S.X=y Oor X+y=n
CS) Example
9 ) Find the value of n in each of the following:
a/1Cy3 =120 b 25Cy, 5 = BCy
> Solution
a - 8C 1=120 .. 0C3 =120 120 = 10C,
nC3 = 10C3 n= 10
b 25C3n-5— SCZn
first: 3n-5=2n second:3n-5+2n=25
.. n=35 (check) S5n=30 .. n=6check
ﬂTryto solve
(9) Find the value of n in each of the following:
a »iC,, = 66 b B5Cy, 14 = BCyy
(1) e 4
), _n-r+1 27
= C 27 -13
. I l = =1
"Cra ()—1127(: o
36 36 36
The previous relation can be proved as follows : (2)_C25. = _C25_x Cu
nC |£ 36C23 36(:24 36C23
RH.S : 55 I = [ +
-1 |L|n-r |r-1 |n-r+1
|L y |r-1 n-r+1
[t [a: (o
- 1y [r-1 @-r+D)|n-r _n-1r+1
r|r-1 n-r 1 r

8 Third Form Secondary — Student Book



Fundamental counting principle- permutations - combinations 1-1

cﬁj Example

10) If °Cg : °Cs = 3 , find the value of [n-2

) Solutlon
e . n-6+1_1 . n-5 _1 _
" 3¢, 3 T 6 3 T 3 n=7
So|n-2 = [7-2 = |5 =120

ﬂTrytosolve

19) Calculate the value of rif : 'C, :7C,..q = 3

Additionrule | 2 °C,,C,; = "*IC,

The previous relation can be proved as follows:

RIS = |n . [n _ (@-r+D[n +rjn (@-r+1l+1)}|n

o |r |[n-r [r-1 [n-r+1 |t n-r+1 |t [n-r+1

- @D _ [l _aag - pmS.

|t [n+1-r |r | n+1-r

@ Example

1MWK P, :™C,,, =72:1,C,,+2C.3 = 56, find the numerical value of n and r.

) Solution

+lp o n+1cr g =72:1

r+1 =720 [t+1 =16 Sor=15
" “Cr_z + ncr_3 = 56 R nC3 + II.C2 = 56 e n+1C3=56
- mlo, = 8¢, son+l =8 son=7

ﬂTryto solve

ADIEBC, : BCuy =9:5, "Cop+ Coq = 3432 findn,r

@ Example

12) Prove that rlCr +2 nCH 1+ nq =" 2cr 1, hence find the value of : 19C; + 2 10C, + 10C,

) Solution

R.H.S=anr+ 11Cr+14+ 3Cr+1+ nCr+;
= IH-lcr+1 + n+1Cr:-v-2 = ll+2Cr+2 = L.H.S

The expression = 19C5+218C4+1°C;  put n=10, r=5

From the previous relation, then : 10C5+2 19C5_ ; +10Cs, , = 012C5 , = 12C; =792

Algebra and Analytic Solid Geometry - Algebra 9
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Unit One: Permutations, combinations and binomial theorem

ﬂTrytosolve
@ 2 Find the value of: n if "C; + 2x "C, + "C; = 120

17C6 + 17(:5
5

b | Find the value of*:

BCy+2%Cy _ 58

ane PR . n-1 _n . E——
Critical thinking; Prove that °C, : ™IC;., = — and hence prove that %C,BC, 9

(5) Example

13 If°C,, 5 x 'Cr 2 'Cyyy X 'C,_y,provethat:n>>2r+1

C» Solution
WG % MG 2 TGy x Gy

"Cr. g y "G > 1 s nD-@+D+1  n-@+1) > 1

Cr i1 "Gy r+2 r

n-r-1 ,n-t+1 5 — @-12-12 1@+ 2)

r+2 r

(n-r? = (r+1)? = n-r2r+l snz22r+l
ﬂTrytosoIve

@ Find the possible values of n if 2Cg x2C¢ 2 8C; x2Cq

& o
” Exercises 1 -1 ”

First : Choose the correct answer from those given:
@ Number of ways to choose 2 different letters together or 3 different letters together from the
elements of the set {a, b, c,d, e, h}is:
a 6C, x 6C,4 b 6P, x 6P, ¢ 6C, + 6C, d 6p, + P,

@H“C5:DC4=3:1,thenn=

a 7 b 9 c 17 d 19
@ 12 player participate in a swimming competition How many ways can the first, second and
the third places be arranged?
a 1230 b 1320 ¢ 2310 d 3210

@ Which of the following values could be equal to "P,?
a 24 b 25 c 27 d 30

(5) VP, s = PP, .5, then m equals:
a -5 b 0 c 5 d 12

@ If 3P, = |8 , then n equals:
a g b 10 c 11 d 15

1 0 Third Form Secondary — Student Book



Fundamental counting principle- permutations - combinations 1-1

6
@ The value of 3°C, + 21 56 1C, equals:
r=
a 5604 b 56(:'2 c 55c4 d 55c3

The student should answer 10 questions out of 13 questions on a condition that he should
answer 4 questions at least from the first 5 questions. How many ways can he answer?
a 140 b 196 ¢ 280 d 346

@ If ™2C, = n?- 1, then n equals:
a 2 b 4 ¢ 6 d 10

Second : Answer the following questions:
How many ways can an even number and 2 odd numbers be selected from 4 even numbers
and 5 odd numbers.

@ How many ways can an even number or 2 odd numbers be selected from 4 even numbers
and 5 odd numbers.

@ How many ways can 8 different awards be distributed equally on 4 students.
@ How many 4 - digit number can be formed from {1,2, 3, 4,5, 6, 7}?

a_ With replacement b Without replacement
If X={2,3, 4,5} and without repetition, find the number of numbers can be formed from
X in each of the following.
a_ If the number has 3-digit exactly. b If the number has 3-digit at least.

¢ If the number has 3-digit at most.
@ Find the value of n, r in each of the following:

a "P,=2, ", = b "P, =840, %P1 =336
c nC,=21, " 'P;=990 d oCr=10, [n-r =6
If“Cr :0C., = 2:3,"C.,:"C, =4:3 find the numerical value of n, r.
15 15
(17) Prove that G = I*L and hence find value of — 6.~ "C7 |
IJCr"'nclurl n+l C6
-1
Prove that°C, : ®-1C, = — 2 and hence solve the e:quat:ion]](".3:7(;1C8 =3
n-r -
8

oG, = *Cpy -n+1Cr = & x "Ppy, find n,r

@0) If "P, = 120 °C,,_, find value of 12C,,, then find minimum value of n that makes the relation
true.

@) KC,_,:%C,:"C,, ;=1:5:15, findn, 1.

@2) Prove that**+1C,,; + °C,= = +1 , hence find the value of ﬂ—r3—lsc5 +C
* r+1 C4 + C3

Algebra and Analytic Solid Geometry - Algebra 1 1
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Unit One: Permutations, combinations and binomial theorem

3¢ 4 13
@3 It G+ Crél = 2, find the value of r  (24) If 30P, = 30p_ 12y» find values of each x, y?

Cr—1+ T
@5) It "Pg > "Py, find n? 26 If:jm+n =380 m+n-2, findm+n
@ Solve each of the following equations:
8 |n+2 |3n4 =|n [3n-2 b 2|2n =(@?+3n+2)(n 2

€ |2n [n-3 =72Pn-7

@8) Prove that "C,: "~ 1C,_; = L then find n, r if
r
n+2cl_+1 = 9n+1cr=90 X ncr_1

@ Sequence:
8 If4x"Cs, 3 x"Cq, 3 x "C; form an arithmetic sequence, find n

b If2 x 14C,, ;.3 x 1¥C,, 6 x14C,_, form a geometric sequence, find 1.

@ Find the values of n, r in each of the following:
a 1C:"C.,:%C,,=1:2:3 b oC,:8C,,,:%C,,(=15:28:24
€/ 1C.:"C,.,,:%C,, 4, =3:14:14 d oC.:%C,.; =9:5, 15C,=15C3r_5

2
e ¢, =3%C,, 1, P; = 90x" Ps

@ 4 noncolinear and coplaner points. Find the number of line segments joining each two of
them?

@ How many ways can 3 persons be selected out of 5?

@ How many ways can a committee of 4 male students and 2 female students be selected out
of 20 male students and 10 female students?

@ How many ways can a 7 member team be selected out of 9 girls and 5 boys if the members
of the team has only 3 boys?

@ How many ways can 2 committees each of which formed from 3 persons be selected from
12 persons such that no one is chosen in the 2 committees?

@ Find the number of triangles formed from joining 3 vertices of a polygon whose number of

sides is:
a4 b 5 c 6
@ Find the number of diagonals of a polygon whose number of sides is:
a6 b 8 c 12

A 4-person committee is to be formed out of 9 men and 3 women:

4 | Find the number of different ways to form this committe.
b ' How many committees that contain only one women?
¢ How many committees that contain at least one women?

1 2 Third Form Secondary — Student Book



Binomial theorem for positive
integer power

'/% Think and discuss

e

We know that:
(x+al=a+a

(x+ a)2=x2+2xa+ a?

'We can deduce that:

Unit One

1-2

You will learn

» Relating pascal’s triangle
and coefficient of the ex-
pansion of the binomial

» The general form of the
expansion of (x + a)"
neZt

» The general form ofthe

3 — 53 2 2 3
(x+ ay=x"+3x" a+3xa°+ a general term T, in the

(x+ a)f=x*+4x3a+6x2 a2+4x a’+ at expansion of (a+ b) "
» What is the relation between the number of terms and the value Zf;:hzrrdne;:j?: t:’:fnv:pl;e
of the power? the two middle terms
» What is the relation between the powers of the variables x, a in
each term of the expansion ? Key terms
» What do you notice about the coefficients of terms in each term | 76 expansion
of the expansion? » Binomial
» Can pascal's triangle be used to express the coefficients? » The general term
> Try to deduce a rule to expand (a + b)® » The middie term
Pascal's triangle
Notice that: The coefficients of the expansion follow a pattern in
pascal's triangle
Coefficients of the terms
Binomial of the expansion
)
Materials
(a+b)! > » Scientific calculator
(a+ b)z > » Graphical programs
@a+by >
(a+b)? »(1)(4)(6)(4)(1)

» Pascal's triangle elements can be written using the combinations as in the
next figure:

Algebra and Analytic Solid Geometry - Algebra 1 3
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Unit One: Permutations, combinations and binomial theorem

4 ™
o

Coefficients of expansion (a + b)! Fustrow,@

Coefficients of expansion (a + b)? Secondmw,@ ;)

Coefficients of expansion (a+ b3} Thirdrow. (3¢, ) 3¢, ) 5, ) (3Cy)

Coefficients of expansion (a + b)*——Fourthrow _____, () PTG T4 AC,)

Eoeﬂ’icients of expansion (a + b)j Flfﬂlmwh'(sm (5¢, ) 5c, )

By noticing the second row (say) from bascal's triangle, we notice that 1, 2, 1
represent 2C,, 2C;, 2C, respectively and the sum of these elements 2Cy, 11
2C,, 2C, represent the number of subsets which can be formed from a set @
containing two elements where 2Cy+2C, + 2Cy =4 = 22

The set { x, y} all of its subsets are ¢ » 1x}, {vyh{x.,¥y} 1
Similarly: the sum of elements of the third row 11
3C0, 3C1 . 3C2 . 3C3 represent the number of subsets which we obtained 1.2 1

from a set contains three elements and the number of these sets is § = 23 @
That is 3Cy+3C, +3C, + 3C3=23

In general , if we have a set of n elements , then the number of subsets

which can be obtained from its elements =2"  i.e "Cy+"Cy +Cy + ...+ C=2

Verbal expression: using Bascal's triangle, find:

1) The coefficients of ( a + b)6 as combinations. 2) The coefficients of ( a+b)? as combinations.

.:I Learn

The expansion of a binomial
If a,xeR , n €Z" then:

2 n
T-(x +a = x" + °C;x™la + "Cyx™2a + .. + a

2-(x - at = x® - 1C, x g + 2C, x™2 a - .+ CaD

Remarks on the expansion of the binomial (x + a)®

1) The number of terms of the expansion is (n + 1) term.

2) The expansion is arranged in a descending order according to the powers of x and arranged
in an ascending order according to the powers of a.

3) The sum of powers of x and powers of a in any term equals n.

4) The value of r in ®C, of each term is always decreased the order of the term by one.
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Binomial theorem for positive integer power 1-2

Example
@ P Writing the expansion of a binomial
1) Write the expansion of (2x + 3y )*

) Solution
(2x +3y Y* = 2 0)*+9C(2x)* (3y) +4C,(2x)% (By)? + 4C5 (2x ) (By)® + By)*
=16 x* + 96 x3y + 216 x2y2 + 216 xy> + 81 y*

ﬂ Try to solve
@ Write the expansion of:

a (3x+y)’ b (x2-1)

Special cases of the expansion of a binomial:
a (1+x)°=1 + "C;x + "Cpx? + ... + x"
b/ (1-x)"=1 - "Cyx + "Cyx? - ... +(-X)"

(5) Example

2 ) Write the expansion of (1 + x)8 , then use it to find the numerical value of the expression:
6c0 + 6Cl + 6C2 + o + 6C6

C» Solution
(1+x%=1+5Cx +8Cyx% + 6Cy3x> + 6Cyx? + 6C5x° + x8
Putx = 1inboth sides
1+ 1)5=1+6C +58C+6Cy + ... + 1
26 = 6C, + 6C, + 6C, + 6Cy + ... + 8Cq

E Try to solve
(2) Write the expansion of (1 - x)3, then use it to find the value of: 1 - 8C; +8C, - 8Cy+ ... + 8Cyq

@ Example

Find the value of (1,01)°, using the binomial theorem and approximate the result to three
decimal numbers.

) Solution

(101 = (1 + 001)9

9 +9 1 y2,9 133,
=1+0,09 + 00036 + 0,000084 + ... terms less than 0,001
=1.0936 = 1.094
ﬂ Try to solve

(3) Find the value of (0,.98)!% by using the binomial theorem and approximate the result to three
decimal numbers.
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Unit One: Permutations, combinations and binomial theorem

The general term of the expansion of a binomial

In the expansion of (x + y)* = x"+1C, ly C, x02y2y  +yR

Notice that T, = °C; x™1yl | T, = nCx02y?

Similarly: Ty = °Cq x™8 y®

Let the general term be T,,; where0 < r < n then T,,. Itcan be written as:

T ="C X7

C')) Example

4 ) In the expansion of (x + 258 according to the descending power of x, find the coefficient
X
of the sixth term

O Solution
T = 3Cs (x)° (%)5 = 8Cs x 25x2 = 1792 x2
The coefficient of this term = 1792
Notice the coefficient of T, , ; = "C, (the coefficient of first term)"™ (coefficient of second term)"

ﬂ Try to solve
@ In the expansion of (2x2 + %)7 according to the descending powers of x, find each of T3 , T,

and if T3 =T, find the value of x.

6_‘) Example

5 ) In the expansion of (3x2 - ZL)H according to the descending power of x, find the tenth term
X
from the end.

C)» Solution
The tenth term from the end in the expansion of (3x2 - ZL)H is the tenth term from the
X
beginning of the expansion (% +3x%)13

= Bo(-l y4 (3,209 = 715x3° 14
T].O C9( 2){) (3)() 24 X

C» Another Solution
Notice that we can find the order of the tenth term from the end in the expansion (3x2 - %)13,
and its order equals 14-10+1 = 5

9
T, from the end is T from the begining Ts = 13C,(3x2)°( % ¥ = 715 x 37 14

24
) 1ry to soive
(5) In the expansion of (2x - 3;}:{)11 , find the fourth term from the end:

Rule
1) (x+a)n+(x-a)n=2(T1+T3+T5+...) 2)(x+a) -(x-a) =2(Tp+Ty+Tg+--)

From the terms of exp. of (x + a)"
1 6 Third Form Secondary — Student Book



Binomial theorem for positive integer power 1-2

6) Example

6 ) Find in the simplest form (x + 2)% + ( x -2)%
O Solution
(x+2)%+(x-2)6= 2(T+T3+T5+Ty)
=2 (x8+6C, x4 x 22+ 9C, x2 x 24 + 28) = 2 (x6 + 60x* + 240 x2 + 64)

ﬂ Try to solve
{6) 1) Find in the simplest form (1 +vX )*- (1 - /%)’
2) Find to the nearest three decimals (1,03)8 + (0,97)8 , using the binomial theorem.

6) Example

7) In the expansion (3 +x)!1 - 11C; 3+ x)10 (1 - 2x) +11C, B +x)° (1 -2%)% - ... - (1 - 20)11
find the fifth term according to ascending power of x.

C)»» Solution
The expression represents the expansion of [(3 + x) - (1 - 2x)]!! = (2 + 3x)!!
then;
Ts = 1C4(2)7 (3x)* = 330 x 27 x 3*x* =3421440 x*

ﬂ Try to solve
(7) In the expansion (1 - x)8 + 24 x (1 -x)7 + 252 X2 (1 - X)5+ ........... +6561x® , find the numerical
value of the sixth term according to ascending power of X whenx =2

6) Example

8)If(1+cx)® = 1+20x+a X2 +a,X>+ .. +a,q X"
and 16 a; = 3a, , find the value of n, c where c 0 #

) Solution
l+cx)= 1+nC10x+nC2c2x2+nC3 St
n 20
S Cie=20 s.nc=20 Se=22
o men e ®
1 16x7C,cc =3x"CyC s 16x%,=3x"Csc  (2)
Substituting from (1) in (2) s 16x"Cy=3x"Cyx 2
n n
C n-2
s16n=3x 3 x20 s 160 =3 x x 20 son=10
i, K
- . - - —E—
Substituting equation (1) se=15=2
ﬂTrytosoIve

In the expansion of (1 + Kx)10, if the coefficient of the third term equals 180, and the
coefficient of the fifth term equals 210, find the values of K and x where K is a positive
integer.

Algebra and Analytic Solid Geometry - Algebra 1 7
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Unit One: Permutations, combinations and binomial theorem

CS) Example

9 ) Find the coefficient of x19 in the expansion of(1 + x - x%)°
C» Solution
In the expansion of (1 + (x - x%))°
" Ty =9C x (x- X2
. Tpy =2C, x xF x (1-x)
" T =9C, % XF x - %)
Try=(-1)" x 9C, x Cp x x'm
to find the coefficient of x10

r+m=10wherem<r<10

r=5 r=6 r

7 r=8 r=9

m=>5 m=4 m=3 m=2 m=1

Coefficient of x10=-9Cgx3Cs+9Cg x 8C4 - 9C; x TC4 + ¥Cy x 8C, - 9Cy x 9C,
. Coefficient of x!0=-126 + 1260 - 1260 + 252 - 9 =117

) 1ry to soive
@ Find the coefficient of x2 in the expansion (1 + x + x2)

6) Example

10 | 8 | Prove that = n_]:(éi =
1

b ' If the ratio between Tg in the expansion of (x + L)IS and T; in the expansion of
(x- 1 )1 equals 8 find the value of x

n
T

C» Solution

n +1:|-1 = |L x |_| —' 1-rtl I_
A = SERE

Lr |[nx

Tg of (x +Lys  Dggx10(L 1 -
X

n
r

Ts of (x- Ly e, x10 (;})4

- W

[Fy]

»
w

1l
=10 ]
xm

1l
oo

- x =2
Sox o= 3
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Binomial theorem for positive integer power 1-2

ﬂ Try to solve
Use the binomial theorem to prove that (2Cg)? + (°Cy)? + (°Cp)? + ... + (°Cp)* = 2°C,

The middle term in the expansion of (x + a)"

In the expansion of (x + a)n,we find that the number of terms of the expansion= n+1

First: If n is an even number , then the number of terms of the expansion is an odd number and
the expansion has one middle term of order D_J;z ( % +1)

Second: If n is odd number , then the number of terms of the expansion is an even number, and

the expansion has two middle terms of order 2+t1 1+3 (n+1 ‘pextterm)

(5) Example : i

11) Find the middle term in the expansion of (2x + _21 =) 12
X

O Solution
The order of middle term = 12—2 +1 =7

T, = 12C, (2x)5( 2}1(2 V6= 12C, (2)6 (%)6 x6-12 = 12¢ x -6
E Try to solve
@ Find the middle term in the expansion of (x2+ ZL)IO . If the value of this term = % ,
X

find the value of x

(5) Example

2
12) Find the two middle terms of the expansion of (KT + 315
X

C» Solution
The orders of the two middle terms are 152—+1 and the next term i.e Tg , Tg

2
T, = 15@(%)*(%) T2 150, x 3807 x 1167 2 150, x L x® — 2145259
2
T, = ISCS(XTY( % )3 = 15Cg x 83-7 x g14-8 = 15C; x 3x5 =193052x6
ﬂTryto solve

W

(12) If the two middle terms of the expansion of (3x + 2y)!3 are equal, prove that = =
Y

Algebra and Analytic Solid Geometry - Algebra 1 9
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Unit One: Permutations, combinations and binomial theorem

CS) Example

13) Find the middle term in the expansion of (3 + 2y)® + (3 - 2x)®
the expansion = 2[T,+T5+Ts+T7+Ts]

the middle term= 2T;

=23y x (3)* x (0

= 181440 X*

C» Solution

ﬂ Try to solve

@ Find the middle term in the expansion of (ZJY + #)m + (2\/? - 2;_ )10
X X

& &
’ Exercises 1 -2 Y

Choose the correct answer:

@ If the orders of the two middle terms of the expansion of (x + y)" are 7 and 8, then n equals:
a 13 b 15 c 16 d 56

@11+ Sx+o x4 42,5 X4 X3 5, +x5 = 1024, then the value of x equals:
2 x1 3 x2 x1

all b 2 ¢ 10 d 3

@ Sum of the coefficients of terms of the expansion of (x2 - 1)7 equals:
X

a 27 b 25 c 26 d  zero
@ The coefficient of the fifth term in the expansion of (1 + 2x)19 is
1 1
a 16 10C; b & '°Cs ¢ 16 10C, d 16 '°Cy

@ In the expansion of a binomial theorem, if the general term is 12C, x2* < | then the term
containing x!12 is:
a T, b T, ¢ Ts d ' Does not exist
@ If the two middle terms of the expansion of (a + 2b)2rl . are equal , then:
a @ b a=4b ¢ a=28b da=2b

b=

b
@ If the middle term of the expansion of (? + _bz_) o is the ninth term , then n equals:
a

a1 b 2 c 3 d 4
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Binomial theorem for positive integer power 1-2

In the expansion of (1 + bx)’, the coefficient of the sixth term is:
a 9C5 b 9C6 c 9C5b5 d 9C6b6

@ In the expansion of a binomial , we have 7 positive terms and 6 negative terms , then the
term is in the form of:

a (a- h)12 b (a- b)13 c (a+ b)12 d (a- b)13

Second : Answer the following:
If1+8x+8C,x2+...+x% = 256, find the value of x
@ Find to the nearest thousand using the binomial theorem the valune for each of:
a (1.003)5 b (0.998) ¢ (LO1)6+(00.99)6 (d (1.02)8 - (0.98)
(12) Find the value of x which satisfies (1+43)6- (1-4/3)8 = 480 /3 x

(13) Use the expansion of : ( 1 +x)10 = 1+10C, x +10C, x2 + __+x1 to prove that:
al +10C1 +10C2 F o + 10C10= 210 b 1- 10C1+ 10C2 L +10C10 =0

Write the expansion for each of :
a (24 Xy b (x-1)5
x 2 X

¢ (x+/2 Y +x-v2) d (/3 +20°- (/3 -2x)°

@ In the expansion of (1 +x)? according to the ascending powers of x, if T; = 28x2,
Ts = 1120, find the value of n and x

In the expansion of (1 + x)", if the coefficient of the sixth term equals the coefficient of the
tenth term, find the value of n.

@ In the expansion of (a x + b)1? according to the descending powers of x, if the coefficient of

Tg = %,provethatZab =1

In the expansion of (2x2 + ZL) 12 find the middle term.
x
2
In the expansion of ( KT - 211 find the two middle terms.
X

@ In the expansion of x* (x - -1.)? according to the descending powers of x, find the fourth term
X
from the end.

27’
@ Find the ratio between the middle term and the fifth term in the expansion of (23_x + 23_)()10 ,
then find the numerical value of the ratio when x = 3
@ If the ratio between the fifth term in the expansion of (x + l)ls and the fourth term in the
expansion of (x - %)14 equals -16 : 15, find the value of x. *
X

@1) If the middle term of the expansion of (x2 + 2#)10 equals 28 | find the value of x.
X
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Unit One

1-3

You will learn

» Using the general term
to find the term contain-
ing x* and term free of
Xx.

» Finding the coefiicient of
the term containing x*.

» Finding the highest coef-
ficient of the expansion,

Key terms

» General term

» Term free of x

» Heightest power
» Coefficient

Materials
» Scientific calculator

22

Finding the term containing xR in
the expansion of binomial

_’% Think and discuss

s

We studied in the previous lesson that :
(X2 . %)20 = (X2)20 _ 20C1(X2)19 (2_1x) + 20C2(x2)18 (§)2 _ 20(:3 (X2) 17
143 -1y20
¢ 2x Yo+ 2x )

Is it easy to find the term containing x!6 or x24 or term free of x without
writing the terms of the expansion?

We notice that it is a difficult method to find the term containing x¥ by
writing all the terms of the expansion , so we follow the next :

1- Suppose that this term is the general term T,  ; , we find this term
in terms of r.

2~ Find the sum of the powers of x in the general term in terms of r and
place this sum to be equal to the required power k then find r which
satisfies the inclusion of this term on the required power k and we have::

a Ifre N, then r+1 is the required term.
b Ifr ¢ N then there is no term containing the required power in

this expansion.
To find the term free of x, we put the sum of powers of x in the general
term = 0

@ Example

1, In the expansion of ( 3_; + 3i)11 , find the coefficient of x in this
X
expansion.

O Solution
S (33X 2 e s 3 Nl 2 el
Ty =G (B (2 =002y (2 x

Compairing the powers x!'* = xl

11-2r=1 r=235
Required term is the sixth term coefficient of Tg = 11C (%)6 (%)5 =693
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Finding the term containing xR in the expansion of binomial 1-3

ﬂ Try to solve
@ Find the coefficient of x8 in the expansion of (% - 3,12
X

6_‘) Example

2 ) In the expansion of (2x - %)9, find ;
2x

8 The coefficient of x> b | The term free of x

¢ Prove that the term does not contain x2

) Solution
Trn =G, 0P 1 () = %G, (1 @2

a_ To find the coefficient of x3
23 = x3 9-3r=3 r=2
the third term contains x3

the coefficient of Ty = 9C, x 25 = 36 x 32=1152

b To find the term free of x 9-3r=90 r=3
Required term is T, = °C; (-1)° (2)° = -672

¢ Put9-3r =2 7 =3t .'.r=%¢N

.*. This expansion does not contain x>

ﬂ Try to solve

(2) 'a Find the term free of x in the expansion of (2x2 - L)lz
X

2
b Find the coefficient of x710 in the expansion of (xT - L)ls

x2

€ | In the expansion of (ax + bL) 10 according to the descending power of x , if the term free
X

of x equals the coefficient of the seventh term, Prove that6a b = 5

6) Example

3 ) If n is a positive integer, prove that there is no term free of x in the expansion of (x5 + iz)n
X

except if n is a multiple of 7 , then find this term in the case of n =7




Unit One: Permutations, combinations and binomial theorem

C)» Solution

T, = °C, (XS)n—r (%)r = 1C, x5n-Tr

xn-7r = x0 Sn-7r =0 r = 57_n

STn € Z"when n is a multiple of 7

whenn =7 =35 the term free of x is Tg
T6=7C5= 21
ﬂTrytosolve

(3) In the expansion of (x2 + %) 30 find :
a | The coefficient of the term which contains x3"
b/ If n = 6, find the ratio between the coefficient of the term containing x3" and the

coefficient of the middle term
@ Example
4 ) In the expansion of (2 + %)9, find the value of x which makes the two middle terms equal.

C» Solution
The order of the two middle terms 2 ; 1 and the consecutive i.e. Ty, Tg

. _ . 5 — S
- Ts=Tg . 9C,4(2) (%)4 = 9C4(2)* (%)
2 =i S Xx=6
3
ﬂTryto solve

@ Find the coefficient of the middle term in the expansion of (1 + 3x + 3x% + x3)*
¥ ¥
s Exercises 1-3 Ly 5y

Choose the correct answer:
(1) The term containing x* in the expansion of (1 + 2x)1° equals:
a 15, b 1o, ¢ 1610C, d 32 10C;

@ In the expansion of ( x +i)10 , the term free of x is:
X

a'T, bT5

¢ T, d not found

24 Third Form Secondary — Student Book



Finding the term containing xR in the expansion of binomial 1-3

@ In the expansion of x3 (1 +x)7, the coefficient of the term containing x4 is:
a ¢4 b 7C, ¢ c, d 21
@ In the expansion of (x2 + %)6 , the term free of x is

a Third. b Fourth.
¢  Fifth. d  not found

@ In the expansion of (ax2 + %)11 , if the coefficients of x* and x” are equal , then a =
a 1 b -1 ¢ +1 d +2
@ If the term free of x in the expansion of (x + %)’1 isT7,thenn =

a6 b 10 c 12 d 8
@ In the expansion of (x2 + %)3 , if the coefficient of the middle term equals the coefficient of
x’ ,thena =
4 b 4 -3 d 3
25 5 €3

In the expansion of (ax + %)10 according to the descending powers of x, if the term free of

x equals the coefficient of the seventh term, then:

-6 =5 _36 _25
a ab = 5 b a.b—6 c ab—25 d ab—36
(9) The term free of x in the expansion of (2x+2_1x)8
a 35 b 140 c 70 d 56

In the expansion of (1 + ax)” according to the ascending powers of x, if the coefficient of
T5 =560, thena =
a 2 b 4 c 12 d +4
Answer the following questions :
@ In the expansion of ( 4x2 + %)12 , find the term free of x

2
@ Find the coefficient of x12 in the expansion of x2 (x? + %)15
X

@ If the sixth term of the expansion (2 x - %)“ according to the descending powers of x is free
X

of x, find the value of n. Then investigate if any of these terms of this expansion contains x°

Or not.
In the expansion of (2 x - %)9 :
X
first: find the coefficient of x3 second : find the term free of x

third: Prove that this expansion does not contain a term containing x2




Unit One: Permutations, combinations and binomial theorem

@ Prove that °C,: - 1C, | = 2 and if the ratio between the coefficient of T;; in the expansion
r
of (1 + x%)" and the coefficient of Ty, in the expansion of (1 - y)*! equals -3 : 2, find the

value of n.

Find the coefficient of (_—)* in the expansion of (2_x + ZL)“’
y y X

@ Find the coefficient of x™ in the expansion of (1 + x)2 , then prove that it is equal to twice
the coefficient of x? in the expansion of (1 + x)?2"!

In the expansion of ( x + %)2’1 , prove that the term free of x is the middle term, then find the

value of this term when n = §
In the expansion of (xK + %)6 where k is a positive integer , find :
First: The value of k which makes the expansion have a term free of x
Second: The ratio between the term free of x and the coefficient of the middle term at the
highest value of k you have got from First.
@ In the expansion of (x? + L)u , if the ratio between the term free of x and the coefficient
ax
of x3 in this expansion equals 5 : 16, find the value of a , then find the value of the middle

term when x = 2.

@1) In the expansion of (2x2 +i3)10 , if the coefficient of x3 equals the coefficient of x5 , find
the value of a. x

@ In the expansion of (x2 + SL)B according to the descending power of x :
X
First: Prove that there is no term free of x Second: If T,=T;; , find the value of x
@ In the expansion of (x + Lz)g find:
X

First: The order and the value of the term free of x
Second: The value of x which makes the sum of the two middle terms in the expansion
equal to zero.

@ Find the value of the term free of x in the expansion of (9x2 + 31_x)9, then find the value of x
which makes the two middle terms equal.

@ In the expansion of (x2 + %)3“ , prove that the term free of x equals the coefficient of the
term containing X3 | if n = 6, find the ratio between the term free of x and the coefficient of
the middle term.
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Unit One

Ratio between two consecutive
terms in the binomial expansion 1 = 4

In the expansion of (x + a)11 and the two consecutive terms are T, , ;, Tr
T _ G, (X)° T (o)
T Xy Tleg yr-1
’ nCr'l ®y ) » Find the ratio between

— ngt % a two consecutive terms.
X

nCr_l » Find the ratio between
the two coefficients of

You will learn

T,y _ n-r+l o Second term two consecutive terms
T, r first term
and : coefficientof T,,; _ n-r+1 . coefficient of Sccond term
" coefficient of T, T coefficient of first term

@ Example

1) In the expansion of (3 + 2y)!2 find each of :

a & b coefficient 0fT7 Key terms
T, cocfficient of Tg » Consecutive terms
¢ Te d coefficient of Ty
T, coefficient of Tg
C» Solutlon
a I3 _ 12-2+1 (2_y
Tz 2 X
= H X 2y = ll_y
2 X X
p | coefficient of T, _ 7 1 T
coefficient of Tg 12-7+1 2 12
e 6 - T6 xTs .
T, Ts T, Materials
12-5+1 2 12-4+1 . 2 » Scientific calculator
=20 (&)« )
5 X 4 X
8,2y 9, 2% _ T2y
5 X 4 X 5x2
d coefficientof Ty _ coefficient of Tg y coefficient of T,
cocfficient of Tg¢ coefficient of T coefficient of Ty
_12-7+1 2 12-6+1 2
7 1 6 1
=6,2,7,2_
=7 X 1 e 6 X 1 =4




Unit One: Permutations, combinations and binomial theorem

ﬂ Try to solve
@ In the expansion of (x2 + %)3
First: Find the ratio between the fifth and the sixth terms. If this ratio equals 8 : 25, find the
value of x
Second: Prove that this expansion does not have a term free of x

CS) Example

2 ) In the expansion of (x + y)8 if 2 Ts =T, + T , find % numerically.

) Solution

T, + Tg=2Ts by dividing by T TeTse = o
Ts Ts
4 X 8-5+1 , x - 4x 4y _ 2 b ultinlving by 5
ey s S Sy T - 1 Pymultiplyingby Sxy
4x2 + 4y = 10 xy 42-10xy+4y2 = 0 + 2
2x2-5xy+2y> = 0 2x-y)(x-2y) =0
2x =y X =2y
x =1 y X =2
EE o1
] 1ry to soive

@ In the expansion of (vx + %)8, 1f T4 ,Ts, 25T, are proportional , find the value of x.

C')) Example

3 ) If the coefficients of three consecntive terms of the expansion of (1 + x)" are 35 , 21, 7
according to the ascending power of x , find the value for each of n and the orders of these
three terms.

C» Solution
Let the terms T,, T, T

coefficientof T,y _ n-r+1 _ 21 n-r+1 _ 3
coefficient of T, r 35 r 5

S5n-5r+5 =3r 5n-8r = -5 (1)

cocfficientof Ty, _ n-G@+1+1 _ 7 n-r _1

coefficient of T,,; r+1 21 r+1 3

3n-3r=r+1 3n-4r=1 2)

By solving the two equations: (1)and(2) .. n=7,r=35

ﬂ Try to solve
@ If the third, fourth and fifth terms of the expansion (x + y)" are 112, 448 , 1120 respectively,

find the values of each of n, y, x
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Ratio between two consecutive terms in the binomial expansion 1-4

Example
CSD P Finding the greatest term
4 ) Find the greatest term in the expansion of (x+y)®whenx=2,9=3

C» Solution
Tl'+1 10+1-r Xi . Tr+1= 11-r X1= 33-3r
T, r 2 T, T 2 2r
First: 332' 3 >0 .33-3r>2r - 5r<33 1 <66
iy

From this, we deduce that T; > Tg > Ts > ... > T

Second: 332' ¥ <1 33-3<o - 513233 LTS 66
t

From this, we deduce that T}; <T < Tg<Tg< T,

.". T is the greatest term in the expansion of

(x + y)*® and equal 1°Cs x 2 “xs® = 2449440 . Ty = 2449440
g\, Exercises 1 -4 \#\/

Choose the correct answer from the given answers:
@ In the expansion of (x + y)!¥, the ninth term : the eighth term equals

a Y b 3% c 8y a &
8x 8y 3x 3y
@ In the expansion of (1 - x)!2 the coefficient of sixth term : the coefficient of fifth term ...
8 b 3 -8 d 3
25 8 €3 8
@ In the expansion of (x +y)? , then the ratio % =
16x2 16y2 x2
@ In the expansion of (3a - 2b)11, if the ratio between the two middle terms respectively equals
3 ,thena:b= ...
2
a 9:4 b 4:9 c 1 d -1

Second : Answer the following questions:

@ In the expansion of ( 2 x2 + —32—)11 - find each of:

a I3 b Ta c T¢ g coefficient of T,
T, Ty Tg coefficient of T¢

@ In the expansion of (1 +x )12, if Ty = 2T, , find the value of x

@ In the expansion of (a + b)" if T, = 240, T3 = 720, T, = 1080, find the value of each of a, b, n

If T, : T; in the expansion of (a + b)” equals the ratio T : T4 in the expansion of (a + b)"*3,
find the value of n




Unit One: Permutations, combinations and binomial theorem

T, _ 1

@ In the expansion of(1 + mx)", if 4T¢= 7T8,T— = 4 When x =1, find the value of m, n
6

Find the value of the greatest term in the expansion of (3 - 5x)!1° when x = %

@ In the expansion of (x + y)® according to the descending power of x, if the second term is the
arithmetic mean between the first and the third terms when x = 2y, find the value of n.

E | Unit Summary | E

1 " = n@-1)@-2) ... (@-r+1) 2 op__ o

T n-r

3 = =1 n_nPf= [n
1 =lo T

5 1C,"Cp- 6 °C._"Cp.,
If °C, = "Cy,then x = yorx+y =n

N

r-1
n

10 (x+a)" = x?+3C,; x 1 3 40C, x0- 20440
(x-a) = x"-2C; x™! a+0C, x"2 A (-a)"

11 (x+a)"+(x-2)" = 2[ Sum of odd ordered terms]

12 x+ a)n -(x- a)n = 2 [ Sum of even ordered terms]

13+ x)Il = 14+°%C; x+°Cyx?2+2C; X3+ ..t (#x) D

14 The general term in the expansion of (x + ) is T, ; = "C, X" T af

The middle term in the expansion of (x + a)n

n+1 and n+3

& Ifnis odd, there are two middle terms of orders 5

b Ifniseven, there is one middle term of order 2% 2

15 In the expansion of (x + a)n, The ratio between two consecutive terms T, : T,=n-r+1_a

T X

16 In the expansion of (x + a)n, The ratio between the two coefficients of the two consecutive
¢-Tr.y _ n-r+1 _ coefficient of second term
co . I; I coefficient of first term

terms
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General Exercises

< | General Exercises | >

First : Choose the correct answer :

@ Py : Il_11;'r-1 =

a n b r c L d I
r n

®1f|x-3 x *P3=20|x-2 ,thenx =

a | Zero b 2 € 5 d 4
(B HMUC, = 14C,,, , thent =

a2 b 4 ¢ 3 d/ 2o0r3
@nPr v nPr-l =

a n-r b n-r-1 € n-r+l dn+r
@ The expression "C.+"C,

a n+1Cr b nCr+1 c n+1Cr+1 d n+1Cr+2
(6) It °C, >9C,_;, then

a r<4 b r>4 c/'r<5 dr>5
(7) If**¥P, = 210,¥-3C; = 35, then [2x-y =

a s b 10 c 2 d 1
7C,>1, 'Cs > 1, then the value of [6 -1 = .o

a Zero b1 ¢ 720 d 6

@ In the expansion of (1 +X)® = 1 + a;x + ayX2 + a3x> +axt + ... + ax"
8 t+ay

and =3, thenn = .

a 4 b 6 c 8 d9

If1+ %x+5 ;_4x2+ 5 fz_x 3x3+.......+éx5 = 1024, then X = .
4 8

a5 b 4 ¢ 6 d 8
@ In the expansion of (ax + b)22* 1 _If the two middle terms are equal at x =2, then: ...

a a=2b b b=2a C ab=2 dab=%

Algebra and Analytic Solid Geometry - Algebra _
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Second : Answer the following :
A2 If%P, = 4 x P, 4, |n-r =6 ,findn,r

3 If"C, , = 45, ™P,, 5 = 4, find the value of °C,,» + "Cp

En@-1)(@-2) ... (a-r+1) = 5040 *Cr = 210, find the value of **1C,_.
@5 I1C; = 120 *Cpy, 5, = "Copy 5, find the value of °Cy,. 5

G, + °C.y = 5:7,P,+"P,; = 5, find the value of n and r.

@ If °C,:2C, ;:5™IC_,=7:4:6,find the value of n and r.

If we have the digits 1, 2, 3, 4, 5, find how many even number greater than 300
and less than 100000 can be formed from these digits, if the digits:

a8 | Can be repeated b Can not be repeated
Ifln = 720, ®IC,:™IC ;= % find the value of °*1C, _,
@0) E™2C,,; = 9 x ¥IC, = 90 x IC,_,, find the value of n, r.
@ If"P, = 120 x °C, , find the value of '?C,, then find the least value of n
@ Provethat:"C; +(2 x ®Cp)+(3 x °C3) + (4 % °Cy) + ... + (n x "Cp)=n x 201

@) BQ + 00 =1 + 0¢;x + 10C,x2 + .. + 10C,(x!9, use that to find:
a 1+ +10c,+ .. +10C,
b 1-10¢, + 10C,. __ +10C,,
c 1+3x10C; +9 x10C, +27 x10C; + ..+ (310

@ In the expansion of (x% + %)“ according to the descending powers of x. If the coefficient of
the fourth term equals the coefficient of the thirteenth term, find the value of n , then find
the order and the value of the term free of x

@ In the expansion of (1 + x)2if (T;)2 = T, x T, find the value of n whenx = %

@ In the expansion of (1 + x)", if the coefficient of Ty is the arithmetic mean between the
coefficient of Ty , and the coefficient of T,; , find each of:

an b nP3 € In-19

@ In the expansion of (1 + x)™ according to the ascending powersof x . If Tg : T; : Tg=6: 14 : 21,
find the value of each of n and x.
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If the ratio among three consecutive terms in the expansion of (x + %)27 is 15: 6 : 2 where
X
k € Z*, find the orders of these terms, then find the order and the value of the term free of x

in this expansion.

@ In the expansion of (1 + mx)® according to the ascending power of x , if the second and the
third terms are %x , 5x2 respectively, find the value of m , n then find the value of the
middle term of this expansion at x = 3

@ If the order of the term free of x in the expansion of (2x2 - %)21 is equal to the order of the
term free of x in the expansion of (x + %)2“ , find the value of n then find the ratio between

the two middle terms of the first expansion at x = -1

31) In the expansion of (4x2 + %)13, find the coefficient of x° then find the value of x which
makes the two middle terms in this expansion equal, and prove that this expansion has no
term free of x

@ In the expansion of (1 + x)" according to the ascending powers of x , if the coefficients of
three consecutive terms are 15, 24, 28 respectively, find the value of n and the order of these
terms

@ If the middle term of the expansion of (1 + x)!0 is equal to twice the seventh term, find the
value of x

@ If the expansion of (x2 + L)n has a term free of x, prove that n is multiple of 3 , then find
this term whenn = 12. *

@35) If the two middle terms in the expansion of (2x + 3)!7 are equal , find the value of x.
@ If a, b are the two middle terms in the expansion of (x - 1 )15 according to the descending
powers of x, prove thata +bx2=0

@ If the ratio bctwcen the cocffic1cnt of the sixth term and the coefficient of the fourth term in

the expansion of (— + _)n according to the ascending powers of x is equal to 8 : 27, find
the value of n.

. In the expansion of (2x2 + 1 )7 according to the descending powers of x, if the third and the
sixth terms are equal, find the value of x.

@ In the expansion of (1 + x)* according to the ascending powers of x. If T4 = —5 Ty, Ts=Tg,
find the value of each of n, x
2

@0) If n is a positive integer and (1 +kx)" =1 +m; x +my x2 +my X3 +my x* + ., m; = 12,
m, = 4m, , find the values of n, k.

@ If the third, fourth and fifth terms in the expansion of ( x + y)" according to the descending
powers of x are 112, 448 | 1120, find the value of each of x,y,n.

@2) In the expansion of ( ZTX + % 2 | find each of the middle term and the term containing x>
X

@ Find the term free of x in the expansion of (x + %)6 -(x- %)6



Unit One: Permutations, combinations and binomial theorem

@ In the expansion of (2x + iz)n according to the descending powers of x , if the ninth and
the tenth terms are equal , );.nd the ratio between the sixth and the seventh terms is 8 ; 15,
find the value of n, and prove that the expansion has no term free of x.

In the expansion of (x? + Ls)ls, find the value of ¢ which makes the coefficient of x1° be
equal to double the coefﬁciznt of x1°

In the expansion of (x2 + %)15 , find the ratio between the term free of x and the sum of the
coefficients of the two middle terms.

@ In the expansion of (x¥ + %)8 where k is the a positive integer, find :

a | The values of k which make the expansion have a term free of x
b | The ratio between the term free of x and the coefficient of the middle term of the greatest
value of k which you obtained in (a).
If : (1 + X)" = ag+a) X + 8y X2 +... a, X ,prove that :

a i+2ﬁ+ﬁ+,_+ "oy =1 (n+1)
a9 A @y L
b ay+2a;+4a,++8ag+..+2%, =3"

If the third term in the expansion of (2x + Lz)n according to the descending powers of x is
X

free of x, find the value of y which makes this term equal to the second term in the expansion
of (1 + y3)3 according to the ascending powers of y.
1 )8, if the coefficient of the middle term equals the coefficient of

ax
the term containing x'0 , find the value of a.

@ In the expansion of (x2 +

@ In the expansion of (x2 - %)14, prove that there is no term free of x, then find the ratio
between the seventh term and the sixth term when x = -1

@ In the expansion of (9x2+ %)9 , find the value of the term free of x, then prove that the
two middle terms are equal when x = %

@ In the expansion of (x2+ %)9 , find the term free of x , and if the ratio between the term free
of x and the sixth term is 9 : 4, find the real value of x

4) In the expansion of (x2 + %)311 , find the coefficient of x° , and if n = 6, find the ratio

between the coefficient of x3® and the coefficient of the middle term.

For more activities and exercise, visit www.sec3mathematics.com.eg
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Accumulative test

X

%| Accumulative test

(1) In the expansion of (1 + x)17. If the coefficient of T, is equal to the coefficient of Tsy.s,
thenr =
a 3 b 4 c 17 d 7

(2) In the expansion of (1 + x)27. If the ratio between the two middle terms = 1 : 3, thenx = ...

1 1
a 4 b 3 c : d ;
(3) The expression (V2 + 1)°- (/2 -1)° =
a -2 b 82 € 58/2 d -58/2

@ The fourth term in the expansion of (% + 1)5 is:
X

a 20x b 20 c 20 d 20 x?
X
@ The last term in the expansion of (2-x)° (2 + x)%is
a x5 b - XS c _xlo d xlo

n-r+1
r

@ In the expansion of (1 + x)® prove that % =

r

x. If the coefficient of T3 according

to the ascending powers of x is equal to the coefficient of T4, find the value of n and

ifﬁ=1,ﬁndtheva1ueofx
Ts 8

(7) a H1C,+1C; = n2+6n+5, find the value of n .
b Find the value of the term free of x in the expansion of (iz) (x+ %)10
X X

In the expansion of (1 - mx)" according to the ascending powers of x.

If the second term = % x and the third term = %xz, find the value of each of m, n.

@ How many numbers of value less than 400 can be formed from the digits {1, 2, 3, 4, 5} in
each of the following.
First: the digits can be repeated Second: the digits can not be repeated.

3x

@ If the ratio between the fifth , sixth and seventh terms in the expansion of ( 3

according to the descending powers of x is 40 : 24 : 11, find the value of n, x

2 \n
+ £
3x)
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First: Algebra

Unit two

Unit introduction

Jean-Robert Argand is one of the most popular mathematicians. He had been the first to study the complex numbers
in details and had used them to prove that all the algebraic equations have roots whether these roots are true or
imaginary. The complex numbers are represented by the Argand's Diagram to honor the French Scientist Argand
either by point (x, y) where x is a real number on x-axis and y represents the imaginary number on y-axis or vector
of amagintude / x*+y? and direction tan"! -L-.in this unit, you are going to identify the cubic roots of unity and
solve applications on the complex numbers such as electricity, dynamics, theorem of relativity and the physical
different fields. These numbers are flexiable to help to get a final result satisfactorily

Unit objectives

By THE END OF THIS UNIT AND DOING ALL THE ACTIVITIES INCLUDED, THE STUDENT SHOULIDD BE ABLE TOZ

&

%

it & 8 8 # 8 %

36

Represent the complex number and its conjugate
graphically by points (ordered pairs) in the cartesian
plane.

Determine the modulus and the amplitude of the
complex number.

Identify the principle amplitude of a complex number
Identify the trigonometric from of a complex number
Identify De Moivre’s theorem and its applications
Deduce the n'h roots of any complex number

Express sin ni , cos ni interms of the powers of sini , cosi
Identify the expansion of sini , cosi, as series

Deduce the Eular’s rule from the series

Identify and apply the methods to convert the different
forms of the complex number.

Third form secondary -student book
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Identify the cubic roots of unity.

Identify the modulus and the amplitude of the product
and quotient of two complex numbers.

Perform the basic operations on the complex numbers
in the trigonometric form

Solve Application problems on the cubic roots of unity

Use the complex numbers in solving Mathematical
problems.
Use some computer programs in  solving

mathematical problems including complex numbers
Deduce the properties of addition and multiplication
operations on the complex numbers.

Deduce the properties of two conjugate numbers
Deduce the properties of the cubic roots of unity.



Key terms

3 Argand plane 3 Trigonmetric 2 cublcroot
3 conjugate 3 DeMu.ivre'.r thearem 2 Unit circle
= Modulus 2 root = Polar
3 principle amplitude 3 square root
Materials Unit Lessons
= Lesson (2-1): The trigonometric form of a
- Scientific calculator
complex number
Lesson (2-2): De Moivre’s theorem
Lesson (2-3): The cubic roots of unity
Unit chart
Complex numbers
. '( . J‘ The trigonometric form of
The cubic roots of unity De Moivre's theorem a complex number
| . -
Th rties of f ]- — Argand plane
@ properties o For any positive rational For any positive
the cubic roots of integer s ;
unity 1 Graphical representation
J. The roots of the complex number f 1 1
Representing the J' . Modulus of com- Amplitude of
cubic roots of unity :epreseg:mhg plex number complex number
geometrically Wl L L J
complex number
on Argand 1
diagram Modulus and amplitude

Algebra and analytic solid geometry-Algebra

adding, subtracting, multi-
plying and quotient of two
complex numbers
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Unit two

2-1

You have studied the complex numbers and known that a complex
number can be written in the form z =x +y i (Algebraic form), where x

You will learn , y are real numbers, i2 = - 1. In this lesson, we will identify another form
» The graphical represen-  to write the complex number and how to represent it graphically .
tation of the complex

numberanditsconju- ~ Polar and cartesian coordinates:

gateinArgandsplane  The opposite figure represents a circle with radius length 1, A (x, y)
» Graphical representa-

lies on the circle and opposite to an angle of
tion of the sum of two PP gl L
complex numbers measure 6 . A(x,y
» Modulus of the complex  ¢os@ =~ sin@ = L r Y ’
number T T -
» Amplitude ofthecom- X =t cos & y =rsinf - o] X
plex number W y
» Principle amplitude of where 1 = X4y, tan @ = =
the complex number ie.:0=tan"! 2 if we meditate the cartesian ¥
X

» The trigonometric form
of the complexnumber  Plane as a polar plane where the polar axis coincides on the positive part of

» The modulus and the x-axis, then we can change polar coordinates to Cartesian and vise versa.

amplitude of the prod- . . .

uctand quotientoftwo ~ Converting polar co-ordinates to cartisian co-

complex numbers, .

ordinates
Key terms i . . i . .

Aroands ol If the point A in polar coordinates is A r, 0), then the Cartesian coordinate

» Argands piane
ganasp of A s ( x, y) where :

» Conjugate
» Modulus x=rcosf ,y=rsinf
» Principle amplitude Then: (x,y)=(rcos@,rsin8)

» Trigonmetric form
g Argand's plane

The mathematician Argand had represented the complex number z
grﬂ)’hically on the orthogonal Cartesian coordinates such that the axis
xXx* represents the real part of the complex number and the axis F

Materials . . ]
, Scientific calculator represents the imaginary part of the coTnplex number. so the point
(x , Y)represents the complex number x +iy
O Example LA i
A B=20i

@ In the opposite Argand's diagram, we -
notice that the two points representing [x* 13 12 11 o 1 ¢ 3x
z, - z are symmetric about the point of | -3=-2-i | zF2ti
origin (O). Yy

38 Third form secondary —student book
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Trigonometric form of a complex number | 2-1

We also notice that the two points representing the conjuget number z, 'z are symmetric
about 5 y. axis

E Try to solve
@ Represent on Argend's diagram each of the numbers:
z=3+4 , z , -z , l+z

Critical thinking: What do all complex number with real part equals 2 represent on Argand's
diagram?

I:' Learn Y4 2(x . y)

r
The modulus and the amplitude (argument) of a y
complex number 0 - -
If z=x+yi isacomplex number represented by the point

z(x , y) in Argand's plane. Then the modulus is its distance from the origin and denoted by |zl or
r and @ is called amplitude of the complex number:

r=4 x2+y? , tan@=_Y1 thus O =tan X then 6
X X
where it <tan'1_L <l
2 X 2

The trigonometric (polar) form of a complex number o-
Notic that

If z=x+yiis a complex number with modulus r and principle amplitude
8 where 0 €] -7 7T ], then it is written as z =r (cos @ +isin 6) and the j 0,y =0,

measure of @ is determined according to the following: then8 =0

a x>0,y>0 0 lies in the first quadrant 6 = tan-! (2) x<0,y=0,

x then@ =gz

b x<0,y>0 Oliesinthesecondquadrant9=ﬂ+tan'1(l) x=0,y >0

X 3 3

=

¢ x<0,y<0 Oliesin the third quadrant@= -7 +tanl ()  PonO =3

. X x=0,y<0

d x>0,y<0 O lies in the fourth quadrant @ =tan (=) thenG:%
X

2 ) Find the modulus and the principle amplitude of each of the following complex numbers:

a z;, = -4/3 +1i b z,=-1-i
C» Solution Z ("/?’ 1)
*." The form of the complex numberis:z=x+iy, then:
0
a x = -ﬁ , y = 1 >
*. Z; lies in the second quadrant -3 ovly x

r=d 24y (/3P +0=VF =2
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6:7[+tan'1(i) =T _L=5_7[ y
J3 6 6 A
bx:-l,y:-l L -1 0 » X
". 2, lies in third quadrant ) 0 -
-1
r=«/ )[2+y2 =4 ('1)2+('1)2=ﬁ (—lﬁ'l)z
2
6:-7[+tan'1(i)=-7[+£=-3_ﬂ
-1 4 4

s o

@ Find the modulus and the principle amplitude of each of the following:

alz, =/7 +/7i bzy=1-43i o _e
180° 7@
€ z3=-431i d z,=5 This rule is used to
convert from degree
The properties of the modulus and the amplitude of a measure into radian
complex number measure and vise
Versa

For each complex number z = x + y i with argument 6 :

1 zzo0

2) The amplitude of the complex number takes an infinite number of values by adding the
multiple of 277. Thus the amplitude of the complex number is 6 + 2 7 n where ne Z.

Ni=1zl=ld=1 gzl

4) z z = Iz

Critical thinking: If the principle amplitude of Z is 8 , find the principle amplitude of -Z, z ,

6) Example

3 ) Write each of the following complex numbers in a trigonometric form:

a7=2-2/31 b Z=-4i ©Z3=Zt dz,=-2

1
V4

> Solutlon
*.' The form of the complex numberis: Z=x +iy, then:
a x=2 , y=-24/3
.". Z, lies in the fourth quadrant

A

r=|le=J x2+y? =./(2)2+(-2,/_3)2=q/16=4 y
= tan-1¢ 243 y - &
0 = tan 1(T)_ 3

S Zy=r1(cos O+isin0) o w. 21/;

=4 (cos(%) +i sin(%))




b .t X=0, y=-4 Y

.. Z, lies on y- axis 1
r=1Zl={ 2+ ¥ = JO2 + (-42 = 4 ) oy >
8 = Tﬂ Z, = 4(cos(%) + isin(%)) 4
v22
¢ 7= P b o3
x=-43 ,y=1 .. Zj lies in the second quadrant
r=1Z) =4y x2+y> =/3+1 =2
0 =7 +tan'1(% = 57”
Z; =2 (cos 56ﬂ + isin STﬂ)
d -x=-3,y=0 .. Z, lies on x-axis

r =1ZI = y(-32 + (02 =3
=7 <+ Zg = 3(cos T + 1sin7r) 0

Ol1=cos0+isin0

ﬂ Try to solve
@ Write each of the following in a trigonometric form: H-1=cosr+isinr
- - , Oi=cos Z+isinZ
Zl=8 b Zz=51 c Z3 = '3'31 2 2

O-i=cosZ +isin
2 2

6) Example

4 ) Find the modulus and the principle amplitude for each of the following numbers:
a 7, = - 8(cos 45" + isin 45°) o
b 2G6ind 7 - icosdzm
2, (sin 3 37 cos B -isin O

> Solution = cos (-0) + 1 sin(-0)

a 7, = -8(cos45" + isin45°)
= 8(- cos 45° -1 5in 45°)

" x<0,y<0 .. Z lies in the third quadrant 97:\

. -cos45° = cos(180° + 45°) , -sin45° = sin(180° + 45°)< N
. Z; = 8(cos 225° + isin 2258 = (“(cos- 135" + isin - 135°) o

. Z, =8, principle amplitude @ = -135° = '3T"

Zl=8
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» 1-2tind i o=

x>0, y<0
sin(Z + G)= cos 6
csindz = ¢ 3—” 1 g 2
. 3 08 ( + ﬂ) Cos e/ = cos( ) T .
cos(7 +0) =-5in0
-cos%ir —sm(sﬂ 47[)—s1n( 7T) = sin Sér 3
sin(T” + @)= -cos0
. Zp = 2{cos Sgr +1 sin 5Tﬂ')) 3
5 cos (7” +0)= sin0
lzy| =2, principle amplitude Tﬂ
) ey to solve
@ Find the modulus and the principle argument for each of the following complex numbers:
= A gin & 2l g gme s s gce
a 7Z,=2(cos 3 - isin 3) b Zz_ﬁ(sm45 isin 45°)
g x|
ot Learn

multiplying and dividing complex numbers using the trigonometric form
IfZ, = r)(cos @ +isin0;) , Z; = ry(cos 6, + isinG,) then

1) Z,Z, = ryry (cos ©; + isinO)) (cos B, + isinO,)
= 1y (cos(0; + 6,) + isin(@; + 8,)) @
Thus. IZ]ZzI =TI = IZ]_"ZZI

Arg (Z,Zy) = 6, + 6,

Z, 11 cos@;+isin@ r . .
2) o o 9;+isin 9; =r—(cos (0,-0,)+isin(0,-60y) (2)
Z
| 1
thenlzl—r—2= 22 A].'g(zl)—el-ez

Ask your teacher to prove the relations (1) and (2)

(5) Example ,

Express3(cosﬁ+1sm )><4(cos—+1sm—)mtheformofx+y1

> Solution

3(cos— + 1sm ) x 4(cos— + 1sm§

Sm, S | L
3 x 4((cos 12 " 12)+1s1n(12 + 12))

12(cos% + isin%) =120 + i(1)) = 12i
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Trigonometric form of a complex number |

2-1
Remember
@ Express 2(cos = +1 sin —) x 3(cos % +isin2Z )) in the form of -

ﬂTrytosolva
X+iy Ol =cos0+isin0
O-1=cosZ+isin 7T

(5) Example
Qi- Aiin®
i c032 1sm2

6 IfZ,, Z, are two complex numbers represented on Argend's plane

|:I—i=c:os%+isi.nﬂ

as in the opposite figure, find in the form of x + y i the number —=
Z,

C» Solutlon
From the graph IZ,| = 2, argof Z; =90 + 10° = 100° Yy
y A
. Z; = 2(cos 100° + isin 100°) 1
Zy) =4, argZ, = -20° 2 10°
"o Zp = 4(cos (-20°) + isin(-20%) « v x>
. % _ 4 cos(-20°) + isin(-20) l\w?\
T4 T2 (cos100° + isin100°)
= 2 [cos(- 20°- 100°) + isin(- 20° - 100)] Z2
= 2 (cos(- 120°) + isin (- 120°) 2y, x4
=2¢1-ixt3=-1-/3i
2
) Try to solve z, 4 Z;
@ Use the opposite Argand's diagram to find == in the formx + yi p)
Z, < .
h X
Results:
1) IfZ = r(cos @ + rsin ) then v
(a) % =% (cos (-0) + rsin (-8)) M) 72 = r%(cos 26 + isin2 6)

2)

@ Example

7

We can generalize the product of finite number of complex numbers if Z;, Z,, ... Z, are
complex numbers and if:

Z,=r1y(cos O, +isin 0,), Z,=15(cos @, +isin O,), ..........,Z = r(cos @, + isinB,)
then: Z, Z, ... Zy = 111y . tpcos (0 + O+ .. +0) + isin (@ + By + ...+ O))
in a special case when Z; = Z, = ... =Z, = r(cos O + isin 0) then:

ZY =r%cosnd+1sinné)

Put the number 1- i in the trigonometric form, then find (1 - i)®
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C)» Solution

rx=1, y=-1 r=dx2+y2 =J12+12 =2

Sx>0, y<0 .. Z lies in the fourth quadrant
—tan-Lly ==& . q_i = i/ ST
0 = tan (1)-4 ..11—ﬁ(cos4+151n4)

co(1-18 = (v2)8 (cos(% ) + isin (%))8
16 (cos (- 277 ) + 1 sin (- 277))
16 (cos0 + is5in0 ) = 16

ﬂ Try to solve
@ IfZ; =2(cos 10° +1sin 10°), Z, =3(cos 40° +1i sin 40")
Find Zi' Z% inthe formx +yi
Exponential form of a complex number (Euler form)
Any function of x can be expressed as a series from the power of x called Maclaurin series)

Here are Maclaurin expansion for some functions that we are going to study in this unit.

1) The sine function y = sinx

] x 3 x5 x2n+1
sinx = - + - + (-1" x + ..
(W 13 15 2n+1
(Sine function is an odd function because sin(-x) = - sin x 80 the expansion contains the odd
power of x)
2) The cosine function y = cosx
2 4 20
cosx = -~ + X . + (-1 x X +
2. 4 | 2n

(cosine function is an even function because cos(- X} = cos X so the expansion contains even
powers of x)
3) exponential function y = e*

x X x2 x? x"
et =1+ + o + o
L 2 3 n
Notice that
eix =1+ ix + ix® + ' + + i’ +
n B R Ea—
ix x2 ix?
=1+ - - S
LL 2 13
2 4 3
=(1-2 + X oyt v ) Euler equation
2 14 : L 3 € +1=0
e'* = cosx +18inx it conects the most

i.e. The complex number Z =x +1iy =r(cos @ + i sin 0) can be written 5 famous constants
in Euler form
0 should be in

it called Euler form where @ is in radian measure.  radian measure

in the form :




Trigonometric form of a complex number 2-1

cﬁj Example

8 ) Write each of the following complex numbers in the exponential form (Euler's form):

%,
aZ =1+i b Z,=-1+43 i € Zy=¢e**6l [d Z,=2i

C» Solutlon

a 7Z =1+1i SLx=1 , y=1

r =1Z) =42+ Q2% =y2

Sx>0, y>0 . Z, lies in the first quadrant

. z,

9=tan'1(%)=% o Z =refl= /7 eald
bzz=-1+J3_i Sox=-1 s y=‘\/3_

r=4 (1P+E3)P =2

wx<0 , y>0 .. Z, lies in the second quadrant

) 2 .
.0 =7 +tan (- J3_)=%7r o Zy =rebl = 2e571
z z P

c Zy=edt6i=¢>xe6l r=1Z)=¢ , ampZ=7¢
d o Z,=-2i SLx=0 , y=-2 Sr= 42+ (22 =44 =2

rx =0, y=-2 .. Z, lies on y-axis

x.
0 =7 S Zy=2e 21
ﬂTrytosolva
HZ=‘/?+1. ,write Z in the exponential form.
1

Multiplying and dividing the complex numbers using the exponential
form.
IfZ =re™ , Z,=re%
thenZ Z =r1.e% xr ¥
=1,T, a® - )i
Z, 1, b

e B N A R
Z2 1‘2 e?J 1‘2

(5) Example

9 ) Find the result for each of the following in the exponential form :

a 2(cos25° + isin 25°) x 2(sin 158° - icos 158" ) b ( 11 +.i )
-1
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C» Solution
a  Convert Z, to the standard trigonometric form as follows:
"> (sin 158° - icos 158%) = sin (90" + 68°)-icos (90° + 68°) = cos 68° + isin 68°
. 3(cos25° + isin25°) x 2 (cos 68° + isin 68°)
6 (cos (25° + 68°) + isin (25° + 68°))... sin 25° ) x2 ( cos 68°.....

6(cos93° + isin93") = 6 el62i

b -r1+i=y3 (cosd5 + isin45) om

1-i= 42 (cos(-45") + isin (-45%) 930 grad
" 1 L} =
o (F51) = cos@s® + 457 ~ isin@s” + 457 o
-i
. 93°
=cos90°+isin90°=cos%+isin% l'e‘emd=180=xﬂ

. ad
el +ing . BT A w0 =162
- ( T ) —(0052 +1sm2) = oS~ + isin5-

-
21

=cos (%) +1 sin (%) =e

ﬂ Try to solve
(9)Z = 1-43 i, Z, = 1 + i, find each of the following in the trigonometrical form:
a 7,7, b %2 ¢ (Z)°

Zy

8 .
10) Express Z = /2 e 4 lin the algebraic foomx + yiwherex, yeR

C» Solution

a
‘rZ =42 e 4l sr=Zl=y2 9=T
. OETX

. _ 3z s 37
S Z =472 (cos 4 +isin 4)

an o
=1/7("/—%+ J%i) wsTfjl35
=-1+1 37 ﬁ

sinT=sin135"
ﬂTrytosoIve =%

.
ExpressZ= 8 e 6 lin the algebraic form x + yiwherex, ye R




Trigonometric form of a complex number | 2-1
~ .
\#' y Exercises 2 -1 \# o

Complete the following

@ The number Z = 3 - 4i is represented on Argand's diagram by the point A where
A=y )

@ If the point A represents the complex number Z on Argand's plane and point B represents the

number z on Argand's plane, then B is the image of A by reflectionin ...
@ The modulus of the complex number Z = -Siequals ...
@iz =21 thenizi = ...

+ 1

@ If @ is the principle argument of the complex number Z, then the principle arg of Z S

(6)IfZ = - then!Zl = ...
'/

@ The exponential form of the number - 1 + iis ...
fZ = 1 + 43 i, then the principle amplitude of Z8 is ...........
@ The trigonometric form of the number Z = 2-2 4/ 31iis ...

If Z is a complex number and arg (z) =@ , then arg 2Z is ...

Choose the correct answer from the given:
@ IfZ = /2 (sin 30° + icos 30°), then the principle amplitude of Z is ..........
a 30° b 60° ¢ 90° d 120°
@ IfZ = (1 + 43 D)®and |ZI = 8 then the principle amplitude of Zis ...
a & b & c & d

2 3 6
A3 KZ, = 1, (cos @) + isin@,),Z, = 1,(cos O, + isinB,) andif @, + O, = 7, thenZ, Z, =........

¥/

a rr, b -rr, C 1150 d -rryi

The amplitude of the complex numberZ = -3 is.........

a Q° b 90° c 180° d 270"
@IfZ=-1+‘./T,thenl;l= ...............
a -1-4/31 b /2 c 2 d -2
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IfZ, =-1-i, then the exponential form of Z is ...........

s, S, S ,
ale4d b gali c Jo2e 41 d /7 e2d5i

A7) HZ =2+2Y3 1, Zy=-3-3/3 thenargZy +Zp= ...

a  60° b 240° ¢ 180° d ' 300°
(= _a+bi 2,42
Ifx+y1— P ,then x% +y“ ...
a a’+ b? b aZ-b? ¢ 2ab d 1
The opposite figure represents the complex number ........ y

@ 3(cos 30°+1 sin 30°)
b | 3(cos 60°+1i sin 60°)
€ 3(cos 120°+1 sin 120%)
d | 3(cos 150°+1 sin 150%)
@ If Z is a complex number whose principle argument is @, then the arg of %
a g b -0 ¢ -6 d -7 +0

Answer the following:

@ Write each of the following complex numbers in the trigonometric form:

Y y
a b c
5+11
< ) X o X
4
z,
d Z=-3+4i e Zs=4(cos 40° -1isin 40°)

@ Find the modulus and the principle argument for each of the following complex numbers:

a Zl=-1+i
4
® =75

€ Z;=-2(cos 45° +1isin 45°%)

d Z,=1+itan 20°




Trigonometric form of a complex number 2-1

@ IfZ; =cos 114° +isin 66", Z, = cos 42° +1i sin 138°

Z, = sin 24 +i sin 114, find the algebraic form of the number: 212322

@ IfZ, =2 (cos 75°+isin75%) , Z, =4 (cos 15° +1 sin 15°), find the exponential form of: Z,Z,

Z
- . X
@ In the opposite figure, find the exponential form of: Z_l . !
2 1
L2110t
26) Write each of the following numbers in the algebraic form: 14 R
z, 7 x
a Zl =e 31 X9
T,
b ZZ =2 41 \j
e/ A8
C 3es5l
57 .
@ If Z=2(cos %Hsin %),provethati=%e 31
z

IfZ= 43 +1i,find the algebraic form of Z6

29 Hz= 2D T1@-Y 5147 in the simplest form then find IZI where a, b €R
(a-b)-i(a+b)

@ Creative thinking: If Z, =cos 75 +isin 75, Z, =cos 15 +1i sin 15, find the trigonometric form
of the number: Z; +Z,

@Ifarng—%, argZF%, arg =%,ﬁnd:

a arg(z322) b ag(2Z,.Z) ¢© arg(%) d arg (Z8)

@ Creative thinking: Prove that cos @ = % Pi+e ), sinh = Tl efi-e 00
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2 -2

You will learn 6\%] Think and discuss
» Demoivre’s theorem a | If the complex number Z whose modulus r and argument 8, then
with positive mteger
power find:
_ 3
» De Moivre’s theorem 1) The modulus of the number Z
with positive rational 2 3
power ) The argument of the number Z
. .. . 3.
’ IT;:Z::’ of complex b | If Z is complex number and the principle amplitude of Z is 6, then
 Representing the raots the principle amplitude of Z is ...
of the complex number
in Argend's plane gl Learn
De moivre's theorem with positive integer power
Key terms If n is a positive integer number
» De Moivre’s thearem Then (cos @ + isin )" = cosn@ +isin n6

» root
O Example

@ Express cos 3 0 in terms of cos 6
©» Solutlon
"' (cos @ +isin 9)3 =cos 36+isin 3 6 (1) De Moivre's theorem.

also (cos © + isinB) = cos30 + 3Cycos2 O (isin 6).

+3C, cos O (i sin 9)2 + (isin 9)3 (binomial theorem).
—cos @ +3i cos?@ sin® -3 cos O sin6 -isin®6 2
From (1) , (2) equating the real parts.

» sin20 +cos?20 =1 .. 8in20 =1-cos20

. cos’0 = cos*@ -3cos 0 sin?0
=cos’ 0@ -3cos O (1- cos? Q)
=cos’@ -3cosO +3cos’0
=4c0s3 0 -3 cos 0.

ﬂ Try to solve
@ Express sin 3 8 in terms of sin @

50 Third form secondary —student book

= NS ;'.-‘!




Demoivre's Theorem 2-2

De moivre's theorem with positive rational power
We know thatcos @ + isin@ = cos (@ + 2r ) +isin (0 + 2r7) where r is an integer.
i

k
If K is a positive n}mber,then (cos@ + isin@) = cos OJF# + isin %#

k
i.e(cos® + isin @) takes several values according to values of r, the number of this values equals

0+2rm
k

K by putting r=...,-2, -1, 0, 1, 2.... which makes the amplitude included between

@ Example

2 ) Find in the trigonometric and exponential forms the roots of the equation Z* = 8( 1- v 3 i),
then write the solution set.

> Solution
Z4=8-8 V3 i S.x=8,y=-8 V3
= [EFETTY =16 o= 25 - g3
x>0 , y<0 .*Z% lies in the fourth quadrant

6=tanl (- /3 )=-Z%
.. Z4 =16 (cos ﬂ)+isin(£))
.'.Z=2(cos%( —+27[r)+1s1n (-l 27 t}))

-
when r=0, then Z;=2 (cos( '1—2)+isin('1—2)) =212t

when r=1, then z,=2 (cos( ) +1sin ( )) =2e 12
.
when r=-1, then zz=2 (cos( 1?) +isin ( )) —2¢ 121
1z
when r=2, then z,=2(cos( 11”) +1isin (117[)) =2¢ 121

. _ %i 3z, =iz 11”
. 88.={2 , 2el2! | Qe 12 ', 2e 1

ﬂ Try to solve
(2) Find in C the solution set of Z*=2 +2 /3 i

(5) Example

3 ) Find the roots of the equation Z> = 1, then represent the roots on Argend's plane.

C» Solution
23=1
=cos0’ +1 sin0’ N
-. Z=(cos0" +i sin0°P
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=cos L (2r7) +isin 1 (2rm)
3 3 z 1

whenr=0,then Z;=cos0" +isin0" =1 2T

- = cos 2 i sin 2% 3
whenr =1, then Z,=cos <> +isin % 1 \ :

- Z

whenr=-1,then Z5=cos -%ﬂ: +isin% J_z” !
We notice that the roots divide the circle whose center is the 2 3
origin , and radius length is the unity into 3 equal arcs and -1

the measure of each is 120°(the coordinates of the points
form the vertices of an equilateral triangle).

ﬂ Try to solve
@ Find the roots of the equation Z* = 1, then represent the roots on the Argand's plane.

The nth roots 1

The equation x™ = a where a is complex number has n roots in the form of x = an.
We can calculate them by finding the trigonometric form of a, then apply De Movre's theorem.

1
All roots lie on Argend's plane on a circle whose center is the origin and its radins length is |ajn

to form a regular polygon of n vertices.

Example
@ P (The fifth roots of - 32)
4 ) Represent in Argand's diagram the fifth roots of - 32

> Solution
The fifth roots of - 32 are the roots of the equation Z3= - 32
Convert the number - 32 into a trigonometric form.
. Z3=132 (cos 7T + i siniT)
1 1
. Z =325 (cosm +1isingr)d
=2 (cos % (7T + 207T) + i sin % (7T + 2070).

The first root whenr=0

S Z =2 (cos % +1sin %) =2 (cos 36" + i sin36")

Thus, the measure of the angle between each two successive roots i % =72

Z,=2(cos (36" +72") +isin (36" + 72")) = 2 (cos 108° +i sin 108")
Z; =2 (cos( 36" +72%) +isin (36" +2 x 72")) = 2 (cos 180" + i sin 180°)
Zy=2(cos (36" +3x727) +isin (36" +3 x72%)) =2 (cos 252" +1sin 252")

=2 (cos (- 108") +i sin (- 1087))




Demoivre's Theorem

Zs5=2(cos (36" +4 x72°) +isin (36° + 4x72°)) =2 (cos 324’ +1sin 324°)
=2 {cos -36" +isin - 36°)

B Try to solve
@ Represent on Argand's diagram the sixth roots of 1

@ Example

5) Find the square roots of 3+ 4 i

-

Solution
1
Let (3+ 4i)2 = x + y i by squaring both sides

So3+di=xoy2xyi

by equating the true part with the true part and the imaginary part with the imaginary part

L x2-y=3— (1) , 2xy=4 —(2) by squaring (1), (2) and adding
xt-2x?ylayt+ax?y?=9+16 coxt 232yt ayt=25
. @ay)R=25 v (2 yD)=5(3)

By adding (1), (3) 2x2=8 .. x=%2
whenx =2 by substitutingin(2) y =1
whenx=-2 y=-1

. thefirstroot=2+1i .. the second root=-2-1

ﬂ Try to solve
@ Find the square roots of the number JL_(I +1) in the trigonometric form
2

C')) Example

6 ) Find in C the solution set of the equation (1-i)x2-(3-i)x+4-2i=0

> Solution

The equation can be in the form of:

2_ 6-4i 9-7i _ 2. : P =
X 1 X1 =0 x“-(5+i)x+8+i=0

Use the general rule to solve the quadratic equation:
_ -b+4/b2-dac S+ G+D2-4x1(8+i)
= A =

2
_G+D+4/24+10i —32-4i
—2
_G+DEy 8.4
2

X

leta+bi=,/ 8+6i by squaring both sides
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a2-b2+2abi=-8+6i

a2-b2=-8 (1) 2ab=6 (2)

a2+b?2=10 (3) from(1).(3) a?=1 .c.a=t1 .. b=%3
L a+bi=E(1+31)

x=w x=3+2i or x=2-i
] 1ry to solive
@ Find in C the solution set of the equation x2+(1+1)x-6+3i=0
\#‘: Exercises 2 - 2 ?\’
@ Use De moivre's theorem to prove each of the following identities:
a8 cos 460 =8 cos* 0 - 8cos20 + 1 b sin 50 = 16 sin®0 - 20sin0 + 5 sinf

@ Find in C the solution set in each of the following equations; write the roots in the form
X+yi:
a 7¢=16 b 73+8=0 c 73+8i=0
@ Find the solution set of the equation Z% + 243 = 0 where Z € C
@ Find the solution set of the equation of Z* =2+ 23 i in the exponintial form .
@ Find the square roots for each of the following:
a 2-24/31i b 1-i c 8i d 3+4i e 5-121i
@ Find the cubic roots of 8, then represent them on Argand's plane.

@ Find the fourth roots of - 1, then represent them on Argand's plane.

. 3
O} 72‘+4_‘ = a+bi, find the value of (¥ > +a i)’
1

@ Put the number 2 "2 (1 + i) in the trigonometric form, then find its square roots in the

exponintial form.
3
IfZ=8-6i,find Z* in the algebraic form.

@ Creative thinking ; prove that cos 4 8 = % (cos40 +4cos (20)+3)




Co-operation work :
Use De Moivre's theorem to find the solution set of the equation Z3 = 1

Find the previous roots in algebraic form.
Find the sum of the 3 roots. What do you notice?

5
) Learn
Cubic roots of unity
Use De Moivre's theorem we to find that the solution set of Z°>=11is:
1,43, -1 V3.
l,-2+Tl, 3 - — 1

Also we notice that the square of one of the complex roots equals the
other complex root, thus we can assume the cubic roots in the form of:
1, w,0°

where @ =-% + E i,
2

Critical thinking :

Can you find the cubic roots of one using the algebraic form of the

complex number ?

@=-1373;
2 2

Properties of cubic roots of one:

If 1, @, @? are the cubic roots of one, then

1- 1+ @ + ®?=0 (the sum of the roots = 0)
(l+@ =-@*, 1+@*=-0, @ +@*=-1)

2-‘ a)3=1
( L:W,%:a))
@ a

N\

3~ The cubic roots of one lies on a circle

whose center is the origin, it's radius
length is 1 and form vertices of an
equilateral triangle.

o

5

w2

4- (@ -0 =%/7 i,

Algebra and analytic solid geometry-Algebra

Unit two

2-3

You will learn

» The cubic roots of unity

» Properties of cubic roots
of unity

» Representing the cubic
roots of one geometri-
cally

» Congugate of a +,
ai+@

Key terms

» Root

» Square root
» Cubic root
» Unit circle

» Conjugate

Materials

» Scientific calcuiator
» Graphical programs
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1)If1, @, @?, are the cubic roots of one, find the value of :

a 5+ 5m + 5@* b (1—%-%)(3+5a)+5aﬂ)

()
O Solution

@ The expression = 5 ( 1 +@ + ®? ) by taking 5 a common factor
:5)(0:0
b/ The expression = (1 - = - —) (3 + 5@+ 5@?) by substituting —— = @ — =@
w w [} (N
(1 -202-20)3 + 50 + 50D =(1 - 2(@? + @) G + 5@ + O?)

=(1-2C1)B+5C)=(1+2@3-5=-6

ﬂ Try to solve
@ If1, @, @?are the cubic roots of one, find the value of:
8 @2+50+ 207 b (@ + — (@ +
w w

@ Example

2
2) Prove that [ 3= 3@~ _ 2'270’ =9
50-3 20° -7

> Solution

The expression = [ 5-30% 2';"“) * =[5(03- 30? 2(032-760 I*
5 -3 2017 5@ -3 20°-17
=[a)2(560 -3) _ CO(2CU2 -7 ]4=[w2_w]4=[iﬁi]4=9
50 -3 20°-7
] 7ry to soive
(@) Prove that = [ - 3 @b + @2° ¢+ @ -b =81
@*a + b+ c we + b

6) Example

3 ) Prove that x = '1+ -3 i one of the roots of the equationx1® + x5 + 1 = 0

) Solution . ~
-1 + 1‘-3 = -1+ Yy 31 = - l + —3 1
2 2 2 2

i.e. x represents one of the complex roots of cne

X =

when x = @ , then Dl i+ 1=+ @+ 1=0

when x = x2 then@®+00+1=2+@+1=0




Cubic roots of unity | 2-3

ﬂ Try to solve
@ Form the quadratic equation whose roots are (1 + @ - 602)3 , (1 -m+ (02)3

¥ ¥
» Exercises 2 -3 v

If1,0 ,w? are the cubic roots of one :

Complete the following:

De+50+20H2=...... @w- oY=
@ (a) + L)2 ( aJZ + iz)z = @ Ifx= % , then xs + X4 =
(/)] (1))

1 3
@ ( D+ 1 )(1 + @ - E)= ........................ @ 1+30 +3@% =
(7)Ifa =20 - 3%, b =3 + 502 thena + b2 = ...
%1 O =

r=

Choose the correct Answer from the given:
@ The conjugate of @ is

a @ b @? c 1 d -w
0o+ D)1 2 -
a 2 b 0O c -3 d -5

A (a+ bw + a@?) (a + bw? + a@w?) =

al b a-b ¢ (a- b2 d b2 - a2
5, 1 1y_

@(1+2w +F)(1+2(0+w_)_

a b 1 c -1 d 2

a - 2dco - =

aw“-d

a 3i b +/3i c -3 d 3
If(l + @) =a + b® where a and b are real numbers, then (a, b) =

a ©,-1) b (1,1 c O, 1 d (1,-1)
@ K + @ = (1 + @)", then the least value of the positive inteZET N i ...

a 2 b 3 ¢ 5 d 6
Wl1+w+a?+@+.. + 0=

a 0 b 1 c d -@?
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@ IfZ = @*then | Zl = where x is a positive integer
al] b ® c x d @?
6
I 1+ =
r=1
alQ b 6 c 1 d1+w

Prove each of the following identities:
a(l-w+0)1-0+ahd -+ ¥ - o?+ 0% = 2¢

2 2

b (@ V,(lr20?p_-10,p

c[—L __@o+i B-qg
1+wi 1+(02i

2
[5-360 . 2-2760 P?=-3 e (1+ a2 =aw?
5 -3 20° -7

o

f -0 +a*)2+0+a?+ % =40
@ Find value of each of the following:

a 5+ 3w + 3w? b (1+w+20% + 1 + 2w + @)

¢ @@ -H@? -1
Cw + 1) @* +2)

1 1 1 . 1 .
d [ - 12 e 1+ —+i1+_—5+i
1+ 30?2 1+3® ( @ X w? )

@Ifx = -1+1/T1 , prove that x® + 6x% + 15x* + 20x3 + 15x2 + 6x=0.

@ If 1 , ! 5 are the two roots of a quadratic equation, find the equation .
1+® 1+ @

@ KZ = 2(w + i) (@?* + i), find all different forms of the number Z. and the square roots of

Z in the trigonometric form.

(24) Creative thinking: Find value of n which makes (2+5 @ +2 @2" = (2 + 2@+ 502"

10 r 10 r r
@Find:a Yy w b ¥ (1+a& +a

I = zero r = zero




Complete the following :

Wrz=2"1 thenzl= . ] Iv§

@ The trigonometric form of the number Z represented in the opposite
figure in the form of Argand's diagram is ...

RO’

@ If Z=sin@ - icos@,thenarg (Z)=........ o X

[

A
Y

(4) The conjugate of the number i + @2is ...

Gl+2w+20? = .
@ IfZ,Z,, .. Zgrepresent the sixth roots of unity on Argand's plane, then m(£ Z.,Z.;) =

. wherel S r<5

Choose the correct answer from the following:
(7) Warg Z,is 0, Arg Z, is 6, , then Arg Z,Z, is:

a 6, + 06, b 6, x 6, €0 -6, d 7 - (0, + 0y
Which of the following represents the algebraic form of 2 (cos ZT” + isin ZT”):

8 -/3 +i b -1+ 43 i c -J/2 +4y2i d-y3 -J/3i

@ If A (/3 , - 1) represents a complex number in Argand's plane, then the modulus and the
argument of Z are ........c....

a 2, 7 b (2, 37 c @ -7 d 2, %
@, e ) 2, 6 ) (2, - ) @, £ )
The real part of the complex number whose modulus ' 2 and argument 7Tﬂ 18
a _/% b Y6 c Y2 d /6
2 6 3

@ The conjugate of the number 1 + @ is
8 1-w b - @? c 1+ @? d 1 - @?
@ The fifth roots of unity are represented on Argand's plane by the vertices of ..............

2 Equilateral triangle b square ¢ | Reguler pentagon ' d  regulare hexagon
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Unit two: Complex number

3 .
. . a+1
@ If a is real number, then the conjugate of YRR —
3_j 3.4
. . a’-i a’+i
ala-i b a+i c d
a’-ai-1 a-ai-1

It Z = (% + g 1)" where n is a positive integer and Z = 1, then the least value of n is

a9 b 6 c 3 d 1

@5 If IZ) = IZ- 21, then the real part of Z =

a1l b -1 c -2 d 2
eﬂi_,_e-ei:
a 26 b 2cos@ ¢ 25in@ d)e-26i

@7) K 1ZI = 10,then Z Z =
a 10 b 100 c 1 d/ - 100
Express each of the following in the form of x + yi:

a | (cos 3% 4 isin ?’1—71;)(cos 87 . jsin 3

11 11 11
b 3(cos £ + isin %) x cos % _ isin®_
( 5 12) V2 ( . . )

V2 (cos % + isin%)

[H
2 (cos I+ isin 2

IfZland29_aretwocomplexnumberswherezl=-9+3ﬁi, Zyl=43 ,a18Z, = 717; ,

find each of the following complex number in the form of r (cos@ + i sin@) where -Z < 0 < 7T

8z b Z, € 147, d%
2

@ Express each of the following in the exponential form:
azZ =7 b Z =-5ic Zs = 3 (cos 60° + isin60°)
7
2+4/3 i
@ If @ €]-7, ], find modulus and argument of the number Z = 1 + cosf@ + isin@

@) IZ = (DR -D gz
Q-D@+D
@ Creative thinking : Use the complex numbers to prove the following relation :

- - 1y_ &
! (/3) + ! (A = -
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PRI ot
Jnit Summary

E .

Unit Summary

» Complex number foreach x,y € R thus Z =x +y i is called complex number whose
real part is x and the imaginary part is y where i = -1

~ Theconjugateofthecomplexnumber:if Z=x-+yi,thenit'sconjugateis "z =x-yiand
Z+ T = real number, ZT = real number

~ Properties of the conjugate:
W (ZZ) =2 + Z, W Z,Z,) = (Z))(Zy) 3Ly =4
Zy Z,
» Geometrical representation of complex number: The complex number
Z=x+yiisrepresented by point ( x , y) in Argand's plane .

~ The modulus and the amplitude of the complex number: If point (x , y)

represents the complex number Z on Argand's plane, then [ZI=4 x? + y> amplitude of

Zisgotfrom cos@=" | sin@ = L
T T

~ Properties of modulus and amplitude of a complex number
y

Hizl=1z| 2) Z 7 =1zZP z
z 1z, A\
3) 1Z,Z,) = 1Z,IIZ,| 4) | 21 )= L y
Z IZ,l %
5) 1Z,+Z, < 1Z)| + |Z,] o] x 4
6) The amplitude of a complex number can take an infinite number of values that each
differ by amplitude of 2 77.

7) The amplitude which belongs to the interval ] - 77, 7] is called the principle amplitude

of a complex number .
8) arg z =-argZ 9) arg(-Z) = w+argZ
10)argi =-argZ
z

~ The trigonometric form of a complex number: Z = r (cos 6 + i 5in@) where
r=Izl and @ is the principle amplitude

~ Multiplying and dividing complex numbers in a trigonometric form:
IfZ,=r;(cos O +isinB;)) , Z; = r;(cos B, + isin B,), then:
Z,Zy=r115(c0os (B + By + isin(6G; + ;)]

ﬁ:;_l(cos(el - 6y +isin(@ - 6]
2
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~ The exponential form ot the complex number (Euler's form) if Z is a complex
number whose modulus is r and principle amplitude is 6 , then:

Z=reb where @ in radian measure.
e = cosO + isinO, e ¥ = cosh - isinO

5 . x .
ruler expansion for sin x, cos x , ¢ functions

3 5 2n+1
sinx = —~ - X + X + ™1 x X +
LL 13 15 2n+l1
A 4 6 2n-2
cosx=1-> + 2 X Lpnle X
4 6 2n-2
x X x2 x3 xn—l
e =1+ + + + + +
L 2 13 n-1

# De Moivre's theorem: If n is a positive real number, then:

1) (cos® + isin@)" = cosn@ + isinn @

+isin9+2r7r
K

k
2) IfK is (+ve) number , then (cos@ + isin @) = cos%#

i
thus (cos@ + isin 8)k takes different values according tor and the number of these
different values equals K values which we get by puttingr=..,-2, -1, 0, 1, 2 ...
that makes the amplitude &% included between -7 , 7T

~ The cubic roots of one: if 7> = 1thenZ = 1, % + g i, - % - gi
and these roots can be denoted by 1 ,@ , w?
1,43

= _1 : 2 __1 43 .
whereaJ—z_Tl,aJ 2+ i

~ Properties of the cubic roots of one:

1) @ =1 1+ +@?=0 ) w2-w=+4/3i

~ The n"rootsofone: if 7" = 1,
1

ThenZ = (cos0° + isin0°)" = cos 27K + jsin 27X wherekey, 27K -7, 7]
n n n

The n'! roots of one is represented in the Argand's plane by a regular polygon with n vertices

which lie on a circle whose center is origin point and radius length equals 1.

For more activities and exercises , visit www.sec3mathematics.com.eg
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< | Accumulative test

@ Determine the quadrant at which @ lies in each of the following :
a cos@ > 0,sin@ >0 b cos® <0, sinf <0
¢ cos@ >0, sin@ >0

@ Find the sum and product of the two roots of the equation x2-3x +1 =0

@ Find modulus and the amplitude for each of the following :

a Z=43 +i b Z,=-1+1i ¢ Zy=4i
d 7, =-5 e Zs=3-4i
1+ 4i+i2

@ Find in the simplest form Z
trigonometric form.

——  — _°~ _, then find the square roots of Z in a
2-i-22-3

@ If Z is a complex number, find the solution set of the equation 2Z - 3 "z =5+ 10i

@ IfZ = 4 + 443 i,find the exponential form of Z , the cubic roots of Z and represent these
roots on Argand's diagram .

(7) Find all the forms of the number Z = L‘_i, the square roots of Z and represent these

roots on Argand's plane . /3 -1

B HKZ = /3 (cos% - isin g’ ), Z, = 2(sin30° + isin 30%),
1
find Z, Z, in the exponential form and the trigonometric form of Z where Z = (Z; Z,)*4

@ PutZ =L_ in the exponential and trigonometric forms, then :
1-¥31

2
1) Prove that Z is real number. 2) prove that % = % edi

fZ = e9, find modulus and principle amplitude of the number i tZ

@ KZ= 1+Tm ifZ, = i * ; , find Z, and its square roots in the trigonometric form.

@ Prove that :

a (1- iz+a)2)(1+co 3 y=18
(7)) w

3+50 +3@% 3+3502+30 _ 9

1 - 2w - 40° 122 4w 19
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Unit three

Determinants and Matrices

Unit introduction

Matrices are much important materials used in all the branches of mathematics. they are much necessary
for the linear algebra. Matrices are a mathematical concept which do a great role in all branches of
knowledge. Ancient chinese had been the first to discover the matrices. The scientist Kelly (1821-1895)
used the matrices in a regular way. He stated a system in the form of columns and rows. At the present
time, matrics are used by the specialists in economics, sociology and psychology furthermore matrices
play a great role in mathematics and other applications in physics, chemistry and other applied science.
On the other hand, the determineants are representing arthimtic values for square matrices. The Japanese
scientist Sekikowa was the first to use them to solve linear equations in 1683. Later, this science has
been developed by other scientists to solve the linear equations and some other applications in different
sciences.

Unit objectives

By the end of this unit and doing all the activities included, the student should be able to:

# Deduce the properties of the determinants # Identify the rank of the matrix of coefficients and
# Solve different problems using the properties of the the ranke of the augmented matrix.
determinants. # Deduce the relation between the ranks of the matrix
# Identify the multiplicative inverse of the matrix of of coefficients and the augmented matrix and the
the order 3X3 using the cofactors of the matrix. possiblilities of solutions.
# Solve a system of linear equations using the
multiplicative inverse of the matrix.
# Recognize the Homogeneous and non-homogeneous

linear equations.

64 Third form secondary -student book



Key terms

= Determinants

< Second — order determinant
2 Third — order determinant

~

= Row

~

= column

~

= Motrix

= Element

Materials

2 Scientific calcutator

= Rank 3 Augmented Matrix

Z Rowmatrix 2 Homogenuous equation

5 column natrix 5 Non Homgenuous equation

= Square matrix = Adjcint matrix
= Zero matrices 2 co factor matrix
= Equal matrices = Linear Equation

< Rankof amatrix

Unit Lessons
Lesson (3 - 1):  Determinants.
Lesson (3 - 2): matrices.

Lesson (3 -3):  Solving linear equations using the

multiplicative inverse of the matrix

Unit chart

Determinants and Matrices

(

Determinants

Properties of
deterrrll_inants

Solving problems using
the properties of
determinants

1

Matrics

)

Matrix rank

[

Cofactors

I

Adjaint matrix

1

Inverse matrix

I

Solving linear
equations using
the inverse matrix

[

The ranke of the matrix
of coefficients

1

the rank of the
augmented matrix

The relation between
thelm

possibilities of solving
the linear equations

Solving linear
equations

65
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Unit three

3-1

You will learn

» Properties of determi-
nants.

» Solving miscellaneous
problems using proper-
ties of determinants .

Key terms

» Determinants

» Second - degree deter-
minant

» Third - degree determi-
nant

» Row

» column

» Main diagonal
» Triangular form

Materials
» Scientific calculator

=
LY A

Introduction
You have studied matrices and determinants and you known that each
square matrix has a determinant and the determinant 2 x 2 is named by

second-order determinant and the determinant 3 x 3 is named by third-
order determinant and son on ...

You have also known how to find the value of the determinant, for

example; : ; | =ad-bc
a d x
Thevalueof|_3; :|=3><6-4(-5)=38 b e ¥y
c f =z

Also you have learned how to find the value of the determinant

By using the cofactor method, if we denote to the value of the determinant
by A
e

y by

e .
thenA=a £ -d|c L] TX f| by using the elements
of first row
6% Think and discuss
- 3 -1
3  What is the relation between A; and A,? Are they equal ? Explain.
4 What is the relation between the rows of A; and the columns of A,?
what can you deduce?
s
) Learn

Main properties of determinantes

Property (1)

In any determinant if the rows replace the columns in the same order,
the value of the determinant is unchanged

Third form secondary -student book
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Determinants | 3-1

ain an a3 a;n b1z C13
A= = this can be proved by expanding the two determinants.
by by b ag] by Co;a
Cl3 Cx3 Ca3 as1 by c33
@ Example
2 -3 -1 2 1 -2
1) Provethat | 1 0 4 |=] -3
-2 5 2 -1 4 2
) Solution
2 -3 -1
_ 0 4 | | 1 4 | 10 |_ _
1 0 4 _2|5 2 +3 292l 1as =20-200+32+8)-(5-0)=-15
-2 5
2 b2 05 35 30
3 0o 5 |72 | 42 ||1 2 | '2|-1 4 [520-20)-(-6+5)-2(-12,-0) =15
-1 2
2 -3 -1 2 1 2
So:l 1 o 4 |=|-3
2 5 2 -1 4 2
ﬂTrytosolve
1 2 -3 1 5 -1
@Provethat 5 4 1 |=| 2 4
-1 2 -3 2
Property (2)

The value of the determinant is unchanged by evaluating it in terms of the elements of any of
its rows (columns)

6) Example , )

-1
. 0 4 3 .
2 ) Find the value of s Lo using the elements of the first column once and the

elements of the first row once more,
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Unit three: Determinants and Matrices

) Solution
First : By using the elements of first column

|43 | |2 1] _
A —|_1 o 1*3 4 5| =(0+3)+5(6+4)=53
Second: By using the elements of first row
RE 3| |0 3 |0 4| _ B
A —|_1 0 -2 sol 15 =(0+3)-2(0-15)-(0-20) =3+30+20=53
ﬂTrytosoIve 5 3 1

@ Find the value of the determinant| 3 1 2 |using the elements of the first row once
1 2 3

and the elements of the second column once more.

Property (3)

The value of the determinant vanishes in each of the following two cases

First: if all the elements of any row (column) in any determinant equal zero, then the value of
the determinant =0

a1 az  asi
The value of the determinant | zero zero zero |=0

413 423  4as3

This can be proved by expanding the determinant using the elements of second row, then: A =0

Second: If the corresponding elements of any two rows (columns) in any determinant are equal,
then the value of the determinant = zero

c b c
ie. =0
c

X y Z

Since the corresponding elements of the first and second rows are equal (prove that).

@ Example

3 ) Without expanding the determinant, prove that 3 7 g |=0

(> Solution
In the determinant, we find Ry =R, .'. The value of the determinant =0




ﬂTrytosoIve 3 1 3

Property (4)

If there is a common factor in all the elements of any row (column) in a determinant, then this
factor can be taken outside the determinant

O Example
3 2 -7

4 ) Without expanding the determinant, find the value of

10 15
©» Solution

Take 2 as a common factor of R, and 5 as a common factor of R,

3 2 7 3 2 7
4 6 2 |F¥3| 4, 5 o |F10x0=0
0 15 5 2 3 1

Since the corresponding elements in R, and R; are equal"Try to prove that by another method".

) 1ry to solve
a d m 22 2d 2Zm
@ =10 find the value of
b e n b e n
c f z de  Af -4z

Property (5)

In any determinant, if the positions of two rows (columns) are interchanged. The value of the
resulting determinant equals the additive inverse of the value of the original determinant

a b c a b c
d e f =- X y Z
X y z d e f

by interchanging the second and the third rows

O Example ,

2 4
5 ) Without expanding the determinant, prove that: | 3 3 4 |+ 2 1 2 |=0
5 6 6

|
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Unit three: Determinants and Matrices

) Solution
By interchanging the first and the second rows in the first determinant
3 3 4 3 3 4
. - s s 1Tl 2 5 =-A+ A=zero
5 7 6 5 7 6
Property (6)

In any determinant, if all the elements of any row (column) are written as a sum of two elements,
then the value of the determinant can be written as a sum of two determinants

ciptm  apy Ay a1 a5 g3 m €12 C13
Cop+n ay Ay T ay ey oam [H) n €2 3
c+h az  ag ay;  azp  ag3 h €y O3

This can be proved by expanding the determinants.

@ Example

6 ) Without expanding the determinant, prove that:

=
C
B
5

x y z |t x y =z [=0

f k r -f k r
C)» Solution

We can write a determinant whose value equals the sum of the values of two determinants
in the left side.

(notice that the two determinants of the left side have the same two columns C,, Cy :

1-1 m n 0 m =n
Side =| x+x y z || 0 y z |=0
f-f k T 0 k r

(Since all the elements of C; are zeros)

Critical thinking: Can you use other methods to find the value of the determinants without
expanding them? Mention one of these methods.

ﬂ Try to solve

@ Find the determinant D =D, + D, + D5 where

2 3 4 2 3 4 2 -1 4
D, = 2 3Pl g s 2 |DBs=lg 1 s
0 4 -1 0 4 -1 0 1 -1
70 Third form secondary -student book
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Determinants | 3-1

Property (7)

If we add all the elements of any row (column) to the multiples of the elements of another row
(column), the value of the determinant is unchanged.

a1 b1 ¢ aj +ka2 bl +kb2 c + 1k02
ag by ¢y |7 2a by C2
a3 by c4 3a b, C3

We add to the elements of the first row the elements of the second row multiplied by K and this
operation is denoted by R; + KR,. We can prove that by parting the elements of the first row in
the right determinant according to the previous property as a sum of two determinants one of
them is the left determinant and the other its value is equal to Zero

CS) Example 3 8 12

7 ) Without expanding the determinant, find the valueof: | 9 21 27

20 44 52
C» Solution

By Multiplying the elements of the first column by -2 and adding to the corresponding
elements of the second row.

ie: -2C1 + C2 and: -2C]_ + C3
3 8 12 3 B8-2x3 12-2>3 3 2 6
9 21 27 = 9 21-2x9 27-2x9| = 9 3 9
20 44 52 20 44-2x20 52-2x20 20 4 12

By multiplying the elements of second column by -3 and adding to the corresponding
elements of the third row
The value of the determinant =0

ﬂ Try to solve

2 5 -7
@ Without expanding the determinant, find the value of a4 1 4
Property (8) 3 1 -4

If we multiply the elements of any row (column) by the cofactors of the corresponding elements
in another row {column) and we sum the results, then the sum is Zero

a1 81 A3
In the determinant | a;, ay aj
a3 dp3 33
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Unit three: Determinants and Matrices

Since the elements of the first row are a;; , ay5 , aj3, the coefactors corresponding to the
elements of the second row are:

D**'xM,, , C1D2H2xM , (123xM,

) a a a a
Determinant = -a11 %1 A + a1 1 | a3 11 %21
3 33 43 33 43  dp
) 4y ay
=-| ay ay; ay |=2er0 (Since: Ry =R,)
413 43 am

2 4 7
For example: if A= 3 2 1 then the elements of Ry are 2, 4, 7
1 5 6

the cofactors corresponding to the third row are:

47 | 217 24 |
13 +1 _1y3+2 _133+3
cpet |27 pen|2T GV AEl P
fe:l(4+14) . -1 @2-21) . 1(4-12)
ie: 18 , 19 , -16

Summution of the products of elements of R, by the cofactors of the elements of R,
=2x18+4x19+7x-16 = zero.

Determinant of a triangular form
If the determinant is written as

0 0 a2y
a5, 0 |°T| O C3p
a3 a3 b 0 0 )

Main diagonal - Main diagonal #

This form is called lower triangular form and upper triangular form respectively.

All the elements of the determinant lying above the main diagonal as in first case or below
the main diagonal as in second case are zeros and the elements of a;; , a5 , 835 are called the
elements of the main diagonal.

Property (9)

The value of the determinant in the triangular form equals the product of the elements of the
main diagonal.

The value of the determinant of the previous form = a;; x ay x 233
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O Example 1 . 2

8 | Without expanding the determinant , prove that: 1 b b2 |=(@-b)b-c)c-a)

©» Solution

Multiplying the elements of the first row by -1 and adding them to the corresponding
elements of the second and the third rows

1 a a2 1 a a2
b-a  b2-a? =1 0 b-a  (b-a)b+a)
c-a c2- 32 0 c-a (c-a)c+a)

Taking (b - a) commeon from second row and taking (¢ - a) common from third row

1 a a2
=(-a)c-a)| o 1 b+a
0 1 c+a

Multiplying the elements of the second row by -1 and adding them to the corresponding
elements of the third row
1\ a a?

=(b-a)c-a) 0 1\ b+a
0 0 c-
=(b-a)(c-a)(c-b)

=(a-b)(b-c)(c-a)

ﬂ Try to solve
a-b-c 2b 2c
@ Without expanding the determinant, prove that 2a b-c-a 2¢ =(a+b+¢)3
2a 2b c-a-b
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Unit three: Determinants and Matrices

g: Exercises 3 -1 @,

Choose thr correct answer from the given:

a b C Z X y
K| 4 . = 12, then| . . _|=
X y z c a b
a -12 b -8 c 6 d 12
a b c a b c
Q)1 4 o g |=15ten| o |=
X y z f
a -30 b -15 €  zero d 15
a a a
@ a b c =
c c c
a zero b ac € bc d abc
1
@ ab a -
1 =
ac [+ b
be b 1
a
a_ zero b 1 c 2 d 5
X-y y-z Z-X
@ y-z Z-X X-y -
-X X-y y-z
a Zero b x-y € y-z dz-x
1 i i+1
@Ifi2=-1,then 0 1 i-1]=
1 1
a 2i-1 b 2i+1 ci d 1
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Determinants | 3-1

X 2x 3x
@ The solution set of the equation| 33, 25 x | = 96inRis

X -X
a 4 b 3 c'2 d 2

a b c
In triangle ABC 5 7 g | =

sina sinb sinc

al5; b 7b ¢ 8¢ d  zero
1 0 3 3 0 9
@kn=| , 5 5| m=|, g |thenm=
1 4 2 20 10
an b/ 10n ¢ 20n d 30n
1 -1 9
1 o 7|7
-9 0
a -9 b -7 c 49 d  zero
1 X x2

@Provethat | y oy = (x-(y-2)(z-x)
1 z z2

then find the numerical value of the determinant If x -y=5,y-z=7

@ Geometry : In the opposite figure DE // BC

A
1 2 3
Prove that =0
DE AD AE D E
BC AB AC
B < C
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@ In the opposite figure : A
2 3 5
Prove that AB AC AB<AC | = 0
BD DC BC
C D
sin2Zx cos2x 1
Prove that sy costy 1 |- 0
sin2z  cos?z 1
Use the properties of determinants to solve the following equations:
X 1 X 1 -X 0 <2 1
@ 2 3 4 | 16 X 1 x |- lxx
X 5 X -1 x+1
2 x 1 X 1 2
L I e 1 ox 2 7%
x+1 1 x 1 2 X
Use the properties of determinant to prove that:
1 1 1 a-b-c 2a 2a
= j— - - = 3
. b o |z W L e g |=@tb*0
a2 b2 2 2c 2c c-a-b
be CZ bz a c b y+Z x X
20| 2 e a2 |=ab ¢ b a 22) v mx =4xyz
b2 a2 ab b a ¢
z z Xty
1 1 1

23) Without expanding the determinant, prove that | » vy x |=x2-¥?

Without expanding the determinant , find the valne:

5 -1 10 1 2 3
2|, 5, 3 23) 2 3
5 2 -10 4 6 2

76 Third form secondary -student book
— — s o ™ .

- LY P Y ] o)
R el 2 it
SN N gy 1




Determinants | 3-1

Use the properties of determinants to prove that:

x+y?2 x2+y2 3xy 0 L m
@ (z+1)2 2+L2 3zL =0 @ Lo -n =0
(m+n)2 m2+n? 3mn m n 0

1 mn xy+zL

1 mn+zL =0

Xy

1 zI., xy+mn

Without expanding the detereminant , prove that:

X a a 1 X y
29 2 X g |FE22x-82 3| x  14x2 xy |=1
a a x y Xy 1+y2
X -y -z
<D vy 1 0 =X + y2+z3
722 0 1

@ Useg the properties of determinants ,

2 4 3 ] 4 6 2
prove that 5 g |tz 6 10 =0
1 5 2 6 9 4

@ Without expanding the determinant, prove that :

a b c
b a c =(a-b)a-ca+b+c¢)
b c a

@ Use the properties of determinants

bec ab a 1 b 1
prove that ac b2 b =(a+b)

b c 1 b c? c
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@ Without expanding the determinant, prove that:

az+1
ab
ac

ab
b2+1
bc

ac
be

c2+1

=a2+ b2+c2+1

@ Without expanding the determinant, prove that:

1+a

1

1

1 1 1
] L+b 1 —abc(?+F+?+1)
1 1 l+c¢
a’-1 a2 a
@If b1 b2 =0 ,a#b#c
-1 c2 c
prove that abc=1
1 1 1 1
Without expanding the determinant , prove that| 5 b c |=| 1
bc ac ab 1 c
@ Without expanding the determinant , prove that| bc a2 a2 [=| bc ab
b2 ac b2 ab ac
c2 ¢2 ab ab be

=
LY A
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Preface

You have learned that the matrix is the set of elements arranged in m
Yand
symboled by one of the alphabet letters and the order of the matrix is
written in the form m xn

rows and n columns surrounded by the brackets in the form (

5 1) is a square matrix of the order 2 x 2

the matrix A= (
5 2 3

Alsothematrix B=| ¢ 4 -1 is a square matrix of the order 3 x 3
2 1 6

1 -2 0 )

5 4 3

The matrices have applicable uses in linear transformation and in
solving a system of linear equations. In addition, matrices are used in

while the matrix C = ( is a matrix of the order 2x 3

many fields of science such as mechanics, most of physics branches,
graphs of computers, statistics and probability theorem.

o>

Inveres of a matrix
Youhave studied how to find the multiplicative
inverse ( if exist) of a square matrix of the

The identity matrix
order 2 x 2 and you knew that : V(70 e e
If A, B are two square matrices of the order 4] the elements
2x2and if AB=BA=1, theneachof Aand  of its principle
B are multiplicative inverse of the other . diagonal are 1 and
We notice that some matrices have no  the other elements
multiplicative inverse. are zero
IZ = ( 10 )
a b T 01
If A= ( ), then the multiplicative
c d 1 0 0
inverse of A is defined when the determinant I,=( o 1 ¢
0 0 1

of A=A #0, then:

w=z(57)

Algebra and analytic solid geometry-Algebra

Unit three
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You will learn

» The cofactor matrix

» The multiplicative inverse
of a square matrix of the
order 3X 3,

» Solving linear equations
using the multiplicative
inverse of the matrix

» Homogeneous and non
homogenous linear
equations

» Rank of the matrix of
coefficients

» Rank of augmented
matrix
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the rank of the matrix
of coefficients and the
rank of the augmented
matrix and possibilities
of solutions

Key terms
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Materials
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Unit three: Determinants and Matrices

cﬁj Example

1 Find the multiplicative inverse (if exist) for each of the following :

24 2 4
C» Solution 5 4
a  We find the determinant of the matrix A = 36 |=12—12=0

.*. The matrix has no multiplicative inverse

2 4
b Wef'mdthedeterminantofthematrixA=|1 3 =6-4=2

.. The matrix B has multiplicative inverse denoted by B-! where
34
=1
B = 2 ( -12 )
ﬂ Try to solve

@ Find the values of a which makes the matrix (: z) have no
multiplicative inverse.

The multiplicative inverse of a matrix of 3 x 3 system

If Ais amatrix and |Al # 0, then A has a multiplicative inverse denoted

o=

If A # 0 then the
matrix a has a
multiplicative
inverse determined
as follows :

a ) interchange
between the two
positions of the two
elements lying on
the main diagonal of
matrix a.

b) Change both
signs of the two
elements lying on
the other diagonal
of matrix a
¢)Multiply the
resulted matrix a{'ter
doing (a), (b) by 7 to
geta-l

by A-l. A-1a square matrix also AA-1 = A-1A =] where "I" is the identity @m
matrix ,

@ Example .

-1
2 ) Determine whether the matrix A where A = ( 1 2 1 )
has a multiplicative inverse or not. Explain. 1 0 -1

> Solution

We find the determinant of the square matrix as follows:

3-12 21 11 412
lAl=1.121 =3’|0-1 '('1)|1-1 +2|10
10-1
=3(C2-00+(1-D)+2@0-2)=-6-1-4=-10
I[Al1#0 , then A has a multiplicative invetse
ﬂTrytosoIve
4 -3 2
@ Determine whether the matrix B=( 0 2 1
1 1 0

Third form secondary -student book
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¢ The singular matrix
(non-invertible) is
the matrix which has
ne inverse A =0

* The non singular
matrix (invertible )
is the magtrix which
has inverse A # 0

) has a multiplicative inverse or not.



Matrices |

The cofactors
a1 a2 413

IfA = 1 89y 23 | is a matrix of the order 3 *3 and its determinant is | A |, then :
431 83  d33

The cofactor of the element a ; ; is the value of the minor determinant corresponding to the
element a ; ; which is formed by deleting the row and the column of a ;; and multiplying the

result by (-1)i+ so the matrix of cofactors of the matrix A is given by :

1y 4z a3

C= (-1)2+1

(_1)3+1

dgy d33
412 2413
433 a33
d12 13
g2 33

(-D12
(-1)2+2

(_1)3+2

A1 a3
431 a33
app a3
431 a33
a;; 813
dg1 a3

(-3
(_1)2+3

(_1)3 +3

a1 ap
431 a3
ap1 12
431 a3y
ap; a1
21 A2

@ Example L,

3
3 ) Find the cofactors matrix of the matrix A= ( 2 3 2 )
2

1 2
C» Solution
We find the cofactors of the matrix A as follows:
32 22 23
Cll = (_1)1+1 22 | =2, C21 =(_1)1+2 | 12 | =2 , C31 =(_1)1+3 12 | =1
23 13 12
Cia=(D* |, , | =2, Cp=(1p* | 12 | =1 . Cup=CDP2|,, | =0
23 13 12
Ciy=CD* |55 | =5 ,Cu=(D**],, | =4 Cy=(1* |, 5 | =-1
We can summarize the sign rule which relate the minor determinants and the cofactors of any
element of a square matrix as follows: ( + -+ )
- + -
+ -+
2 -2 1
So the cofactors matrix of A is : C= ) -1 0
S0 40 4
ﬂ Try to solve
2 1 -3
@ Find the cofactor matrix of the matrix A where A= ( 0 4 5 )
3 6 7

Adjoint matrix
The transpose of the cofactors matrix of the matrix A is called the adjoint matrix of the matrix
A and denoted by Adj (A)

C1 Ci3

Adj(A) = | fu At
€21 €2 Ca3
€31 C32 C33

81

Algebra and analytic solid geometry-Algebra



Unit three: Determinants and Matrices

2 2 -3
In the previous example Adj(A) = ( 2 1 4 )
1 0 -1
6) Example
2 0 3
4 ) Find the adjoint matrix of the matrix B whereB={ _1 2 -1

C» Solution
We find the cofactors matrix of the matrix B

|2-1 |-1-1 |-12
= 51 o1 05
_|03 |23 _|20|
51 01 05
|03 423 |20
2-1 -1-1 12
7 1 5
=( 15 2 -10)
6 -1 4
7 15 -6
-. Adj(B) =( 1 2 -1 )
5 -10 4

Critical thinking In the previous example, find each of : B x Adj (B) , Adj (B) x B. What do
you notice?

Finding the inverse of 3 <3 square matrix
To find the multiplicative inverse of the 3x3 matrix A using the cofactors matrix, we follow the
next steps :

» Find the determinant of the matrix A , notice that |1Al # 0

» Form the cofactors matrix for each element of the matrix A
» Find the adjoint matrix of A ( the transpose of the cofactors matrix)
» Find the multiplicative inverse of A from the relation

-1
1Al

6) Example , B

5 ) Find the multiplicative inverse of the matrix A = ( 4 3
1 4

S Lt W
“"—-—.—/

> Solution
Find the determinant of A using the first row (say)
2 -1 3
lAl=] 4 3 s |=2(0-20)+1(0-5)+3(16-3)=-40-5+39=-6

1 4 0




Find the cofactors matrix =

20 5 13
12 -3 9

-14 2 10
Find the adjoint matrix ( the transpose of the cofactors matrix)
20 12 -14 1 1 1 -20 12 -14
AdjA)={ 5 3 2 thenA " = ﬁxAdj(A)= % 5 3 2
13 -9 10 a 13 9 10
) 1ry to solve

@ Find the multiplicative inverse ( if exist) for each of the following matrices:

0 -1 1 5 0 0
A:( 1 2 4) B=(7 /) _2) 0

2 3 g 2 3 3 The non-invertible
matrix (signular)
Some properties of inverse of a matrix whose determinant
If A, B are two invertible (nonsingular) matrices, then: = Zero
the invertible matrix
1 (AB)1=B-1A-1 (nonsingular) whose

2 (Alyl=A (the multiplicative inverse of the inverse of eibibels U
a matrix A = the matrix A)
3 (A-lyt=(At)! (the transpose of the inverse = the inverse of the transpose)

4 (AlR=(A2)l] (The square of the inverse = the inverse of its square)

5 M1=1 (The inverse of the identity matrix = the identity matrix)
@ Example
3-1 21 . . .

6 If: A= ( ) ) and B = (_1 5 ) , then verify each of the following properties :

First: (AB)1=B-1 A-1 Second: (A-1)y1= A
O Solution

[Al=3x2-(-1)=7 , Bl =2x5-1(¢1)=11

q_1(21 4 _1(5-1
A _7(-13) . B _11(12)
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First: Second: 2 1
3-1) (21 7 -2 i 21 7 7
AB =(12)(-15)=(011) AT =%(-13)=(-21 3)
IABI =77 4_2.3.1.1
A= 2 x5+ 5 x5
112
(AB)-1=%(07) ) _6,1_1
s - 4974977
qa-l 1 y 1
wiat =4 (52) 4 (53) Ay ‘7(% 7)=(33)=
_1 (112 1 2
-%(57) @ 77
from (1), (2) S (AB)yl=B1A-1 SADT =A
ﬂTrytosoIve

@ In the previous example, verify each of the following properties :
first: (A"t = (A 1)1 second: (A™)2 = (A%

\#'\ Exercises (3 - 2) \#‘:

4

First: Choose the correct answer from given answers:

@ The singular matrix from the following matrices is:

«(3s) (3D <G5 e (5F)
@ The value of x which makes the matrix (_):1 ; ) is singular is:
a 2 b -% c % d 2

@ All the following matrices have a multiplicative inverse except:
21 04 2-3 11
2 (-11) b (1-3) € (-46) d (23)
@ If A is nonsingular matrix, then (AB)1 equals:
a -AB b A-1B-l ¢ B1A-1 d BA)!




Matrices | 3-2

Second: Answer the following questions:

@ Find the value of x which makes each of the following matrices singular :

x-3 2 3 1 3 x+4 2 1
a b 2x  3x x+1 c 3 4 5
4 2 4 7 x-1 1

7 x+2
@ Find the multiplicative inverse of each of the following matrices:
EU A o I
cos@ sin@ 1 secB
300 130 100 123
e(030) f(010) s(310) h(231)
00 3 00 1 501 31 2
1 -1 35 .
@IfA:( - ),B:( . 2),ver1fythat(AB)'1=B'1A'1
123
B HA=| 0 2 _1),verify that: (A 91 = (A1)t
00 -3
340
O KA=|2 15 ),verifythat: (A2yl=(A-1)2
10 -2

. _ 32
Creative thinking: If A = (10 4 ) ,prove that A2 - 7A -8 1= |

then use this relation to find the multiplicative inverse of the matrix A
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You will learn

» Systems of linear equa-
trions

» Using the scientific
caiculator

» Converte the matrix
equation into linear
equations

» Find the matrix rank

» The possibilities of solv-
ing equations by the
augmented matrix

Key terms

» Equation of a matrix

» Rank of a matrix

» Homogenuous equation

» Noh Homgenuous equa-
tion

» Augmented Matrix

» Linear Equations

» Rank of a matrix

» Cofactor matrix

=
LY

@ Think and discuss

You have used algebraic methods to solve the following system of
linear equations:

2x+3y=7 , 3x-y=5

Can you represent the previous equations in the form of matrix equation
and find the solution of these equation ?

The matrix equation represents a full system of equations

System of equations matrix equation

:;’ (33)3)=(3)

y

2x + 3y
3x- ¥y

B Compare the system of equation in the algebraic form and the system
of the matrix equation then determine the coefficients matrix, the
variables matrix and the constants matrix

Coefficients Variables Constants
matrix (A) matrix (x) matrix (B)
) () = (1)

The matrix equation can be written in the form: AX =B
. 273 b4
B Can you find the product of the two matrices ( 3.1 ) ( y )?

B Compare the number of columns of the first matrix and the number
of rows of the second matrix. What do you notice?

B The product you gained should be equal to ( ; )

B Can you use the inverse matrix in the previous lesson to solve the
matrix equation?

Third form secondary -student book
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Solving system of linear equations using matrix inverse | 3-3

Systems of linear Equations

We can solve «n» of linear equation in «n» variables which have unique solution using the
matrices multiplications whenn=2orn=3

and considering the next system of equations:

a;x+byy+ciz =d,
HX+byy+cyz =d, weget AX =B
B X+byy+csz =d;
a b ¢ X 4
where A = (az b, cz),X=(Y), B=(d2)
a3 by c3 z ds
A'1 (AxX) =AlxB multiply both sides of the equation by A-1
(A'1 xA)xX =A-1xB Associative property
IxX =A1A because I is the identity element
X =A-lB

Note that: The solution of the matrix equation AX = B is the product of the inverse of the
coefficients matrix and the constants matrix.

Cj_‘) Example

1) Solve the following system of linear equation using the inverse matrix :
4x +y=0, x+2z=15, y-7z=0

C» Solution
Write the matrix equation AX = B where

4 10 x 0
A=(1 0 2), X=(Y), B= (15)
01 -7 z 0

Find the inverse of the matrix A using the cofactors matrix

410
[Al=A =1 g 2 |=4-D-1(-T)=-1
017
|02| |12| |10|
1-71 "1o-7 01
thccofactorsmatrix:_|10| |40|_|41|
1-7 0 -7 01
|10| |40| |41|
0217112 10
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2 7 1
=| 7 28 4
2 -8 -1

2 7 2
Adj(A) =( 7 28 -8 )
1 4 -1

1 . 1
1 =L - L
Al =--xAd(A) =1
X 1 2 7 2
z 1 -4 -1
“x=-105 , y=480 ,
] 1ry to solve

The solution set = {(-105 , 480 , 60)}

@ Solve the following system of equations:

2x -3y-z=9 ,

X+2y+3z=15 ,

Using the scientific calculator

We can use the scientific calculator to solve system of linear equations in three variables as

follow:

x-2z =12 using the inverse matrix

A Press the botton and the next tool list will be appeared:

(1) (cOMP) General calculations

@ (¢cMPLX) complex number calculations

(3 (STAT) Statistical and regression calculations

oo & @asE e
s) (EQN) Equation solution

L6 | (MATRIX) Matrix calculations

(TABLE) ?uillt:ir;t; | a number table based on one or two
(VECTOR) Vector calculations

& (INEQ) Inequality solution

(¥ (2 (VERIF) Verify a calculation

> (3 (DIST) Distribution calculations




Solving system of linear equations using matrix inverse | 3-3

X Select (5 ) from (EQN) and the next tool list will be appeared:

Press this key: To select this calculation Type:

(1)(@x+by=c,) Simultaneous linear equations with two unknowms

2J)@x+by+c,z=d) |Simultancous lincar equations with three unknowms

(3J(ax2+bx =0) Quadratic equation

(4 J(ax3 +bx2+cx+d=0) |cubicequation

A Select (2 and press on it and let the equations be :
X-y+z=2 , x+y-z=0 , x+y+z=4

X-y+z=2,y-z=0,x+y+z=4

(5)@QN) (2 ) (a, X +b,Y +¢c,Z =d,)

1&E@1E)1E2E) o] Math

1D1O@1&E0E | g B 2 ! s

® @@ @@ [i | -l
= X=)=1
» (Y=)=2
~ (Z=)=3

System of homogeneuous and non - homogenous linear equations
We say that the system of linear equations is homogeneous if all the elements of the constants
matrix equals zero

ie. B= (8 ) . but if one of the elements of the constants matrix is not equal to zero, then the
0

system of linear equation is non- homogeneuous

Verbal expression: Show which of the following systems represents a homogeneuous system

of linear equations and which represents a non-homogeneuous system of linear equations.

1 3x+2y52z=0 , 5x-3y+2z=4 , x-2z=0

2 2x43y=5z , 3x+z=4y , x+z=0

Rank of a matrix

The rank of the non-zero matrix is the greatest order of determinant or minor
determinant of the matrix whose value does not vanish so if A is a non-zero matrix of
the order m x n where small (m,n)then the rank of the matrix (A ) is denoted by RK (A)
where 1 < RK(A) < small (m,n).

Definition
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cﬁj Example

. . . 3-24 145
2 ) Find the rank of each of the following matrices A —(2 3 6) , B= (3 12 15)

) Solution

3-14
First: The matrix A = ( 25 1 ) of the order 2 x 3, then the greatest order of a minor

determinant can be formed from A is 2

|;§ =04+4=-5#£0 . RK(A) =2
. 1 45 .
Second: the matrix B = ( 3121 5) of the order 2 x 3, then the greatest order of a minor

determinant can be formed from B is 2

14
312

45
1215

15

3151 =0

2o, |3 <o)|

*.* the value of each minor determinant =0

s RK(A)Y<2 . RK (A)=1
ﬂTrytosoIve
@ Find the rank for each of the following matrices:
273 1539
a=(353)  B=(735)

6) Example

2 0 3 3 1 4
3 Findtherankforcachofthefollowingmatrices:A=(1 5 -1) ) B=(2 3 5)
2 3 4 -1 201
C» Solution
203
lAl= |1 51| =25#0 .RK(A)=3
234
314
Bl=|235|=0 (R3=R;+Ry . RK (BY<3
-121
We find the minor determinant of order 2
|Zi =3-10=-7#0 L. RK (B)=2

ﬂ Try to solve
5 2 0 2 3 5
@ Find the rank of the following matrices A= [ 3 1 ¢ |,and B={ 7 4 -2
1 3 6 9 15




Solving system of linear equations using matrix inverse | 3-3
Note that
1~ If1is the identity matrix of the order m x m, then the rank of I equals m because [Il=1# 0
2- The rank of the zero matrix = zero
3~ The rank of the matrix A = the rank of the matrix At
4~ If a zero row (column ) is added ( deleted ) to the matrix A , then the rank of A doesn't change .

5- if the sum of rows (columns) is added ( deleted) to the matrix A , then the rank of A doesn't
change .

Critical thinking

213

1~ If the matrix A =(k 0 1) and RK (A) = 2, find the value of K
24-1
-131

2- If the matrix A ={ g 2 and RK (A) = 3, find the real value of K
314

The augmented matrix
If we have (m) linear equations in (n) variables, then we write AX = B and we define the
augmented matrix A as A* = (AIB) of the order m x(n+1)

@ Example

4 ) Find the augmented matrix for each of the following systems:
a 3x-5y=2, 2Zx+7y=9 , 4x -y=3

b x+y+z=9 , 2x -3y +2z=3 , 3x +2y-3z=-3

C) Solution
, [35:2 L f1111:9
aA'=l37:9 b B=[232!3
4-1%3 323:-3

ﬂTry'l:osoIve

@ Find the augmented matrix for each of the following systems:
a 2x+3y=7 , 3x-y=35 , X-y=1

b 3x+2y-2z=4 , x+y+z=3 , x-z=0
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cﬁj Example

5 ! Find the rank of the augmented matrix for the system 2x-y=3 , 6x-3y=9

C» Solution

A*=(2:§ g) is a matrix of the order 2 x3

.". The greatest order of a determinant can be formed from A* is 2
2-1| _ _ |-13 _ _ |23 _ _
|6—3 =-6+6=0, 39 =9+9=0, 69 =18-18=0

*.* the value of all of the minor determinants = 0
.. RK(A¥) <2 RK(AH =1
ﬂ Try to solve

@ Find the rank of the augmented matrix for each of the following systems
a 3x+2y=4, 2x+3y=-6 b 3x-5y=2, 9x+15y=10

Possibility of solving a system of linear equatins
First: The non-homogeneous equations
The equation : a;X; + 85X, + ... + 8, X, =c is called a non-homogeneous equation where ¢ # 0

and the system AX = C is called a non-homogeneous system where C #[_]

1- The system of (n) equations in (n) variables has a unique solution if
RK (A)=RK(A*) =n

2- The system has infinite number of solutions if
RK(A)=RK(A*) =k wherek <n

3- the system has no solution if RK( A) # RK(A"),
Linear equation in three variables

let the system of the equations be
a1X+b1y+01Z=k1 3.2X+b2y+02z=k2

a3x+b3y+c3z=k3 i.e. AX=C

where

k
_fa b ¢ _(* _ !
A_(a2 b, cz) : X‘(Y )’ C_(kz

a3 by ¢

ag b ¢ Kk

A¥=
(32 by ¢ kz)
a3 by ¢3 k3

ks




Solving system of linear equations using matrix inverse | 3-3

The following table summarizes the possibility of solving the previous system
(if k; =k, =k5 = 0 (homogeneous equation - the rank of the augmented matrix doesn't effect)

Possibilities of solution

unique solution
no solution
no solution
infinite number of solutions

no solution

infinite number of solutions

Second: the Homogeneous equations

The equation: a; x; + a5 Xy + ... +a, X, =0 is called a linear homogeneous equation. The system
of homogeneous linear equation is written in the form of AX =[] and the homogeneous
equations are different from the non-homogeneous equations by the rank of the coefficients
matrix A which is the same rank of the augmented matrix A*:

1- IfRK ( A) = RK(A*)= n (number of variables), then the system has a unique solution
X]=Xp=X3=..=X,=0
this solutions is called zero solution (Trivial solutions)

2- If the rank of the coefficients matrix is less than the number of variables n (RK(A) <n,
IAl = 0) then the system has infinite number of solutions other than the zero solution

6} Example

6 ) Show that the system 3x - 2y + 3z=0, x+y=0, y - z =0 has a zero solution only .

C» Solution 23
A= ( 11 0) is a square matrix of the order 3 x3
01-1
323
SlAl= 110 using the elements of the first column
01-1

o 1AI=3 (-1-0)-1(2-3) +0 (0- 5)

Al=-3+1=-2#0 .. RK (A) =3 = number of variables
.". the system has a zero solution as a unique solution
x =0, y =0, z =0 the solution set = {(0,0, 0)}

) ey to solve
@ Show that the system 2x +y-z=0 , x-z=0 , 2y+ z=0 has a zero solution only.

Algebra and analytic solid geometry-Algebra 93



Unit three: Determinants and Matrices

cﬁj Example

7 ) Show that the system 3x + y+4z=0,2x +3y+5z=0, -x+ 2y + z=0 has infinite number
of solutions and find the general form of the solution.

O Solution

314
A =(2 3 5)isasquarematrixoftheorder3><3
121

s lAl= =0,whereR3=R1+R2 . REK(A)=2

314
235
-121
** RK (A) =2 (less than 3) number of variables

.*. the system has infinite number of solutions in the form (t,t,-t).

Ask your teacher about how to find the previous form of the general solution

] Try to solve

@ Show that the system of equations 2x+ 3y+52=0,7x+4y-2z=0 , 6x+9y+152=0
has an infinite number of solutions and find the general form of the solution.
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Solving system of linear equations using matrix inverse | 3-3

?\', Exercises (3 - 3) \#‘:

First: Choose the correct answer from the given:

@ Of the following linear systems , the homogeneous equations are:

a 2x+y=3, x+2y=2 b x-y=0,x+2y=12

€ 3x+y=1, 2x+y=0 d x-2y=0,3x+y=0
@u(2) (3)=(]) Lwea(}) -

a (?) o () e (2) a(3)
() IfA= (1 :fG),thenRK(A)=

a | zero b1 c'2 d 3

@ The rank of the identity matrix I5 is
a 3 b 2 c 1 d zero

@ the rank of the zero matrix of the order 3 x 3 is

a | zero b1 c'2 d 3
1-23
(6) A=, 0 1 |andif RK (A)=2, thenm =
32-1
a -2 b | zero c 2 d 6

@ If m is the number of linear equations and n is the number of variables, then the augmented
matrix is of the order

a mxn b mxm+1) € (m+1)xn d m+D(n+1)
The rank of the augmented matrix of the system -3y=5, 6x-9y=151is

a | zero b1 c'2 d 3
@ The number of solutions of the system: 2x + 5y=0, 3x-z=0, 2y-3z=0is

a | the zero solution only. b zero.

¢ finite number of solutions except the zero solution.

d  infinite number of solutions other than the zero solution.
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223\ (*
the system ( 1 _2_3) ( y ) =[] has
423/ \2
@ The trivial solution only
b Infinite number of solutions other than the zero solution .
¢ Finite number of solutions except the zero solution
d  No solution at all.

Answer the following questions:
@ Solve each of the following matrix equations:

(330 (5)=05) () () =(3) = (F(5)-(3)

y

Laa))-6) = GE6)-6) < G-

@ Write the augmented matrix of each of the following systems , then use the inverse matrix
(if possible) to solve each system :

a 2x+y+z=0 , 3x+2y+3z=12, 4dx+y+2z=-1
b x+3y+2z=0 , x+z=-1 , X+2y=3
€ 2x+y+3z=0 , x+y=-1 , y+2z=3

d 4x +3y-5z=6 , 3x+2y+4z=12, x-y+z=2

@ Show that each of the following systems has the zero solution only:
a 2x+7y+3z=0, 3x+y-2z=0, 4x-3y-z=0
b x-2y+2z=0 , 3x+4z=0 , 6z-y=0
€ x+2y-z=0 , 2x+3y-z=0, 3x-4y+2z=0

Show that each of the following systems has infinite number of solutions and write
the general form of the solution .

a8 x+2y+3z=0, 2x+3y+5z=0 |, 3x-y+2z=0
b 2x_y+3z=0 , 4x-2y+6z=0, x+2z=0
€ 3x-5y-2z=0 , 2x+y+3z=0 , -x+3y+2z=0
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The determiniant: the determinant of the order n consists of n rows and n columns
and it is formed by eliminating ( n-1) variable from n of linear equations

Properties of determinants:
» Inany determinant , if the rows are replaced by the columns and the columns are replaced
by the rows in the same order, then the value of the determinant is unchanged.

» The value of a determinant does not change by evaluating it in terms of the elements of
any of its rows (columns).

» If there is a common factor in all the elements of any row (column) in a determinant, then
this factor can be taken outside the determinant.

» The value of the determinant is equal to zero in each of the following cases:

v If all the elements of any row (column) in a determinant are zeros , then the
value of the determinant is zero.

v If the corresponding elements in two rows (columns) of any determinant are
equal , then the value of the determinant is zero.

» If the positions of two rows ( columns) are interchanged , then the value of the resulted
determinant is equal to the value of the original determinant multiplies by (-1) .

» if all the elements of any row (column) are written as the sum of two elements, then the
value of the determinant can be written as the sum of two determinants .

» If we add to all the elements of any row (column) a multiple of the elements of another
row (column), the value of the determinant is unchanged.

» The value of the determinant in the triangular form is equal to the product of the elements
of its main diagonal.

To find the inverse ofa 3 x 3 square matrix , we follow the next steps:
> Find the determinant of the matrix A where |A|#0

» Form the cofactors matrix (C) of elements of the matrix A .

» Find the adjoint matrix of A ( the transpose of the cofactors matrix) .

» Find the multiplicative inverse of the matrix A using the relation : A-1 = L Adj (A)

[Al
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< | Unit summary

~ Solving systems of linear equations
Considering

A is the coefficients matrix, X is the variables matrix ,
B is the constants matrix, then

» The matrix equation is written in the form AX = B

» The solution os this equation is : X= Al xB

The rank of the matix:

the rank of the non-zero matrix is the greatest order of determinant or minor determinant of
the matrix whose value does not vanish, so if A is a non-zero matrix of the order m xn where
m 2 n , then the rank of the matrix A is denoted by RK (A) where 1 € RK (A)<n

The augmented matrix: It is an extended matrix for a linear system and denoted by A*
where:
A* = (A|B) is of the order m x (n + 1).

Non-homogeneous equations

The system of equations in the form of matrix equation : AX =B is said to be non-
homogeneous where B #[_]

the system of (n) equations in (n) variables has a unique solution if RK(A) = RK(A*)=n,
Al #0

» the system has infinite number of solutions if RK(A) =RK (A*) =k Where K < n

» The system has no solution if RK(A) #RK(A¥)

Homogeneous equations:

The system of equations in the form : A X =[] are called homogeneous equations and if:
RK(A)=RK(A*) =n ( number of variables), then the system has a unique solution which
is the zero solution ( trivial solution)

RK( A) < n (number of variables ) ,| Al = 0, then the system has solutions other than the
zero solution .
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< ‘ General exercises

First L Choose the correct answer from given

24 25 26
O » 28 29 |
30 31 32
‘a zero b 12 (e) 24 d 56
2 5 0
@ The solution set of the equation A x 0l 3 | S———
X 7 5
a {2} b {5} o {7} d {10}
a+b c+b a+c
c a b -
1 1 1
(@)-1 b zero ¢ Y+b+c d ybe
A
@ in the opposite figure DE // BC
5 6 71 D -
DE AD A.E L,
BC AB AC B > c
()7 b6 (e)5 d zero
@ The value of x which makes the matrix ( Bol & ) singular is
4 x+1
() -3 b3 e %3 dg9
@ each of the following matrices has an inverse except :
(36 (26 (48 o (42
& (-2 4) B ( 1 3) & (2 -4) o (10 5 )

Algebra and analytic solid geometry-Algebra -



1-2-3
(7) if the matrix A = (_24 ﬁ)thenRK(A)=
369

‘a zero b1 (e)2 d 3

Second : Answer the following questions :
Without expanding the determinant , prove that :

1 b c
b 1+b2 be |=1
c be 1+¢2
1 bc ca+ab
@ 1 ca ab+bc | =ZeI0
1 ab bc+ca
X+y+2 X y
1 Zx+y+1 ¥y =2(x+y+1)3
1 X X+2y+1
1 1 X
@ -2x +2x2 1+2x2 2%3 =1+5x+ x3
3+2x2 3x2 1+3x3
X+cC X+cC c2
2| . x ¢ |=&+20)x-cp?
0 c-X X-¢
1 a bec
W 1 b ea |=@-DO-0EC-2)
1 c ab
x-1 1 1
44) If (x — 1) is a factor of the determinant 1 1 x+1 |.find the value of x

-1 1 xtk

Xx+c 3 1
@ If x is a factor of the determinant k ) 3 ‘ , find the value of k
X 2 1
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Third : Discuss the possibility of solving of each of the following linear equations and
find the solutions if exist:

A6 x+2y+z=3 , 4x-y-z=6 , x+y+3z=10
@x+y+z=1 s, 2X-y+3z=-5, 3x+2y+3z=0
x+2y—3z=0 , Z2-Xx-2y=0 , 2x+4+4y-62=0
1 1 1 X 1 1 1 1 X 2
1 -1 0 z 3 3 21 z 3
2 4 -6 x 1
W 2 3 y |5{0
3 6 9 Z -1

For more activities and exercise, visit www.sec3mathematics.com.eg
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v Accumulative test

Choose the correct answer from the givens

DU |4 ¢ ¢ |-2ten| 3 o 1 |-
X Vv z 35z Ty Tz
‘a 700 b 10 c 35 d 70
@HA=(§ g) ,B=(_f?) and if AxC =B, then C =
a (3] w (U4 e (T w(PF)

(3) the matrix ( Z 5 Y dgtngslys by =

a 4 b4 (e) +4 d 16
25
(DIfAl—(1 3) andifA( ) =( ) ,theny =
a s b 6 @37 wi\g
c+b 5 c
@ b+c 5 ¢ =i
c+c 5 b
‘a5 b 4 (e)3 d zero

@ Iftheequations x+2y+3z=5,2x-3y+kz=13 3x+ky+2z=3have aunique solution, then

ke
a R b R-{-1} ‘e R-{13} d R-{1,13}
23-1
@ A= {531 | thenRK(A)=
69 -3
'a zero ()1 (e)2 d 3
1153
(8)A=|_¢ 2 | then RK(A!)=
_ \aaq o B B
‘A zero b1 (e)2 d 3
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Second : Answer the following questions:

3x 3x 3k
@ Without expanding the determinant, prove that: 1 b a |=0
a+b a+1 b+1
2-13
Find the rank of the matrix A= | 1 4 _s
45-1
1 1 1
@ Without expanding the determinant , prove that | ; y 1 1 |=¥?
1 1+y 1

@ Use the inverse of the matrix to solve the following system of equations:
2x+2y-z2=3,3x4+y=5,x+y+2z=9

@ Use properties of determinant to prove that:

a+tx X X
= DBen =abctx (ab+betac)
X X c+X

Discuss the possibility of solving the following system of equations:
X-y+z=2,2x+3y-2z=5,3x-5y+2z=-1

X y Z+2
@If X y+2 5 = -4 find the valueof x +y + z
x+2 y /

Show which of the following matrices is singular and which is nonsingular:

@ a=(21) v B=(3Y)
@c=(31.31) @D=(iii)
204 336
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.”' g |
Geometry and M__je_agure_mgéntf in
two and three d|‘7 mensions

Unit introduction

Geometry is the scince of studying the various types of shapes and describing them. It studies the relation of the shapes,
angles and distances with each other. Besides, it is divided into two parts: The plane geometry which is specialized in
studying the geometric shapes of 2-D only and the solid geometry which is specialized in studying the solids of 3-D
(length - width- height). It deals with spaces such as cuboids, cylindric solids, spherical and conical bodies.

Greek had been the first to use geometry. Thales had discovered proofs for some theorems, then Euclid had assembled
all the geometric corollaries and organized them in a book called "the principles". Later , this type of geometry have
been developed into the analytic geometery, geometry of triangles, Minkowski geometry (4-D) and the non-Euclidean
geometry and so on, In this unit, you learn the vectors to study the straight lines, planes and the relation among them

in 3-D

Unit objectives

By the end of this unit and doing all activities included, the student should be able to:

£ Recognize the coordinate system in three dimensions
and resolve the vector in space.

& Find the distance between two points in space and
the coordinate of the midpoint of a line segment in
space .

# Find the cartesian equation of the sphere in terms
of the coordinates of the centre and a point on the
sphere

£ Recognize the vectors in space through:
» Representing the vector by triple ordered.
» '[}w fundamenta}\lmitvectorsinspace ; =(1,0,0),
i =(0,1,0), x =(0,0,1).
» Expressing any vector interims of ; ) j ) k
» Expressing directing line segment in terms of its
ends in space.

104

# Recognize the scalar product and vector product of
two vectors in plane and space.

4 Recognize the properties of the scalar product and
vector product in plane and space.

# Recognize the angle between two vectors in space.

% Recognize the perpendicularity of two vectors in space

& Identify the direction angles and direction cosines of
any vector in space.

# Use the scalar product to find the algebraic and
vector companents of avector in direction of another
vector

% Use the scalar product to find the work done.

% Recognize the geometrical meaning of the norm of
the vector product.

# Recognize the scalar triple product and its
geometrical meaning.

Third Form secondary - Student Book



Key terms

z space T plane = scalar triple product
I 3p < scalar product < position vector
Z  projection Z  vector product £ unitvector
= right hand Rule = component 2 the norm of vector
I 3D-vector T work
Materials Unit Lessons
T Sclentific calculator Lesson (1 - 1): The 3D orthogonal coordinate
system.
Lesson (1 - 2): vectors in the space.
Lesson (1 - 3): Vector multiplication.
Unit chart
Geomelry and measurment in two and three dimensions
I
3D- orthogonal coordinate system
L
Operations on vectors Vectors Position of a body or
| point in space
1 1 ]
Vector Vector  Multiply avector oo ; o
Sy e jection Unit Position
multlplch:atlon addition by a real number componentof  vector Eetor
a vector
( 1
Scalar Vector product f 1

g% J
yza

Properties of Geometrical meaning
multiplying vectors of multiplying vectors

Equation  Midpoint  distance

of of a line between
sphere segment two
in space joining points in
between two  space
points in
space
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Unit One

1-1

You will learn

» Determine the position
of a point in 3D-coordi-
nate system

» Identify the coordinates
of a midpoint of a line
segment joining be-
tween 2 points in space

» Find the distance
between 2 points in the
space

» Equation of the sphere
in space

Key terms
» Space
» 3D
» Projection
» Right hand rule
» Plane

Materials
» Scientific calculator

9@ Think and discuss

A To determine the position of a body on Body
astraightline, we should know the distance <«—e —
between the body and a fixed (arbitrary)
point on it called the origin (O)

OA=xeR

A To determine the position of a body in
plane, you should know its projection on A
two dimensional orthognal axis. I
A=(x,y) € R? I

A~ How can you determine the position of =0‘;—-X — X
a body in space?

L

) Learn

The three - dimensional z X
orthogonal coordinate system R? 0,0, 2)

The coordinates of a point A in space K
are identified with respect to 3 mutually ¢ oA
orthogonal axes intersect at a point by
finding the projection of this point on i )
each axis . g? ! &

’

Think: In the previous 3 D coordinate system, find the coordinates of
the points B, C, D,

ent Book



The three- dimensional orthogonal coordinate system | 1-1

basic definitions:

1- The right hand rule
when the 3-dimensional orthogonal coordinate system is formed, we

should follow the right hand rule. y
where the curved fingers refer from the +ve direction of x-axis towards the A
positive direction of y-axis, your thumb points at the direction of positive 3
Z-axis.

2- Cartisian planes
A All points in space with coordinates (x, y, 0) are y=0 Z A
located in x y plane whose equationis Z =10

A All points in space with coordinates (x, 0, z) are
located in x z plane whose equationis y=0 ™

A All points in space with coordinates (0, y, z) are
located in y z plane whose equationis x=0

C')j Example (Identifying the position of a point in space)

1) Identify the position of each of the following points using 3D-orthogonal coordinate system:

a A(2,3,2) b B(@3,-1,5) ¢ C@40,-1

z

> Solution 4\
2/ To identify the point 3

A (-2, 3, 2), we identify the
point (-2, 3) in the x y plane,
then move 2 units in the +ve
direction of z-axis to get
pointA (-2, 3 ,2)

b/ To identify the point
B (3, -1, 5), we identify the
point (3, -1) in xy plane
then move 5 units in the +ve
direction of Z-axis to get
point B.




€ To identify the point
C 4,0, -1), we identify point
(4, 0) on x-axis, then move
one unit in the -ve direction of
Z-axis.

) ey to solve

@ 8 | Identify the position of each of the following points using 3-dimensional orthogonal
coordinate system:

AG,2,3) B(-1,4,3) C(0,0,4)
b | Complete:
1- The distance between point A (-1, 2, 3) and the Cartesian xy-plane = ...... unit length.
2~ The distance between point B (4, -2, 1) and the cartesian yz-plane = ....... unit length.
.E Learn

The distance between two points in space
IfA(Xy, ¥1, ), B (x5, y2, Zy) are two points in space, then the distance between A and B is

given by the relation
AB =4 (g-x 2+ (yz-y)? +(zp- 27
LR
"L Y \\“ B (X2, ¥25 Z3)
:;" } B3
X1 ¥1» [M
¥1 F'z

O Example

2 ) Prove that the triangle ABC where A (2, -1, 3), B(-4, 4, 2) and C (-2, 5, 1) is right angled at C.
©» solution
AB = (%, - X2 +(y, - y)? + (25 -27)? the distance rule
=4 @2+424(1-92+(3-2?2 =/62
BC= { (4+22+(4-52+(2-12 =48
AC= {@+22+(1-52+(3-17 =/56
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The three- dimensional orthogonal coordinate system 1-1

(AB2 = (v 62)2 =62, BCX+(AC)? =(V/6)*+ (@22 =6+56=62
.. (AB)? = (BC)? + (AC)2 Som( C)=90°

B Try to solve
@ Prove that the points A(4, 4, 0), B(4, 0, 4), C(0, 4, 4) are the vertices of an equilateral triangle
and find its area.

l:' Learn

The coordinates of a midpoint of a line segment
If A(xy, ¥1, 21), B(x,, ¥3, 25) are two points in space, then the coordinates of point C which lies

at the midpoint of AB is:

C=(X1+X2 Yyity2 1 t% )

2 27 2

@ Example

3) IFA(1, -3, 2), B (4, -1, 4), find the coordinates of the midpoint of AB

) Solution

The coordinates of the midpoint = (

o ) itys Itz )

=(1-542, -3211’22;45 ?
.29

ﬂ Try to solve
(3) Find the coordinates of the midpoint of CD where C (0, 4, -2), D(-6, 3, 4)

Critical thinking; If C (2, 2, 6) is the midpoint of AB where A (1, -4, 0), find coordinates of
the point B

I:' Learn

Equation of sphere in space

The sphere is identified by a set of points in space equidistant
from a fixed point called (the center of the sphere) and the
distance called (the radius length of the sphere ).

If point (x, y, z) lies on the sphere of center (4, k, n) and radius
length r according to the rule of the distance between two points,

then r = ¥ (x-L)2+ (y -K)? + (z- m)? by squaring both sides, we
get the standard form of the equation of the sphere (x - L)2+ (y - k)2 + (z - n)2 =12




Unit One: Geometry and Measurement in two and three dimensions

Notice : The general equation of the sphere is:
x2 +y2 + z2 + 2Lx + 2ky + 2nz + d = 0 which represents a sphere whose centre is (-, -k, -n) and

radius lengthr =y £ +k%+n?-d where £ +k2+n? >d

CS) Example

Find the standard form of the equation of the sphere where center is (2, -1, 4)and radius
length is 3 units.

> Solution

the equation of the sphere is (x - 2)2 + (y + 1)2+ (z - 4)2=9

ﬂ Try to solve
@ Find the equation of the sphere whose center is the origin and its radius length is 5 units.

C’jj Example

5 ) Find the equation of the sphere in which A(-1, 5 ,4) , B(5, 1, -2) are the end points of its
diameter.

C» Solution
The center of the sphere is the midpoint of AB = ('12+5 2 : 1 452 y=(2,3,1)

The radius length is the distance between the center and point A
= Q12+ (B-52+(1-42 =422
.~. The equation of the sphere is: (x - 2)2 + (y - 3)2 + (z - 1)2=22

ﬂ Try to solve
@ Find equation of the sphere whose diameter is AB where A(-1,4,2),B (3,-2,6)

6) Example

Idcnl:l:fy the center and the radius length of the sphere whose equation is
x2+y2+z2+4x-2y-6z+11=0

C» Solution
The coordinates of the center = { - % coeff, of x, - %coff. ofy, - %coeff. ofz)=(-2,1,3)

o=/ @+k2+n2-d =4 (22 +(1)2+(3)2-11 =+ 3 unitlength
ﬂTrytosnlva

@ Identify the center and the radius length of the sphere whose equation is
x2+y2+72+6x-8y+4z+1=0
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The three- dimensional orthogonal coordinate system | 1-1

\#": Exercises 1 -1 \#‘:

Complete the following:
@ If point (%, y, z) lies in x y - plane, then z =

. . — — .
@ The two straight lines xx* and zz® form the coordinate plane whose
equation is

z A

@ The opposite figure represents a cuboid in an orthogonal coordinate

system. One of it's vertices is the origion O(0, 0, 0) ,then ° y=
the coordinates of the point B is ... ¢, AG 4,21 C
Coordinates of the point C is #, B
@ IfA(l,-1,4),B (0, -3, 2), then the coordinates of the midpoint of ABIS oo
@ The equation of the sphere of center (2, -1, 4) and radius length 5 units is
Choose the correct answer from the following:
@ The distance between point (3, -1, 2) and the Cartesian xz plane is ......... unit length
a 3 b -1 c 2 d ]
@ The length of the perpendicular drawn from point (-2, 3, 4) to the x-axis is ................ URIL
length.
a 2 b 3 c 5 d 4
The coordinates of the midpoint of the line segment whose terminals (-3, 2, 4), (5, 1, 8) is
a (1,2,6) b (2,-1,4) c (8,-1,4) d (1,5,2)
@ The equation of the sphere whose center is the origin and radius length 5 units is
a x2+y2+22=5 b x2+y2+2z2=0
€ (x-52+(y-5)2+(z-5P%=25 d x2+y24+722=25
The equation of a sphere with center (2, -3, 4) and touches xy-plane is
a (x-2P2+(y+32+(z-42=4 b (x-2)2+(y+3)2+(z-4?2=9
€ (x-2P+(y+32+(z-472=16 d x+22+(y-32+z+4)2=16
Answer the following questions :
@ Find the distance between the two points A and B in each of the following :
a A(7,0,4),B(1,0,0) b A@4,1,9,B(2,1, 6)
c A(19 1: _7)’ B('Z! '3’ '7)
solid geometry | 111
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Unit One: Geometry and Measurement in two and three dimensions

@ Prove that the triangle whose vertices are the given points is a right angled triangle and find
its Area:

a (-2,5,2),0,0, 2,0,4,0 b (4,4, 1),2,-1,2),(-2,5,0)

zA

@ The opposite figure represents a cube
whose volume is 27 cubic unit and one of its vertices is the origin,
find coordinates of the other vertices . y

=
“y

If the points (7, 1, 3) , (5, 3, k), (3, 5, 3) are the vertices of a triangle , prove that this triangle
is isosceles, then find the value (values) of k which make (s) the triangle equilateral

@ Find the coordinates of the midpoint of AB in each of the following:
a A(39 _1! 4) » B (25 01 _1) b A(_Ss 55 5) H] B (_6’ 49 8)

If C (-1, 4, 0) is the midpoint of AB where B (4, -2, 1), find coordinates of point A.
@ Find the equation of the sphere if:

8  the center is point (3, -1, 2) and its radius length v 7

b (3,4,-3),(0, 2, 1) are terminals of a diameter.

¢ | the center is point (1, -6, 1) and passes through peint (2, -1, 5)

Find the center and the radius length of the sphere in each of the following:
a X2 + y2 + Z2 =9
b x2+y2+22-2x+4y=0

€ 2x2+2y2+272-2x-6y-4z+5=0

Find the equation of the sphere whose radius is 3 units and touches the Cartesian planes
(given that three coordinates of the center are positive).

(20) Creative thinking:
If A € x -axis, B € y -axis, C € z-axis and if point(1, -1, 0) is the midpoint of AB and point
(0, -1, 2) is the midpoint of BC , find the coordinates of the midpoint of AC
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The three- dimensional orthogonal coordinate system 1-1

@ Creative thinking:
If x-axis cuts the sphere (x - 2)2 + (y + 3)2 + (z - 1)? = 14 at the two points A and B, find the
length of AB

@ Writing in math: If all the points in the space in the form of (x, y, 0) lie in x y-plane whose
equation z = 0, find the equation of the plane in which all of its points in the form (x, y, 2)

@ Discover the error: If point B (-1, 4, 2) is the midpoint of AC where A(1,0,2),find C

Ashraf's solution Zeiad's solution

c= Fit% y1+Xp Z) +2p let C (%, y, 2)

2 ’ 2 2 Lo
1+1 4+0 2+2 =-1 — x=3

2 ’ 2 ’ 2
0+y =4 — y=8
=(0,2,2) 2

2;‘"‘ =2 — z=2

. ¢c(-3,8,2)

Which answer is correct? Why?




Unit One

1-2

You will learn

» Representing the vector
by three components

» Position vector in space

» Fundamental unit
vectors in space

» Express the vector
interms t of he unit
vectors

» Expressing the directed
line segment in space in
terms of its terminals

» Equality of two vectors
in space

» The norm of a vector in
space

» Unit vector in the
direction of a vector in
space

» Adding vector in space

» Multiply a vector by a
real number

Key terms

» Position vector in space
» The norm vector

» Unit vector

» Scalar product

» Vector product

Introduction:

You have previously studied the scalar quantities and vector quantities
and have known that the vector is represented by a directed segment
determined by a magnitude [norm of the vector ] and a direction. We
will learn in this lesson the vectors in space ( a-three dimensional
coordinate system).

E‘.ﬂ Learn

Position vector in space

The position vector of point A (A, Ay, A;) with respect to the origin O
(0, 0, 0) is defined as the directed line segment whose starting point is
O and end point is A.

A The position vector of point A is denoted by X ie. f =(A,, Ay, A)
AN A, iscalled the component of T\' in direction of x axis.
X Ay is called the component of A in direction of y axis.
A A, is called the component of A in direction of z axis .

The norm of a vector
It is the length of the directed line segment which represents the vector.

If K =(An Ay Ay, then from the distance between two points rule

1A N = (A + (A2 + (A,

O Example

(VKA =@-31), B =(04-3)then
A The component of the vector A in the direction of x-axis is 2
# The component of the vector B in the direction of Z-axis is -3

AN =422+¢12+(3)2 =/13
IBI =J©2+@2+(3P =5

The vector T; lies in the y z -plane (the component of the vector B
vanishes in the direction of x-axis)

ent Book



Vectors in space 1-2

ﬂ Try to solve

(DK A =(1,42), B =@, 1,0), find
a A,+B, b IAI+IB I

Adding Vectors in space
If A = (AgA},Ap), B = (By, By, B,), then:

—_—

C=A +T;‘=(AX+BX,Ay+By,Az+BZ)=(cx,cy,cz)

C’ Example

— —_—
2)If A= ('25 39 1); B = (0, '2, 4), then:
A+ B =(2,3,1) + 0, 2, 4) = (-2+40, 3+ (:2), 1+ 4) = (-2, 1, 5)

ﬂTrytosolva
(2)HA =4,-4,0), B =(-1,5,2),find A + B

Properties of adding vectors in space
For any two vectors A and B € R3, then:

1- Closure property: A + B €R3

—

2- Commutative property: A + B = B + A

[ -

3- Associative property: (A + B)+ C = A +(B + C)

4- Identity element over addition (zero vector): 6 = (0, 0, 0) is the neutral element of
addition in R?

ie: A+O0O=0+A=A

The additive inverse: for every vector X =(A,, Ay, A)e R3 there is
A =(-Ap-Ay-A) eRPsuchthat: A +(- A)=(-A)+A =0
Multiplying a vector by a scalar (a real number)

It K‘ =(A,, Ay, A)e R3 and K € R, then:

KA =K(A,A,A)=(KA, KA,KA)cR3

Analytic solid geometry - Algebra and analytic solid ge
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Unit One: Geometry and Measurement in two and three dimensions

For example: 32,-1,4) =(6,-3,12)

14,960 =233
2(1,-3,4) = (2,6,8)

Properties of multiplying vectors by a real numbers
If A, B eR}andK,LeR, then

1. Distributive property
¥ K(A+B)=KA+KA ¥ K+LyA=KA+LA

2. Associative property
# KLA)=LK A)=KL) A

O Example

3) A =(1,52), B =(4,-1,3), then
1. 2A -3B =2(-1,5,2)-3(4,-1,3)
=(-2,10,4) + (-12, 3, -9)
= (-14, 13,-5)

2. Find the vector C where2C +3A =28

26 +3A=2B by adding -3A for both sides
~2C =2B -3A
~2C =2(4,-1,3)3(1,5,2)
= (8: '27 6) + (35 '15: '6)
=(11,-17,0) by multiplying by%
= 11 17 oye (1 A17
. C =201,-17,0)= G, =17, 0)
] 1ry to soive

@UT=2-31,D =02-2)
a find5C -2D
b/ If3A-4D =T ,find &
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Equality of vectors in the space
A =(Au A A), B =(By, By, By, then:

A =B ifandonlyif:A, =B, , A, =B , A, =B,

@ Example

4 ) Find the values of L, m , n which make the two vectors X =(L-4,m?-3,1),
B =(5, 1, n?) equal

C» Solution
A=B
A, =B, — L-4 =5 B L=9
A, =B, — m?-3=1 — m’=4 — m=42
A, =B, — n?2 =1 — n=+1
ﬂTrytosolva

()1 @2x+1, 5, k+4)=(-1, y2-4, x+1), find the value of x, y and k?

The unit vector
The unit vector is a vector whose norm equals the unit length

For example :
A =(3 4 12 A= (3)2, (42 2 -
A=G313> 13)ls a unit vector because: IIAII_j(13) +(13) +(13) =1
ﬂTrytosolva
@ Show which of the following vectors represents a unit vector

122 _1 4 45

(3 130 3) _(S’S’T)

Fundamental unit vectors ( i ’ 3 ’ k )

It is a directed segments whose starting point is the origin point and
its norm is the unit length and its direction is the positive direction
of x, y and z axes respectively:

i=(1,00,] =010,k =0,0,1)
where ?, f, k are the fund amental unit

Critical thinking
Express the vectors (-1, 0, 0) , (0, -1, 0), (0, 0, -1) interms of the
fundamental unit vectors.
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Unit One: Geometry and Measurement in two and three dimensions

Expressing a vector in space in terms of the fundmental unit vectors
If f =(A,, Ay, A)e R3 , then the vector K can be written in the form

A =(A,0,00 + (0,A,0) + (0,0,A)
=A(1,0,0)+ A/0,1,0) + AL0,0,1)
=Ay i+ Ay ] + Ak

5)fA=21-3j+k ,B=-1-2],find
a 2A -3B b A +BI,IAN+IBI Whatdo you notice?
©» Solution
a 2A-3B =221 -3] +k)3¢i-27)
=4] -6]'\+21’E +3?+63}
2A-3B=71+2k
b A-+B =(2’i\-3:i\+12)+(-,i\—23\)
=i-5 3 +k
SMA+ BN =12+ (52+12 =437
TAT+IBI =22+ 32+ 12+ (12 + (2P
= /TA+/5 we notice that 1A + BIANAI+IB I
ﬂTrytosolve

6)HFA=3]-k+51,B=-=2k +31 ,find
a 3A-5B b IA-BI

Expressing a directed line segment in the space in terms of the coordinates of

its terminals
let A and B be two points in space and their position vectors with respect to the origin be OA

and OB respectively. z 4
OA + AB =O0B

—_—

AB = OB - OA

or AB=B'A




Vectors in space 1-2

0 Example

6 IfA(-2,3,1),B(4,0,2) , then

AB =B-A
4,0,2)-(2,3,1)=(6,-3,1)

BA =A-B
=(2,3,1)-(4,0,2)=(-6,3,-1)

Notice that: K]:’: =- B_A.

) 1ry to solve
(7) a IfA(2,-3,0),B(1,4,-1) ,find AB
b IfA(1,1,-2), AB (4,-1,2) , find coordinates of point B

The unit vector in a direction of a given vector
If A =(A, Ay, A€ R3, then the unit vector in the direction of the vector A is denoted by
U, and given by the relation :

U, =

O Example

7V HE A =(2,2,1), B =3, 1,-2), find the unit vector in the direction of A, B , AB

©» Solution
T - A =_(z.;,_1)_=(gzl)
AT AN /T3S
Uy =2 =fLl2.(3 1 2]
1B J9+1+4 14 Y14 414
AB =B-A
=3,1,-2)-(-2,2,1)=(5,-1,-3)
Us __AB_
IABI




Unit One: Geometry and Measurement in two and three dimensions

ﬂ Try to solve
Find the unit vector in the direction of each of the following vectors:
a A=(8438 b B=i-2]-% c C=3i-4%

Direction angles and direction cosines of a vector in space
If A =(Ay, Ay, Aj)is avector in space and (O, Oy, 0,) are the measures 7 4
of the angles made by the vector with the +ve directions of x, v, z axes +

respectively, then:
Ac=lAlicos, , A,=IAllcos8, , A,=lAllcosb, As
— — A — A . ~ fz
. A =IlAllcos6 i +IAllcosB; j +1l Allcos B, k
N A X A AN
=IlAll(cosB; i +cosy j +cosB, k) / y
(6, 6,0, are called the direction angles of vector A

where 0x1 0y1 0z €[0, «]
cos Oy, cos Oy, cos 0, are called the direction cosines of vector A

Notice that: cos 0, T +cos 0, 3 +cos 0, k represent the unit vector in the direction of the

— .
vector A 1l.e.

2 2 20 —
cos” Oy + cos” O + cos® 0, =1

d Example /

—_—
8 The opposite figure represents a vector A whose norm is 10 units

b | Find the measure of the direction angles of 75? ‘

- L0)
2 | Express the vector A in algebraic form (Cartesian components) m /

0 Solution X

First resolve K into two components; the first in the direction of OZ with magnitude

A, =1Allcos 6, = 10 cos 40 = 7.66

The second in xy-plane
Ay =1l Allsin 6, =10 sin 40 = 6.428

y

Now, resolve the component A, ; into two components; the first is in the direction of 0_5-(

with magnitude
A, =A, ycos 70 =6.428 cos 70 =2.199

the second is in the direction of OY with magnitude
Ay=A, ,sin 70 = 6.428 sin 70 = 6.04
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Vectors in space 1-2

So, the Cartesian form of the vector X is
A=A i +Ayj +AK

=2199 7 +604 ] +7.66 k

Second : to find the measures of the direction angles, we get the unit vector in the direction
of A

Tpa=—2 =119 1 +604 ] +766 k)
Al
=02199 i +0604 j +0,766 k
seos@, = 02199 , then 6, = cos1(02199) =773
cos 6, = 0.604 , then 0, = cos! (0.604) =52.84°
cos@, = 0.766 , then 0, = cos!(0.766) =40°
) ey to solve

N Z A
@ The opposite figure represents the force F with a magnitude 200 Newtons

a_ Express the force F inan algebraic form.

o F m
b Find the measures of the direction angles of the force F . 3, Zm Y>
~ ~ X
g 5 Exercises 1 -2 &,
Complete the following:
(DA =(3,4,2),then NAN= oo
@HEA=1-2]+3k,B=3] —k ,thenA-B =0
@ The unit vector in the direction of A_ﬁ where A(-1,2,0),B(3,-1,2)18 oo
@ The vector A =3 i + f]\ -2 k makes an angle of measure ... with the +ve
direction of x-axis.
@ Thevector B = | +2 3\ makes an angle of measure ... with the +ve direction

of z-axis.

Choose the correct answer from the following:

(6)If A =(-2,k 1)and A ll =3 unit, then k= ...
a 4 b -4 ¢ +2 d /14




Unit One: Geometry and Measurement in two and three dimensions

@ If 30°, 70°, @ are the direction angles of a vector, then one of the values of O = ...

a 100° b 80° c 260° d) 6861°
FA=(1,5-2,B=0311Damdif A+B+C=i,then C =
a i+6]-% b -7 -6] +k
c i +4] -3k d §+47 -k
@ The direction cosines of the vector K =(-2,1,2)i8 i
a/(2,1,2) b (21,2 c (3.5,3) d (1,1,1)

Answer the following :

QO A =231 , B=4-20 , C =(-60,3),find each of the following vectors:
a A+B b 31‘-%‘6 c 3ﬁ+§€

@I A=2]-3] +5k ,B=4] -2k, C=41 +5] -6k , find each of the
followmg vectors
a8 2A+B b 1B-TC ¢ 3A-2C

@ Find the norm of each of the following vectors:
a A =(02-10 b B =(1,2,-2) ¢ C = J d D=1 _4j

@)K A =(0,0), i =(1,0,0), prove that 1A ll = Ikl Il i I

If the tension force in a stringe equals 21 newtons , fine the D
algebraic components of the force F in the directions of
the Cartesian axes

@ Open questlon' What can you say about the coordinates
of the vector A if the vector A is parallel to y z-plane ? -

Open question: If A and B are two vectors inR3. Is I A + B Il = A Il + B 1I? Which
side is greater if both sides are unequal ?

@17) Creative thinking: Find the cartesion form of the vector A if its norm is 5 units and makes
equal angles with the +ve directions of the Cartesian axes .
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You have learned earlier how to make some operations on the vectors
such as adding and multiplying a vector by scaler but you might ask
yourself. Is it possible to multiply vectors? The answer is yes. There
are two types of multiplying vectors; scalar product and vector product
between two vectors. In this lesson, we will study the two types and their
Algebraic and geometrical properties and their physical Applications to
help you study mechanics.

Scalar product of two vectors (Dot product)

@ Think and discuss

— —
If A and B are two vectors and O is the measure
angle between them, find: ]
1- the component of A in the direction of B .

-

P
3=

l(ﬂ!l‘

2- the product of the norm of vector B and the component of A in

the direction of vector §

From Think and discuss, we conclude that:
—
1- The component of the vector A in the

direction of vector B =IIA ll cos®
2- The product of the norm of vector B and the
component of vector A in the direction of

vector B equals I'B Il I A Il cos8
The absolute value of this quantity represents the area of a rectangle

L —
Il "2 llcos @ B

whose dimensions are the norm of the vector B and the component
— —_—
of vector A in the direction of vector B .

L5
(X
The scalar product of two vectors (Dot product)

Learn

If A and B are two vectors and the measure of the angle between
them is @ , then the area of the rectangle whose dimensions are the norm
of one of them and the component of the other vector on it is known as

—_—

the scaler product of the two vectors denoted by A-B

Analytic solid geometry - Algebra and analytic solid geometry
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Unit One
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You will learn

» Scalar product of two
vectors in a plane and
space

» Parallel and
perpendicular vectors.

» The angle between two
vectors

» The component of a
vector in the direction of
another vector

» The projection of a
vector in the direction of
another vector

» The work done by a force
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1) If X and TS\ two vectors of the angle between them 60° andllill =2 II?II =8, find X . ﬁ-

©» Solution
IAN=21BI=8 — IAlI=8,IBl=4
from the definition of the scaler product
A+B =IANNBlcosd
=8x4xcos60° =16

ﬂ Try to solve

@ If X and T_S; are two vectors and the measure of the angle between them is 135°, IIX =6,
ITAll=10,find A + B

Critical thinking: What are the cases at which the value of the scaler product is equal to zero?

Important notes
1- To identify the angle between two vectors, the two vectors must be both getting in or out of
the common point.

2- The measure of the angle between the two vectors € [0 , 7]

—_

A

>

Y

@)

d Example

2 If I{, 3, k are the unit vectors of a right hand system, find i ’i\, :1\ . ji\, k -k
©» Solution
i1 =0T00T Ncos0l 0 Remember
=lxixl=1 The norm of the unit
similar f]\ . 3 =1, K-k =1 vector equals one.
ﬂ Try to solve

—
.
—.>
>
.
=
=
.
—

@ If ’1\ . j]\ , 1,2 are the unit vectors of a right hand system, find i
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Vectors multiplication 1-3

Properties of the scaler product
From the previous example, we can conclude the properties of the scaler product:

—_—— S e

1- A*B=B°*A Commutative property

2- ACA=IAIR

3- A+B =0 Ifand only if A, B are perpendicular (condition
of perpendicularity)

4- 7: . (]_; + fl.) = 73[ * B + T&. . f}. distributive property

5- kA)'B = A+(kB)=k(A*B) K isareal number

3 ) ABCD is a square with side length 10cm, find

a AB -+ DC b AB + BC ¢ AB+CA 5
©)» Solution

a - E , ﬁ are parallel and on the same direction
.. the angle between them is = zero®
S AB - DC =1ABIl IDCIllcos 0°

=10x10x1=100
B
b AB, BC are perpendicular the measure of the angle between them is 90°
.. AB » BC =zero
c -+ AB, CA do not start at the same point )
-.extend CA so the measure of the angle between them is 135°
R N —_— —_— ’
AB * CA =IlABIIIICAIlcos 135° A
=10x 10 y2 x—L =-100
V2
Another solution ' ©
AB * CA = AB *(-AC)
=-AB - AC ¢
=-IIAB Il CA Il cos 45
=-10x10 /2 x—=-100
J2
ﬂ Try to solve
@ ABC is an equilateral triangle with side length 8 cm, find each of:
a AB -+ AC b AB - BC ¢ (2 AC)+(3CB)
solid geometry 125
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Unit One: Geometry and Measurement in two and three dimensions

uaﬂ Learn

The scalar product of two vectors in an orthogonal coordindte system

! A =(Aci +Ayj +A,k),B=(B, i +By ] +B,k)then

A-B =(Ax'i\ +Ay} +Azlz)-(Bx/i\ +By:i\ +lez) using the distribution
property
=AB, i1 +AB, §+] +AB, ik
+AyBx3‘\-li\+AyBy/j\-3'\+Asz’j\-l,E
+A,B k + 1 +A,B k-] +A,B, k + k
iei=jej=kek=1

)

(]
%
»

+
'

s}
e

o A A A ot A~ ”~ A —_— —_
4 f A=2i+3j +4k ,B=-i-2j +k ,find A*B
©» Solutlon

AB =(@234(1,21)
2x-1+3x(-2)+4x1
2-6+4=-4

) ey to solve

@ Find 7{ . TE? in each of the following:
8 A=(132),B=4i -2 3\ +5% What do you deduce?

” —_—

b A=2i-j.B=]-31
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Vectors multiplication 1-3

IE Learn

The angle between two vectors X

You know that A B =IANIBlcos 6

where 0 is the measure of angle between two non zero vectors ) S

A.B,0°<0<180°

A*B

coos@=———
HAINIBI

Speical cases:

1- If cosB= 1 , then X‘, are parallel and in the same direction.

b=l

2- If cos@=-1 ,then A, B are parallel and in the opposite direction.

3- If cos@= 0 , then z_&‘, B are perpendicular.

G Example

5 ) Find measure of the angle between the two vectors
A=47+3]+7k,B=21+5] +4k.
©)» Solution
NTAl =y42+32:72=4/74
BN =/Z52r =435

cosf =__A*B _ 43754 _8+15+28 _  5i
IANIBI /74 /35 J7A445 V1A%
1 51 1 .
cos” (———) =cos™ (0.8838)=27.9
rias) = oos 03838
ﬂTrytosoIve

(5) Find @ in each of the following:

SR
\’:'L:
=]
e}
(]

‘;,‘; 2

=
[o=y
NN




Unit One: Geometry and Measurement in two and three dimensions

uaﬂ Learn

The componont of a vector in the direction of another vector.

If A and B are vectors, then the algebraic component of vector A in the direction of B (denoted Ag) is

— —
—_— .
AB=|IAIIcosﬂ=A7B
—_—
B I
and the vector component of A in direction of B
(denoted by A )isA, = A-B, B =

IB1 I

6) Example

6 ) Find the components of the force F=21-3 _I]\ +5% in the direction AB where
A(lv 49 0)9 B(']-’ 29 3)

C)» Solution

AB =B-A The vector component
F-AB ., _AB
=(-1,2,3)-(1,4,0)=(-2,-2,3 = X
1.2.3-0,40=223 IABI " TABI
- . o —~ T +AB 17 (-2,-23)
The component of the force F in the directionof AB = ——— =0 b T
TABII
(2.3.5:(2,2,3) _ 17 =(2:23)
= = = m
V(2R +(2P+3 {17
ﬂ Try to solve z A
@ The opposite figure represents a cube with side 2 b
length 2 length unit, find the component of QA
on the vector CB
o L
e 2 ¥
Critical thinking: when does the component of a 2 d

vector in a direction of another vector vanish?

.;lﬂ Learn

Using scalar product to find the work done by a force
If a force F acts on a body to move it a displacement S , we say that the force does work
which can be found by the relation:

W=TF+8 =IFIITS llcos®

The unit of measuring the work is the unit of measuring the force x unit of measuring the

displacement.
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Vectors multiplication | 1-3

@ vere ) » 2

7) Aforce F = 11\ -2 3\ +3 12 newtons acts on a body to move it e o Lo o0
from pointi& (-3, 1, 0) to point B(2, 0, -2). Find the work done by by “"Newton" and
the force F where the displacement is measured in meter. the dicplacement is

measured by "metre",

g s_elution — then the work is
S =AB =B - A measured by "joule"
= (2; 0, '2) - ('3’ ls 0)
=(5,-1,-2)
— —
W=F ¢« §

(1,-2, 3) «(5, -1, -2) = 1 N.m (joule)

ﬂ Try to solve
@ A body moves under the actionofaforce F =-6 i +8 j from point A (-1, 3) to point B
(4, 7), find the work done by the force .

O Example

8 ) In the opposite figure : A man pulls a box
with a 160N tension force inclined to the

horizontal with on angle whose tangent
% to move it a horizontal distance of

magnitude 5 m, find the work done by the

tension force.

©» Solution
Work = ? . ?
=IFIIS lcos 0
=160x5x % 5
= 640 joule 3
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Unit One: Geometry and Measurement in two and three dimensions

: Learn

Vector product of two vectors (cross product)

If A and B are two vectorsina plane enclosing an angle of measure 0 and C is a unit vector
perpendicular to the plane which contains A and B , then the cross product of A and B is
given by the relation

—_—

AxB=(ANIBIsinG) C

The direction of the unit vector C is defined ( up or down) According to the right hand rule
where the curved fingers of the right hand show the direction of the relation from the vector A
to the vector B , then the thump shows the direction of the vector C

Important notes

1- If?xfisinthedirectionofﬁ,thcnfxfisinthc

directionof—?fso AxB =-T§'->< A

2- By applying the right hand rule on the right set of orthogonal unit

vectors then :
SETEALLE e
kxi=j
N I L N7
j xi=-k

—_— S

3- forany vector A , A x A = 6 Where 6 is the zero vector.

@ Example

9 _X and ]_; Are two vectors in a plane and the measure of angle between them is 70°.

I Al=15,1B =175, find the normof A x B
C» Solution
A xB =(AlINIBIsnd) C

S IA x BU=0AN B Il sin @ =15 x 17.5 x sin 70 = 246.67
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Vectors multiplication 1-3

) ry to soive

(@) If A xB =-65C andllAll=5, B Il =26, find the measure of the angle between
K and ﬁ'

The cross production in Cartisian coordinates

If A =(AuAy. A7), B = (By, By, B) two vectors, then

N A A

AxB = (A i+Ayj +Azk) x Byi + Byj + Bzk)
= ABixi +AB;/i x ] + ABzix k
+AyBX3'\><,i\ +AyBy'j\ X ; + AYBZE X 1;
+AZBX12x€ +AZBy12 X 3 + AZBZl/;x k

where’i\xli\=3'\><3=12><12=6
’i\in\=12,ji\X12=’i\,l’;x'i\=ji\,thcn

—_—

AxB =0+AB,k +A;Bz(- )
+AyBx(-§)+0+AyBZ(?)
+AzB (] )+AzBy(-1)+0
=(AyBz-AzB) i +(AzB,-A.By) | +(A;B,-A,B)k

The last form can be written in a form of determinant of order 3 x 3 as follows:

A A A
o . i j k
AxB= Ay Ay A,
B, B, B,

Spiecial case

If A =(A,, A), B =(B,, B,)inthe xy-plane, then

AxB =|, A o | = ABy-AB) K
B, B, 0
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Unit One: Geometry and Measurement in two and three dimensions

O Example

10F A =(2,3,1), B =(1,2,4)find A x B, then deduce the unit vector perpendicular to
the plane which contains the two vectors A and B

©» Solution a ~ A
o . i j k
AxB =l 5, 3

1 2 4

=(@3x4-2x1) § -(2x4-1x1) ] +(-2x2-3x1) k

A

=101 +9 j -7 k

The perpendicular unit vector on the plane of A, B = i x E
A x BI
T-10 495 -7k _ 10 $,9 F_. 7 ¢
d 102192+ (72 4230 4230 230
ﬂTryto solve
TfI"A Il = 6 and the direction cosines of the vector A are % , % , % respectively and

B =(2,3,5,fnd A x B

Properties of the vector product of two vectors

If 1_; and Tib are two vectors, O is the measure of the angle between them, then:

1- AxB=-BxA (the cross product is not commutative)
— — — — —
2- AXxA=BxB=0

3- K f X ﬁ = 6 , then either 7{ i T’; or one of them or both is equal to 6
4- A x (Té‘ + 6) = (1_&- P T;) + (7: X ﬁ) distribution property
5- kA)xB = Ax(kB)=k(A x B) where k is a real number

Parallelism of two vectors
We saw in the properties of the cross multiplication that A and B are parallel if and only if:
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Vectors multiplication 1-3

So (AyBz-AzBy) i +(AzB,-A;Bp) j +(ABy_A,B) k = O

So Ay BZ = AZ By . Ax BZ = AZ BX N AX By = Ay BX
So Ay = Az , Ax = Az s Ax = AY

B, B, B, B, B, B,
so Ax Ay o A

B, B, B,

let any of the rations = K, then
A,=kB,,A;=kB, A, =kB,

'.'T{:Ax i +A, 3\ +A, k
" A=kB

A~ Whenk > 0, the two vectors are parallel and in the same direction and when k < 0, the two
vectors are parallel and in opposite directions.

O Example

11) I the vector A =2 1 -3:]'\ +mk isparalleltovectorf= i +k]'\ +812,
find value of m, k

©» Solution
~AIB R S B
B, By B,
2_-3_m Lo 1x3_3 _2x8 _
2-3-1 fk=2=3 m=T0=16
ﬂTrytosolve

QDI A =(2,-3), B/ A andif IBlI=3413,find B .

The Geometrical meaning of the vector product of two vectors &

Weknowthat 1A x Bll=IA NS Il sin @

=IBIxL

1

i

1

|
[
=|IA||smB K
]

1

]

i

1

L

where L =11 A Il sin © 0 —>

= The area of the parallelogram in which B and A aretwo adjacent sides

= double the area of triangle in which B and A are two adjacent sides




Unit One: Geometry and Measurement in two and three dimensions

CS) Example

12 A =(-3,1,2), B =(3,4,-1), find the area of the parallelogram in which A and B

are two adjacent sides.

O Solution
AxB  =(3,1,2x(3.4,-1)
=ls 7 L, | =i #3715k
3 4 -
1A x Bl = /(92+@)2+(152 =335

.". the area of the parallelogram = 3435 unit area.

ﬂTrytosolve
@A =(1,2,4), B =(0,5,-1), find the area of the triangle in which A , B ate two
sides.

IE Learn

The scalar triple product
If A, B, C are vectors, then the expression A * B x C is known as the scalar triple product

which has a lot of applications in the statices filed)
( notice that the expression has no brackets where doing the scalar product first is meaningless)

let A =(AyA,A), B =(B,,B,,B), C =(Cy, Cy, Cy)
then _AT . ]_; x 6 ~ ~ ~
A A a i j k
=(A; 1 +Ay j tA k) B, B, B,
Cx C,

=(Agi +Ayj *A, k)*[B,C,-B,Cp i -B;C,-B,Cp |

+(B,Cy-B,Cp) k]
Ay (B, C,-B,C,)- A(B, C,-B, )+ A,B,C, - B, C)

A, A, A,
“| Bx B, B,
G G G
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Vectors multiplication 1-3

The properties of the scalat triple product
1~ The value of scalar triple product does not change if the vectors are permuted in such a way
that they are still read i the same cyclic order.

—_— i

A+«(BxC)=B+(CxA)=C +(AxB)
notice the cyclic order of X R ﬁ , 6

— S

2- Ifthe vectors A, B, ﬁ in the same plane, then the scalar triple product vanishes

Soi‘-(fo‘,-):O

The geometrical meaning of the scalar triple product Z

—

If A, B, ?J- are 3 vectors forming 3-non parallel
edges of a parallelepiped, then the volume of the parallel
piped = the absolute value of the scalar triple product.

a

Thus the volume of the parallelepiped =I A * B x C |

@ Example

13) Find the volume of the parallelepiped in which three edges sides are represented by the
vectors A =(2,1,3), B =(-1,3,2), C =(1,1,-2)

) Solution
—

The volume of the parallelepiped =1 A » B x E.I 1)

. A'x A'Y Az

.'.A-B><C=Bx B, B,
G G G
213
=|_1 3 2 |=-28 then the volume of the parallelepiped=I-28| = 28 unit
11 -2 volume
ﬂ Try to solve

@ Find the volume of the parallelepiped in which three- non parallel edges are represented by
the vectors A =(3, -4, 1), B =(0, 2, -3), C =3, 2, 2)




Unit One: Geometry and Measurement in two and three dimensions

?; Exercises 1 -3 &:

Complete the following: If ’1\ , j]\ , ]; form a right hand system of unit vectors :
Wi-j=
@ jxk-=

@ If 1_&- =2,-1), ]_,5: =(3, -4), then the component of 1_&. in the direction of T; equals ......

@Ifj_&- ,T; arenonzerovectorsandi-f:O,then i, T;are

—_

@Ifi,T;arenonzerovectorsandXXT;=6-,then A, B are

@ The measure of the angle between the two vectors 3 i- } -4 i+6 3\ equals ...

@ The work done by the force F =3 ’1\ +7 ]; to move a body from point A(1 , 1, 2} to point
B(7, 3, 5) equals

Choose the correct answer from the following:

- — ~

0 b 0 | d k
@ If A and B are two perpendicular unit vectors, then (X - 2]_3\) . (37: +5§) =
a 8 b _7 ¢ 24 do

IfAand B are unit vectors, then A+Be
a 10,11 b }1,1[ ¢ [-1,1] d R

@ The measure of the angle between the two vectors (2,-2,2),(1,1,4) is
a/57.02° b 3526° ¢ 134.37° d o

@ If the vectors (2 k, -3) , (4, 6, -6) are parallel, then k =
al6 b 3 ¢ -3 d 1

Answer the following:

@3) Find A + B in each of the following:
a A=(5,1,-2),B =(4,4,3)

b A=37-2]-k,B=61i+4] +2k
c A=i,B=2]-k

136 Third Form secondary - Student Book
D oo --_‘ "’ “"‘- e Y b




Vectors multiplication 1-3

Find the measure of the angle between the two vectors in each of the following:
= (Sal’ '2)’(131, '1) b (7$29'10)3(2’6a4)
c (2, 1 ] 4)5 (19-27 0)

@ Find A x B in each of the following:
a A=(2,3,1), B =0, 3, 4)
b A=-i-2j,B=3] -5k
c IAll=6 , B Il = 8§ the angle between them is 60°

ABCD is a square with side length 12cm. ¢ is the unit vector perpendicular to its plane,
find:

— —_— — — — —_—
a AB * AC b AB x CA € BC * AD
d BD x AC e AB* BC f AB x BC

@ Find the unit vector perpendicular to the plane which contains the two vectors.
A=21-3]+k,B=-1+23 3k

Calculate the area of the triangle DEF in each of the following:
a D(Sil’-z) s E(4"4s 3) » F(2)49 0)
b D@#4,0, 2 , E2,1,5) , F(1,0,-1)

Calculate the area of the parallelogram LMNE in each of the following :
a L(l,1),M(Q, 3), NG5, 4 b L2,1,3),M1,4,5),N2,5,3)

@ Find volume of the parallelepiped in which A , B , T are three adjacent edges:
[«

A=(1,1,% , B=@2,1,4 , =(5,1, -2)

@ In each of the following, show whether the two given vectors are parallel or perpendicular

or otherwise:

a A=0,22 ., B =03,0,4

b E=107 +40] , TF=3] +8k

c A=21+j2k, TB=8i-4]+8%k




Unit One: Geometry and Measurement in two and three dimensions

= | Unit Summry
~ 'T'he 3D - orthogonal coordinate system 2 X
Identifying the coordinates of point A in space by knowing its 0,0,z FAE
projection on each axis of the coordinate axes . E c
r" y
y x‘," .\y
wsl" @@
FFx z

~ Right hand rule
Where the curved fingers refer from the +ve direction of x-axis
towards the +ve direction of y axis and the thump shows the +ve (k

direction of z-axis
y
# Cartesian planes %
> The cartisian palne xy its equationis Z=0
» The cartisian palne xz its equation is y =0
» The cartisian palne yz its equation is x =0

~ 'The distance between two points
If A(Xl’ ¥ Zl) , b (X-Z’ Yas Z2) are two pOilltS in space, B (Xz, Y Zz)

then the length of the line segment AB is given by

AB={ (xp- X2+ (¥2-71P+ (2~ 2 C (x1, Y1, 21)

~ The coordinates of the midpoint of a line segment
If A(x;, y1, z1) and B (x,, ¥, Z,) are two points in space, then the coordinates of the

M veg UATYE BTl )

idpoint of AB
midpoint of AB are ( I R

~ 'The equation of the sphere in space
the equation of sphere whose center is (1, k, n) and its radius length is r is
(x-L)2+(y-k2+(@z-n?=r2
» The equation of the sphere whose center is the origin and radius length r is x2 + y2 + 22 =r2
» The equation of the sphere : x2 + y? + y2 + 2 éx + 2 ky + 2 nz + d = 0 where its center is
(¢, -k, - n) and length of its radius length is (1) = / 2+ k2 +n2-d where 2 +k? 02 >d
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Unit Summry

~ (The position vector in space
IfA(Ax , Ay, A;) is a point in space, thcn the position vector
of point A w1th respect to the origin A= A, Ay, A)

» A, is called the component of the vector A in the

direction of x-axis e I
x 4

» Ay is called the component of the vector A in the
direction of y-axis

» A, is called the component of the vector A in the direction of z-axis

& The norm of a vector

A =(ALApA)then AT =/ A+ A2+ (A2

~ Adding and subtracting vectors in space
I A=A, A, A
=(B, ., By , Bz), then:

~ Properties of addition

1- A - B eR? Closure property

2- A+B=B+A Commutative property

3- (X & ﬁ') s C=A=+ (ﬁ +C) Associative property

4- A+ 6 6 ‘A=A The identy element of addition
5- A +( X) = (-i) +A=0 The additive inverse

~ Multiplying a vector by a real number
If A = (A, ApAg) ke Rthenk A = (kA, , kA, kAy)
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Unit One: Geometry and Measurement in two and three dimensions

~ Equality of vectors in space
If (Ax, Ay, Az)=(By, By, Bp), then: A, =B, ,A;=B,,A;=By

A The unit vector is a vector whose norm is one unit length

» The fundamental unit vectors

"1\ =(,0,0 The unit vector in the +ve direction of x-axis
j =0,1,0 The unit vector in the +ve direction of y-axis
ji\ =({0,0 D The unit vector in the +ve direction of z-axis

~ Expressing a vector in terms of the fundamental unit vectors

A =(Ax,Ay,A),thenwecanwﬂtethevectorJA-intheformofK=AX i +Ay 3\ +A, k

~ Expressing the directed line segment in space in terms of the coordinates
of its terminals z 4
IfA and B are two points in space thelr pos1t10n vectors are A
and B respectively, then AB B A

~ The unit vector in the direction of a given vector

If A = (Ay , Ay, Ay), then the vector UX is called the unit

vector in the direction of X -~
A

~ Direction angles and direction cosine of a vector in space - 4
If (0, , Oy , 0,) are the measures of angles among the vector
7\- =(A,, Ay ,A,) and the +ve directions of x , y , z axes respectively, then:
> A =I"Allcos 6, A=Al cos B, A, = I A ll cos 6,

ox
» (8, 0y, 0,)is called direction angles of vectors A : f 7

a - [ a —
» cos 6, cos B, cos 6, is called direction cosines of the vector A

» cos®, i +cosBy j +cosB, k represents the unit vector in the direction of A

> cos? 0 +cos? O +cos? 6, =1
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Unit Summry

~ The scaler product of two vectors A
If K and T?? are two vectors in R3 and the measure of the angle between

them is @ where 0 SO < 180° ,then A B =l A lII'B Il cos §

Y

~ The properties of the scaler product of two vectors B
1- A*B=B*A Commutative properties

2- (B+C)=A*B+A°*'C Distributive properties
i B

3- Tfkis a real number, then (k -A - (kf-) =k(7&h . ﬁ-)

—

4- A A =IAI2

5- IfX-f=0thenT\.J_T3\

~ The scaler product of two vectors in an orthogonal coordinate system

A =(A,ApAp), B =(By,B,,Bythen A » B =A; B, +A, B, + Az By

~ The angle between two vectors *
cosf= 212
AN B

Y

> If cos 6 =1, then A// B and on the same direction

@l

» If cos 6 =1, then A// B and on the opposite direction
» If cos 6 =0, then A 1 B

~ 'The component of a vector in the direction of another vector

The component of vector A in the direction of B is denoted by A,

—_—

Ag=lTAlcos=2"B
. I Bl I8Nl cos © B
and the vector component of the vector A
~. = _ A8 B
in direction of the vector B is A = — X ——
B Bl
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Unit One: Geometry and Measurement in two and three dimensions

# The work done by the force F to make a displacement S S
— — — —
Thework= F ¢« S =1l FIlll Sllcos®
» If the force ? is in the direction of the displacement (8 = 0°), ?F

then W=ITFINSI

» Ifthe force F is in the opposite direction of the displacement (6 = 180°),
then W=-FIISI

» If the force ? is perpendicular to the direction of the displacement (@ = 90°),
then W=0

~ The vector product of two vectors

—_— —_—

If A and B are vectors in R? and the measure of the
smallest angle b between them is € 6, then

A B =(ll A 1B Il sin 9) C where C is perpendlcular
unit vector to the plane of A and B . The direction of C is
identified (up or down) According to the right hand rule where
the curved ﬂngers of the right hand to the direction of rotauon
from A to B and the thump shows the direction of [l

~ The properties of the vector product of two vectors

3- x(§\+€)=i'x§.+Xx_é‘disuibutiveproperty \/

4- It X x TS’: =0, then X I ﬁ or one of the two vectors or both of them equals

5-’i\><j|'\=1;, ji\xlz=li\, lléxli\=ji\
?XI’;:-E,IIEXE:-II'\, }X?i\:-ﬁ

~ The vector product of two vectors in a perpendicular coordinate system

If A =(Ac,ApAp), B =(By,By,By)then

Fal "N A i‘
N i j k ;
Ax B = A, A, A E
6 9 _
B B B _ =
x E Il 31l cos & B
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Unit Summry

~ Special case : The vector product in the xy-plane

IfA = (A, A), B =(@B,, By, then:

— — Ax Ay
AXB:

k =(AB,-A,B) k

B B

x y
~ The perpendicular unit vectors on the plane of the vectors » ,
I'A x B
~ Parallelism of two vectors
The two vectors AA- =(Ay, Ay, A, T; = (B, , By, B,) are parallel if one of the following

conditions occures:

[ S E—

1- AxB=0

2- A A A
B. B. B

x 'y z

3- JA. =k ]__5:
If k > 0, then the two vectors X , ]_5; are parallel and in the same directions.
B

Ifk < 0,then the vectors A , B are parallel and in the opposite directions.

~ 'The geometrical meaning of vector product
IIT\. X f I = the area of the parallelogram where 7\\ and ﬁ are two adjacent sides.

= double the area of triangle where A and B two sides.

~ The scalar triple product

A, A, A
A-BxC-=|B By B
c, C G

~ 'The geometrical meaning of the scalar triple product
the volume of parallelepiped where A ) B , E- are three vectors represent the non parallel

—_— e e

edges equals the absolute valueof A « B x C
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Unit One: Geometry and Measurement in two and three dimensions

< | General exercises | >

Complete the following:
@ The point (2, 0, -3) lies in the coordinates plane

@ The opposite figure represents the a cuboid:
A(6,8,24),then

a ' The coordinates of D is

b | The coordinates of C is

¢ The direction angles of the vector OD is

(3)fA(-1,2,3),B@,-1,5),then AB =

@ If point (-2 , 4 , m) lies on the sphere (x + 2)2+(y - 12+ (z-3)2=25,thenm= ...
G)EA=(k34),B=(2,9,mad A /B, thenk=....... =

@ EA:B=IAxB ll, then the measure of the angles between the two vectors AadB

Choose the correct answer from the following:

@ The straight lines X c 27 form the coordinate plane whose equation is ...
a/x=0 b y=0 ¢ z=0 d y=2

The equation of the sphere whose center is the origin and passes through (3,-1,2)is ........
a x2+y2+z2=4 b (x-3)2+(y+1)2+(z-2%=14
€ x-32+(y+1)2+(z-2)=/14 d x2+y2+22=14

@ The coordinates of the midpoint of DE where D2,3,3),E®6,-1,-4)is

a(4,2,3) b (@2,1,3) ¢ @4,1,-3) d@4, 1,9
A/ thenll A x B ll= o
a 0 b 1 ¢ IAl d IBI

@ The vector which represents the unit vector of the following vectors is:

2 (3,2,2 b (3,3,

_ Third Form secondary - Student Book
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General exercises

—
@ If ¢, m, n are the direction cosine angles of vectors A then:
—
a /+m+n=1 b t=m=n ¢ 2im?2+n2=1 'd ¢+m+n=l All

—_— e

@ If A, B, C are three Non-Zero vectors and

ixE":ﬁ, Xoﬁ:O,ﬂlen]_;-E=
a0 b 1 c A d IBI
xy-plane and yz-planes intersect at
a  origin point b x-axis € y-axis d  z-axis
Answer the following:

@ Prove that the triangle whose vertices are (7,1, 3),(5,3,4),(3, 5, 3) is an isoscles triangle .
Find the center and the radius length of the sphere x2 + y2 + z2 = 6z

@IfA(-Z, 3, 5.,B(1, 4, -2) find AB

If ? =(1, -2, 2), find the unit vector in the direction of ?

If the vector T\. makes with the (+ve) direction of the coordinate axes x, y, z angles of
measure 60° , 80° , 6° where 0 is an Acute angle

a _ Find value of 8 b

20K A =(1,6,2), B =(k,3,m), C =(,m,k+m)and A // B ,fmndIC I

— —
@ If A and B aretwounit vectors in R3 , at what condition does the result of the vector product
— —

A x B represent a unit vector in R3. Explain your Answer.
@ ABCD is rectangle in which AB = 6cm, BC = 8cm, find:

a AB *AC b AE +CD

¢ the componant of CD in the direction of BC

@ Find the work done by the force T? = (2, -3, 5) to move A body from point
(1, -1, 0)topoint(2,4,-2)

@ Find the work done by the weight of a body of magnitude 40 N in projected vertically
upwards for a distance of 10 meters above the surface of the ground

@ Prove each of the following where X, TS\, e R3
a IAxBIZ+IA +BR=IAIRIBIZ

—

b Hi-f:o,ix§'=6thenf\-=00r]_§-=3

For more activities and exercise, visit www.sec3mathematics.com.eg
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Unit One: Geometry and Measurement in two and three dimensions

=y | Accumulative test
Complete the following:
@ The distance between the point (-4 , -3, 2) and yz-plane is unit length

(2) I (a-2,b+3,c-4)lies in xz-plane, then b =
(3)IfA(-1,0,-2),B(5,-1,4), then the midpoint of AB is

@ The opposite figure is a cuboid : A (5, 8 , 4), then z4 B
@ | The coordinates of the point B is
A
b | The coordinates of point C is
0 =

@ The equation of the sphere with center (1, -3, -1) and passes
through the point (-2, -1, -1) is

X
& A =¢(231B=0,2-2C=(-335
,thcn2i-3§h+_6=
() I A =(5,-2,3), then the unit vector in the direction of A is
Choose the correct answer:
@) KA =(3,2,m),IAll=y2Z,thenm=
a 21 b +9 ¢ +3 d 17
@OUEA=27+3] -k, B=4i-].thnA-B=
a5 b 4 ¢ +3 d 2

If A = 4 '1\ -3 3\ +5 12 , then the Algebraic components of A in the direction of oy equals
a 4 b 3 c 3 d s
@HX=(2,3,-1),T3\=311\ +4’j\ ,thenthecomponentofiinthedirectionofﬁ- equals

a 18 b% c-% d%

(12) I the direction angles of a vector are 45° , 45°, 0, then 6 =
a)45° b 90° c 0 d 60°
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Accumulative test

Answer the following:

@ Prove that the triangle whose vertices are (2,2, 1), (0,0,0), (2, -4, 4) is a right angled
triangle , then find its Area.

Find the equation of the sphere whose center is (0 , 4, 0) and touches xz-plane
A5 A=(1,3,2,B =0,2,3),findlAI,IA+B I

Find the cartesian form of the vector A whose norm is 21 +3 and makes equal measured
angles with the +ve direction of the coordinate axes.

@ In the opposite figure, find the components of the force
TF whose magnitude is 12 ¥29 newtens in the dirctions

of the coordinate axes . 3m
Il
X y
@HEA=7+]-2k,B=37-2] +5k ,find
a AxB b 2A)xB3B) € Ax(A-2B)

Creative thinking: IfA (0,0,1),B(1,0,0),C (0, 1, 0), find the orthogonal unit vector
to the plane AB C

@Findthedjrecﬁonanglesofthevectorﬁ =37 -43 +5%.
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Second: Analytic solid geometry
Unit Two

Unit introduction

In the previous unit , you learned how to identify a point in space and the position vectors and
how to find their norms. These topics are fundamental in this unit since they are complementaries
to what you leamed in the previous unit and to what you learned last year. In this unit, you are
going to learn the equation of the straight line in space and the equation of a plane in its different
forms. The examples and how to solve them have been varied in order to fulfill the cognitive and
skillful objectives which help the student learn the other concepts and knowledge related to the
solid geometry in the next educational stages.

Unit obects

By the end of this unit and doing all activities included , the student should be able to:
& Find the direction vector of a straight line in space ~ # Conclude the condition of parallelism of two

% Find the parametric equations and the vector planes in space
equation of a straight line in space # Find the equation of the intersection line of two
& Find the cartesian equation of a straight line in planes in space
space # Find the distance between a point and a straight
# Find the general equation of a plane in space line in space
# Find the standard form of the equation of a plane ¥ Find the distance between a point and a plane
in space using the scalar product and the cartesian form

# Recognize the angle between two planes in space  #* Identify the distance between two parallel planes

# Conclude the condition of perpendicularity
of two planes in space
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Key terms

3 Direction vector

3 Direction angles

: Direction cosines

2 Direction ratios

Z Vector equation

> Parametric equations
3 Cartesian equation

: General equation

Materials

: Scientific calculator
: Computer 3D-program.

: Proportional : Standard form
3 Parallel straight Lines % Parallel planes
2 Perpendicular straight z Perpendicular planes
Lines 2 Intersecting planes
2 Intersecting straight Lines z Angle
: Skew straight Lines
2 Perpendicular distance
2 plane
Unit Lessons

Lesson (2 - 1): The equation of a straight line in space.
Lesson (2 - 2): The equation of a plane in space.

Unit chart

Straight lines and planes in space

[ 1

straight line in space
L

plane in space

[

Equation of a

the relation between  the distance between equation of a
straight line in space two straight lines in

L h ( —

distance between a

a point and a straight plane in space point and a straight

space line in space line in space
1
( J- distance between
vector cartesian WEEGET general two planes in
form form Fa— form space
parametric axes intercepts form
form _( 1
angle between perpendicular st?ndard Relation between two
two straight lines straight lines in space orm palnes in space
parallel straight lines f 1
in space L
perpendicular  parallel intersecting
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Unit Two

2-1

— Youwilllearmn ——o

» Direction vector of a
straight line

» Different forms of the
equation of a straight
line

» The angle between two
straight lines

» The distance between a
point and a straight line

» Parallel straight lines

» perpendicular straight
fines

—  Keyterms —o
» Direction vector
» Direction ratio
» Direction angles
» Cartesian equation
» Parametric equation

— Materials —o

» Scientific calculator
» Computer 3-D program

Equation of a straight Line in space

You learned in the previous years the straight line in a plane and how
to find the different forms of the equation of the straight line in a plane
(vector -parametric-general) forms. In this lesson, we learn the straight
line in space and how to get the equation of the straight line in space
in different forms because it is much important in geometrical fields,
architectural design and applications of space science.
qb Learn
Direction vector of a straight Line in space
If B, 6,, 0, are the directed angles of a straight
line in space, then cos 6,, cos Oy, cos 0, are
directed cosines of these straight lines and
they are usvally denoted by 7, m , n.
¢ = cos 6, m = cosf,, n=cosd,
s0 £2+m? +n? =_1

'1“

A A

so thevector u=¢ i +m j
direction of the straight line.

And any vector parallel to the unit vector u E. called the direction
vector of the straight line and is denoted by d

+n k is the unit vector in the

ie. d =k(i +mj +nk )=(a,bc)
where a, b, c are proportional to ¢, m,n, keR*
a, b, ¢ are called direction ratio (direction numbers)

for example: if (% , % , % ) are the direction cosines of the straight line.

then the vector ? =k (% , % , % ) represents a direction vector
of the straight line where k # 0

put k= 3— d =212
rl

put k=6 — = (-4, -2, -4)

i.e the straight line has infinite number of parallel direction vectors each
is parallel to the straight line.




Equation of a straight Line in space 2-1

cﬁj Example

1, Find a direction vector of the straight line passing through A(-2,3,1),B (0,4 ,-2)

) Solution

A direction vector of the straight line = A_ﬁ = T?-\ - X =00,4,-2)-(-2,3,1)

. d =@, 1, -3
ﬂ Try to solve
@ Find a direction vector for each of the following straight lines:

a_ The straight line passing through the origin point and point (-1, 2, -2)

b The straight line passing through points C (0,-2,3)and D (1,1, -1)
Critical thinking:
1~ What can you say about the straight line with direction vector d = (a,b,0)?
2- Find a direction vector for each of the cartesian axes.

“lé Learn

Vector form of the equation of a straight Line in space

If L is a straight line in space whose direction vector is ? =(a, b, c)
and passes through the point A whose position vector is A= (X, Y1, Zp)
and if point B is any point on the straight line whose position vector is A (Xq,¥1, #1)
? =(x, vy, z),then

B(x,y, 2

From the figure: ?:T\-+AAB;
— — — — 0
but AB/d (AB=td)
T =A + td —— vector form of the equation of straight line.

2 ) Find the vector form of the equation of the straight line passing through point (3, -1, 0) and
the vector (-2, 4 , 3) is a direction vector for it.

) Solution

(3,-1,0) representsapoint on the straight line .-, X =(3,-1,0

(-2, 4, 3) represents the direction vector of the straightline.". d =(-2, 4, 3)

—

- - - - — —
the equation of the straight lineis r =A +td

—

r =(3,-1,00+t(2, 4, 3) ——vector form of the equation of straight line.
Note: t is a real number does not express a unique constant number but it takes different real
values and it is called a parameter and for each value of this parameter(t), we can find a point on
the straight line.




Unit Two: Straight Lines and planes in space

for example: whent=1 , then ? =(1,3,3) represents the position
vector of a point on the straight line .

and when t=2, then? =(-1, 7, 6) represents the position vector of another point on the
straight line.

ﬂTryto solve
@ Find the vector form of the equation of the straight line passing through point

(4,-2,5) and its direction vector is (1 , -2 , 2), then find another point on this straight line.

nlé Learn

Parametric equations of a straight Line in space

From the vector equation of the straight line T =A +t r

and by substituting for T =(x,v, 2), 7: =(X1,¥1,21) ? =(a,b,c)
then (x,y,z)=(x1,y1.2)+t(a,b,c)

(x=x;+at,y=y;+bt,z=2z; +ct) —— the parametric equations of the straight line

O Example

3 Find the parametric equations for the straight line passing through point (2 , -1, 3) and its
direction vectoris (4 , -2, 5).

©» Solution
? =(2,-1,3)+t(4,-2,5) — vector form of the equation of the straight
line
So(x,y, 2) =(2,-1,3)+t4,-2,5)
SoXx=2+4t , y=-1-2t , z=3+5t
ﬂTrytosoIve

@ Find the parametric equations for the straight line passing through the origin point and its
direction vector is (-2, 3, 1).

qlé Learn

The cartesian equation of a straight Line in space

From the parametric equations of the straight line

- - Z_-Z
X=xy+ta,y=y;+thz=2,+tc DR WP A / Sy L=t
a b c
X-% _ YW1 _ %% . . I
a b o » the cartesian form of the equation of the straight line.

Where each of a, b, ¢ not equal to zero.
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Note:
1- In the case a = 0 (say), then the cartesian form of the equation of the straight line takes the
- Z-Z
form of x = x;, Ybyl = 1
[

2- You learned in the previous years that the equation of the straight line in a plane is
ax +by+c¢ =0 and some people think that the equation of the straight line in space will be
ax+by+cz+d=0 and that's a common mistake where the last equation represents the
equation of a plane in space as we will see in the next lessons.

3- Since the direction ratios a , b, c are proportion to the direction cosine ¢, m, n, then we can
write the cartesian form of the equation of the straight line in the form

Xy _ VM1 o E-7%
OExample

4 m n
4 ) Find all the different forms of the equation of the straight line passing through the points
2,-1,5)and (-3,1,4).

©)» Solution N
The direction vector of the straightline d =(-3,1,4)-(2,-1,5)=(5,2,-1)
The vector form of the equation of the straight line T = 2,-1,9+t(-5,2,-1)

The parametric equations x=2-5t, y=-1+2t, z=5-t
The Cartesian form x '52 =7 ; ! __” '15
ﬂ Try to solve

@ Find all the different forms of the equation of the straight line passing through point (3,2 , 0)
and (-1,3,4)

dExample
x+1 y-1 _ 5-2%

5 ) Find all the different forms of the equation of the straight line 5— =

2 3
©» Solution
- -Z
let 3x+1 . 1 _ 5 —t
2 2 3 1 5
Il oy  then X =73 + 3t The parametric
2
y-1 _ " o ” form of the
2 t » thent y = i equation of the
-Z s -
5 =1 , then z =5 - 3t straight line

from the parametric equation, we can write the equation
x,y,=C3, 1,93, 2,3
ie ?:(-% ,1,5)+t(%, 2, -3) vector form

Notice that: the direction ratios of the straight line are (% ,2,-3)or(2, 6, -9
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ﬂ Try to solve
-z
@ Find all the different forms of the equation of the straight line X ; 4 _ s _ 4

2 4
, then find a point belongs to the straight line.

nlé Learn

The angle between two straight lines in space

If L; , L, are two straight lines in space whose direction vectors are L,

Er =(a;,b;,cpand F; = (ay , by , ¢5), then the smallest angle between L,
the two straight lines L, L, is given by the relation: 0

13, * 4,1

12 o0<6<Z
I 7dy Id,

cosO =

and if (¢, , m;, n;), (¢, my, ny) are the direction cosines for the two
straight lines, then:

cosO = 1¢; ¢5 + m; m, + 0y 0yl

O Example

6 ) Find the measure of the angle between the two straight lines T; =2,-1,3)+t;(-2,0,2)

andx=1, y-4 = %
©)» Solution .

From the equation of the first straight line d, =(2,0,2)

From the equations of the second straight line d_; =(0,3,-3)

.'.cosG: |i1.'2-| - |(-2=0‘2)'(0n3c-3)|

g, Hdy I ¥ (27 +0%2+22/ 0%+ 32+ (-3)°
= L =l * 6: 60°
/8 /18 2 o

ﬂ Try to solve

@ Find the measure of the angle between the two straight lines
- ¥4
L1:X=2-5t,y=1-t,z=3+4t’ I‘2:X+1_2 Yy _

O Example

3 4 2
7 ) Find the measure of the angle between the two straight lines whose direction cosines are
5 -12 1 ), ( -3 4 1 )
13/2 1342 V27542 T5/2 V2

(
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) Solution

5 12 1 3 4 1
t,m’n = » * l!m!m = r k]
Geme =G 35 7 Crmem) =G 575 73
s.cos0  =lfy4, + mymyt nynyl
5 3 -12 4 1 1
=l X + X + X |
1342 542 1342 542 V2 42
- -15 N -48 L1 |=L
130 130 2 65
1
.0 =cosl(gs)=89"7 6

ﬂ Try to solve
@ Find the measure of the angle between the two straight lines with direction cosines

2 2 1 1
(§ ’?,g)’(ﬁ’ﬁ,())

qlé Learn

Parallel lines in space
If d =(a;, by, ¢y}, dy =(ay, by, cy) are the direction vectors of the two straight lines

Lyand L, , then L //L, if and only if d; //d, .This condition can be satisfied by several forms

1-?{:1(3 2'&:&:& 3" dl X d2= 0
Note
1- If the two straight lines are parallel and there is a point on one of them satisfying the
equation of the other, then the two straight lines are coincident .

2- If ?r is not parallel to T;h , then Lyand L, are either intersect or skew.

6) Example R

8 Prove that the two straight lines n = 3 +y ( i w2 j - ?)

—

Iy =(; +_'|'\ + k )+t2(-2€ -23 )
intersect at a point, then find their intersection point.

) Solutlon .
d] =(1:25'1); dz =(_25_250)
1
i:i=-§ i =l=-1 s i?’:i
a 2 b, 2 b

The two straight lines are not parallel to prove that the two straight lines intersect at a point,
— —
look for a value for t;, and t, whichmake r; = r;

A A A

j +t1(i +2 3 - k)= i+ j+ k +tp(2 i -2:]'\ ) by equating the cofficients

= 1- 2t2 ,then i+ 2t2 =1 (1)
2ty = -2t ,then  t1+ t,=0 2)
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;=1 , then t;=-1 3
by substitution from (3) in (1) ty=1
This values satisfy equation (2)
Thsestwostraightlinesintersectata pointandthe position vectorofthe peintoftheintersectionis
T=i-1(i 2] -k)ys-i-j+k ie (1,-1,1)
ﬂ Try to solve
Provcthatthetwostraightlines ?:(3,-3,5)+t1(0,-5,5)

T =(2,3,1) +4(,-1,-1)
are perpendicular and intersect at a point, find the coordinates of their intersection point.

qlé Learn

Perpendicular lines in space

If?;- =(a;,by,cp) ,E; = (a,, by, c,) are the direction vectors of the two straight lines L; and
L, , then

L, LL,ifandonlyifd, + d, =0

O Example

9 ) Prove that the two lines ?: 124+ 2,-1,H & ? =(1,1,0)+t(-2,7,11) are
orthogonal, then show that they are skew.
©» Solution
?1. =(2,-1,1) —— direction vector of the first straight line
Tz =(-2,7,11) —— direction vector of the second straight line

d, +dy =(2,-1,1)e(2,7,11)
=2x(2)+(1)x7+1x11

=4-7+11
=0 .. the two straight lines are perpendicular
To prove that the two straight lines are skew, we prove that there are not any values for t;, t,
make ? = T;
ie.(1,2,4H+t,2, -1, D=1, 1, 1)+t,(-2, 7, 11) by equating the coefficients
1 +2t; =1 - 21, ,then t; + t, =0 @
2 -4 =1+ 74 sthen -t - 7, =-1 2
4 +t =1+ 1l ,them t - 11, =-3 3

By solving the two equations 1 and 2, we get t; =% = % and these values do not satisfy the

third equation

.. the two straight lines are skew
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ﬂ Try to solve
@ Prove that the two straight lines

Ty =03,-1,20+t,(4,1,3), T, =(0,4,-1)+t,(1,-1,2) are skew.

O Example

10 Find the equa_l;ign of the straight line passing through the point (2, -1, 3) and intersects the
straight line r; =(1, -1, 2)+t(2, 2, -1) orthogonally.

©» Solution

Let C be the point of intersection of the two straight lines
C e straight line L, (given straight line)
C can be written in the form
C+2t, -1+2t, 2-¢)

the direction vector of L, (required straight line) is
d, =AC=C-A
E =(2t-1,2t,t-1)

d =@2,2,-1)
The two straight lines are perpendicular S.dp e dy =0
2,2,-)=(2t-1,2t,-t-1)=0
4t-2+4t+t+1=0
9t=1 then t=7
a4, =(L, 2, :10)=(7,2,-10
2 (9 5 9) ( )
the equation of Ly is 7 =(2,-1,3)+t,(-7,2,-10)
ﬂTrytosolve

Find the equation of the straight line passing through the origion point and intersects the
straightline 7~ =(3, 1, 4)+t(2, 1, 3) orthogonally.

0 Example (distance between a point and a straight line in space)

11) Find the perpendicular distance from point (3 , -1 , 7) to the straight line passing through the
two points (2,2,-1)and (0,3, 5)

©» solution
LetA(2,2,-1),B(0,3,5),C(3,-1,7)

R

BC=C-B =3,-1,7-(0,3,5=3,-4,2)

—_— T

The direction vector of the straightline d =BA =
~d=@,1,-6)
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—_— —
B D is the absolute value of the projection ﬁ on the straight line AB = M
IBAI

I3 4¢2)*(2-1-6) _ 2

BD =
GV O]
but Il BC I =/ 32+ (api2 - /5%

.". The perpendicular distance C D =4 (B C)? - (DB)?

_ 4 _ [1185 -
—j29_41 j a1 = 5.3 unit length

ﬂ Try to solve
@ Find the length of the perpendicular drawn from point (2 , 1 , -4) to the straight line

T o=(,-1,2)+t(2,3,-2)

Critical thinking: Can you prove the following relation which identifies the distance from point

B to the siraightline t = A +t d the perpendicular distance = L:d"
#\ nmdu
#\ 3 Exercises 2 - 1 L'
Complete:

@ The vector equation of the straight line passing through point (2 , -1 , 3) and the vector
(-1,4,2)is adirection vector of itis ..o

@ The measure of the angle between the two straight lines 2x = 3y = -z and 6x = -y = -4z equals

@ The measure of the angle between the two straight lines whose direction ratios are (1, 1, 2)
and( /3 -1,-/3 -1,4)equals ...

@ If 8, is the angle made by the straight line passing through point (3, -1, 1) and the origin
point with the +ve direction of z axis, thencos O, = ...

@ A direction vector of the straight line passing through the two points (7 , -5 , 4)and
(5,-3,3)i8

Answer the following:

@ Find the direction cosines of the straight line with its direction ratios
a -1,2,3 b 1,1,1

@ Find all the different forms of the equation of the straight line.
a | Passes through point (4 , -2, 5) and the vector T =(2,1,-1)is a direction vector of
it.
b | Passes through point (3 , -1, 5) and parallel to the vector AB
where AB = (4,-2,2)
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€ Passes through the two points (3,-2,0)and (0,4, 1)

d  Passes through point (3 , 2, 5) and makes equal angles with the +ve directions of the
coordinated axes.

2-z

Find the vector form of the equation of the straight line x - 3 =3 :2 =—3

A

(i OA=i -2j +k ,OB=-1i3],
OC=3i+j -2k , OD=8i +j +4k .

>

Find the vector equation for each of the following straight lines
a_ Passes through the two points A, B -
b Passes thorough point D and parallel tcz_I?C
¢ Passes through point C and intersects AB orthogonally

Find the measure of the angles between the two straight lines
a L, : passing through the two points (-3,2,4)and (2,5, -2)
L, : passing through the two points (1, -2,2)and (4,2, 3)
b Lij: 7 =@2,-1,3+ t(1,4,2)
Ly: T =0,2,-D+ t,(1,1,3)

€ L,:2x=3y=4z

@ State the necessary condition(s) to make the two straight lines
LI: X=X +a1t1 . y=y1+b1t1 N Z=Zl+clt1
Ly:x=xp+agly, y=Yo+byly, Z=2 +Coly
a parallel b perpendicular ¢ intersect at a point

@ Find the vector equation of the straight line passing through point A (1 , -1, 0) and parallel to
the straight line passing through the two points B (-3, 2, 1), C (2, 1, 0), then show that point
D (-14, 2, 3) belongs to the straight line.

@ Find the value of n which makes the two straight lines L, : T;. =(3,-1,n)+t; (4,1,3)
y-4 _ Z+1
1 2
Discover the error:
a | The sum of the squares of direction ratios for any straight line equals 1
b The direction cosines of the straight line passing through the two points (x; , ¥y, Z1),

(X2, Y2, 22)i8(Xp- X1, Y2-¥1, Z2-%)

Ly:x= intersect at a point, then find the point of their intersection

¢ If (a;, by, cq) and (a,, by, cy) are the direction ratios of the two straight lines L; and
L, , then the measure of the angle between them is given by the relation
c0s@ = la;a; + biby+ ¢,y
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The equation of a plane in space

2 -2

— Youwilllearmn ——o

',‘) Think and discuss

s
' :f;;zri:qszzgzn ofa 1- 1f T{- and B two orthogonal vectors, then X -B =
» Standard equation ofa |
plane in space 2~ The direction vector of the straight line passing through the two
' G;znerql equation ofa points (X1, ¥1, z1) and (X3, Y2, Z3) I8 oo
’z:;’zz::va;i two 3- The z -coordinate for all the points lying on x y-plane equals
planes
©» Condition of parallel
planes u Learn
» Condition of orthogonal q
planes
» Equation of intersec- The vector form of the equation of a plane in space

tion fine of two planes in If point A (x4, ¥;, z;) belongs to the

space ) i o~
, The distance between a plane and its position vector is A and
point and a plane the normal direction vector to the plane
» The distance between is T; =(a, b, c) and B (x, ¥, z) any point
two paraliel planes on the plane its position vector is T
- Keyterms +——o (hen:
» plane e
» Standard form n°*AB=0
» Parallel planes — s oo - =
» Perpendicular planes “ n*(B-A)=0 (B=r)
:::;:deg planes hecT=n¢+A — the vector form of the equation of the
plane.,
© i.e: to find the vector equation of the plane, we must know a point on

the plane and the perpendicular direction vector to the plane.

—  Materials +—» (53 Example

» Scientific calculator ) .
» 3-D computer pro- 1 ) Find the vector forrr} of tkle equation of the plane that has normal

grammes vector T-r = i + j + k and contains point (0,1, 1) .

) Solution

The vector equation T-?:?- 7;: where X:(O,l,l)

(1,1,1)+ 7 =(1,1,1)=(0,1,1)
S (1,1,1)+ 7 =2
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ﬂ Try to solve
@ Find the vector form of the equation of the plane passing through point (2 , -3, 1) and the

vector ? =(1,-2, 3) is normal to the plane.

nl‘g Learn

The standard form and general form of the equation of a plane in space
From the vector form of the equation of the plane
T (T -A)=0
where T=(a,b,c),?:(x,y,z),i:(xl,yl,zl)
(@, b, o) (x-%, y-y1, 2-21)=0
. a(X-Xxp) +b(y -y +c(z-2z;) =0 — thestandard form for the equation
of the plane

by expanding
~ax+by+cz+(-ax;-by;-cz))=0
consuming -ax; -by; -cz; =d, then
ax+by+cz+d=0 —— the general form of the equation of the plane

d Example

2 ) Find the standard form and the iencral form of the equation of the plane passing through
point (3 ,-5, 2) and the vector n =(2, 1, 1) is normal to the plane.

©» Solution
The standard form a(x-x))+b(y-y))+c(z-2;)=0
2(x-3+(y+3)+(@z-2)=0  — the standard form
Expand and collect the like terms
2x+y+2z-3=0 — general form
ﬂ Try to solve
@ Find all the iiﬂemnt forms of the equation of the plane passing through point (-3, 4, 2) and
the vector n =(1, -1, 3) is normal to the plane.

Example
d P (Equation of a plane passing through three non-colinear
points)
3 ) Findthedifferentforms of the equationofthe plane passing throughpoints (3,-1,0),(2,1,4)and
©,3,3).

©)» Solution
First : we must make sure that the points are non-colinear
Assuming A (3,-1,0),B(2,1,4),C(0,3,3)

AB=B-A=(1,2,4, AC =C- A =(3,4,3)
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375 . AB t AC .". the points are non-colinear

To find the equation of the plane, we need the normal vector to the plane by getting the
vector product of the two vectors AB, AC. -

A A

=10 i -9 ] +2k

1
—
N

The vector form of the equation of the plane
— = — =

(-10!-9’2). I =(-10"9’2).(3’ '1,0)

(-10,9,2)+ T =-21

The equation of

the plane passing
through the three
points (x, Yy, Z;),

(X2, Y2, Z3), (X3, Y3, Z3)
;o -10(x-3)-9 @+ 1) +22=0 is:

x-m y-pn z-x

The standard form of the equation of the plane
a(x-x)+b(y-y)+c(z-2z9) =0

The general form of the equation of the plane R
('10: '9a 2)'(X, ¥ Z)=_21

So-10x-9y+22+21=0
ﬂTrytosnlva

@ Find all the different forms of the equation of the plane passing through points (1, 0, 0),
(0,2,0)and (0,0, 3).

LZ-X1 Yi-h Li-n

Example
0 P (a plane contains two straight lines)
@Provcthatthetwostraightlines ?:(3 I + 3 - 1; )+t ( I +2 ; +3 ]; )

T, =21 +5] )+t(i -j +k)
are intersecting , then find the equation of the plane containing them.

© Solution
If the two straight lines intersect, thenr; =1,

Gi+j-k)m(i+2j+3k)=@i+5] Wt(i-j+k)
by equating the coefficients ,we find

3+t =2+t gthen t; - t, =-1 (1)
1+2t1 =5-1, ghen 2, + t, = @)
-1+ 3t1 =t2 ,thCIl 3t1 - t2 =1 (3)

by solving 1,2 t1=1, t,=2

by substituting with these values in the equation (3), we find it satisfies the equation
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The two straight lines intersect.

-
the normal vector to the plane is n where

A

[ . S —

n=d1><d2=

I L
Nh
—_ W
>
>
>

e m m
r=n

The vector equation of the plane n *
s 6,2, —3)-?:(5, 2,-3)+(3.1,-1
S (5,2,-3)T =20

The general form
5,2,-3)(x,y,z)=20
5x+2y-32=20
ﬂ Try to solve
@ Prove that the two straight lines L, : 2x =3y =4 z, L,: 3x = 2y = 5z are intersecting, then
find the equation of the plane containing the two straight lines .

d Example

@ Find the point of intersection of the straight line 2x = 3y -1 = z -4 with the plane
3x+y-2z=5

©» Solution
From the equation of the plane
y=5+2z-3x
by substituting in the straight line equation
2x=14 + 62z - 9x
=z-4
11x-6z=14 (1)
Sz+9x=18 (2)
by solving the equations (1), (2), we get
x=-38,z=-72
by substituting in the plane equation
Soy=-25
.*. the point of intersection is (-38 , -25, -72)
ﬂ Try to solve
@ Find the int_e\rsection point of the straight line _1:. =(1,4,2)+t(3, 2, 2) with the plane
(3,2,2).r =-2
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ﬂlé Learn

the angle between two planes

The measure of the angle between two planes is the measure of the —
angle between their two normal vectors i.e. ;; and ;; are the ; "
two normal vectors on the two planes, then the measure of the angle ‘
between the two planes is given by the relation q

Ln® ! Ghere0< 6 <90°

I g 111 g I ]

cosf =

6) Example

6 ) Find the measure of the angle between the two planes : (2,-1,4) 1 “=5and
:3x-y+2z=4

C» Solution

The normal vector to the first plane ET =2,-1,4
the normal vector to the second plane E; =3, -1,2
.". The measure angle between the two planes is 8 where

os@ = | M Ml _ 214Gl _ 15
I Y2 =2 146
15
2} =cos! (—2_) = 28°58"
N
ﬂTrytosolve

@ Find the measure of the angle between the two planes x - 3y +2z=0and 2x+y-z=3

Parallel planes and perpendicular planes
If ET and ;; are the normal vectors to the two planes, then

1~ The two planes are parallel if nél i E i.e (—=1=1)

2~ the planes are perpendicular if ?1. . ; =0 ie. (ajap + byby +¢1 c) =0

@ Example

7 ) If the plane 2x - y +kz = 5 is parallel to the plane x + Ly +4z = 1, find the value of k , L.

) Solution

The two plane are parallel La_bh_ e
as b2 Cy
2 =-1 =L . =i =
1 =1 4 -~ L 5 k=8
ﬂTrytosolva

@ If the plane x - 3y + z =4 is perpendicular to the plane a x + 2y + 3z = 2, find the value of a
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Example

0 P (The equation of the line of intersection of two planes)

Find the equation of the line of intersection of the two planes x + 2y - 2z=1,
2x+y-3z=35

©» Solution

by eliminating x from the two equations by multiplying the first equation by -2 and
adding to the second

3y+z=3 , then z=3y+3 1)

by eliminating y from the two equations by multiplying the second equation by -2 and
adding to the first

3x+4z=-9 , then z= 3"4'9
[ 3x4- 2= # = % ] the equation of the line of intersection
Another solution:
X + 2y -2z =1 )
2x + y -3z =5 Q@)
by eleminating x
3y + oz =3 &)
letz=k 3 otk
3 = —- , 2 X= +
@ y=—; @ 3

the parametric equations of the line of intersection are

x=3+%k , y=-1+%k , Z=k

Third solution:
—_— —_—
The line of intersection is perpendicular to the two 1121:111a1 vectors n; , mn,
The direction vector of the intersection line d can be calculated using the vector

— T

product of the two vectors n; , ny

— N i J k A A A
d=n1'n2= 1 2 2 ='41-]—3k
2 1 -3
To find a point on the intersection line, put x=1
By substituting in the equation of the first plane 2y - 2z=0 1)
By substituting in the equation of the second plane y -3z =3 2)
By solving equations (1), (2), we get zZ=- % , Y= %

The point (1, -% , - %) lies on the line of intersection .

3

—
The equation of the intersection line r =(1, - R

-3)+t(4,-1,3)
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ﬂ Try to solve
Find the equation of the intersection line of the two planes 3x -y +2z=3and x-2y+5z=2

ql‘? Learn
the length of the perpendicular drawn from a point to a plane
IfA(x;, yl_,\zl) is a point outside the plane x and B is a point on =i
the plane , n is the normal vector to the plane, then the distance A
from the point A to the plane equals the length of the projection of Z L
ﬁ tOT; B
. o X
L= IBA_:- nl
ol

C')‘) Example

9 ) Find the length of the perpendicular drawn from the point (1 , -1, 3) to the plane whose
equation is _1:- .(2,2,-1)=5

C» Solution
We must get a point on the plane and the normal vector to the plane ? 2,2,-1)=5
then 7 =(2,2,-1)

To find a point on the plane, we assume that the plane cuts z-axis at the point z (0,0, z)
©,0,2)«2,2,-1)=5 ,then z=-5

The point B (0, 0, -5) lies on the plane

p——

BA=A -B =(,-1,8) where A (1,-1,3)

the length of the perpendicular (L) = BA_: nl_1(1-1e8) (22Dl _ % units
Il V24224 (1)
ﬂ Try to solve
@ Find the distance between point (-2, 1, 4) and the plane whose equation
T-(1,-3,2)=4

Cartisian form of the perpendicular length drawn from a point and a plane
You notice that the perpendicular length from point A (X, y; , ;) to the plane passing through
point b (x5 , ¥5 , Z,) and o= (a, b, c)isthe normal vector to the plane is given by the relation
_1BA + |

KX
L = I(x1-Xp s ¥1-Ya¢Z1-Z9) . {(acb )l

v alibPc?




The equation of a plane in space 2-2

lax; + by, +c z; + (-aXy- by, - e2,)l
¥ altbi+c?
point B (X, ,y,,2,) liesonthe planeax+by+cz+d=0

-axy-byy-czy=d
s L = @ tbytem id the Cartesian form of the length of the perpendicular
v a2+ b2+c?
d Example

10 Find the length of the perpendicular drawn from point (1 , 5, -4) to the plane whose equation
3x-y+2z=6

©)» Solution
L _ IaX1+byl+CZI+d|

¥ a?+b?+c?
_B@®-Gy+2(4-6l _ 16

3L (P22 414
ﬂ Try to solve
Find the length of the perpendicular drawn from point (-1, 4, 0) to the plane with equation

Xx-2y-z=4

unit length

E |
O XAMP'® (The distance between two parallel planes)

11) Prove that the two planes x + 3y -4 z=3, 2x + 6y - 82 =4 are parallel, then find the distance
between them.

©)» Solution

To prove that the palanes are parallel, we prove that their normal vectors are parallel.
m =(1s 35 '4)s np =(2, 6’ '8)

o1 bh_3_1 & _A4_1
ay 2 b2 6 2’ Cy -8 2
a _ b C1

i B B .". The two planes are parallel
b o

To find the distance between them, we find a point on one of them, then we find the distance
between this point and the other plane.
To get a point on the first plane, we assume x=0, y=0

by substituting in the first plane equation
-3

A

4
point (0, O, %) lies on the first plane
Then the perpendicular length from this point to the second plane is
12 (0)+6(0)-8() -4l 1
L= 4 = — unit]
Y27+ 62+-8)2 Jz¢ Uit length




Unit Two: Straight Lines and planes in space

ﬂ Try to solve
@ Prove that the two planes 3x + 6y + 6z =4, x + 2y + 2z = 1 are parallel and find the distance

between them.

L
qc Learn

Equation of a plane using the intercepted parts from the coordinate axes
If a plane cuts the coordinates axes at points (x; ,0,0),(0,y;,0) (0,0, z)), then the equation
of the plane is in the form

I S 1 —the equation of the plane interms of the intercepted parts

X Zz
1 1 1 from the coordinate axes

Ask your teacher to prove the previous form of the plane equation.

d Example

12) Find the equation of the plane which intercepts the coordinate axes x, y, z the parts 2, -3, 0
respectively.

©» Solution ,
The equation of the plane is EEI .
n N1 oz
i.e. X .3 +i =1
2 -3 5
ﬂ Try to solve

@ Find the intercepted parts made by the plane 2x + 3y - z = 6 with the coordinate axes.

Critical thinking:
If the plane 3x + 2y + 4z = 12 intersects the coordinate axes x ,y , z at the paintsa, b , ¢
respectively, find the area of the triangle AB C

ﬁ, Exercises 2 - 2 &‘:

Choose the correct answer :
@ Which of the following points belongs to the plane2x+3y-z=35
a (15151) b (15250) ¢ (0,2,1) d (3725'1)

@ The plane 3x - 2y + 4z = 12 intercepts from x -axis a part of length
a3 b A4 c 4 d 6

@Ifthe intercepted parts from the coordinate axes by the plane x +5y-6z=30area,b,c,
thena+b+c=
a0 b 30 ¢ 31 d 41




The equation of a plane in space 2-2

@ The equation of the plane which passes through the point (1 , 2 , 3) and parallel to the

coordinate axes x , y is
a x+y=3 b z=3 ¢ x=1 d y=2

@ Then equation of the plane passing through points (2,3, 5),(-1,3.,1),
4,3,-2)is
a x+y-z=0 b x=-1 ¢ y=3 dz=22

@ The equation of the plane passing through point (1, -2, 5) and the vector
(2,1, 3) is perpendicular to it is
a 2x+y+3z=1 b 2x+y+3z=15
€ x-2y+5z=15 d x+y+z=4
Answer the following:
@ Find all the different forms of the equation of the plane passing through point (1, -1, 4) and its
normal vector is ? =(2, -3, 4), then show the following:
a_ Jspoint (2,2, 1) lying on the plane?
b Is the vector T? =(3, -5, -2) parallel to the plane?

Find three points in space belonging to each of the following planes:
a x=3 b y=-2 ¢ x+3y=5 d 2x-y+3z=4
@ Flnd t.he general equatlon of the plane passing through the origin point and the vector
o= 1 +23-3 k is normal to it.
. Find all the different forms of the equatlon of the plane passing through point (2, -1, 0

and the vector 1 =4 1 +10 J -7 k is normal to it,

@ Find all the different forms of the equation of the plane passing through the three points a
(2: _19 O)b(_19 39 4)90(3; 0: 2)

@ Prove that the straight line T = 12 +t(2 1 +3 j +4 k) is perpendicular to the plane
x+%y+2z=5

3) Prove that point A (2,3, 1) & the straightline L: T =3 § + ] +3 k )+t(i-2 ] +2k)
lying on the plane whose equation is T . 2i-k)=3

Find the equation of the plane passing through peint (2, 1, 4) and satisfies the following condition:
a  Parallel to the plane 2x + 3y + 5z=1
b Perpendicular to the straight line passing through the two points (3,2,5),(1,6,4)
¢ Perpendicular to each of the planes 7x +y + 2z= 6, 3x+ 5y -6z =8

@ Find the coordinates of the point of intersection of the straight line

A A A A A

T =k +t2i +]j + k)withtheplane T + ;i =4
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Unit Two: Straight Lines and planes in space

Find all the different forms of the equation of the plane that intercepts 2, 4, 5 from the coordinate
axes X,y , Z respectively.

z ¢

@ Environment: In the opposite figure, find
5m

the equation for each of:
a | The floor plane. O .
T 2m

b | The cieling plane.

€  The lateral walls planes.

X

Find the equation of the plane which contains the straight line
L:T =0,3,-5)+1,(6,-2,-1) and parallel to the straight line
Ly:t =(1,7,-9+t,(1,-3,3)

Find the measure of the angle between the following pairs of planes:

a P :2x-y+z=5 , Py:3x+2y-2z2=1
b P:T 2,1, -1)=4 , Pyt *(3,-2,0)=7
€ P:y=4 , Pyux-3y+5z=1

Questions of multi-requirements

@ If the points A, B, C, D are in space whose position vectors are - j + 12 , 2 I - 3 +3 ﬁ ,
- T; -2?+2_;,7_; -4 _; +2 _; respectively

Find the normal vector to the plane ABC

b | Show that the length of the perpendicular from D to the plane AB C equals 2/ 6

¢ | Show that the two planes AB C, D B C are orthogonal.

d ' Find the equation of the line of the intersection of the two planes AB C,OD B

@ If the plane X contains points A(1,4,2)B(1,0,5),C (0, 8,-1) and the plane Y contains
point D (2, 2, 3) and the vector = j +2 j +2 f( is perpendicular to it, find:
8 | The cartisian equation of X
b | The cartisian equation of the plane Y
¢ | What is the values of t , f if point (t, 0, f) belongs to each of the two planes X , Y?
d | Find the vector equation of the line of intersection of the two planes X, Y
e  Ifpoint (1, 1, p) equidistant from the two planes X , Y, find all possible values of p.




Unit summary

~ Direction vector: N

1. If ¢, m, n are the direction cosines of a straight line, then the vectors d =t(, m,n)
represents the direction vector of the straight line and is denoted by d = (a, b, c) where
(a, b, c) are called the direction rations of the straight line.

2 tE direction vector of the straight line takes different equivalent forms such as
d =2(¢,m,n)=3(¢,mn)=-4(¢/, m,n) ...

~ Equation of the straight line
> 'Ill_c equation of the straight line which passes through point (x4, y;, z;) and the vector
d =(a,b, ¢)is directed vector

the vector form: r =(x;,y;,2;) +t(a,b,c)
» The parametric equations: x =x; +ta,y=y; +tb,z=z; +tc

» The cartesian equation; ~ "t = Y°¥1 - 2%

a b C

~ The angle between two straight lines

If ET and E; are the direction vectors of two straight lines, then the smallest angle between
the two straight lines is:

cos 0= —lj_l : d_%_l
g, g, Il

and if (¢, my, ng) and (¢,, my, n,) are the direction cosines of the two straight lines, then:

cos 8 =1¢;, £, + m; my +ny

~ The parallelism and perpendicularity conditions of two straight lines
If E; = (a;, by, cq) E; = (a,, by, c,) are the direction vectors of two straight lines, then
» The two straight lines are parallel if :
a=k$ , or Tl. xdj' -0 , or L ="1="
» The two straight line are orthogonal if:

— —
d; " d, =0ora;ay+byby+c;cy=0
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Unit Two: Straight Lines and planes in space

~ The equation of a plane

The equation of the plane passing through point (x;, y;, z;) and the vector = (a,b,c)is
perpendicular to the plane .

» Vector form : T;h' _1:- = _I;-'(X1,Y1,Z1)
» Standard form: a(x -x;)+b (y-y{) +c(z-2z;)=0

» Generalform:ax+by+cz+d=0

~ The angle between two planes

> If ET = (a;, by, ¢1), E; = (ay, by, ¢y) are the normal vectors to the planes, then the
measure of the angle between the two planes is given by the relation :

—_—

cosG:% where 0 < 6 < 90°
o, 11, 1l

~ Parallel and orthogonal planes

> If ;1‘ , H; are the perpendicular vectors to the two planes, then the condition of
parallelism of the two planes is

— a b c
n; // n, or kLS U I
a; by Co

» the condition of perpendicularity of the two planes is

—_—

ny-n, =0 or a; ay+byby+cic,=0

~ The perpendicular length drawn from a point and a plane

» Length of the perpendicular drawn from a(x;, y;, Z;) to the plane passes through
B (x,, ¥5, Z,) and vector o= (a, b, ¢) is perpendicular to the plane.

L= M Vector form
T ll
| |
or 1 A O cartesian form

i a?+b2+c?
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General exercise

< General exercise | >

Choose the correct answer:

@ Tdh_e equation of the straight line passing through point A(-1, 0, 2) and the vector
d =(1, -1, 3) is a direction vector of it is

a X-1_y _z-1 p Xl _y _z-2
2 1 -1 1 -1 3
g X1 _vy_z g xl_y1_=z
3 -1 1 1 2
@ The equation of the straight line passing through points A(1, -1, 2} , B (-1, 0, 1) is
a x-1 = y+1 = z-2 b x+1 = Y = 3o )
2 -1 1 -2 1 -1
. x-2=y+1=z-1 d x-1=y+1=z-2
2 3 2 1 3 1

@ The measure of the angle between the two straight lines
x-3 z+1 x+1 _y-2  z+1

7 = Y= lad == equils
a 15° b 30° € 45° d 60°
- o = = z
@IfﬂletwostraightlinesLI:%= y_ll = zm2 Lyt xml = y12 =—1areperpendicu1ar.
‘What is the value of m?
a -1 b 2 c 1 d -3

@IfthestrajghtljnesLl:x=2t-1,y=t+1,z=t-1,L2:x=at-1,y=2t+1,z=bt-2m'e
parallel, thena+b =

a 4 b -2 c 6 d 2
@The point (2, -1, 3) lies on the plane
a x+y-z=6 b 2x-3y+z=-10 € 3x-2y+4z=20 d x-2y+5z=4
@Ifthe plane %+%+%=lcuts the coordinate axes at points A, B, C, then the area of
the triangle A B C=
a 12 b 10 ¢ 6 d 4
The length of the perpendicular from point (2, 3, 1) to the plane 2x -2y +z=351is
a ] b 2 c 3 d 4

@ The equation of the line of intersection of the two planes 2x-y+z-1=0,
X-3y-z+2=0is

a Xl_vy_z py*!__ vy _z-5
-1 2 3 1 3 1

c X2 _y-3_z g X1 _y-1_z
1 2 -1 4 3 5
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Unit Two: Straight Lines and planes in space

The two straight lines L: x_+11 = y_-12 = Z;I , Lo ler L y_-22 = Z__ll lie on the plane
a/3x-5y+z-1=0 b 5x-4y+2z-7=0
€ 7x-5y-z-4=0 d 7x+2y+3z=0

Answer the following question:

3 -4 8
@1) Find the distance between point (-2, 4, -5) and the straight line z ; =7 5 = - ;

@ Find the distance between point (2, 1, -1) and the plane _1:- o ; -2 3 +4 1; )=9

@ Find the coordinates of the point of intersection the straight line passing through the two
points (3, -4, -5) (2, -3, 1) with plane passing through points (2,2, 1), (3,0,1),(4,-1,0)

Find the coordinates of the point of intersection of the straight line T-‘ =(2,-1,2)+t(3,4,2)
with plane ¢ *(1,-1,1)=5

@ Find the projection of point A(0, 9, 6) on the straight line passing through the two points
B(1,2,3)andC(7,-2,5)

Prove that the two planes 2x + y + 2z = 8, 4x + 2y + 4z + 5 = 0 are parallel, then find the
distance between them,

Creative thinking

@ If aplane intersects the coordinate axes at the points A, B, C and the point (p, g, r) is the
point of intersection of the medians of triangle AB C,

Prove that the equation of the plane is IR S 1

P q I

%| Accumulative test

Complete the following:

- = z+1
(1) The measure of the angle between the straight line ’:/_1 =7 15 S —
2

with the +ve

direction of z axis is ...

@ the length of the perpendicular drawn from the point (-1, 0 , 1) to the straight line
x-1 y-1 z+1 equals
@ The parametric equations for the straight line passing through the two points A(-1, 0, 3),

B, -1,0)d8 oo

@ The measure of the angle between the two planes
X-y+4/2Z+1=0,x-y+4/2z-3=0equals...........
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Accumulative test

@ The equation of the plane passing through point (2, 3, -1) and the vector ? =(5,2,-3)is
perpendicular to it is ...

@ The plane 3x - 4y + z + 10 = zero cuts from y-axis a part of length ...

@ The point of intersection of the straight line il 5 +1 ¥ = % and the plane

X-2y+3z2+5=0i8

Choose the correct answer from the following:
The distance between point (a, b, c¢) and the x -axis is

a J a?+c? b J/ a2+b? c 4 bP+c? d 4 aZ+b2+c?

@ The equation of the x-axis in space is
a x=0,y=0 b x=0,z=0 ¢ y=0,z=0 d x=0

. The equatlon of the straight line passing through the two points (2,-1,3), (0,3, 1)

a T =(2,-1,3)+1(2, 4,2) b T =(2,-1,3)t(2,2,4)
e T =(2,-4,2)+12,-1,3) d T +(2,4,2)=0

@ The point lying on the straight line T = (2,-1,3)+t(1,2,-1}is:
= (1, 1’ ]-) b (05 29 '2) & (39 ls 2) d (4’ '3’ 0)
@ The distance between the two planes y =4,y =-2 is
a_ 3 units b two units € 6 units d ' 8 units
Answer the following questions:
@ Write the cartesian equation for each of the following straight lines:
a T =(1,3,9+t(5,4,2)
b ' The straight line passing through the point (0, 2, 0) and the vector d =(3, -1, 4) is a direction

vector of it

. Find the measure of the angle between
a8 The two straight lines L; : 2x=3y-1=2z-3 Lz =(2,-1,5)+t(-1,1,2)
b The two planes 3x-y=5, x-2y=4

@ Find the cartesian equation of the plane (x,y, z)=(2, 3, 5) +t; (-1, 3,4) + t, (6, 1, -2) where
t;, t are parameters

@ Find the measure of the angle between the two planes 2x + 2y + 7z =8
3x -4y +4z=5

For more activities and exercises, visit www.sec3mathematics.com.eg

Analytic solid geometry - Algebra and analytic solid geometry 175



General Tests

orsseseeeeeeeessess  First test  Teessssssss————

First : Answer one of the following questions
First question: Choose the correct answer:

() IfeC . 5=20,thenn=........ (a3 b 4 ¢ 5 d 6

@ i+i2+B+ +{100 = (a0 b 1 c 2 d 100)

(G)IEA(7,-1,8),B (11,2, -4), then AB = _cm
(a 10 b1l c12 d 13)

(4) x2+y2 +22 + 4x - 6y + 8z + 4 = is an equation of a sphere , whose diameter length=........ cm
(a5 b 10 (c/15 d 20)

@ IfL, xi?’ = y_+22 = Z_J;l is parallel to L, : X_J;S = kil = Zél sthenk= ...
(a3 b4 c/5 [de)

@ ILB is the measure of the angle included between the two vectors T&. =(2 -6, 1,
B =(2,6,-1), thenO= ... .. ..
(a 30° b 60° (¢/120° d 180°)
Second question: Complete each of the following:

@ The coefficient of x° in the expansion of (3 - 2x)” equals ...

x 1 2
@ The solutionsetof | 0 x 3 |-8=0inR iS..c
0 0 x

A

© FA=2i+3 J +mk ,B=-6i-4 _| +4k and A LB ,thenm=..
@WEA=304,B=1-2]+3k ,thenAXxB =

@ The equation of the sphere whose center is (2, -3, 1) and its radius length equals 24/ 5 is .........
@ The equation of the straight line passing through the two points A(2,-1,4), B(-1,0,2) is .........

Answer the following question:
Questions three:

@ In the expansion of (2x + _12_)15 , find the value of the term free of x and prove that this expansion
X

does not contain a term includes x*
x+3 _ 2y-1 _3z+2

@ Find all the different forms of the equation of ther straight = i

Question four:

1 -1 2
@ Find the multiplicative inverse of the matrix A = ( 7 3 1 )
1 5 21

176 Third Form secondary - Student Book



Second Test

@ Find the two square roots of the complex number z = 2 - 2/ 3 i in the trigonometric form.

Fifth Question:
@ Solve the following equations x + 3y +2z =13 ,2x-y+z=3,3x +y - z = 2 using the
multiplicative inverse of the matrix

@Findthepointofintersecﬁonoftheplanes2x+y-z=-1,x+y+z-2=0,3x-y-z=6

essssssssenmssmmms Second Test  TEEEEEEE—————

First : Answer one of the following:

First question: Choose the correct answer:
@ If the two equations 2x +y =1 , 4 x + 2 y =k have an infinite number of solutions, thenk = ...

(a zero b 1 c 2 d 3)

(2) ¥2+1C45:2C,=2:3,thenn= ... (a2 b3 c5 d11)

@ If x2 + y2 + 22 + 6x - 4y + 10z - 8 =0 is the equation of a circle whose centre is M, thenM = ........
a (3,2,-5) b (4,-2,-5) ¢ (-3,-2,-5) d (3,2, 5)

(@I A =(24,6), B =(0,k, 3) where k € Z* and Il AB Il =7, then the value of k = .......
a 10 b 8 c 6 d 4

(5 If 8 is the measure of the angle included between A =(2,0,2), B =(0,0,4),then 0= ......

a 30° b 45° ¢ 60° d 90°
_x-3_-y-1_i, Cx+2 _ y-4  z-1 _
@Ile. 7 "6 —k is parallel to L, : 6§ - M "~ 3 ,thenK+M= . ..
a -17 b -10 c 10 d 17
Second question: Complete
Do+ a?+.... o%=___
a b c

@ If a, b, c are the lengths of the sides of the triangle ABC then the value of | 5 7 8

T sinA sinB sinC
(B)If A =(-1,4,2), B =(2,2, 1), then the component of A in the directionof B =.........

@ xZ +y2 + 22 - 4k x+ 4y - 8z + 2k = 0 is the equation of a sphere , the length of its radius equals
2+ 5 then the value of k=.........

@ If the two planes 3x -y +2z+3 =0, and k x - 4y + z -5 = 0 are perpendicular , then the value
of k=

(6) If C (-1, 6, -5) is the midpoint of AB whete A (k - 2, -1, m + 3), b (2, n - 7, -2), then
k+m-n=.....
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Second : Answer the following question:

Third question:

(1) Find the coefficient of x5 in the expansion of (1 - x + x2) (1 +x)4
(2) Prove that the straight line xé L y_+1 &

point and find the measure of the inclination angle of the line with the plane.

zZ
=Tintersectsthep1ane3x+2y+z-8=0ata

Fourth question:

2-1-3
@ Calculate the rank of the matrix ( 121 )
3-52
hence prove that the equations 2x-y-3z=2 , x+2y+z=1 , 3x-5y+2z=13have
a unique solution and find this solution using the multiplicative inverse of the matrix.

2+ 6i _ .
—il,thenfindz'l, z :4/ z inthe

@ Find the exponential form of the complex number z = 3

trigonometric form .

Fifth question:
@ Prove that one of the values of the expression v i -+ -i = v2 i

@I -2+ +4P+@-22=1, (x+ 42+ (y- 42+ (z- 2P =4
are the equations of two spheres , find the distance between the centres of the two spheres
and show that the two spheres do not intersect

osseeeeeeeessssss = The third test  Tesssss—————

First : Answer one of the following questions:
First question : choose the correct answer

@ The sum of the coefficients of the expansion of ( 1 +x)° equals

a | zero b 5 c 32 d |5
@ If x is a complex number , then the number of solutions of the equation
x+1 x-1 — 0 equal
x+1 x3-1 | TUeduas
a6 b 5 c 4 d 3
(3) If (x,, 2) is the midpoint of AB where A(-4,0, 5), B (-2, 4, -13), then X+ y +z= .......
a -5 b -6 c 3 d 4
(4) IEA(-4,-2,3), B (1,2,K) and the length of AB =77, then one of the values ofk s ........
a 2 b 4 c 6 d 9
G)If A =(-1,3,4), B (0,-2,5), then IAB Il =
a 2y/3 b 3/3 € 443 d 5/3
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The third test

@ The length of the perpendicular drawn from point A(3, 0, -5) on the plane
2x+4y5y+4z -6=0equals ........
a 4 b 5 c 6 d 7

Question 2: Complete each of the following:
@ If z = sin 60° - i cos 60° , then the principle amplitude of z = ...

111
@ The rank of the matrix A = ( ) ) S T\'= 1,2,-1)
5553

B=6,k0)
@ In the opposite figure, the value of k= ..

0 T=wo2m
@ The radius length of the sphere x2 + y2 + 22+ 4x -6y + 8z + 4 =0equals ...

- 2 -
(5) If the straight line ";3 = YZ_I - Zkz is parallel to the straight line =~ = yTaS =
z;’_l ,thenk+m= ...
(6) If the straight line ng =y-1_ z;1 is perpendicular to the straight line x-29 = YIS »Z=3
. -
s then m = .
Answer the following question:
Third question:
@ If (m + x)® =3a + 6ax + 5ax2 + ..................... Where n € Z" , find the value of each of mand a

@ Prove that the following system of equations has a solution except the non zero sclution and
write the general form of these solutions
2x-y+3z=0 , 4x+5y-z=0 , 2x+3y-z=0
Fourth Question:

@ If Izyl = lz5l = 1, and the org (z; 2%,) =81° , org & =337,
write in the form of x + y i the number (z15; + z1°,)

@ Find the length of the perpendicular drawn from point A (-2, 3, 1) to the line
x+2 y-3 _z-1

2 T 4 T4
Fifth question:
q b ¢ a2 b2 2
(1) Prove that 2 B 2 |F|la2 B @ D A
bc ca ab 1 1 1 @ B/ | 6em
@ in the opposite figure , AB CD CB™C D is a cuboid, find AD kﬁn‘

BD * CA®
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osssssssssssssss The fourth test  EEssss————

First : Answer one of the following questions:
First Question: Choose the correct answer:

()OI OC,,;:10C, ;=21:10 , then the value of r=....

a 3 b 4 ¢ 5 d 6
10g'-21' 3 g
@If 0 log5 7 |=4,thenx=_. ..
3
0 o loggl
a/16 b 32 c 64 d 128

G)HEA=01,-1,2), B =(0,2,-3), C =(-2,1,0),then I3A - B + Cll= ...

a 843 b 11 c 12 d 7/2
. x+2  y+3 245 . . X _ y-5 _ z-6
@Ile. T =3 =3 1sperpendlcu1artoL2.T— = , then
3k+2m=.....
al-1 b 0 c 2 d 4
@ The measure of the angle between the two straight lines x - 1 = % =-z+1,-x=2+3,y
=4 equals ...
a 45° b 120° ¢ 135° d 150°
(6) The direction cosines of the vector (2, -4, 4) are
1 2 2 1 2 2
al(2,-4,4) b (1,-2,2) ¢ (3,3,3) 94(3,73,73)
Second questions: complete:
) B+70+30Y) B-T70+3@W) = oo
2 -6
@ The rank of the matrix A= | -3 3 equals ...
4 -12

@ The centre of the sphere x2+y2+z2+8x-12y +2z+ 1 =0equals ...
(4) A B CDis a square of side length 10 cm, then AB * AC =
@ The unit vector in the direction of A = (2,3,2/3)equals ...

@ The length of the perpendicular drawn from point (-2, -3, 1) to x-axis equals .............
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Answer the following questions:
Third question:

(1) Find the greatest term in the expansion of (3+2x)Satx=1

@ Find the volume of a parallelepiped in which three adjacent sides are represented by the
vectors:
i-=(]-1-]-, 2) > ﬁ- =(3: -230) > _C‘-=(0: 2,4)

Fourth question:
@ Find the roots of the equation Z* + 4 = 0 in the trigonometric form
@ If T\' . Ti‘;‘ . E‘ are three mutually perpendicular unit vectors

~ = .= =_(16 3 12, =_,3, -4 =
find: @ IRA-B+3ClI b HFA=(0,2,2yF=(20,23)find
A-B+3C A=(yr 5 ps )k B=(50,3)findC

Fifth question:
@ Discuss the possibility for solving the following equations and write this solution, if
exists: x+y=2,2x+3y=5

@ Ifz=sin 4 +icos ? , find (z) in the trigonometric form and find the cubic roots of the
number (_)9

esssseessssssssmmn  The fifth test  e————————
First : Answer one of the following questions:
First question: Choose the correct answer :
() K362-1p_;=920P ,thenn =.... (a1l b2 e3 d 4
@ If the two equation x +y = 2, 2x + k y = 4 has more than one solution, thenk=..........
(a2 b c'1 d 2)
@)K AB=3i+3j+7k ,BC=j +5k ,thenll ACl=.....
(a 13 b 12 ¢ 10 d 9

@ If T\' =(-7,3,10) f = (-4, -1, -2) , then the unit vector in the direction of ﬁ — [—

3 4 12 4 -12 3 4 12 4 -12
8 (13.13-13) P (13 B3-13) © (313,13 d (13 13>13)

—_—

@Ifi=(1,'152)§-=(39'290)9E‘=(0’2’4)stheni'i§‘xC=
a 10 b 12 c 14 d 16

@ The length of the perpendicular drawn from point A(1, 0, 2) to the straight line
x-2 _y+1 z-3

R equals ..
a Y26 b Y26 ¢ Y26 d Y26
4 5 6
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Second Question: Complete:
3 3 2 2
e+ )@ 2B B )=
@ If the coefficients of T , T4 in the expansion of (a + b)" are equal, thenn=_.......

@ Cosine the measure of the angle between the two lines:

X _ y _ Z+1 X _ y-z _ 7z
T~ 3" 2 and,T_ ) —Tequals A
. . . V2
@ In the opposite figure, If Il BCll=v 6,1l ACll=¥2, BA =(-1,0,1)
,then BA * BC =........... &7 B

@ The general equation of the sphere whose centre is (3, 4, -5) and touches y z plane is ...

@ The vectors form of the equatiog_ of the straight line which passes through point
(2, -1, 4) and its direction vectoris d =(4,7,1)is ...

Answer the following questions:

Third question:

@ In the expansion of (1 + x)!8 according to the ascending powers of x, If the coefficients of
Taps » Tro a are equal, find the value of r.

@ If the length of the perpendicular drawn from point A(0, -1, 2) to the plane
/2 x+y-z+k=0equals 2 unit length , find the value of k.

Fourth question:

@ Solve the following equations 2x +y-2z=10 , x+2y+2z=1,5x+4y+3z=6
using the multiplicative inverse of the matrix

@ IfZ, = 61:_? vy = 52-6i IfZ =4 (Z, - Z,), find the cubic roots of z in the exponential form

Fifth question:

a2+1 ab ac
(1) Without expanding the determinant , prove that ab B2+1 o |=@E+DErcE+d

ac cb cZ+1

@ If the plane 2x - y - 2z + 12 = 0 the sphere (x + 3)2 + (y + 2)? + (z - 1)? = 15, find the area of the
cross section (trace)
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The sixth test

N The sixth test I

First : Answer one of the following:
First question: Choose the correct answer:

(1) If 5C4:2-1C, =8 :5, then the value of n ..........
as b 7 c 8 d 9

1
(2) The coefficient of the middle term in the expansion of (3x - 6 )1 equals ..........

=63 67 63 67
a 3 b g c g d -3
@ The measure of the angle included between the two planes: x+y-1=0,y+z - 1=0 equlas
a 30 b 45 ¢ 60 d 75
@ A = 2.1,-2), A+B =2Ax ]?, then 1?:
a (2,-1,-2) b 2,1,-2) ¢ (-2,-1,2) d (-2,-1,3)
@ IfA(-2,0,3), B4, 2,-5), then I ABI = length unit
a /12 b /40 C J44 d /104

GHEALB,ALC,.B=(232,C=0,2,DandliAll=4/Z ,then A =.....
a (2,3,1) b 6(-4,0,4) ¢ (4,4,0) d (0,-4,4)

Second question: Complete:

1 1 1 1
@ (1-g)a- F) a- F)(l oy Y e 10 10 fACLOYS = o
-100
@ The rank of the matrix | -1-1 0 equals ...
111
. . . . Xx+2 z-1
@ The direction vector of the straight line 3 =3 " Y“—a equals

@ If the measure of the angle between the two linesi=%=i , i=%=ilequals 60°
a
,thenthe value ofa= ...

@HA(I,0,0)andB(O, I, Dlicontheplanekx +y+mz+2=0,thenk+m=...c.

(6)IA =(1,0,2), B =(2,-1,-2),then (A x B) ® (B X A )= v
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Answer the wollowing questions:

Third question:

@ If the coefficients of the fourth , fifth and sixth terms in the expansion (2x + y)" according to
the descending powers of x form an arithmetic sequence , find the value of n

@ A sphere of centre (1, 2, 1) touches the plane x + y + z = 1, find the equation of the sphere

Fourth question:

@ Discuss the possibility of solving the set of the following system equations: 4x + 3y - 5z = 6,

3x + 2y + 4z = 12, 5x - 2y - 7z = 1, then find the solution set of these equations using the
multiplicative inverse

2
in the trigonometric form

@IfZl=(ﬁ+1)4,Zz=sin%+icos% ,i2=-landz= A , find the square roots of z
Zy

Fifth question:
X a b

@ Without expanding the deterimant , provethat| a x b |[=(x+a+b)(x-a)(x-b)
b a X

@ Find the different forms of the equation of the straight line passing through (2, 1, -3) and

parallel to the straight line X;I = y;?’ = 1;Z

oorssssssssssssss  The seventh test Teeessssss——

First Answer one of the following:
First question: Choose the correct answer:
(1) If 3¢, =3¢, , 1o, P, =90x"2Pg ,then|n-1 =
a ) zero b 1 c 10 d |20
@ If the equations 3x - 2y +z=0,6x - 5y +2z=0,9x - 6y + k z=0 have solutions other than

then zero solution , then k =
a ) zero b 1 c'3 d 4

@ The length of the perpendicular drawn between the two planes
3x+12y-4z=9,3x + 12y - 4z =-17 equals
a2 b 3 cl4 d 5

(4)IfA=4,k6),B =@22mand A /B ,thenk+m=
a 3 b -2 c -1 d | zero

@Ifthestraightlinex:3y=azisparalleltotheplanex+3y+2z+4=0,thena:
a 3 b 2 cl 1 d -1
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The seventh test

@ If AA' =(1,-2,1), T_;,. =(-2, 1, 2), then the vector component of T&- in the direction of ]_;

4 2 -4 4 2 4 4 -2 -2 4 2 4
a (g,?a?) b (995’6) c (gagag) d (659!9)

Second question: Complete:

3+50 5+3w? _ 113
®(5+3602 + I )8: ................ @the rank of the matrix A = (1 ;;1 equals ...

@ If the plane X: x - z + 1=0, and the plane Y : 2x - 2y - z =0, then the measure of the angle
between the two planes = ................ °

@ The radius length of the sphere (x - 2)2 + (y + 4% + (z-5)% =64 equals ...............
G)IfA=(4-51),B =(2,k,-2), C =(-4,4,m-2)and AB // C,thenk+m=______.

() NAN=21BI=3ICll=12and A, B, C are mutually orthogonal , then
IA+B + Cl=

Answer the following questions:
Third question

() KZ, =(sin % +icos %)5 . Z = (cos % +isin %)4 and z = 2L, find the square roots of z
Z
in its expononential form 2

(2)If A =(2cos 0, logx,sinf), B =(cos 9, log27,2sin0) and A + B = 11, find the value
5 3
of x

Fourth question

@ In the expansion of (1 + x)" according to the ascending power of X if T3 =17 ,3 T, x T4 = 544,
find the value for each of n and x

@ without expanding the determinant, prove that

at+b+2 a b
— 3
1 2a+b+1 b e g
1 a a+2b+1
Fifth question:
0 2y z T 1
@I.fA= x y -z |andA =A ", find the value for each of x,y,z
X -y z

@ Find the point of intersection of the straight line x = y = z and the plane x + 2y + 3z =12
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esssssssssssssmssn  The eighth test e—————
First: Answer one of the following questions

First question: Completes

@If l+logx =1,thenx = or
1 1 1 1 1 1

@ If| o 3 |=5.thenthevalueof | ; 2 3 | =
a b ¢ a+5 b+5 c+5

@ 'IB(E measure of the angle between the two lines ﬁ =(2 5 -7+ k (-6 6, 8),
1, =(1,-2,3)+k* (4,12,-6)equals ...

@ Ifllj\.ll =4, IIf;‘II = 6 and the measure of the angle between the two vectors (K, (]? equals
60°,then (2 A + B)*(A - B)= o

@ The equation of the sphere whose diameter is AB where A(7,1,-4) ,B(3,-1,2)iS .

(6)IFA=(1,2,4), B =(1,1,k-1)and A + B Il =7 unit of length , thenk = ...
Second question: Choose the correct answer

a2+ b2 .
@If—_=2+31,thenaxb= where a, b € R-
a+bi
al -6 b -5 c 5 d 6
0-23
@ The rank of the matrix A=| 2 4 6 equals
3-69
a3 b 2 ¢ 1 d | zero

(3) AB CD is a parallelogram in which AB =(2,2,-1), AD = (-1,2,-3), then the surface

area of the parallelogram = ....cm?2

a6 b 7/2 ¢ 3411 d’ J/101
@ In the opposite figure, a right circular cone , the perimeter of its base = 127 cm ,
C is the midpoint of AM ,then BC * CO =

al-43 b -40
c -37 d 33
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The eighth test

QUEA=i+j+k,B=2i-j-k,henAx(A-B)=
a j+k b 3j+3«%x € -31-3j d'3i -2j

@ IfL:x=0,y=z,L,: y =0, x =z are two straight lines in space, the measure of the angle
between them is O ,then O =
a 45° b 60° c 70° d 90°

Answer the following questions:

Third question:

@ Use the multiplicative inverse of a matrix to solve the following equations:
2x-y+z=-1,x-z=2,x+y=3

@ Find the point of intersection of the planes 2x +y-z=-1,x+y+z2=2,3x-y-2=6

Fourth Question:

(OKz,=1-y3 i,zp=cosO+isinh, z3 = (cos 5 € isin& )Zandz 2172 find the
modulus and the principle amplitude of z , then fmd the square roots of z in its &gonomemc

form when 8 = %

@ Discuss the possibility of existence of a solution except the zero solution for the system of
linear equations :
Xx+3y-2z2=0,x-8y+82=0,3x-2y+4z=0

Fifth question:

@ In the expansion of (x2 + %)31‘ according to the descending powers of x :
X
First: Prove that the term free of x is of order (2n + 1)
Second: find the ratio between the term free of x and the middle term whenn=4,x=1

(2) If the two spheres (X - 32+ y2 + (z- 3)2= 16, (x + 1) + (y - 4)2 + (z - k)2 = 25 are tangential,
find the value of k
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oosssssssssssssss The ninth test =Teesssss———
First : Answer one of the following:

First question: Completes

O P, =360, 2x+y =5040, then” Cpp= v

atl 3 2
@ The solution setof theequation | 0 a1 5 [=2118 s
o o0 7

@ Cosine the angle between the two vectors X =(1,-3,0), ]_; =(2,0,Dequals.........
@ The radius length of the sphere: x2 + y2+z2+2x - 2y-4z-3=0equals ...

@ If X = (% . % , k) is a unit vector, then the value of k = or
(6)If A =(k,-3,1), B =(2,3, k) are perpendicular, then the value of k= ...

Second question: Complete:

@ (1 +aJ)4+(1 +w2)4+(w+a)2)4= .....................................
213

@ The rank of the matrix A=[.12 1 |equals ...
312

B)HA=3,-2,k), B =(1,m,2and A/ B ,thenK = ,m=

@ If the measure of the angle which E\ = (2, 4, k) makes with the positive direction of y-axis
equals 45° ,then k= ...

@ If the two planes: x + 2y +kz=2,3 x -y + 2 z+ 4=0 are perpendicular , thenk=..............

@ In the opposite figure, AB CD A "B C D is a cube of edge length unity , therzl A

— — D‘ C\
Answer the following question A B
Third question: y >

= g l 2 l — - l 3 l - 1 I""

@Ile_2(sm 3 +icos 3),22—J7(31n4 -icos i)y =1+ ¥3i /| 4

. z3xzd | . X

Find the number z = = in its exponential form, then find
3

the square roots of z in its trigonometric form

@ If the plane 2ax - 3ay + 4az + 6 = 0 passes through the midpoint of the line segment joining
the centres of the two spheres x* +y2 + z2 + 6x- 8y -2z =13, x> +y2+z2- 10x + 4y - 2z =
8, find the value of a.

188 Third Form secondary - Student Book



The tenth test

Fourth Question:

@ Use the multiplicative inverse of a matrix to solve the following equations :
X-2y+2z=2 ,3x+4z=10, 6z-y=5

@ Prove that the term free of x in the expansion of (x2 + —13— »" where n € Z* equals
5n x
[2n Bn
Fifth question:

@ Find the value of k which makes the equations: kx +y+z=1,x+ky+z=1
x+y+kz=1 have an infinite number of solutions.

@ Find the length of the perpendicular drawn from point (-4 , 1 , 1) on the line
x+3 _ y-1 _ z+2

1 /5 @ 2

casssssssssssssss The tenth test  Teeeessss————

First : Answer one of the following:
B
First question: Completes

@ Ifx = LZQ'Q ,i%2 = -1, then the numerical value of X8 +x* +5 = o
@ If [n,|n-2 ,n [2-n are the side lengths of a triangle, then the numerical value of the

perimeter of the triangle= ...

G)E A =(2,k,-3) s parallel to the straight line ":2 o2l thenk=.

@ The measure of the angle which the vector A= (3, 4, ¥/11) makes with the positive direction
of x-axis equals ...

(5) If the two planes x - 3y + mz = 5, and 3 x + k y + 6z = 10 are parallel, thenk xm= ...

@ The distance between the two parallel planes 4x + 6y + 12z + 18 =0 and 4x + 6y + 12z - 10

Second question: Choose the correct answer:

_ 6x5 2 6x5%x4 _3 6 _ =
@ 1-6x+ TR T T R 64 then x
a -1 b 3 ¢ {-1,3} d 2

®(5-3a)2_2-7co)z=
5w-3 2w2%-7
a 3 b -3 ¢ 3i d -3i
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(3) If the two straight lines: le =¥:-2 -23 ,£=-+L=%areperpendicular

3 4 3 4
,thenk:
) 4 b -4 c % d . %
@ The equation of the sphere whose centre is (3, -2, 1) and its radius length equals = 5 cm is
a (x+372+(y-2°%+(@z+1)2=5 b (x+32+(y-22+(@+12=25
c (x-3)2+(y+2)2+(z_ 1)2=25 d (X-3)2+(y+2)2+(z- 1)2=1/?

@ The measure of the angle included between the two planes X+ ¥2 y+z=5,x-y/ 2 y+z=
1 equals

a o b 45° c 90° d 135°
(6) In the opposite figure, ABCDA'B'C’D isacuboid A (4,0,0),  ° “D‘ -
C(0,9,0) D' (0,0,7),then I AC* Il =
8 /146 b /114 o B
'y £
c 5 d /70 ,,'D y
A B

Answer the following questions d

Third question:
@ In the expansion of (2x -3)* according to the descending powers of x, find the values of x
which makes 13 T3 + 10Ty + Ts =0

ytz X X 0 Z y
@ Without expanding the determinant , prove that y zx oy |T 2],
z z Xty y X 0

Fourth question:

@Provethat:(11+sm9+icose) "=COSn(%-6)+iSinn(%—9)

+5in@-1icos &

@ Find the equation of the straight line passing through the point (3, -1, 0) and intersects the
straight line T =(2, 1, 1)+t (1, 2, -1) orthogonally

Fifth question:
@ Use the multiplicative inverse of the matrix to solve the set of following equations:
1.1 .1 1 1,2 _1 2.3 4_4a

+ ==+ == , —-—+ == 24— _ ==
X y z X a?( Z 2 X y z 3
where X , y and z are not equal to zero

@ Find the vector component of AR in the direction of 7y where A(2,1,0),B(3,1,4/3)
™ =(,2,2/3)
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Unit 1 : Permutations, combinations and
Binomial theorem

Answers of exercises (1 - 1)

We @Da G
Ga e Ta
(b (o4 avi4
a3 = 2401 b 840
Q9 a 24 b 48 o 40
@a n=2 r=8 b n=7 r=3

e n=7 r=4 dr=2 n=5

n=34,r=21 4% G®n=16
r=4,n=7 @The least value of

the variablen =5
28
@ur=2, n=11 @7y 2Pr=4
(24)17: When y =0, thenx€(0,1,2,..,30)
2% Whenx=30,y=-+ 39:x-29,theny=}
@5 ne {8,9,10,..} 26 m+n=20
@ a n=2 b n=2 orzero

r=8,n=79

@a n=13 orn=12 b r=5,r=9

(&)@
O
42) 2520

&

cn=06

B0 a r=4,n=14 b r=4,n=12
¢ r=2 thenn=10
d n=13 e r=10, n=10

Ge 3210
(34) 1260 (35) 18480

33) 218025

@ a4 b 10 ¢ 20
3G)a9 b 20 ¢ 54
a 495b 252 ¢ 369

Answers of exercises (1 - 2)
Do e (G
Gbs (a (b
@ a x=1 x=-3
aw

a 10151 b 0986 ¢ 2003

@6
@ e

Analytic solid geometry - Algebra and analytic solid geometry

Answers of exercises \#\

Answers of exercises

4

@x:% @Proof
a 16)i1'4+16)('2+6+xz+1*16 x*
b x3-5x3+10x-10x1+5x3-x5
c 2x*+24x%48
d 180x +480 x> + 64 x°
@5n=8 x=£2 Qen=14
47 2ab=1 48) t; = 924 x5
A9 tg= -231x7  t,=924x*

Wsx Hx=3 B <=5
-+ 8
29 x=+;

Answers of exercises (1 - 3)

@c @c @c @c
&e & @Dea @o
®° c 1365

A1) ty=495 o8
13) There is no term including x

A4) 4608 , - 5376 ,
contain x2

45 n=1516 1920 (7) 2%gn
@8) the term free of x = 16g,

whenr=3wefind k=1 whenr=4we
findk =2

whenr=5wefindk=35

the expansion doesnot

3
10

_ _ .43 Y2
@a—Z @a—iT®x—i T
®t4isthetennfreeofx=84

the two middle terms are t5 ,tg gx=-1

_1 21
®"‘3 55
Answers of exercises (1 - 4)

A @2 Gda (@b

15 x4 28 x8 10
5)a o8 ® 3 @7 Yes
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Answers of exercises

O
n=35
@ n=38
14, t5 are equal and each has the greatest
numerical value in the expansion

@ n=8

Answers of general exercises
We @De @
e @ e
OF o v

7)n=5 a=2,b=3

@G
(8) b

@r n=06 ®n=10 m=4
@9r=4 1n=10 35n=10 r=1
@9r=7 n=11 379r=4 1n=10

21530 b 111 39n=6 r=5,35
®r=8 n=79 @r = 5 least values
n=3
@ By differentiating with respect to x
by substituting in x = 1 nx2°-1
@ a by substituting in x = 1 in both sides

b by substituting in x = -1 0
c by substituting in x = 3 410
@9n=15 r=10  t;;=3003

@5n=7 26 n=29 10 = 3628800
2)n=9 28 termsarety, bty gy
2Yn=10,m=3 t5=252
@tlSisthetermfrccofx

there 1s no term free of x

terms are t7 X=—

ts, t, .

@495 @x @')a+bx2 0

@n=9 x :t;

39n=10,x=3 @n=12,c=1
n=8 x=+1,y=12

y

42 (1) 924 xS (2)t4=12
192

23 (%)6 X3

@340 @4n=20,x=¥2

the expansion doesnot contain a term free of x

r=4 r=3 =%

@) r=10 t;; = gyq %

ar=6 k=3r=7k=7 b 3;15
.proof @I—Z n=6 y=—— r
@a + 10 ®_t7_=%

t6
3.: =l =
@ t5 ﬁ;— when x 3 t6 t5
— — ) 21
@r—6 x=5 55

Answer of accumulative test

De @De @»
Gye (6)n=25 x=ii
7)a n=10 b r=2 t3=45

n=25m=ﬁ @f ir st
105 second: 61

Wn=16 x=+3

Unit 2 : Complex number

@G

Answers of exercises (2 - 1)
@ (3,9 @ x
@s w1 &-o
D ize i 120
(9) 4 ( cos (-60°) + i sin (-60°)
we W G a
a3 -LiL 180°
B2 G9e T G3) 240
1 49) 3( cos 120° + i sin 120°)
20) -6
@a S(COS% +1sm”)
b 4(cos(-5?”)+1sm(-5?ﬂ))
c ﬁ(cos(-%)nsin(-%))
d 5 (cos 1269 °+1sin 126,9%)
e 4 (cos (-40) +1isin (-40))

(61
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1
5e° - 64
@9 1zl =1 @ 43 (cos 45 +isin 45)
@ ” '11 T ¢ %75 d 7T
@sm— 2 -e'ei)
Answers of exercises (2 - 2)
(1)@ 8cos*8-Ocos?1+0
b 16 sin"20 - O sin® 5 +0 sin0
(a2 2 2 -2i
bz =1+/3 1 2z3=-2
Z3=1—1/Ti
c Z1=2i Z2=-F-i
Z3=ﬁ-i
(3) z, =3 (cos 36 °+ i sin 36°)
Zy =3 (cos 108° +1i sin 108°)
Z3=300
24 =3 ( cos (-108°) +i sin ( -108"))
Z5=3(cos (-36 ") +isin (-36"))

@zl—'/_e_lz%1 7= \/_e%
23=ﬂ3-%i 4=~/_e'_ﬁl

®a Z =43 -1 zZy=- 43 +i
bz1=$’_(cos(-£)+isin(l))
zZ, = %/_(cos( )+1sm(
c z;=2+2i zz—-2 2i

dd+i,2-1 e+ (3-2i)

@Zl=2

23 =2 ( cos ( 120°) + i sin ( -120°))2

Analytic solid geometry - Algebra and analytic solid geometry

Zp =2 (cos 120 +1 sin 120)

Answers of exercises

®z1=cos%isin%

2y = COS 3Tﬁnsm 2
z3=cos(—%T”)+1sm(-STﬂ)
z,f:cos(-%)ﬂsin(-%)
when k =0 magnitude =2 + 2 i
when k = lmagnitude -2 -2i
@zl—Ze Zy=2e -7
10) 18-261i,-18 +261i
@cos49=%[cos44+900s23+9]

Answers of exercises (2 - 3)

)-92w2)9 (G)1 (a4
G4 (-2 G)-31 (@1
2w G2 A (-b2
@21 a3 £v3i

Wan 3 19-%

a1 a6

@.? b -1 e -1 @ 2T
e i

@0  22x%-x+1=0

@-2i algebraic
Z= 2(c0s( )+1sm(-—))
trlgonometnc

2e A exponential

v 2 (cos( 74z)+isin( ”))

J_(cos( )+1sm( ))
®n=3kwherekey

@) a 1+@ b 12

Answers of general exercises

)1 (2)2(cos 120 *+isin 120%)
(3)90-6° 4) -i+w
G)-1 (60 (T)a b
Ok b e e
e b 491 9
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Answers of exercises

@ b zl—_'(cos 2+isin %)

@@ -1 b 3-3i 2+2i 1 L iinlk
a 1 & 2+21 thetworootsareﬂ/_T (cos™y +isin g)

a z;=3y3 (cos 150 +1isin 150) 1 ax

37
— (cos=2E +isin=g )
b -2z,=+3 (cos 105 +isin 105) 73 ) )

¢ 212, = 9 (cos (-105) +isin (-105))

d L =3 (cos45 +isin 45) .
Z . Answers of exercises (3 - 1)

@0) a z1=;76i I:z2=5f:J2FL1 G)a (@) Ba (@

c z3—§ej: d z,= ST Goa o Gea (B
e zz=4e® @ d c @-420

@modulusz:Zcos% amplitudez:% X, = 3+E,x2=3"/?
2 2

@ */% a2 e x=-1
Answer of accumulative test @ x=1 ,x=-1 :t@

() fist b thrd  © fourth 240 290

@ 3,1 Answers of exercises (3 - 2)

@nZ,%bﬁ,a'T” @b @ @c @c

c 4, d 5,7 e 5,09 a5 4 b1

unit 3: Determinants and Matrices

®

9

2 23
@i cos %+isin% 2 i’x_ g 'y
- . - 1l {3 1 0
COS(%)+ISIII( %) @2 (_24) B 3 (01)
@ 5+21 @ % ( sin 0 cosﬂ)
@6e 2 (cos 3+1sm-—) 1 -coseﬂ Smeze
1 { sec@ -tan
(cos 7Tﬂ+1sm- 7”) 4l ( -1 sec O )
5T 57 1 00
21(c0s 9 +1 sin - 0 —=) @ al= g %0 s (1) i’ g
@313 D 0 03 001
(cos(-%)+isin(- %)
( (271') .. 27;) Answers of exercises (3 - 3)
cos (=2 )+isin - ==
3 g Qe e Pe @@

.\/_e-_IZEi z=§'_(cos(_1£2+2kﬂ') G)a (e (@b 8) b

+1sm( 2k7£)) @ b

where k = 0,1,2,3 a1 a x=8,y=-12
@2e%zi b a=2,b=1 (c c=5,d=2
a0 | 1+Zl_cot% amplitude = Z- @ b=7,c=0,d=-1
@z w e x=1,y=-1,z=2

flx=1,y=2,z=3

194 Third Form secondary - Student Book



3
b Xx=1 y=1 z=-2
c x=-2 y=1 z=1
d x=2 y=1 z=1
@ theoretical proof

x=L,y=L,z=-L
b x=-2L,y=z=L
¢ x=L,y=L,z=-L

Answers of general exercises

o @10y 3o (o

® ©(27) O

18 k=-1 a5 k=-4

2,-1,3) A7) (4,3,2)

General solution = { (-2k, k, 0)}

1,-2,2) 20 (1,-1,2)

@ Equations have no solutions

Answer of accumulative test

()70 @(-174) (3) +4
6 -1

@1 G0 (e)t-{13,-1}

@1 3 r(a) =2

12 (1,2,3)

Equations have a unique solution

anon-singular b a singular

¢ anon-singular d  a singular

Second: Analytic solid geometry

Unit 1 : Geometry and Measurement in two
and three dimensions

Answers of exercises (1 - 1)
@ 0 @ xz,y=0

1
(3 (640),6,0,2 &) G,-23)
G) (x22+ @y + 12 +(z- )2 25
©1 @5 @ads

®X2+y2+z2=25

Answers of exercises

(x-22+(y+32+(z-42=16
@ a 2/13 b J/13 c 5
@ a 345 square unit b 2 421 square unit
@3 (3,0,0),(3,3,0),(3,0,3)
(, 3,0), (0, 3, 3), ((0, 0, 3)
(3,3,3),0,0,0)

3+2/6
@a (%s%s%) b (%9%’%)
a(-6 , 10, -1)

7 @ x3)2+(@y+12+@-2P2=7
b (3 3,-1)
(x- 2)2+(Y 3)2+(Z+1)2‘ 2
¢ (x-12+(y+6)%+(z- 1)2—42
a center=(0,0,0) ,r=3
b center=(1,-2,0),r=4/5
c center:(%,%,l), r=1
a9 (x-3)2+(y-3P2+(z-3)2=9

@0 (1,0,2) 21) 4 length unit
@ z=2 @ Zyad's answer
Answers of exercises (1 - 2)

@ J_ (@ i-5) +4k
O T

(&) 41'57"36° 5)90°

(6) +2 (7) 68,61°

®-i-6j+k @(—,5 3)

a (6,-5,1) b (8,-9,2)

c (2,-32)
ava (4,-2,8) b (4, -3, 5)

¢ (2,-19,27)
a5 b3 o 1 4 Ji7
@3) proof (-14,7, 14)
5 A =0.y.2)

AIA+BI<SIA+B I
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Answers of exercises

@+

Answers of exercises (1 - 3)

(1+J+k)

@0 @ ; @2@ orthogonal

(5) parallel (6, 142125°

@32 ®k &7 @I

an) 57,02° 12 3

3@ 10 b 28 @< O

a9 @ 3251° b 987° ¢ 90°

@915 1-7]-9k 810i5] 3k
c 24/3 C

6 a 144 b -144C  cl44
d-288f'e 0 f144?

@(«/;5 ’ «/:515 ’ «/}@)

a 167183 units b 3 /19

a5 by

@9units

@ a 1_&., ? are not orthogonal
A ’ B arenot parallel
b _E\ , 6\ are not orthogonal
f c Tih are not parallel
c f , f' are not orthogonal
A ) B are parallel

Answers of general exercises

@xz,y=0
(2)a (6,8,0) b (0,8,0)

e 53,13°,3687°,90°
3)5,-3,2) (a)7or-1

= -ilp (6) 45°
®y=0 x2+y2+z2—14
o) @,1,-3) 100
@(%,%,0) 42 £2+m2n?
@30 19) y -axis
@5) proof 46 (0,0,3) 3
196

47 (3,1,-7) DICE XS
3196° 65 i +22568 j +110292 k
@ /7
GUIA IIBI=1 6=90"
@2a 36 b 36 © 0
@3 -23 @4) - 400 joule
@ a proof b proof
Answer of accumulative test
@Ws @3 Gei1
@ a 0,84 b (0,0,4)
G x-12+(y+3P2+(z+1)2=13
331 D22
®+3 (5 103
15—8 42 90°  (13) 9 square unit
K2+ (y-4P2+22=16
5 /14 V27
A +21(i + j + k)
a7) (24,48, 36)
A8 a (1,-11,-5 b (6,-66,-30)
¢ (2,22, 10)
.(«/1_ V3 J_)
@0 Ox= 64,896 Oy =12445°
6z =45

Unit 2 : Straight Lines and planes in space

Answers of exercises (2 - 1)

AT =2,-1,3)+k(1,4,2)

@9 ()60 @%
& @e,2,1

1 2 3
()c'lﬁ’Jﬁ’Jﬁ

1 1 1

V3 /3 V3

(7)a x=4+2%,y=2+k,z=5k
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-4+y+2+z-5
2 1 -1
b x=3+2k,y=-1-k,z=5+k
x-3 _y+1 _z-5
2 1 1
¢ x=3+3k y=-2-6k,z=-k
x-3 _yt+t2 _ z
3 6 -1

d x=3+ k,y=2+k,z=5+k
x-3=y-2=z-5

® T =3,-2.2)+k(,4,-3)
(0@ T =(1,21)+k(1,1,-2)
b T =@8,1,40)+k(4,1,1)

e T =(3,1,2)+k2(-19,-11,4)
60° 30° 41" b 53°41°23"

c 84° 2720
@@iL=b .o
by ¢

b C1C2+b1b2+0102=0
a2 T =, -1 ,0)+k(5,-1,-1)
@ -3 41

n="7

» ( 5’ * 5 5 )
Answers of exercises (2 - 2)
Or @c OF
@v Gy (eb
(7)2x-3y+4z=21
doei:lotlie
plane C
()@ (3,0,0) b (-1,-2,0)
e (2,1,3),(-1,2,1),(-4,3,0)
@ (1,1,1,),(0,2,2),(2,0,0)
(9) x+2y-3z=0
10)4x +10y-7z=-2
D -4x-10y+7z=2
2x + 3y + 52=27
b -2x+4y-z+4=0

b is not paralle] to the

€ -x+3y+2z=9

a5 (4,2,3)

Analytic solid geometry - Algebra and analytic solid geometry

Answers of exercises

@6 (10,5,4). T
@ z=0

c y=0,y=5,x=0
9x+17y+16z+23=0

20 directed form
b z=2

(a .. 78578=6" b 6307=6"
c 5953=0°
@)la =(-1,2,1) b 2/§

(d] the direction equation to the intersection
ljne
T =03,k (19,-9,37)
@) (a 3y+4z-20=0
b x+2y+2z-12=0
e 5=4 2=15
(d | the direction equation to the intersection
line
T =(2,0,5+k(-2,4,-3)

(el X=-12 X=3

Answers of general exercises

@ b @ a @ c @ c

@ ¢ @ ¢ @ ¢ . b

®a  we @O0

43) point (1,-2,7) (2,-1,2)

@(-2,4,2)21 perpendicular
length= "¢

Answer of accumulative test

OLINOYE

3)x=-1+2%k,y=%k,2=3-3k

(@)60° (5)5x+2y-32-19=0
6)25 (7)¢1,2,00 (8 c
&ec  Q0a e
a2c
®@ xs—l _ v4—-3 _ zé9

y X _y-2_Z

3 =1 - 4

G4 501° b 45°
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Answers of exercises

@ 10x - 22y + 19z =49

57456

Answer of tests

Test 1

Q1

@We @Da &4 Wb
Gra (s)d  (7)2x-3y+4z=21
Q2

() -6048 () {2}

(e (1) (8,-5,-6)

() x-2)2+(y+3)2+(z-1)2=20

x2 y+1 _z4
@ T2

@ the term free of X is t6 = 3075072
@x—-3+12k y=3 +15k

Z=- i + 8 k
Q4

68 31 5

41 -19 -3

-13 6 1

@ZI% =2 (cos (- %)+isin(-%)
zz% =2(cos(STﬂ)+isin(5T”))
Q5

O &,%2=(1,2,3)
D @yn=(2-3.35)

Test 2

Q1

e @d Ba Wa
@b @a

Do Go oF:

ol G2 (o33

Q3
(1 220 (2) e=30°

WrB=0=n(xv%2=@2,-1,1)
@-=1 (cos (- Z i) +isin (- Z i)
2(cos(-%)+isin(-%)

V2 (cos (-Z2)+isin (- Z3))
Q5
()10

Test 3

Q1
We @b a W
@b @a

@ @1 ®3 @s

) 105 (6) 12

Q3

(On=6 , m=3, a=243
(xyz)—(k,-k,-k)

@(— -LEi

@ Perpendicular length =0

Q5

(2)(4,-8,-6) , (-4,8,-6) , -12
Test 4

Wb @a Gd Qe
a (¢

Q2

W40 @2 (46D
@10 & (3 %@)
(s) /10

Q3

@ t3% is the greatest term and its value is g,
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(3)* (2)? = 4860

(2) 16 unit 3
Q4
@zl=ﬁ(cos% +isin% )

2y=y/'2 ( cos% +i sin% )
23=ﬂ(cos% +1sin ﬂTa )

z=ﬁ(cos(-%)+isin(-%)

2)a=41d b-%(4,5,3)
Qs

@COS(—f_s ﬂ')+isin(-1_7;3 )
first root =cos%+isin%
second root = cos %Hsin%
third root = cos (-%)Hsin(-% )

Test 5

Q1
Wb &d  Ga (b
@d @c

Q2

W @2 &F @3

(5)(x-3)2+(F-42+(z+5)2=9

& T =(2,-1,8+k47,1)

Q3

(Dr=6 2)k=7 , k=-1

Q4

Wxpa= .5 .

(2’)212="l're_%£i 222=3e_‘i[i
1

b &
Z32= e T

Answers of exercises

De  @a G (o

&a (b

Q2

() 243 @ 3 & 602
@Dia-2 & s =
Q3

®n=19orn=8

() (x-12+(y-22+(x-1)2=3

Q4

O &yn=(211
@zi:cos%ﬂsm%

z “=cos (- %) +1 sin(- %)

Qs
@x-z =y-1 =z+3
5 2

3
Test 7
Q1
Lo @e ®a Qe
OL IO
Q2
W1 @3 (Gyas (a8
1 (6) V157
Q3
@ﬁ:e-fgﬁ JT:e-ﬂ%gi
() x=125
Q4
Dn=18,x=1 3
Qs
@x:ig y=i%
z=+_1_
2

@ the intersection point is ( 2, 2, 2)
Test 8

Q1
1,16 @5 w0 (&6
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@(x-5)2+y2+(z+1)2=14 @ 11or-1 Q2

Q2 OF @b Gd
D1 @b &, @O @e e ®a
@b O} Q3
@m.c={% ,% }
@x_l,y_z,y=-1 @233y @
@ T =(3,-1,00+k (1,-1,-1)
@z% /2 (cos0°+isin0°) Q5
% =42 (cos ZA+isinZ) @1':2
@ r(@)=2  r(a) < the number of unknown y=3
Qs z=6
A5 _ _ 27 18 1843
Test:z (2 k=10ork=-4 ®(2_5 = ;/5_)

Q
)10 @+2 @“ (43
@*’ SENNOT

@0 @3 &6, % W3
OO
Q3

1
Wz * =cos(-£)+isin(-l)
1

z 2—C08(1;ﬂ)+15]n lllg )
@Da=2
Q4
(Dx=2,y=1,z=1
Q5 i
30
Wi=1 @5~
Test 10
25 @ -4
G -18 (6) 2
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