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Introduction

3
Ga-)‘ ur)‘ ) (..s
We are pleased to introduce this book to show the philosophy on which the academic content
has been prepared. This philosophy aims at:

1 Developing and integrating the knowledgeable unit in Math, combining the concepts and relating
all the school mathematical curricula to each other.

2 Providing learners with the data, concepts, and plans 10 solve problems.
3 Consolidate the national criteria and the educational levels in Egypt through:

A) Determining what the learner should learn and why.

B) Determining the learning outcomes accurately, Outcomes have seriously focused on the fol-
lowing: leaming Math remains an endless objective that the learers do their best to learn it all
their lifetime. Learners should like to learn Math, Learners are to be able to work individually
or in teamwork. Learners should be active, patient, assiduous and innovative. Learners should
finally be able to communicate mathematically.

4 Ssuggesting new methodologies for teaching through (teacher guide),

5 Suggesting various activities that suit the content to help the learner choose the mast proper activi-
ties for him/her,

6 Considering Math and the human contributions internationally and nationally and identifying the
contributions of the achievements of Arab, Muslim and foreign scientists,

In the light of what previously mentioned, the following details have been considered:

* This book contains three domains: algebra, relations and functions, calculus and trigonometry. The
book has been divided into related and integrated units. Each unit has an introduction illustrating
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is
divided into lessons where each lesson shows the objective of learning it through the title You will
learn, Each lesson starts with the main idea of the lesson content. It is taken into consideration
to introduce the content gradually from easy to hard. The lesson includes some activities, which
relate Math 1o other school subjects and the practical life. These activities suit the students’ dif-
ferent abilities, consider the individual differences throughout Discover the error to correct some
common mistakes of the students, confirm the principle of working together and integrate with
the topic. Furthermore, this book contains some issues related to the surrounding environment

and how to deal with,

* Each lesson contains examples starting gradually from easy to hard and containing various levels
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises
that contain various problems related to the concepts and skills that the students learned through
the lesson.

* Each unit ends in Unit summary containing the concepts and the instructions mentioned and
General exams containing various problems related to the concepts and skills, which the student
leamed through the unit.

* Each unit ends in an Accumulative test to measure some necessary skills to be gained to fulfill the
learning outcome of the unit,

* The book ends in General exams including some concepts and skills, which the student learned

throughout the term,
Last but not least. We wish we had done our best to accomplish this work for the

benefits of our dear youngsters and our dearest Egypt.
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Unit
One

Unit introduction

The swiss scientist Leonard Euler (1707 - 1783) is considered one of the most prominent of the cighteenth
century in mathematics and physics. He had been credited with using the symbol y = f{x) to express the
function, He had considered that the function is a correlation between the elements of two sets with a
relation that allows to calculate a variable value of dependent variable Y for another independent X
which we choose freely. In such a way, he identified the function but not the curve. This contributed in
converting the geometry into anthmetic relations. He had converted all the trigonometnic ratios which
ancient Egyptians, Babylonians and Arabs had excelled into trigonometric functions, Leonard Euler
had inserted the constant number ¢ ~ 271828 (Euler’s number) as the base of the natural logarithm,
Furthermore, he discovered the mathematical relation ¢ + | = 0 relating among the most important five
constants in Mathematics. He had also related among the trigonometric functions, exponential functions
and the composite numbers, In this unit, you are going to leam different forms of the real functions,
their behaviour and their graphical representation using the geometrical transformations and graphical
programs and 1o use the real functions in solving life and mathematical problems in different fields.

Unit objectives
By the end of this unit, the student should be able to:

2 ldentify the comcept of the real
function,

* Determine the domain, co-domain
and range of the real functions.

= ldentify a simplified idea about the
operations on the real functions
(compositions of functions).

© ldentify some properties of the
real functions.

© Identify the even and odd functions
and differentiate between them.

< Identify the one-10-ome function,

7 Deduce the monotony of the real

functions(increasing,  decreasing

and constant functions).

Identify polynomial functions,

2 Graph the curves of (quadratic

function - modulus functions -

2 Pure mathematics - Second form secondary - Scientific

cubic function - ratiomal function)
and deduce the properties of each,

© Deduce the effect of the following

transformations: flx £ a) £ band
afix £ b) £ ¢ on the previous
functions.

“ Apply the previous transformation

on graphing the curves of the real
functions,

o Solve equations in the form of :

ar+bi=c, ar+bi=ldx+d,
r+bl=cx+d

% Solve inequalities in the form of:

ax + bl<c and lax + bl < ¢,
Br+bl>cand lax + bl 2 ¢

© Use the real functions to solve

math and life problems in different

ficlds.

Relate what they leamed abowt
the cffect of the previoss
transformations on the trigonometric
functions in the form of activities.

* Investigate the grophical

representation of the real functions
which have been previously
leaned and the effect of the
previous transformation using the
“Geogebm™ program.

© Use the graphical calculstor 10

represemt  some  functions  that
are hard 10 be represented by the
common methods, then learn the
properties of these functions,

2019-2020



‘ Key terms

Real Function : Odd Function ¢ Rational Function
Domain ¢ One-10-One Function ¢ Asymptote
Co-domain ¢ Monotony of a Function ! Transformation
Range ¢ Increasing Function ¢ Translation
Vertical Line ¢ Decreasing Function ¢ Reflection
Piecewise-Defind Function ¢ Constant Function [ Stretching
Composite Function ¢ polynomial Function ¢ Graphical Solution
Even Function ¢ Absolute Value Function
Q Lessons of the unit ! Chart of the unit
Lesson (1 - 1) The real functions. — —
Lesson (1 - 2): Some properties of functions. ‘ “mdm”
Lesson (1 - 3): Monotony of function The domain of fusction
Lesson (1 - 4); Graphical representation of The
range of function
functions and geometrical Real functions
transformations. Operations on functions
Lesson (1 - 5); Solving Absolute Value Composition of functions
Equations and Inequalities.
Symmetry of function
Properties of
Materials functions
PR The one - to one function
Materials Scientific calculator,
Computer (Graph, GeoGebra) Monotony of
function
Graphical representation of function
by geometrical transformations
Selution of equations Life
Sohation of inequalities

psain| laa Student book - first term 3



Unit one

\ Real Functioms /

1-1

» Concept of real function, T S—
" Tha vartical e Sut As you have studied , the function is a relation between two non - empty

Vs Giaikos il g sets X and Y such that each element in the set X has one and only one image

then one . in the set Y. The function is denoted by one of the symbols f, g, &, ...
+ identify the domain and If fis a function from the set X to the set Y then we write :
range of real function. fix — y(read as [ is a function from X to Y ).
» Operations on functions. Notice that:
W ey-term 1= For cach element x € X there is a ({\\(
e unique element y € Y by the rule
Bk of the function and it is written as :
» Co-domain y=Ax)
* Range 2- the set X is called the domain of the
» Aftow Diagram function and the set Y is called the e
mu:"‘"‘ co-domain of the function. Dk Codomdie
» Plecewise Function 3~ the set {y =f(x): x € X} is called the range of fand known as the set
images of the elements of the function domain .
Real Function
B Watrials A function f is called a real function if each of its domain and
» Computer program for co-domain is the set of real numbers I or subset of it .
graph
» Sclentific calculator.
() Example
X Y
1. The relation represented by the opposite arrow | 1% *5
diagram represents a function where the domain 6

e of the function i the set X = {1, 2,3, 4} the co- | 2™ A~

domain of the function is the set Y= {5,6,7, 8,9}

then [ = set ements {6, 8, 9} is called the range /
{x,¥:x€ X, of the function: 4 9
YE Y ,y=/lx) The previous relation can be represented by

the Cartesian diagram as shown in the following graph where the
fllnCﬁGIf- {( l. 6)0 (20 s)o (3. 9)0 (4’ 6)}‘

4 Pure mathematics - Second form secondary - Scientific 2019-2020
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Notice that: from the previous example:

1= The graph of the function is a set of separated points.

2- The vertical line passing through each element of the domain cuts
its graph at only one point. 2

ol | & 5 & |X|

K 11y to soive =
(1) In the opposite figure, all the squares are congruent if X is the number 10 .
of rows in this pattern and y is the area of the figure measured by —rrTr 'r}
square units.
X Y
@ What is the value of y when x =57 2 | 3
What is the value y when x =97
B Write the mathematical relation between the number of rows of =~
the figure and its area in the pattern. 4
€ Is this relation a function from X to Y ? Explain. 5
yl y‘
The vertical line test z z L
If the vertical line at each element of the domain || xl [T X
passes through only one point of the points | -1 - 3
lcptc;scnting the relation, then the relation is a 2y 2t
function from X —— Y Psctian Not
Q Example |jentify the Relations Representing a Function
"2 In each of the following graphs, show whether y represents a function in X o not.
Y L v l 4'\
! 2N
L~ HEEERERYL
.‘l \l B s 1\!' 2 4 2 X |~
It%1?% {HE o '
Fig (1) Fig (2) Fig (3) Fig (4)
©> Solution
Fig (1) represents a function.

Fig (2) doesn't represent a function because the vertical line passing through the point (1, 0)
intersects the curve at infinite number of points.

Fig (3) represents a function.

Fig (4) doesn't represent a function because there is a vertical line intersects the curve at more
than a point.

S| allas Student book - first term 5




\Unit one: Functions of a real variable and drawing curves [

E) vry to soive
(2) Show which of the following relations represent a function from X —— Y and give reason.
A i AN Al
: - X : A :
2 4 B 4_{ X 9 " /
117 : x|l T x|l T x
¥ 2\a" 1 249 1 3 3 2 A0 '
-3 -1 / -1 -1
¥ 2 —%-t
YV'y 'y Y . Y
Fig (1 Fig (2) Fig (3) Fig (4)
Q Example |dentifying the domain and the range
(3) 8 Iff:[1,5] —smwhere f(x)=x+ |
Graph the function f and deduce the range of this [V§
function from the graph. G
b Ifg:[1,5] — K where g{x) =x+1 4
Graph the function g and deduce the range of this 3
function from the graph. 2
©> Solution x| lol X
8 The function f is linear and its domain is [1, 5). Itis |2 1", HES.
LK Domajn of 11} 5)

graphically represented by a line segment whose two
ends are (1, £ (1)), (5,f(5)). i.e. the two points (1, 2) and (5, 6).
The range of function f = |2, 6]

Which is the y-coordinates for all points in the domain of f.

b The function g is linear and its domain is |1, 5[. It is clear
that g(x) = fix) for all x € [1, 5[ then g is represented by a |
line segment; one of its ends is point (1, 2) and the other
end (5, 6) is ignored by marking it with an open circle,
The range of the function g = |2, 6]

‘Q - N
>

EJ ey to soive X'

3) a iff: [l , = —R, where fix) =1 - x
represent f graphically and deduce the range of the
function from the graph.

b Ifg:)-o, 1] — R, ,where g(x)=1-x
represent g graphically and deduce the range of the function from the graph.

=EEE
) | Domain of gl1, 5(

-
<3

6 Pure mathematics - Second form secondary - Scientific 2019-2020



Real Functions | 7 = 1

.~
Piecewise-Defined Functions
To decrease the consumption of electricity, water and gas, Monthly consumption Price per
the monthly consumption is calculated with respect to in(m*) piasters
special categories relating the consumption amount 1o its ll 25 J 40
value. | ORI AR

More than 25 till 50 ] 100
The table opposite illustrates the prices of the monthly More than 50 l 150
consumption categories for the natural gas at homes in
piasters. Calculate the value of a home consumption of the natural gas in piasters with a classmate for
the following quantities:
1= 30 cubic meters monthly. 2- 60 cubic meters monthly.
[Taxes and service are added after the monthly consumption is calculated)

We can express the previous table by the function fto calculate the monthly consumption of gas
x in cubic meter where x € g as:
40 x when Ogxg25
fix)={ 100x-1500 when 25 <xg50
150 x - 4000 when x> 50

It is a real piccewise defined function (defined by more than one rule)

& cearn

The piecewise - defined function is a real function in which each subset of its domain has a different
definition rule.

ﬂ Try to solve
(4) Check your answer using the previous function in co-operative learn, then calculate the
value of the monthly consumption of gas for these quantities :

@ |5 cubic metres b 40 cubic metres € 54 cubic metres

Graphing the piecewise - defined function:

Qm

3-x when 2€x<2
4 lfﬂx)-{

X when 225

Graph of the function f and from the graph deduce the domain and range.

S| e Student book - first term 7



\\Unit one: Functions of a real variable and drawing curves [

O Solution &)
5
The function fis defined over two intervals and fix) is ¥
defined by two rules:
The first rule:
£,(x) =3 -x when -2 < x < 2 (i.e. on interval [-2, 2[) L]
It is a linear function represented by a line segment whose | v’ o X
two ends are the points (-2, 5 ) and (2, 1) with open circle 24 41 23 43

at point (2, 1) because 2  [-2, 2| as shown in the opposite figure,

The second rule:
f;(x)=xwhen2 € x <5 (i.e. oninterval [2,5])
It is a linear function represented by a line segment whose two ends are points (2, 2) and

(5. 5). The domain of the function f=[-2,2| U |2, 5] =[-2, 5] mo

From the graph, we deduce:
The domain of the function f=[-2, 5] e
The range of the function f= |1, 5] range
B 1ry to soive x >
-1 when 2€x<0
B I fin) = {x ! ' i 2
x+1 when x20 e
Graph the function fand from the graph, deduce the domain and the ~ of the function = [a , b]
) the range of the func-
range of the function. tion = [c, d)
{6, For each of the following graphs, deduce the domain and the range
of the function.
a Y b Y
A )
1 - — A
X Q X 320|123
a2 9, ) P
' 2
L Yy

8 Pure mathematics - Second form secondary - Scientific 2019-2020
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Identifying the Domain of the Real Functions and Operations on them
The domain of the function is determined from its graph or from its definition rule.

Q Example |gentifying Domains of the function

'5 Determine the domain of each real functions defined by the following me

rules:
_x+3 =% The domaln of
L fl(x)-ﬁ b fz(-")-' x-3 h' ‘In‘lﬂ ion s
) I set numbers
¢ filx)=v¥x-5 _ f:“"m unless it is defined on &
& b subset of it.

8 The function f, is not defined when the denominator = 0, so we put x> -9 =0
i.e. x=13 then the domain of the function f, isR - {-3,3)}.

b The domain of the function f, is all the values of x ;'; ) ) y
which make the quantity under the square root is non - - 3 "
negative, i.e. the values of x which make x -3 2 0.

Sx-320 Sx23 .. the domain of f, = |3, = [.

€ The domain of fy(x) = ¥x-3 is R because the index of the root is an odd number.

d 7, is defined when * -4 > 0 b7 MR
then the domain of f, is |-, -2 U |2, =[ =R -2, 2] ¥ -2
Natice;
Iffix)y=Y3g(x) €Z* n>1andg(x)is polynomial
First:  If nis an odd number, then the domain of the function fis It .
Second: If nis an even number, then the domain of the function fis the values of x which satisfy
glx) 20

~e
3

ﬂ Try to solve
(7) Determine the domain of each of the real functions defined by the following rules:-

8 fi(x)= =43 b fi(x)=VyX7-16

-3x4+2
€ fi=¥3-3 d f.m=%
Critical thinking:

If the domain of the function f where fix) ﬁ is Ik -{3}, find the value of k.
+

S| e Student book - first term 9



“\\Unit one: Functions of a real variable and drawing curves [

@ Leare J Operations on Functions

Iff, and f, are two functions whose domains are D, and D, respectively, then :

T (, £H) (=1, (x) £ fy(x) ; the domain of (f, £ £,) is D,ND,

2 (f, f) W=fi f1ix) the domain of (f,. f;) is D,N D,

3 Jdhw =12  swzo the domain of (L) is (D,N D,)-Z (£
fz fz(»‘) fz
where Z (f,) is the set of zeros of f,

We notice that, for all previous cases, the domain of the new function equals the intersection of
the two domains f, and f, except the values which make f,(x) = 0 in the division operation.

@) mxompte

O Iffly=x-4x, gW=+Vx+2 ., 22)=/F-x,
first: Find the rule and the domain for each of the following functions:

8 (f+p) b (g-2)

€ (f.2) d (%)

second: Evaluate the numerical value (if possible) for each of the following :

a (g-2)(1) b (f.2)(5) ¢ (%)(3)
©> Solution

first: The domain of f=D, =R , the domainof g =D, = [-2, = |
and the domain of z= D, = |- , 4]

ot D
8 (f+g) (W =A0+g ) L s
= -4x+ V372 iy . "
The domain of the function (f + g) is 2 D00, >
RN[-2=[=]-22] :
b (g-2)(x)=gx)-z(x) s et fes i
= /377 - A% T B TR FER
The domain of (g - 2) (x) = [-2 22 [ N |- =, 4] =|-2,4] ' 2:”“1‘5
28 4 a
€ (.2 (x)=fx).z(x)
D
=(2-40) /a-x 2 s e .
The domain of (f. 2) =R N | - , 4] = | -, 4] 9 ; 3 "
X DynD,

1 0 Pure mathematics - Second form secondary - Scientific 2019-2020



Real Functions 1-1

R

b

OJ\ s A

d 2x) - Ja-x
(I)(x) ;o fak

The set of zeros of the function fis {0, 4}

-

A
v
v v

B
¢
ib _O“o

The domaiuof(-f?)=l-°°.4lﬂR-{0.4}=l-°°.4l- {0}

Second : Numerical values:
a (g-20()=yx+2- Ja-xforallxe|-2,4)

1 €l-2,4) sEg)=y3 -y =0

b (f.2)(x)=(-4x)yd-xforall x& | -, 4]
,5¢ |-=, 4) SAf.2(5)  not defined

c ‘.'(%)(x)- ?_“:' forall x e |-= , 4] - {0}

- - > .5. = - =-l
dele -0} A= gEL=-]
EJ 1ry to soive
(8 If fand g are two real functions, where:
fi)y=x2-4, gx)=J/x-1 find:

& The domain for each of the functions: ([+g).(f.g).(€).(-})

b The numerical value for each (if possible):
f+8)5) . L@, (ﬁ)(s). &2

@ Seepraive Sare I Composition of Functions
Afacloryexpmtsapanofitspmdmﬁon.nispansisgivenbythcrelaﬁonﬂx)-%xwhemxis
the number of produced units in the first year. and the number of exported units in the next year
is given by the relation g(f) = f+ 1500 where x is the number of exported units in the first year
search (with a classmate) how many units exported in the second year if the production of the
factory in the first year is:

a 20000 units b 80000 units
Check your results using the following diagram:

w» ﬂ I) x = 20000

. ex n l'
exported in 2% year prodection of 1% year

e 3 e

S| allas Student book - first term 1 1



\\Unit one: Functions of a real variable and drawing curves

@ Learn ]
lflhcimrsectionomicmngcoﬂhefunctionfandlhedomaianlhc_funaioog-@thcnwccan

get a new function z composed of the two previous functions . z = go f

it is read as g composed f or g after f where the function fis applied first then the function g.
thus 2(x) = (g o /) (x)

=g (fix))
from the previous diagram, we find :

a 2(20000)= g [{20000)] b 2(80000)= mo

=$0000) 1120000) = 1 < 20000
= 5000 + 1500 = 6500 units .g.“

Think: Is the composition of functions a commutative operation?
# to search for the answer, find (f o g ) (x) , (g o f) (x) Where flx) = 4%, g(x) = 2x

EJ rry to sotve
9) iffi)=x+6,0x)=3x
First: find (fo g) (3)
Second: Determine the values of x which make (f o g) (x) =42

@_""""'2!11!‘4@

Choose the right answer:
(l)'l'hetelalion shown by the arrow diagrams and represents a function is :
K . B ¢ - g 00 ¢ X —> Y
1 5 1 *5 1 5 1 o)
6 \*6 6 \ "6
2* 2\ 2§ a™
7 7 7 :>?7
3 < a 3 3 < -
8 8 / 8 8
e 9 47| [eo 4 9 47| |9

12 Pure mathematics - Second form secondary - Scientific 2019-2020



Reanumtiomll-l

N
(2)Themlalimshownintlnfollowinggmplnanddoesnotmpcmuﬁmcﬁon is:
Y Y " Y '
»? . . - . v -¢- b ’{ A T
L '] ; a
53 L Y ¥ ¥ T h P ) :r 3
3 2 f ] l; RA N 'i R BERE) |"' P(
L I 7 15% v Y
(a) (b) (c) (d)

(3) The relation shown by the set of the ordered pairs and doesnot represent a function is:
a {(1,3).(3,5.(5.7.(7.9)} b {(2,3).(3,4),(2,1),(3,5)}

€ {(0,3),(1,3),(2,3),(3.3)} d {(-3.5).(-1,5).(0,5). (2, 5)}

(4) In all the following relations y is a function of x except:

a y=3x+1 b y=x-4
€ x=y2-2 d y=sinx
Answer the following:

x-1 when 2 -~xg4
-1 when -2<g<x<g2
then graph the function and deduce its range from the graph.

{5) Determine the domain of the function f where f{x) = {

(6. Graph the function f where :
x+3 when x 22

0= 1 a1 when x<2

and from the graph, deduce its range.

2c+3 when -2€x<0

P\
7, Iffix)=
A {I-x when 0<x<4

Graph the function fand deduce its range from the graph.

2+l when 3cx<0

BIf iy =
8/ If Ax) x+2 when 0<x<3

Graph the function f and deduce its range from the graph

S| allas Student book - first term 1 3



\Unit one: Functions of a real variable and drawing curves [

4x+3 when x<3
O Iffin=] - when 3¢ x <8

3x+1 when x . 8
Find:

a fi2) b fi3) ¢ f10)

30 Mechanigs; If the velocity v(t) of a motorcycle is given by
8t when Ogtgl0
vi= | 80 when 10 <1<200

-4t + 880 when 200 <t < 220
where t is time in second and v is in cm/sec. Find:
a v(10) b v(150) c v(210)

31 Trade: The function f, where:
%x when 0 < x < 5000
fix)={ 2x+2500 when 5000 < x < 15000

%JHIO(I!)wheu 15000 < x < 60000

represents the amount of money charged by a company to distribute an electrical appliance in
L.E where x represents the number of distributed appliances, find :

a f5000) b f10000) ¢ AS0000)
ﬁimmlfl’isdnperimﬂerofasqmohsidelcngm /. Write P as a function of £
(P(£)) then find:
2 PO3) b Pl

33 Geometry If A is the area of a circle of radius length r . Write A as a function of r (A= f{r)),
then find A(3) and A(5).

14 Pure mathematics - Second form secondary - Scientific 2019-2020



Real Functions | ] = 1

—

A
34 Determine the domain for each of the real functions defined by the following rules:
= x43 b = x+1
A Y = Fe
€ fix) = Jx-2 9 fix) =v/3.2
¢ | ' e ly 1
) = === M) ey

9 Iff : R —~R where f(x)=3x-1 and f;: [ -2,3]— R where f, (x)=2x+4
find : (£, +£,) (x) . (f, - f;) (x) and deduce the domain of each function.

36 1f£,(x) = x + 2 and the domain of f, = -3, 4], fy(x) = * + 2x and the domain of f, =[-1,3],

Find : (f, +£5) (0. (5 - £)) () .(§L) ), (?) (x) and deduce the domain of each function.
2 1

37 Iffix)=3x+ 1, gx) =22 - 5and h(x) =
Find:

a (f+g)(2) b(g-N(3) € (g=h() 4 (h=f)(-2)

18 Ifj(x):% , Bx)=x+3
Find: (fo g) (x) . (g e /) (x) and deduce the domain of each function.

I fiy=2-3 gx)=yx-2
Find: (f o g) (x) in the simplest form and determine its domain then find (fo g) (3)

20 Creative thinking:
Ifz(x)=vx-4 . find the two functions fand g such that z(x) = (f = g) (x).

S| allas Student book - first term 1 5
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The graph of the function f where y = f{x) may be characterized by some
geometrical properties that can be noticed easily from the graph. These
properties can be used in studying the functions and their applications.
The most common properties are the symmetry about y-axis or about
the origin point.

Introduction

You have studied the symmetry about a straight line where the curve
can be folded about this straight line completely. You have also studied

the symmetry about the origin point .
'J‘ f ve l
of-oll-o-- i
Aol T T [ T
.7 » ol
3 2\ | R ] x.T
) L
4 2
: it
Symmetry about y-axis Symmetry about origin point
figure (1) figure (2)

In Figure (1):
The point (-x, ¥) lying on the curve is the image of the point (x,y) lying
on the curve by reflection in y-axis.

In Figure (2):
The point (-x , -y) lying on the graph of the curve is the image of the
point (x, y) lying on the same curve by reflection in origin point.

E) 1ry to soive

{1 In the following figures, show which curve is symmetric about
y-axis and which is symmetric about the origin point.

Pure mathematics - Second form secondary - Scientific 2019-2020



Some Properties of Functions | ] = 2

- v
¥ Y v
S i3 A
1 |
- - -
'a 2 19 2 3 /9 b 1 b | x
0 -1 A\l
(A) (B) (C)

Are curves of all functions symmetric about y — axis or about the origin point only? Explain.
Even functions and odd functions

@ Learn I

The even function: the function f: X —— Y is said to be even if - x) =f(x) , forall -x, x € X.
The curve of the even function is symmetric about y-axis.

The odd function: the function f: X — Yissaid tobe odd if f(-x) = - f(x) forall -x ,xe X.
The curve of the odd function is symmetric about the origin point.

Notice: A lot of functions are neither even nor odd

when we investigate whether the function is even or odd, the two elements x, -x must belong to
the domain of the function. If this condition is not satisfied, then the function is neither even nor
odd without getting fi-x)

Q Example
‘1. Show the type for each of the following functions (even — odd ).

a flx)=22 b fix)y= € fix)= Vx+3 d fix)=cos x
> Solution

a f(x)=x*,domainof f=R
foreach xand -x &R, then fl-x)=(-xP =2

Le: fi-x) = fix) then fis even function
b fix)= x,domainof f=R
foreach xand -x &R, then: fi-x) = (-x)* = - *
Les fl-x)= -fix) then f is odd function
Important remark:
The function f: R~ K, flx) =ax® where a # 0,n e Z* is called the power function.
The function is even when n is an even number and it is odd when n is an odd number.

S| allas Student book - first term 1 7
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R o
notice 4 € |[-3 ;= [ while -4 ¢ [-3, =]
then fis neither even nor odd sin (-x) = - sin x
€os (~x) = cos x
d fix) = cos x, the domain of f=IR tan («x) = - tan x

for each xand -x € & then :
S-x) =cos (-x) = cos x
then : f-x) = fix) then fis an even function

Bl vy to soive

(2) Determine the type for each of the following functions whether even , odd or otherwise.
a8 f(x)=sinx b flx)=x*+cosx € fix)=x'-sinx
d fir)=xcosx € fix)=x'sinx I fx)=xcosx
9 fly=x'+2° h fix)=sinx+cosx I fix) =sin xcos x
What did you deduce?

important properties:

Ifeachof : f, and f, is an even function and each of gand g, is an odd function, then :

1) f, +/, is an even function 2) g+ g, is an odd function

3) f, =/, is an even function 4) g, x g, is an even function

5) f, x g, is an odd function 6) f, + g, is neither odd nor even

Using these properties, verify your answers in try to solve (2)

Q Example
2 Each graph of the following graphs shows the curve of the functions f, Determine which
functions is even, odd or otherwise. Verify your answer algebrically.

a b c
na .

:
1 1
£ \ X kl!:l

2 h , 7hP) 2 ;s

\
. S AN

L]

2 2 ~+3]
-3 =4
A
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-

O Solution
@ From the graph of the function f (x) = x* + x, we notice that the domain of f =&
the curve of fis symmetric about the origin point, so the function is odd.

‘forallx, xe R S =3P +(-x)
simplifying : fx)=-2-x
take off (-1) a common factor Ax)=-(F+x)
flx)=-f(x) -~ fis odd.

b From the graph of the function fix) =2 - x* , we notice that the domain of f = [-2, 2]
the curve of fis symmetric about y - axis, so the function is even .

wforall, x,-x€[-22) S fx) =2 - (x)?
simplifying flx)=2-22
Fx)=f(x) . fis even

€ From the graph of f (x) = 2% - 4x , we notice that the domain of f = I the curve is neither
symmetric about y-axis nor about the origin point, so the function is neither even nor odd:
v x,xeR S0 = (0P -4 (x)
simplifying f(x) =22 +4x #fx) . fis not even
but f(x) =-r+4x
then f-x) #-fx) .~ fis not odd
~. Le. the function is neither even nor odd.

ﬂmnm
(3] Show the type for each of the functions represented by the following graphs (even - odd -

otherwise)

a b c d
vt ‘ Y [ vAl vj
- - 5 -
3 3 %_ r 4
r 4 > 2 T 1
: 1/ AT
¥l lo 3l \ ol 2 2 3 ViR N3
-2 -lq 1 1 2 \ 2 3 | 3 Ny
Y?' ;? Vﬂ? 3'
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¥

e t 9 h
v: \r; \ Yé ] \ Y
11 \k T :

- ; o A\ 1o x|\l ol

e X 2\ 4
T 2 1 b = N
Y"" ;?! w' ;? \
@) Example 7
'3 The opposite figure shows the curve of the function f where:
.1 when x<0
fw={ x [
1l when x>0
X T

show thet this function is an even function and verify that | 2 £ } ¢ P X
algebraically.

> Solution

From the graph, the curve of the function is symmetric about y-axis, so the function is even.
Algebraic verification:
the domain of f= |-= ,0{U | 0,2 |

replacing (-x) insted of (x) 1 when (x)<0
sforall x,-xe domain f .. f(-x)= (-x)
TL) when (-x) >0
-X

[ 1 when x>0
Simplifyving fAx) = -'-L cac "
n x<
s

[ L when x <0
exchange the two rules Ax) = X

1 when x>0

. X

i.e. f(-x) = f(x), so the function is even.

EJ 1ry to soive
(4) Represent graphically the function f where f(x) =

x+2 where x=2-2

-x-2 where x<-2
then show whether the function is even, odd or otherwise. Verify your answer algebraically.
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One - to - One Function (Injective Function)
the function £ X ——Y is called one- to - one function if :
forall a,beX , f(a)=f(b) them a=b
orforalla# b then f(a) # f(b)

Qm
"4 ' Each figure shows the curve of the function f: X — Y. Prove that fis one - to - one function.
a b Ty
flx) =x:2 e 5
. 4
- ~——t
2399 ) § b x Ao m g —
o =1
1
2 o\ X
’a_‘ 1‘17 3456
©> Solution [y L 11
@ fix)=x+2,thedomainof f=Ik
forall a,b e then f(a)=a+2 , f(b)y=b+2
letfla)=f(b) a+2=b+2

cleminate 2 from both sides ..a=b  then /is one - to - one function

b f(x)= 3"‘25 . the domain of f=R - { 2}

X~

foralla,bel - {2} then flay= 23 fp)=30-3
e . 3a-5_3b-5
let f(a) =f(b) o " = 33
By cross multiplying, we get 3ab-6a-5b+10=3ab-6b-5a+10
by eleminating and simplifying Sooa=b . fisone- to - one function
@ Learn | The horizontal line test

The function f: X —Y is one - to - one function if the horizontal line ( parallel to x - axis) at
each element of the range elements of the function intersects the curve of the function at one point.
EJ ey to soive

5. In try to solve (3) page (19) show which figures represent one-to one function.

(6, Prove that f : X — Y is one-to - one function where:

8 f(x)=2x-3 b g(y= 32

S| allas Student book - first term 21
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(5 Show that the function f: X — Y where f(x) = x? is not one-to-one function.
\ 1y

O Solution
fRQ)=4,f(-2)=4 . f(-2)=f(2)=4
*r-2#2 then fis not one-to-one
We see that the horizontal line at y = 4 corresponds two
unequal values for the variable x which are -2 and 2.

-3 -

~

) ST S

cnremho-,
"~

I
o
8
K=

B ey to soive
(7)) Show that , the function f: X —Y is not one-to-one function.
8 flx)=x-1 b g(x)=22-5x+6

Critical thinking: Can the even function be one-to - one function? Explain.

@ Exercises (1 - 2) @

(l) Determine the symmetry for each of the following curves (symmetric about x-axis, y-axis or
origin point). Explain.

Y v —M"" L
> & 1/ &
A ] Al A
EXEER] ? 3 A X EEEEREERLEEEE d
AN -1 4 *1.\ -1
T‘.:r ol BB e o |
Figure (1) Figure (2) Figure (3)

(2) Find the range for each of the following functions and mention its type (even, odd or
otherwise).

v'i ) Y o v

“
1 N :
> - -—
X

. 7 B
3 2 a9 12 3 kA 3 [ x 2 0 12 N
- 7 -4 -4
] -~ b '
Figure (1) Figure (2) Figure (3)
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i L d 117
2 7 -
4
.&«B 2 10| :z;a- SQJ /Vﬂ':‘ 3 1 ? 3
2 17 2
-'v "J / i‘w
Figure (4) Figure (5) Figure (6)
(3) Investigate the type for each of the following functions (even - odd - otherwise).
8 fly=xt+a-1 b f(x)=3x-42 ¢ f=x-L
d flx)=a?-3x e f(x)‘-'-":_;sz I flx)=xcosx
9 fiy=J2+6 h f= | f@ =2 +1)

(& 1 f,.f, and f; are three real functions where f,(x) = x*, f,(x) = sin x, f;(x) = 527,
then determine which of the following functions is even, odd or otherwise.
2 fi+h b fi+f; € fixh 9 fixh
5) If fand g are two real functions where flx) = (3 - x)?, g(x) = (3 + x)?
then determine which of the following functions is even, odd or otherwise.
 f+g b f-8 cfeg (RS

(6, Graph each of the following functions and from the graph, show whether the function is

even, odd or otherwise and verify that algebraically.
¥ " - X when x20
! when x>0 i
2 fn)= A= X when x<0
| -2 when x<0
[ x-1 when x20 x+1 when x20
Ny when x<0 l-x when x<0
Student book - first term 23
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y
(7)) Use the following figures to answer the following:
- Y Y
3
2 il
F <r‘ X L i
Figure (1) Figure (2)
B Y
: £
‘TR >\ T [0] x N
a4 -
4' - -
Figure (4)
Figure (3)
First: Complete the curve in figures (1) and (3) in your notebook to get an even function
over its domain.
Second: Complete the curve in figures(2) and (4) in your notebook to get an odd function
over its domain.

Third: Determine the domain and range of the function in each case, then show which graph
represents one-to-one function,

{8) In each of the following, determine whether the function is one-to-one or not. Give reason.

8 fy=3x+1 b =22l e fo=x'+1
d f)=2%-x-3 e fi)=x+22+1

(9) Industry ; Said works in a factory producing energy-saving lamps. If his salary was 8 pounds
for every working hour in addition to 0.3 pound for each lamp produced daily.

8 Find the rule of the function f which expresses said’s salary if he works for 7 hours daily .
b Is the function fone-to- one ? Explain .

30 Creative thinking: Represent graphically the curve which satisfies each of the following condition:
@ Passes through the points (0, -2),(2, 2), (3, 7) and represents an even function.
b Passes through the points (0,0),(-2, 1), (-3, 5) and represents an odd function.
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Unit one

',i_‘ Think and dhcuu

The opposite graph shows the

temperatures recorded in Cairo

on a day. Observe the change of

temperatures according to time, %

then find from the graph: -

@ The periods when the

'Y

temperature decreases.,

b The periods when the 14
temperature increases.

€ The periods when the temperature is constant.

time (1)

The curves help us know the behaviour of the function fand identify the
intervals of increasing, intervals of decreasing or intervals of constant

which is called monotony of the function.

& Learn |

Increasing function
The function fis said to be increasing on the
interval Ja, b|

forallx, , x;€la, b
when:xz>x,
then f(x,) > f(x,)

Decreasing function

The function fis said to be decreasing on the
interval Jc, d|

forallx,, x,e |cd|

when: x, > x, 2 1
then f(x,) < f(x,) EREXE
Constant function (Y

the function fis said to be constant on the
interval: |£ , m|

ifix,, x, el f, m|

where x, > x,

then f(x,) = f(x,)

gkl pllas

:" Hh ¢ 0 ‘1

Student book - first term
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\\Unit one: Functions of a real variable and drawing curves I

'
Qw .
(1) Discuss the monotony of the function represented by the \ ; /f
opposite figure, \&
©> Solution BEZEE. L
# the function is decreasing on the interval |-2¢, 0f
# the function is increasing on the interval J0, 2|
» the function is constant on the interval |2, |

4

B ey to soive BEIEEE
(l) In the opposite graph: Discuss the monotony of the function. 7 -2

WNELE
@) Exampte — R

(2 Each of the following figures shows the graph of a function
f: X — Y where Y = fix). Deduce the domain , range and the monotony of the function.

Y

a b c
JV N Y
X' ¥ X *\
EENEZEREEN \
i B X 3 X I3 3
’2' R 1 3/4 % | |» . \ | x
/ 324
W, o MK
¥ =
v Y i £ )
> Solution

8 Thedomainof f=R=]-% |, range of f=]-% | the function increases on }-= , x|

b The domainof f=]- 2] U] 2% =]-= [, rangeof f=R
the function increases on |-=, 2| , and also increases on | 2 ;= |

€ The domain of f=]-=, 1|U | 2,= |, ange of f= ] - =, 4|
the function is constant on | -2, 1| , and decreases on | 2 = |

26 Pure mathematics - Second form secondary - Scientific 2019-2020



Monotony of Functions | ] = 3

N
E) try to soive
(2) In each of the following graphs, deduce the domain , range and monotony of the function:
a b c
Y Y Y
x| //l X
a FERE X
! B 4 ' X #\
gal IV 4 EED 2 3/4 b,
s =1 15 X' . X
Y ? 2 f y' 23

Critical _thinking: Which of the previous figures represents one-to-one function?
explain your answer.

Using the graphing programs to study the properties of functions
(there are a lot of graphical programs to represent the functions. The most famous is free GeoGebra
for tablet or computer)

@“’m | Use the GeoGebra program in graphing the geometric
transformation for functions.

Use GeoGebra to represnt graphically the DEEBE@'EEEEB
function f where fix) =x* - 3x + 2, then find: DA -
@ The domain and the range of the function f.

b Discuss the monotony and the type (even -
odd - otherwise):

1- Openalgebmcwmdow graphing (GeoGobm)

mchlheshownwmdowmf‘ig(l)

2- In the algebraic window, write the rule of
function fix) = x* - 3x + 2 in the input bar 0 RSO E
as follows: L L

—sat HAO IO @D

press =@ the curve of the function appears in
graphical window and the rule of the function in
algebraic window as shown in Fig (2)

o i
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\Unit one: Functions of a real variable and drawing curves I

3-To determine points on the curve of the :

% “la
and a new point from the menu. Move the ’5‘:,,':.-"" ¢
pointer until it reaches the point determined oo .
on the curve. Press left click on the mouse \

5o the point will appear on the curve in the
graphical window and the coordinate of the

point appears in the algebraic window as ,
shown in Fig (3). Fig (3) .

From the graph:
8 The domainof f= | - =, | , the range of f= | - =, x|

b The function is increasing on |- = , -1| , decreasing on

-1, 1| , increasing on |1 , =| +

The function is neither even nor odd. 1

Note: 2
The point (0, 2) is the point of symmetry of the curve and the *

function is not one to one. S 24 \(

Drill.on the activity D B e 2|

Use Geogebra to draw f: fix) = 3x - x* and from the graph check

the monotony of the function and its type even , odd or otherwise .

@ Exercises (1 - 3) @

(1) The following graphs represent the graph of some functions, deduce the range and discuss
the monotony from the graph:

T

i

>

|
\

£ .

4 a2 SEE
5 Figure (2) 3 2 1 2 3x

'3'24‘.1. 3 x ;‘1\ J l
3 b 2.3
1 2 ERCRE

-

P

EZAENEERNE

1
Figure (1) Figure (3) Figure (4)

28 Pure mathematics - Second form secondary - Scientific 2019-2020

/
/

%
_——
hk*lno‘.-‘..




Monotony of Functions [ ] = 3

N

(2) Using the following graphs, deduce the domain , range and the monotony of each function.

a b c
" Y .Y
3 4
{ ) = x TR x
5 X |l N|° X /42 | 2 4\6
2 3 3 5 4 | ¥4

%

B

-

X

J&u"
ﬁ

d e 1
Y|
3 \ y Alv
. > -
= » 3
X' B X 1 2
EEVAELTS A > ' -
= e 42 2 R .
£ 4 - % i
\4\ g
H b
Y Y
b\ 1 Y

Gif f:12. 6] —R
[ 4-x when x<I1
fix)=

Ll x when I€x<6
8 Graph of the function fand from the graph, deduce the range of the function and its monotony.

b Is the function one -to one . Explain .

P

4, Creative thinking.
Can the function which is increasing or decreasing continuously on its domain be one - to - one?
Explain.

(s) Using a graphing program . draw the curve of the function fin each of the following, then
deduce the range, the monotony and its type ( even ,odd or otherwise ).

a8 fix)=x2-5 b f(x)=4-2° € flx)=(x-12+1

d f)= ® fix)=x"-3x f ﬂx)‘%z
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1-4

B wewillear

+ The polymial func-
tions (liner - quadratic
» Modulus function (abso-
lute value)

» Rational function

» Using the geometric
transformation of the
function to graph the
curves,

y=fid+a
y=/flx+a)
y=flx+a)+b
y=-fix)

y=ajlx
y=aflx+b)+c

» Transformation of
some trigonometric
functions.

™9 Key-term
» Transformation
» Translation
» Reflection
» Vertical
+» Horizontal

\mmllnnmmﬂlmnmﬂnﬂ/

Cryplifien]] rypresentation aff

trnsmations

The Polynomial functions
You have studied the polynomial function whose rule is in the form:

fi)=a +ax+ad +ax 4., +a x"

where: a,, a,,a,,a;,, .a€R,a #0,neN

and you knew that the domain and the co-domain are the set of the

real numbers R (or a subset of it). As a result, these functions are

called polynomial functions of n degree (n is the highest power of the

independent variable x).

Notice :

1-1f fix) =a,,a,# Othen fis called a constant polynomial function.

2- Polynomial functions of the first degree are called linear functions,
second degree are called quadratic functions and the third degree
are called Cubic functions.

3- Adding or subtracting different power functions and constant, we
get a polynomial function.

4~ Zeros of the polynomial function are the x ~coordinates of the point (s)
of intersection of the curve with x —axis.

5- Two polynomial functions fand g are equal if they have the same
degree and the coefficients of corresponding power of x are equal.

Q Example
1. If fand g are two polynomial functions where fix) = (a x + 5)%,
2x)=92+30x+c-4,andif fix)=gx), finda,c.

O Solution.
fio=(ax+5 =a’ 2+ 10ax+25
*.* fix) = g(x) then corresponding coefficients of x are equal
Comparing the coefficientsof x .. 10a=30a=3
Comparing the absolute term: ¢ - 4 = 25 thenc =29

EJ 1y to solve
D Iffi=@+2b)x-cx+4 , g)=T+5x+(a-b)
find the values of a, b and ¢ which make fix) = g(x)
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Graphical representation of functions and geometrical transformations | 7 = 4
g

- 4
Graphing the curves of functions
Polynomial Functions
@ Learn l
The following is a graphical representation of some polynomial functions:
1) fix)y=x JV
the function f joins the number by itself and is represented
graphically by straight line passing with origin point (0,0), [ 1 x
and its slope = | EZAEEEN
(check : its range =& , f is odd and fis increasing on R ) ";
i KT
2) fixy=2 :Iv [
the function f joins the number by its square and is represented
graphically by an upward open curve and symmetrical about \ ;I 7
y-axis , and its vertex is (0,0)
(check: its range =&, fis even , and fis decreasing on |-= ,0f, | 1 X
and increasing on J0,% |) R AR E 3
A
3) fy=s :
the function f joins the number by its cubic and is represented JY |
graphically by a curve its point of symmetry is (0, 0) /
( check : its range = IR , fis odd and increasing on & ) = 1 -
B 2 : 1 2 1 g
"2 Graph the function f where: o X7
ML T s
when  x
AL LYY
O Solution f
1) whenx <2, fix)=2% \ 3 /
we graph fix) = x® foreach x e |-= , 2| %
with putting an open circle at point (2, 4) asin Fig (1) | X 4 X
$ 29 133 ¢ §
Fig (1)
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2) whenx > 2. fix)=4 \ 1Y
we graph the constant function f{x) = 4 for each
x € |2, =| on the same diagram fig (2)
Notice that the domain of f=R - {2} , the range of \ /
=10, =|
B 7y to soive  EEREEERNE
{2 Graph the function f where: Fig (2)

<
f(x)=[rt s then , deduce the range of the function and its monotony.

&~

-

x when x20

@ Learn l The Absolute Value Function
the simplest form for absolute value function is fix) =ldxe K
and it is defined as follows :

A0 { x when ¥ 2 0 v
X)= s

-x when x < 0 5
Nolit:t‘:l-.'!l=|3l=3..('=0."(-2;!=d 2i =2 N X
e:ld2 0, lxl=ld, Y =ld 5432 {

The function fis represented graphically by two rays starting from point (0, 0) the slope of one of
them = | and the slope of the other = -1
(check : its range = [0, | , fis even , fis increasing on )0, = | and f'is decreasing on |-, 0] )

@ Learw ] The Rational Function
the simplest form for the rational function is:

f=L xeR-{0)

the function f joins the number by its multiplicative
inverse and is represented graphically by a curve whose
point of symmetry is (0 , 0). It consists of two parts one | -3 4 -3 ) 23 4
of them lies on the first quadrant and the other lies on
the third quadrant. Each part approaching to the two axes
doesnot intersect them ( x =0, y =0 asymptotical line)
(check : its range = -{0}, f is odd and is decreasing on, |-, 0] , and is decreasing on |0, )

-N e s

.
Sl

ld when x<0
.l. when x>0
from the graph, find the range of the function and check its monotony.

B vy to soive
(3) Graph the function fwhere fix)= {
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N

Geometrical transformations of the curves of the functions
First: Vertical Translation of the function's curve

3 cooperative tearn |

Work with a classmate

1) Graph the function f: flx) = x?
use the program geogebra

2) Put the pointer on the vertex of the curve and
drag the curve vertically upwards one unit .
Notice the change of the function base to
express a new function whose base is
fix)=22+ 1 asin Fig (1).

3) Drag the vertex of the curve to point (0, 2) and
(0, 3) then write down your notice each time.

4) Dragthe curve of fix) = vertically downwards
2 units. Notice the change of the function base
to express a new function whose base is
fix)=x-2asin Fig (2)

Think ; show how fix) = 2% - 5 can be graphed using
the curve of function fix) = x*?
we can deduce that:

If fix) = 2%, g(x) =22 + 1 and h(x) = 22 - 2, then:

1) The curve of g(x) is the same curve of fix) by
translation a unit in the positive direction of
y —axis

2) The curve of h(x) is the same curve of fix) by
translation 2 units in the negative direction of
y —axis

S
.ﬂ..’.l

e —
Bl AL A OIOl ANl =] +)

.'_'.' 4

- - . * E] . - -
Fig (2) & /

El J_LJ’P.L@IOM:&:L&

Fig (3) &

/ L] . -

Critical thinking ; using the curve of function fix) = x* , show how the curves of each can be

graphed:
8 g)=x'+4 b hx)=x'-5
@ Learn | Graphing the curve y=1f{x) + a

For any function f; the curve of y = f{x) + a is the same curve of y = f{x) by translation of a
mgniwdeohunilsinmedirecdmof‘O_Y. when a > Oand in the directionof OY' whena <0

BUIVEY alkae Student book - first term
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g Example Y| Mx)= ..
'3 ) The opposite figure shows the curves of functions f, g and h.
where each of g and h are the image of the function by
a vertical translation. Write the rule of the functions of g Rp) = jal
and h where fix) = ld X' 8 X

O Solution 1
*.* the curve of the function g is the same curve of the
functionfbyﬂtslaﬁonofamgnimdeof3unitsinlhe xTEHEE
directionof OY'
then g(x) = fix) - 3
i) =ld then g(x) =ld - 3
*.* the curve of the function h is the same curve of the function f by translation of a magnitude

of 2 units in the direction of OY . then h(x) = fx) + 2
R =ld then hix) = ld + 2

E) 1ry to solve
(4) The given figures show the curves of the functions f, g and h where g and h are the images
of the function f by a vertical translation. Write the rule for each of g and h in each figure.

a b c
Y Y
= 4
] = 4 Py
4 3 —t—
T - [~] & .
x X X x b4 % -
2 ; 3 R BE i =
=1 = 7 . od 2 &
) ;’;/ 1 -
f ay=p
Yy Y Y

Second Horizontal Translation of the function curve

@ S "‘"'1 Work with a classmate :
1) Graph the function f : fix) = ld using m ~]/]=._J~ I (o) [+ PARR L)
geogebra by writing the rule of the function cB'-'c-
in the input box as follows: abs(x), then
press enter. The curve of the function will
appear in the graphical window and its rule
f(x) =1 will appear in the algebraic window Fig (1)
asin Fig (1)

OQI--
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—

2) Drag the curve of the function horizontally in EL i A>;<9 TR
the positive direction of x —axis for a number = &35, Ca—
of units, Notice the change of the function
base in the algebraic window
as in Fig (2)

3) Drag the curve of the function horizontally in mfidi>10'9Lﬁ_\l [=] %)
the negative direction of x —axis for a number 20

Nl w

of units. Fig (3). What do you notice? Swinnen

Think: Show how the two curves of the functions
g and h can be graphed using the curve of

the function fwhere fix) = L, Fig (3)
g(x) =lx - 5l and h(x) = lx + 4l

Graph the curve of y = f(x + a)
For any function f'; the curve of y = flx +a) is the same curve of f{x) by translation of a magnitude
of a units in the direction of OX when a < 0 and in the direction of O X' whena > 0

Naotice : In the opposite figure : fix) =ld: “ Y 5,7

1) The curve of the function g is the same
curve of the function f by translation of \ "
a_nlagnitudeof:% units in the direction of | x' _‘z‘h/ X
0X. - 4 B R - 3 4 5 6 7 8
. 8(x) = lx - 31 and the starting point of L
the two rays is (3, 0)

2) The curve of the function h is the same curve of the function f by translation of a magnitude
of 2 units in the direction of O X'

.~ h(x) = lx + 21 and the starting point of the two rays is ( -2, 0)

-
)

-
~
&b

Qm

O, Use the curve of the function f where fix) = x? to represent each of the two functions g and h
where :
8 gx)=(x-2¢ b hix)=(x+3)
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> Solution
a b L A
st | ]
‘\ ¢ I \ ‘1 - l,
A 4 -
' L) x
- + > - >
. 3456 IEEREEERE
» the curve of g(x) = (x - 2)%is » the curve of hix) = (x + 3)%is
the same curve of fix) = 22 the same curve of fix) = % by
by translation 2 units in the translation 3 units in the negative
positive direction of x -axis direction of x —axis and the curve
and the curve vertex point is vertex point is (-3, 0).
(2,0).
E) 1ry to sotve
(s)Usethecwveoflhefunﬁionﬁx)-a’mmpmemuchonhetwofuncﬁomgand h where:
8 g =(x+4)? b hix)=(x-3)7
{6 Write the rule of the function f represented by each of the following graphs :
c
a b Ay T
iv | % & v
‘ 2 \f\ 2
8 N T
(") 2 X L3
8 ""*F\ 4 y EELB2R
X' ) X -1 -1
-s PN ‘: SH
I 1]
<5
«AEE

Critical thinking.; If fix) = 2%, show how the curve of the function g where g(x) = (x-3)? +2
can be graphed.

Graphing the curveof y=flx+a)+b

From the previous we deduce that: the curve of y = fix + a) + b is the same curve of
y = fix) by a horizontal translation of a magnitude of a units.

( in the direction of O X when a < 0, in the direction of O X' when a > 0) , then with a
vutialuanslationofamgnimdeofbums(indndimionofo_f when b > Oand in
the direction of OY' when b < 0)
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E) try to soive

(7} Use the curve of function f where fix) = x* to represent each of the two functions g and h
where :
a g)=(x+27-4 B h(x) = (3 - x)* - 1

Qm

S) anﬂncumofunfuncﬁongwlnng(x)z;+3andfmnmemph.detennim(hc
" . . x-1
range of the function, and discuss its , monotony:

4y
© Solution i
the curve of the function g is the same curve of 5 :
thefunctionfwhcmj(x)=%byu'mslaﬁmof it
a magnitude of one unit in the direction of OX  |*-festesi= \{'\1 P
F 4
(a=-1<0), then by translation of a magnitude | 1 X
g - >
of 3 units in the direction of OY and the pointof | -$ 4 -3 -2 19 } 3¢ ¢

.
—

-
-~

symmetry for the curve of the function g is the point

(1,3), Rangeof g =I& - {3} and the monotony of the function g:
g is decreasing on |- %, 1| , and is also decreasing on |1 , = |

Critical thinking ; Cnnilbesaidumﬂx)-xLz + 3 is decreasing on its domain? Explain.

EJ ey to soive
) Usethecurveofuwfumﬁonfwhewﬂxh}'- . x # 0 to represent each of;
1 b 2c-3
o s = x#2+l e x-2
{9 Write the rule of the function f represented graphically by each of the following graphs :
c
I
4 |
a b s
d AF« Y 2
- - T
unae auc RGN E T
‘_4 - ,l L B, 4% VR By 'a—'lj
> ’V o yY. E )
/
T T
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\\Unit One: Functions of a real variable and drawing curves [

\ﬁ? Aelvity Using the graphical calculator to graph functions

To use the graphic calculator to graph the curve of the function fwhere
fix) =% +4x + 1, follow the next steps :

1) Tum calculator on and press MENU then move the indicator to
choose graph . then press  EXE  which is the entering button

to get the typing window,

§§

J_JJJ_J

B
L)) @

2) In typing window, write y, using the button ' 7,8, x 10
type the variable x , so press the following buttons :

—start 7,0x ) &) @) ‘r.ex & (1)

3) To graph the function — start [EXE () [ EXE

the graphical window appears as shows in figure.

4) Use the button ¢} in the graphical window to study
the function.

Notice;
fix) = 2% + 4x + 1 by completing the square
=(+4x+4)-3
=(x+2)7-3
i.e the curve of the (given) function f is same curve
of the function g where g(x) = x* by translation of a
magnitude of 2 units in the direction of " then
3 units in the direction of y* as shown in graph

opposite, -

= I ]
- 4 —
™

3
1

i

-
|
-+
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Application: use the graphical calculator to graph the curve of the function f
whelcﬂx)=x—'i+4 from the graph, determine the range and monotony.

Third: Reflection of function's curve in x-axis
The given figures show the reflection of the curves of some standard functions in x-axis.

Y e | ] 4 v 4
T :
\WEEY) A o vl
X x| [¥ XX = -y
s~ —
V]
Lx v [ ﬁ Ty ?

What do you notice? What do you deduce?

& Loarn |

Graphing the curve of y = - fix)
For any function f, the curve y = - f{x) is the same curve of y = f{x) by reflection in x - axis.

Q Example |Jsing geometrical transformation in graphing the curve of the

functions

"6 Use the curves of the standard functions to graph the curves of the functions g , h and z where:
a g(x)=-(x-3P b hix)=4-lr+3l

"
€ z(x)=2 —y

©> Solution
@ The curve of g(x) is the same curve of fix) =x? by reflection
in X — axis, then horizontal translation of a magnitude of 1
3 units in the direction OX . The curve vertex point is | 2] |/
(3, 0) and the curve is open downwards.,

N T
o
-

b The curve of h(x) is the same curve of fix) = i by s
reflection in X — axis, then horizontal translation of a i
magnitude of 3 units in the direction of OX' followed h B
by vertical translation of a magnitude of 4 units in the
directionof OY and the starting point of the two rays is
(-3, 4) and the curve is open downwards . : i AT
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QYL
€ The curve of z(x) is the same curve of fix) = L by : J§
reflection in x-axis followed by horizontal translation of |14 :
l_m.agnimde of 3 units in the direction of a magnitude of [ o - o —
oy thenvem_ml. translation of a magnitude of 2 units in .77 : X
the direction OY , and the point of symmetry is (3, 2). ‘.1.i 01 2 33 b
Y H

Kl vy to soive
30 Graph the function g in each of the following where:
8 px)=3-(x+1) b g(x)=-(x-3)
€ gx)=3-Ik-5l
then check your answer using a graphing program or the graphic calculator.

Q Example 5ing the geometrical transformation in graphing the curves of
7 the functions
|7 Usethesuitabletransformationtographthecurvesofthetwofunctions gand hwhere g x)=4-x*and
hix) =14 - ¥

O Solution ] I} i
First: graph the curve of the function g ol
the curve of the function g is the same curve of the function f 3
fix) = 2 by reflection in x - axis, then vertical translation of 145 EAY
a magnitude of 4 units in the direction of OY illustrated in /¥ 1 X
fig (1) 438 V1IN 33
Fi
AFA= EATA
>_‘Y\-\’_'
i b
Second: graph the curve of the function h Fig (1)
h(x)-l4-x31 then h(X)l|g(X)| [ I \l ] I Ay
Then y coordinate is positive for all the points of the curve of ) « (4. )
function where y = Ig(x)l A |
g(x) when g(x)20 \ 2 /
¢,=[ V745 A
-g(x) when g(x) <0 X' L X
9]
ie the curve of functions h lies in 1* and 2* quadrants, “‘"t e
which means reflection for the curve of the function g for all 7 5 BB ke
glx) <0 in x-axis 7 : ' ‘i
as shown in fig (2). . A )
Fig (2)
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—

E) try to soive
A1 The following figures show the curves of the functions f, g and h. Write the rule of the

function in each figure:

a b c
1)
Y
YT, 1RThir ]
d 7 b B P |
x| | \ / X : : > — .
A-r-! 1234 3 7 EESLE S i 5 BN
sanfenen .:1. heangunafond sefennsfonnadons ." 2 *t bqk;
- .
'Y ‘A'Y 'Y

Fourth: stretching of the function curve

@ : W E:!__J(.l L8 I EIEARN L)
Graph the curve of g(x) =a f(x)
work with a classmate.
1) Graph the curve of £ fix) = x* using Geogebra
and in the input box, write the rule of function g as )
follows: Fig (1)
—start (@) (%)(A)(2) &

A new window will appear (Fig 1)
choose Create sliders

2) Use the indicator of a to choose other values of
awherel <a
Notice the motion of the curve with respect to the curve
of the function f for each
xeRasinFig(2)and when 1 > a
as in Fig (3). What do you notice? What do you deduce?

0 BIE 8 K ‘-Atwjau\.- L)
& oar ) St
Graph the curve of y = a f(x) —
for any function f; the curve of the function y = a fix) is

a vertical stretch for the curve of y = fix), ifa > | and a

vertical shrinking for the curve of y= fix) ifa < | Fig (3)
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Graphing the curve of the function gix) =afix+b) +¢

Q Example ;5ing the geometrical transformations in graphing the curves

» of the functions
8 | Use the curve of the function f where fix) = ld to represent each of the two functions g and h:
8 p(x)=2xl b hix)=21x-71+2

©> Solution

@  the curve of g(x) is a vertically stretch of the curve of the function fix) whose coefficient =2 > 0,

then foreach (x,y)ef
then(x,2y)eg

1 3 T 0§
Y‘A Nx) =2 x|

w & @

b the curve h(x) is the same curve of
g(x) by a horizontal translation of a
magnitude of 7 units in the direction [
of OX , then vertically translation of ' FLEEER)
a magnitude of 2 units in the direction ol
of 0OY g

"~

)4
[ M'lll ) =2|x-7| 2
| |

7 8

y =

5 6

ﬂﬁyhum

32 Use the curve of function f where fix) = x? to represent the two functions g and h :
a 8(x)=--%,|2 v h(x)=2-%(.\'-.‘>)2
Check your answer using a graphing program or the graphic calculator, then determine the
range of h and its monotony.

Applying the geometric transformations , which you have learned in the previous
algebraic functions on the sine and cosine functions

Trigonometric functions the curve of the sine function

First: Translation on X - axis

1) Use the program (GeoGebra) and set the program so that the x-axis scale is in radian by
pressing the mouse (right click) and choose the choice in the last line; then choose x-axis
and choose the staging system (x-axis) (7).

2) Atthe bottom of the program (input), type the command : sin (x) then click (enter) to get the
red curve of the function. You can control the color and thickness of the curve by pressing
the mouse (left-click) and press (object properties), the shown window shows the color,
thickness, and ...

3) By the same way, type the command : sin (x + ), then click (enter) and color the curve in
a different color. .
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4) Compare between the two curves. What do WAL i Gl A el =

You notice? *;::. —
From the graph, we deduce: )

The curve of the sine function is translated T
horizontally to the left by a magnitude of %
units as in the real functions. We notice that the
range of the 2™ function is | - | . 1] is the same range of the function sin x , also we notice
that the function sin (x + £ is neither even nor odd because its curve is not symmetric
about the origin point or y-axis.
Think:
» What do you expect to be the direction of the X-translation if the rule of the second function
is:sin(x-g_)?

Second: Translation on Y -axis
1) Graph the curve of the function f where [E]sf0~1% toieriasiflosim e
fix) = sin x as above. i e

L RN

2) Graph the curve of the function g where
g(x) = sin x + 2 in different color. Compare
between the two curves. What do you notice?

From the graph, we deduce:

The curve of 2™ function is the same curve of the
functions y = sin x after translated a magnitude
of two units upwards also the range of 2™ function is [1, 3] because it was translated by
a magnitude of two units in the direction of y-axis from the first function and the function
y = sin x + 2 is neither even nor odd.

Critical thinking:

In each of the following figures:

Describe the geometric transformation of the curve of the function f which graphs the curve of
the function g then write the rule of function g, its range and its monotony.

9
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@ Exercises (1 - 4) @

(1) Determine the values of a , b and ¢ which make fix) = g(x) where
fo=@+b) P +3x-2 , g=5+(a+c)x+b
(2) Graph the curve of the function f, then determine its range and check its monotony from the graph.

ld when x<0
2 when x>0

4 when x<-2

a )=
" { 2 when x> -2

b ﬂ,t)= [

X when x<1
1 when x> 1

1 when x<0
‘ﬂ‘t)g X

c =
;) I Id when x>0

Choose the correct answer from thoes given:

(3 The curve of g(x) = x* + 4 is the same curve of f{x) = 2% by translation of magnitude 4 units
in the direction of:

a OX b OX ¢ 0Y d oy

{4) The curve of g(x) = Lt + 3| is the same curve of fix)=ld by translation of magnitude 3 units
in the direction of:

2 OX b OX c 0OY d oy
{5) The curve vertex point of fix) = (2 - x)? + 3 is:
a (2,3) b (2,-3) e (-2,3) d (-2,-3)

6, point of symmetry of the function f where fix) = '3 +4is

X-

a (3,4 b (-3,-4) ¢ (3.9 d (3,9
(7)) The curve of the function f where fix) = 2% is I Y P

graphed , then translated in the directions of the \\ = V
coordinate axes x, y as in the opposite figure. l \ e /

>
Write the rule for each of the following : /
functions: \| /| /
» g hand z $\5 432 Y 2 3 8§

L 4 h

-3
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(8)The curve of the function f, where fix) = x* is ¥
graphed, then translated in the directions of the
coordinate axes x, y as in the opposite figure

>
o
A}

Write the rule for each of the following - P A l,?’l 3
3 -
Hs

N —
P ——

“N-—

functions:
> AL

&

(9) The curve of f where flx) = L
is graphed then translated in the direction of b
coordinate axes x , y as in apposite figure. 2 b

>

\ B

Write the rule for each of the following
functions: 1
»g.h, 2z

30 Thecmveofthefmcdon[wheteﬂx)-%lsgmphed.lhenmmlaledindtedimcﬁonsoﬂhe
Coordinate axes x, y. Write the rule of each of the following functions:

a b [
| 2o X' 'qy X ol
5 - - o
< -J-!'?‘l 2
3 > X' o —
2 3 B 3 &8 5 6
v \'\‘ X g
- ~ 2
EEILE
. .’Y
X Y Y
d e f
1] 2Y 4y Y
113 5
F 4 1 4
X' X
X' ~X B ..d 1 .
0 1 - 2
- ’i xc' x
3 ——12 >
\ i 41312383
| [ L ¥ |
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31 Use the curve of the function f where f{x) = 2% to represent each of the following graphically.

a fx)=x"-4 b fix)=x+1 € fv)=(x+1y7
d fi0)=(x-3p e f()=(x=1)7-2 tfo=(x+3)7 -1
32 Use the curve of the function f where fx) = L to represent each of the following graphically:
a f)=ld+1 b fyx)=li-3 € fix)=lx+2l
d f(0=15- ® f()=lk+2+1 t f)=lk~-31-2

# Find the coordinates of intersection points of the curves with the two axes.
ji Use the curve of the function f where f{x) = x* to represent each of the following graphically:
a fi)=Rfx)-3 b fi(0)=flx)+1 € fi)=f(x~-2)
d fix)=fix+3) ® f(x)=fx-2)-1 { Sl =fx+3)+2
#» Determine the point of symmetry for each function.

34 If the function fwhere fix)= % , graph the function h and determine the point of symmetry
of the function curve:

a hx)=fix+1) b hx)=fix-3) € hix)=fix)+2
9 hx)=fix)-4 e hx)=fix+2)-5 U hix)=flx-2)+2
15 Use the curve of the function f where f(x) = 2 to represent graphically:
a fx)=4-27 b fi(x)=~(x-37 € fi(x)=2- (x+3)
16 Use the curve of the function f where fix) =ld to represent each of the following graphically.
8 flx)=2-Id b fi(x)=-lx+5l € filx)=4-Ix-2
d fl)=2 ® flx)=-2l-1I { Jf=5-21+2

a7 Graph the curve of the function f in each of the following using the suitable transformations,
then check its monotony.

8 fi(0)= {xz+2 when x>0 b fix)= { 2+1 when -4< x<0
2%-2 when x<0 -x®-1 when 0< x<4

e fix)=xld-1 d f,(x)-Tz;‘l—
38)If the function fwhere ﬂx):T'.gmphunfmion:inunronowingm
a l(x)=Ifx) b Ix)=2+Ifx) € lx)=fix-2)
39 Graph the curve of the function f, then determine its range if:
8 fix)="Y 8r+16 b fix) =l -2 -3, xe|-1,4]
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N

@ Trade: A grains merchant pays 50 L.E for each ton getting in or out of his warehouse for
loading or unloading the goods, write down the function representing the cost of loading or
unloading, then represent it graphically.

21 Mechanics; A body covered (d) meters in 3 minutes in a uniform velocity 30 m/min. Show
that the velocity (v) varies inversely over the time (1) for covering this distance. Write the
function which represents the velocity and time then represent it graphically. Find the time
taken to cover this distance if the body travels in a velocity of 45 m/min.

22 Urban communities.; rectangle-like pieces of land are specialized for youth housing in a
new urban community. If the length of each is x meter and the area is 400 m?,
a Show that the length of the piece of land is inversely proportional to its width.
b Write down the rule of the function f which shows the width of the piece of land in terms
of its length, then represent it graphically.
€ From the graph, find the width of the piece of land whose length is 25 meters, then check

that algebraically.
Creative thinking:

23 If x, , x, are zeros of function £ fix) = (x - a)? -8 where x, < x, and if x, ,x,are zeros of
g(x)=5-(x-a)’ where x; < x,,a € R which of the following is a right statement:

8 x, <x< x;<x, b <y < x<x

¢ <x<x<x, 9 y<x<x<ux

fix) 4
ﬁCWnimgkaboselwosidsml!mﬂcls high
and its arc is in the form of a part of the curve of the function o o
f:fix)=a(x-2)* +4 has been designed as shown in the opposite 1
figure, find: 3'3
8 Valueofa b Maximal height of the gate >

O
€ Width of the gate

25 Geemetry; if you know that the area of the figure included between lhecurvcofaquadnnc
function and a horizontal line segment joining between any two points
lying on it is calculated by the relation A= § LZ T

@ Find the area of the figure included between x- axis and the curve of
the quadratic function f: fix) = % - 6x + 5 in square units. l

b On the same lattice, graph the curves of two functions fand g where g(x) = lx - 3/ -2 then
find the arca of the part included between them in square units.
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Sellvimg Absclnte Valne Equa-

1_5\ thoms and Ineqrualiities

B weuwillleam

+ Solve the modulus
equations graphically.

» Solve the modulus
equations algebraically.

+ Solve the modulus in-
equalities graphically.

+ Solve the modulus in
equalities algebraically.

» Moded problems and life
applications to solve us-
ing the modulus equa-
tions and equalities.

First: Solving equations

4.’ >
3 Think and discuss

In one figure, represent the two curves of the two functions f and g
where fis a modulus function and g is a linear function graphically.
Notice the graph , then answer:

@ How many probable intersecting points are there for the two
curves of the two functions together ?

b Do the ordered pairs satisfy the rule of each function of both
functions if the intersecting points of the two curves are found
together?

Notice :

1) At the intersecting points (if found) , fx) = g(x) , and vice versa for
each x belong to the common domain of both functions.

2) For any two functions f and g, the solution set of the equation
fix) = g(x) is the set of x-coordinates of the intersecting points of
their two curves as shown in the following figures:

vl | ﬁ\‘ BE
i 1 =
Y 3 ma u—ly~—— - r— ~o-—gf-—4q-—
'}

i \ . 5 v
"o ] X | Y |X
s 2 3a 4 +2 [ERN
i 1o )

Solution set = {a) Solution set = ¢

! - - L -Y»’ R ’ 1
AN i
= | p — x—4 i — -!»—JL— Ll
i 3 & 5 | 11233
» Ly |
Solution set = [a,=] Solution set = {a, b)

Solve the equation: lax-bl = ¢
Qw

1. Solve the equation: Lx - 3| = 5 graphically and algebraically.
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g

1-5

© Solution
Letfix)=lx-31 , gx)=5 | .‘V

1) Graph curve of the function f: fix) = lx -3| et - L >
by translating the curve of fix) = x| 3 units :
in the direction of O X 3 .

2) On the same figure, graph g(x) = 5 where - 1 X
g is constant function represented by line 33371 10) 2 b w 5 6 7 B o
parallel to x axis and passing through point | - = | |
0,5)

*." the two curves intersect at two points ( -2, 5) and (8, 5)
.". then the solution set of the equation = {-2 , 8}

Algebraic solution:

2 : x-3 when x=3
From the definition of the modulus function: f{x) =

~x+3 when x<3

when x23: x-3=5 then: x=8 € |3, =|
whenx<3: -x+3=5 then: x=-2€]-%=, 3|

then the solution setis: { -2, 8} . This is coincident with the graphical solution.

E) 1y to soive
(l) Solve each of the following equations graphically and algebraically.
a ki-4=0 b ld+1=0 € I1x-7I=S5
Properties of the Absolute Value
@ Learn ‘
1) labi=lal xIbl for example:
Rx-3l=l-6=6 , RIxI-3=2x3=6

2) la+bl<lal +Ibi
The equality holds if a, b have the same sign:
4+5I=4+151=9 | 1-4-5l=I-4+1-5I=9

NVifid=a then: x=a or «x=-aforall a e R*

2) If:lal=Ibl ifeither:a=b or a=-bforalla,beR
3) ==
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\Unit one: Functions of a real variable and drawing curves [
Solve the equation lax+bl=cx+d

Q Example
2 Solve the equation : 12 x - 3| = x + 3 graphically and algebraically.

O Solution
let fx)=12¢-3l,gx)=x+3

Graphical solution:

We e

fif(x)=12x =3 -I2(x-%)l

Sf) =21 3 ; f
The curve of fis the same curve of 2ld by
horizontal translation of a magnitude of 3

units in the direction of OX - —t

"~

P
]

g: gix) = x + 3 represented by a straight ] 2 |
line whose slope =1 and passes through the

point (0, 3)

*.* intersection points are (0, 3) and (6,9)

Then the solution setis : {0, 6}

The algebraic solution:

2x-3 when .r)-';-
~2x+3 when x<%

.. when x>% 2X=3=x+3 thenx=6e|-%.=ol

v 12x-3l= {

. whenx(% -2x43=x43 thenx=0¢ |-, = |
. the solution set = {0, 6}

K} vry to soive
(2} Solve each of the following equations graphically and algebraically.
8 2r44l=]~-x b 2x+5l=x-4 € Ix-3=3-x

Solve the equation: lax + bl =lc x + dl

(3 Solve the equation Lx - 31 = 12x + 1| graphically.
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vagawuuvnue Equations and Inequalities | ] = 5§

> Solution

let f(x) = lx - 31, g(x) = 2x + 1| | A Pl

the curve of f; is same curve of Ld by translation

of a magnitude of 3 units in the direction of

P ™

ox g:g(x)=2u+-2Ll
the curve of g is same curve of 2Ld by horizontal *

R
tmmlationofamagnitweof-% in OX , the A
two curves of the functions fand g intersect at  raw ViR >
1L s R EEERUN "5
(4. 7and (3 3) EERLEEE
the solution set = {4 . 1 }
E) 1ry to soive
(3) Solve each of the following equations graphically.
8 e+ 7 =12v4+3 b |x=2l+lx-1l=zero
(7 Examplo
‘4 Find the solution set for each algebrically :
& k+7l=lk-5l b /¥ —6x+9=9-2
> Solution

ikensisoserese- <10
oy (refused).

S X+ Tmx~5

orx+7T=-x45 ie: 2x=-2 ifa,beR
sox=-l i.e solution set = { -1} ol
satisfy: then:am £ b
By substituting x = - | in the two sides, we find that:

the right side = left side =6 i.e. the solution set = { - 1}

Think:
Solve the equation above by squaring its two sides, then check your solution.

(s e <0

s (x-37 =9-2¢ then: Ix-31=9-2¢

for any real number a:
First: when x23then: x-3=9-2x

Jl_:-ld
Se3x=12 then: x=4¢ (3, = |
Second : whenx <3 then: x-3=-9+2x
S x=6 then: x=6¢|-=, 3|

.. Solution set = (4}
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\Unit one: Functions of a real variable and drawing curves [

Think: 1) Can you use other methods to solve this equation? Explain.

ﬂmum
{4) Find the solution set of each of the following equations algebraically:
8 x-11-22-4d=0 b V2 4v+4=4

Life applications on solving equations

Q Example planning cities

s A piece of land is included between the two curves of the two functions fand g where :
fx)=1x-31-2 and g(x)=3 . Calculate its area in square units. If the unit length is 8 m, find
the area of this land in square meters.

> Solution [ 1
By graphing the curve of fand g graphically, we find P 5 :
that they intersect at A (-2, 3) and B (8, 3). The land = :
will be in the form of a right angled triangle ABC at C |
where: X3 : | X

AB= 8-(-2)=10 units 249 3 67 B
CD =3 -(-2) = 5 units . .
s.area ABAC=1 AB<CD 31 |

=3 X 10 x 5 = 25 square units
Areaof land =25 (8 x 8) = 1600 square meters.

u‘l‘qhm
(5 Find in square unit the area included between the two curves of the two functions fand g
where: flx)=l-21-1 and glx)=5-lx-2

Q Example Roads nets

6 Two roads, the first one is represented by the function f where fix) = lx-5l, and the second
represented is by the function g where g(x) = 5 - 3 x. If the two roads intersect at points A
and B, find the distance between A and B to the nearest Kilometer the length unit represents
a distance of 5 km.

om
The two roads intersect when flx)= g(x) , then lx-SISS-%x =y

5. x-5=5-2%x  then x=6 ,y=1 S A=(6,1)
orx-5=2x-5  then x=0,y=5 . B=(05)
AB= J(6-0%(1-57 = /33 =213

*.* the length unit represents 5 km

.. the distance between Aand B=5x2 /13 =10/13 =~ 36km
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Qvinubsoautevmue Equations and lnequaliliul 1-5

|

@ actviy |

Notice: If a light ray falls on a reflective surface whose
pathway is subjected to the modulus function . The
measurement of incidence angle equals the measurement
of reflection angle.

In addition , the pathway of the
billiard ball before and after colliding
it against the table edge.

The figure opposite illustrates that
the billiard player kicks the black
ball considering ox and oy the
two perpendicular coordinates and the
ball's pathway follows the curve of the
ﬁummfm:f(x)=§u-sn.oos

the black ball fall in pocket B? Explain
mathematically.

£} vy to soive

(6, In the previous example, check the points of intersection by solving the two equations

graphically.

Solving the Inequalities

You have previously learned that the inequality is a mathematical phrase containing one of the
symbols: (<, >, =, 2). The solution of the inequality is to find the value (s) of the variable

which make the inequality true.

¥y = fix)

Solving inequalities graphically

-
n

gix)

The opposite figure shows the curves of the two

functions fand g where :

-
Tl N R

whedeeadaad

¥, =f(x),y, = g(x) and the solution set of the equation

]
|

fx)=gx)is{a,b}

then:y, =y, whenx=a or x=b

_!':’;‘.v.'L“._

fix) < g

S| e Student book - first term
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\\Unit one: Functions of a real variable and drawing curves [

we notice: y, <y, which f(x) < g(x) when xe |a, bj
¥, > ¥, which f(x) > g(x) when x € | - % ,a| U] b, =|

Qm
7) a b c
K X188 Y Y| | 5l
“l)'= faed ‘(L J‘ "l 5 ~| fix) = |ll.1|
3 T 4 |
o gix)=2 |9 q [N B \A h{ Z | T< _I,.,. V] p=s
[ 9 wmo\ | /] 13 )\
¥ Tl 1| |l olX| | X
FREERYT EEEEEE 1 EEE
Solution set of inequality Solution set of inequality Solution set of inequality
42 <2 Rx+6l = 4 k-21< 3
is: |-4.,0] is: |-, 51U -1 = is:[-1,5]
ie:R~]-5 -1]
B} 1ry to sotve
(7)) Find the solution set of the following inequalities using the graphs in example (7):
8 k+2<€2 b 2x+61<4 c k-2>3

Solving inequalities algebraically

@ Learn ]
first:iflxI€a, a>0 then -a< x < a m@

second: iflx!l 2a, a>0 then x2aor x£ -a forall a.b,¢
I fa<b,b<c¢
thena < ¢

'8 Find the solution set of each of the following inequalities in form of ifa < b then
an interval:

a+c<bs+e
8 x-3 < 4 b /2241 > 4 ac<becwhen ¢>0
1
c PR =22 ac>bewhen ¢ <0
o if a, b are positive
8  lr-31<4 then -4<x-3<4 adding3toinquality  "embers,
S-4+43<x-343<443 then: -1<x<7 a<bthen - >

. The solutionset =]-1, 7|
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Qvin“bsoluuvuuewm Inequalities | ] = 5

b of(x-17 =le-1l then: k—1124
Sx=-124 e x25 or x-1<-4 then x=-3

xeR-]-3,5| .. The solution set = | - =, -3]U[5, =|
. B -12—;'—3'- =2 by taking off the multiplicative inverse of both sides
. 2x- 1 1
iex 3I<2 . x#z
.-.--2L<zr-3<12- by adding 3 to inequality
.-.--2L+3<z:-3+3<-§-+3
LS<u<t by dividing by 2
- ! 1 : 2 Ly
xS <. solution setis [ 5. +1-{3)
Kl vy to soive
(8] Find the solution set of each of the following inequalities in form of an interval:
8 k-TI< 1 b Bx+71<8 ¢ /P-6:49 >8 d ﬁn

Q Example (| ife application on solving inequality)
ii‘ One of the natural gas companies allows employing a counter reader. If his length ranges
between 178 cm and 192 cm . Express all possible lengths for the persons applying to join
this job using the absolute value inequality.

O Solution
Let the length of a person is x cm
where 178 < x< 192, adding (-185)

to both sides 178 1924178 _185 192
178 - 185 < x - 185 < 192 - 185 2
7T €<x-185< 7 i.e. x-1851 < 7
EJ rry to soive

(9) Write the absolute value inequality which expresses :
@ Student’s mark in an exam ranges between 60 and 100,

b The temperature measured by a thermometer ranges between 35°C, 42°c
€ The Green algae found in Ocean reaches 30 meters deep.

Critical thinking: Write in the form of an absolute value inequality:
a 4< x< 4 b 0<x<6
€ x>2orxs-2 d xeR-[-2,6]
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\Unit one: Functions of a real variable and drawing curves [

@ Exercise (1-5) @

Find the solution set of each of the following equations algebraically:

A1x-21=3 2)13-2x1=7 3)1x+21=3x-10
@Iix+21+x-2=0 5) x+lxl=2 6)Ix-21=3x-4
@ 1x=11=x-2 @8 12x-6l=1x-3I @) [P-6x+9 +2¢=9

Find the solution set of each of the following equations graphically:
301 x-31=7 W ix+214x-2=0 2 1x-21=3x-4
3D 12x-41=1x+1| 14 Ixl4x=0 39 1x421=Ix-3I

Find the solution set of each of the following inequalities graphically:
d01x-11<2 7 1x-21<3 981 S-x1>3
49 12x-3127 201 x+31>-1 20 12x-5122

Find the solution set of each of the following inequalities algebraically:

221 x-31<15 2313x-21<4 2013x-7122
25 13r+214+5<4 20 {24124 27 Jad-12449<9
N N 1 N\ |
28 12x- 31 +16-4x < 12 és,mn ngn
31 Mechanics: g
A body travels in a uniform velocity of magnitude 8 cm/sec A
from position A to position C passing through B without /’ \
stopping. If the distance between the body and position B is // \
f
given by S(1) = 8 |5 - tl where tis the time in seconds and S is /‘ // \\
the distance in cm, calculate. [/ \\
f
8 The distance between the body and position B after // \\
2 seconds and 8 seconds . what do you notice ? Explain. ,/ \\
gLy
b When the body became at a distance 16 cm from position A @ \\ C
B? Explain.

€ When the body became at distance less than 8 cm from position B?

v, General Exercises

. For more exercises, please visit the website of Ministry of Education.
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)% Unit summary

Unit summary

1 The function : is a relation between two non-null sets X and Y so that each element in x
has one and only one element of Y and the function is symbolically written in the form
f: X — Y. The function is determined by the three elements; the domain , co-domain and
the rule of the function.
The function fis called a real function if each of its domain and co-domain are the set of the
real numbers or a subset of it.

2 The vertical line test : If a relation is represented by a set of points in a orthogonal coordinate
plane and the vertical line intersects its graphical representation at cach element of the
domain elements at one point only, then the relation represents a function.

3  Piecewise- defined function : is a real function in which each subset of its domain has a
different definition rule,

4 Operations of functions: if f, and f, are two functions whose domains are D, and D, :

7 (fy £) () =1, (x) £ f5(x) . domain (f, £f,) is D,ND,

» (f|.,2) (x) 'f| (x). fz(-‘) ' domain (f'. fz) is D.n D2

» W =01 where £,(x)# 0 domain(fl) is (D,NDy)-Z(f)
!2 !2(") fz

where Z (f,) is the set of zeros of f,

5 Composition of functions: if the range of the function f is a subset of the domain of the
function g, we can compose the function z from the two functions f and g where = g« fand
read as g composite fand 2(x) = ( g+ ) (x) = glfix)]

6 Even and odd function:

Fiseven: £ X — Y and f-x)= flr)forallx, -xe X.
Fisodd: £ X — Yandfi-x)=-fix) forall x, -xe X.

7 The one-to -one : the function f: X —— Y is said 1o be one-to one :
ifa, beX fla)=fibjthena=b or foralla#b then fla) #Ab)

8 The horizontal line test: if f: X — Y, then fis one-10 one- if the horizontal line (parallel
to x-axis) intersects the curve of the function at one point.

9 Monotony of function : the function f is increasing in the interval Ja , b| if each of
x,and x, € Ja, bland x, > x,, then fix,) > fix,):
The function fis decreasing in the interval Ja, b if each of x, , x, € Ja, bl when x, > x, ,
then f(x,) < f(x,)
and the function is constant in the interval Ja, bl if each x, . x, € Ja bl and x, > x, , then
f(xy) = f(x,)

10 Linear function: the simplest form: fix) = x is represented by a straight line passes through (0, 0)
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N

11 The quadratil function: the simplest form fix) = x? is represented by a curve of vertex (0, 0)
and the equation of line symmetry x =0
12 The cubic function : the simplest form fix) = x*, curve with point of symmetry (0, 0)

13 The absolute value function:
. x, x=20
Simplest form fix) = ld, defined as : fix) = {
-x, x<0
is represented by two rays starting from (0, 0) and their slopes = | and = -1 :

and 20, l-d=ld, V=
14 The rational function: simplest form fix) = 1 , and the symmetrical point of its two curves is
0,0) )
15 Geometrical transformations of the function f where y = fix) and a > 0 are determined as
follows :
it is represented by translating the curve of fin the positive direction of
y-axis in a magnitude of a
» Ify = f(x)-a itis represented by translating the curve of fin the negative direction of
y-axis in a magnitude of a
it is represented by translating the curve of fin the negative direction of
X-axis in a magnitude of a
7 Ify = f(x-a) itis represented by translating the curve of fin the positive direction of
x-axis in a magnitude of a.
» Ify =-f(x) itis represented by reflection of the curve of fin x-axis.
» Hy=aflx) itis represented by the stretching the two vertices of the curve fifa > |
and by shrinking the two vertices of the curve if 0 <a< 1.

16 Properties of absolute value of number:
8@ |abl=lal <Ib

»Ify = ix)+a

» Ify = fix+ a)

b la+bl<lal+Ibl
C fd<a.a>0 them-a<x<a
d ifld>a,a>0 then:x>aorx< -a

(@ Enrichment Information

Please visit the following link.
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Accumulative test

N
@ Accumulative test @
1) If some geometric transformations are applied on the function f, g and h where fix) = 22,
s(x)=x’andh(x)=-:|‘~togautefunctim represented by the following figures. Complete:

Y ‘; M
2 / . 2
‘ E X ¥ \?'\ X
R
Fig (1) Fig (2) Fig (3)

The rule of the function in Fig (1) is b The rule of the function in Fig (2) is

The rule of the function in Fig (3) is d  The function is not one -to-one in Fig,
The range of the function in Fig (1) is ! The range is R in Fig.

point of symmetry of the function in Fig (3) is..

Equation of symmetry line of the function in Fig (1) is
{2) Find the domain of each of the functions defined as follows:
. = X b =j c =—L
(b ey | aaiis h= ey

@A=L x=0 . gx)=2x find each of:
f + ) . (f: g)x) .(‘8L)(x)(hen find the value of each of (f + £) (1) . (. &) (2) .

£ (-
(f)(l)

{4) Draw the graph of (x) = lx - 3| + 1 and from the graph check its monotony then find solution
set of the equation flx) =4

(5) Find the solution set of each of:
2 x+2=3x-10 D i-2-x=0 € 3-2xI>5

{6) Prove that fix) = 2+ 1 is an even the draw the graph of f find graphically and algebrically
thesolutionselof_dﬁzn-z,vaifytlnmsults.

7 Mechanics: A rocket was projected vertically upwards with a velocity of 98 m/sec from the
surface of the ground, If the relation between its height(s) in meter and the time (t)in second is
given by the relation s = 98t - 4.9t%. Show that this function is not one-to-one then find:

@ The height of the rocket from the surface of the ground after two seconds from the
moment of projection.
b The time taken by the rocket to reach a height of 470.4 m above the ground.
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TWO

nentss
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Unit introduction RO F

he concept of logarithm was introduced to mathematics at the beginning of the seventeenth century
on hand of the scientist Jhon Nabeer as away to simplify calculations . So the navigations, scientists |
engineers and the others can casily satisfy their calculations using the tables of logarithms |, calculator
ruler . they also get use of properties of logarithms to transform the multiplication operations to addition
using the property according to the formula log, (xy) =log x + log,y . and thanks to the scientist Leonhard
Euler in the eighteenth century to join the concept of the loganthm with the concept of the exponential
function so the concept of logarithms was enlarged and connected with functions . The loganthmic
measure was wildly used in many fields as for example the decibel is a loganithmic unit used 10 measure
the sound intensity , the volt ratio , also the hydrogenous power is ( logarithmic measure ) used in
chemistry to determine the acidic of certain solution .

Unit objectives

Bytheend d thisunit , the sudent shaud beableta
Recognize the exponential function £x g a* where recognize some logarithms laws
aeR*- (1) » log, (xy)=log x +log y.x>0,y>0
Recognize the graphical representation of the exponential - ) 7
function and deduce its properties » log, (5)=log x - log,y.x>0,y>0

recognize the laws of rational exponents. » logx"=nlogx.x>0,a! R*- [1},n! R
Solve exponential equations at the form a*=b.

l - > . ¢ -
Solve applications used exponential equation. a* =b > log, () =-log, x.x>0.al R*- {1}

Recognize the logarithmic function y = log x or » log, x= log,x x>0.a.b! R*- {1}
fix)=log x wherea e R*- {1}, xeR* - " Tog,a

(Zon\’cnx:\glmm exponential form to logarithmic form and » log b= l a.b! R*- (1}
vice versa. . Ofy®

Recognize the inverse function and the condition of »loga=1 al R*- (1)

existence (horizontal line test) >

recognize the graphical representation of the inverse * log, 1=0 al R+- {1}

function as an image of the curve of the function under Solve logarithmic equations

reflection in the straight line y = x Like the graphical
representation of the logarithmic function in a bounded
interval as inverse function of the exponential function Use the sclentific calculator to find logarithms
and deduce its properties.

Solve problems by using the logarithms laws

Use the scientific calculator to solve some exponential
recognize the relation between the exponential function equations by using logarithms.

and logarithmic function graphically
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‘ Key terms

Esponent [rpanential Decay tvwerse Function
Powvey fvws Logarittem

Base Ocd Expronentuat Feem
Racticah Laws of Exposents Logarithmec Foem
Rationel Exponenty Drposential Function Commaon Logartithm
Scuare Root Exponential Equation Natural Leganttm
Cultwe Moot Vereasn) Fantion Logarthme Fuscbon
A" oo Decreasng Funchon Logarthmic Equation
Read Root Symemetry

ponerntil (rowth Compound interest

(% Lessons of the unit \. Chart of the unit

w

Lesson (2 - 1) Rational exponents.
Lesson (2 - 2): The exponential function [

and its applications.

Lesson (2 - 3): The exponential . Rational | s
Equations. — Generalization of exponential laws
Lesson (2 - 4): The inverse function. p—
Lesson (2 - 5): The logarithmic function . exponential function
and its graph. | mm Graphing of the exponential function
Lesson (2 - 6): Some logarithms  Application on the exponential
properties. functien (growth, decay)
The exponential equation
The condition of existence of
 The inverse ' ——
g Materials function  Finding the inverse function
~ algebraically, graphically
graph paper - scientific calculator -  Graph of the logarithmic function
computer - ic rams - w
puter - graphic prog W Application on logarithmic
function

ppin! aliae Student book - first rerm 61



B wewillleam

+ Generalzation of the
laws of the exponents.

+ The n™ root

+ The laws of the rational

+ Scientific ca.
+ Excel program
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€3 mwroduction |
You have studied before the square roots of a real non-negative number

and some properties of the square roots and the cubic roots. Also you've
studied the integer exponents and some of its properties. In this lesson

we will study the rational exponents.
@ Revision ‘
Integer exponent

1) foreveryae R ,neZ* then:
a"=axaxax...xa (a multiply by it self n times)
(a") is the n™ power of a , a is the base, n the exponent

we say a raised to power n,
2) a® =1 fﬂmyaek.(o)
,) ." --.L' .-...i_ al 0
Properties of integer exponents:
IfmneZ,a, beR-{0} then:
PECRE T » (ab)"=a"b"
)5'..-. >(%)-B$
» (@™ =™
@) Examplo
gholx‘z.h
() prove that 2L AT o
©> Solution
RHS (BRI x )22 32k d-de

FMmel (24 3)! o0 IWel 240 3 1-m
=3%+2-9n-l-1+0, 24 -dn-4+dn

=3x2=1x1 (LHS)
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El 1ry to soive

W @ xa2p
.1, Put in the simplest form: 16872
@) Sxempe

125 % (15)" 2 x (25)m +*
(2 Prove that: e ]

> Solution
; 5% (3% 5)" 2 x (Shymen
LHS, =
(B xS x (S 2m
SBPXGP-2x (52 x (5)m+2e
(3)" % (5)2" x (5)m2=
,(5)30|-2+h*h-h-n-- ,‘(32)--2—-
= ! '28-’-82
(5)' =3 i (RHS)
E) 1y to soive

7o\ Sx3W.4x3>) ||
\2, Prove that: 2x3el_32n =15

Critical thinking:
@ Ifae R, nisan odd integer. Determine the correct statement from the following:
(@) a">0 (b) <0 (c)a"H o @) a"*'<o0
b IfaeR -{0},nisan even integer . Determine the correct statement from the following:
) a®>0 (b) a* <0 (¢) a* " '=0 ) a"Go
The n'" root
You've studied:
The equation x* = 9 has only two real roots y9 =3 and - /9 =-3 -o
Notice that  3?=9 ,(-3=9 For any real
and the equation x* =8 has only one real root number
78 =2 (The other roots are complex numbers and not real) o ol
2y =8
In general:

the equation "=a suchthat acR, neZ' hasnroots. We discuss the following cases:

1) If nisan even number and a > 0
then the equation x* =a has two real roots one is positive and the other is negative (the other
roots are complex numbers and not real) and we express these tworootsas ¥V a .-V a ,and
the n™ root of the same sign of a is called the principle n™ roots of a.

BUIVEY alkae Student book - first term 63




i.e.: the equation x* = 16 has two real roots ¥16 =2 , - ¥16 = -2
(And the other roots are complex not real).

Notice that (2)*=16,(-2)*= 16

2) If nis an even number and a is negative ,a < 0

the equation x" =a has no real roots (all its roots are complex and not real).
i.e.: the equation x* = -9 has no real roots (all its roots are complex and not real).

3) If nis an odd number ,a € R- {0}

thentheequation x"=a hasonlyonerealroot Vs  (and the other roots are complex numbers)
i.e.: the equation x*=-32 has only one real root ¥-32=-2 (notice that (-2) ¥ =-32)

4) IfneZ ,a=0
then the equation x" = 0 has only one solution which is x = 0 (The equation has n of the
repeated roots and eachone of it=0atn > 1),

B ey to sotve
{3) Find in R the solution set of each of the following equations:
a *=8] b =243 e ¥=.16 d F¥=.64

Critical thinking: Explain using a numerical example the difference between the sixth rootof aand ¢ 3

& rean 1

The Rational Exponents
We know that the square root of the non-negative real number a is the number whose square is

aand if a™ represents the principle square roots of a
" @amP=a ‘™ =a then 2m=1 ’ m-%

which means that, a*lslhepdndplesqmmoh Thus ﬁ-t}

Simitarly a} is the principle cublc rootofa Thus ¥a =a} ingeneral y3 =4
1) (1) Forany real numberaH 0,n e z* - {1} then .% =Ya
this statement is also true ata < 0, n odd integer number more than |

2)a" =( Jar= Van where ae R, m, n integer numbers with no common factor
betweenthem n>1, ¥a €R
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Generalization of exponents rules

Rational exponents has the same rules of integer exponents
@) =xampte
'3 Find each of the following (if possible) in R.
s (16 b -nt e (243
d (9 e 16! et
©> Solution
8 (16)=¥76 =2 b .ont=y37=23

© (243} =V =-3 d (9¥=yTeR Note yT=3i

I
e 16 =(/T6) =4'=64 t on? .H.(_vl_ﬁ__)‘.%n..‘%
E) ey to soive
(4. Find (if possible) the value of each of:
a (129} b (81 ¢ (1287 d el

Give reason?
The number (-8)" is defined in R, ¥-§=-2 € R , but the number (¥ )? s undefined in R

Properties of n'" Roots
1) Vab = Va x¥Vb
z),tf-.% ,b1 0  suchthat ¥ .¥D €R

e p e (V)

(4 Find in the simplest form each of:

W-an-—
s Ve b {iexy Yar =aifnisodd
©> Solution
O ETT =- V8 x¥# x¥p =-2aD°
b Yie'y = ¥T6xVax¥y =2xiy?
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El vy to sotve

{5) Find in the simplest form each of:
s Y1627 b W
@) Example
(5 Find in;hesiml;leuffmachof shisecandl
8 (8) < (1) x b —(_.’Lm);
©> Solution

8 Theexpression =(2x3%% x B3x23x(3x2%? =28 x3¥uat 2 «3du2d
:2Wx3#‘l=2‘x3°=2xl=2

o i

3*41’&7*.‘-3":17‘- Ix1=1

EJ 1ry to soive
{6, Prove that:
G4 fx @t ) b 125« ¥ <104 _
: 196y x 4 1 . 48 ¥67 <15 =
Solving exponential equations in R

W e D wia (1)

(6 Find in R the solution set of each of the following equations:

a x; =128 b (2x+3)3=s| l:'-n.'
¢ o -10:849=0 d V& .V =6 :r::“*
© solution xn ma
a x; =128 m‘-!‘* _
x=(128)] x=@)} ek
x=22=4 " solution set = { 4} o et
b (2c+3) =81
((2x + 3) 1) = (3% raise both sides to the power 3
(2r+3)' =312

2c+3ml 3% 243ml PP
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Either 2 x+3=27 2x=24 tx=12

Or2x+3=-27 2x=-30 Y ox=-15
solution set = {12, -15}
e -13:d436=0 4 VI -3y -n2=0
(xi.g)(x; -4)=0 x§-3lx%-32=0
dtherx$ -9=0er x3-4=0 (x8-32) (x84 1)=0
*3'3’32)& xi=2 ; cither x8-32=0 |orx® +1=0
e ¢ x =l @ xi=2’ x‘a-l refused
x=| 27 x=| 8 (2’)‘
solution set = {27, -27,8 , -8} A
x=64
solution set = {64}
E) vry to soive
(7> Find in R the solution set of each of
a x§-81 b‘(x+l)§-32;} e YA-3Va=4

@ Exercises 2 -1 @

(2) Show when the relation ¥ab = Y& x Vb is true for all real values of a, b?.

(3) Complete each if the following:
a (8)§ind|uiuple¢fnm ................................. b (og)finumimmfam .................................
© (8% inthe simplest form @ 32" in the simplestform

4. Choose the correct answer from those given:

8 If5*=2then25 = ... (10, 625, 4, 2)
b @)= @.2.4.4
e Ifxi=64thenx= (512,16, 4, 2)
'd Which of the given is not equal to (V) @ ¥7 .28 (Y
e If4x’=128thenx=.. “4:13:2.D
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1 The real roots of the equation (x-2)*=16are ({0} ,{4}.{8},{0.4})

9 If3=4"then9f +16% = (7,12, 20, 25)
(5) Eindthe error;

2 9=(9) =/GE=VET=9

b If =8I then x=¥81 ‘xm)

1

(6) Geometry; If the length of the radius (r) of the sphere is given by the relation r-(%"-)’.

where (V) is the volume of the sphere find the increase in the radius length when the volume
dnnaafmm%zl’ 10 36r cubic units.

(7> Find the solution set of each of following equations:

a ""‘3’2‘ b =8|

e Yy =32 d (x*-5x+9)3=243
2 d.sdi420 f x+15=8J/x

9 V7 -25Vx -54=0 h (2c- 1) =(x+3)

O lfx§=3y§=27ﬁndlhevalueofx+y
{9 Creative thinking: Choose the correct answer:

a Ifx<Othen: Vx¥ -3 Y-+l +l= (x ,-x ,zero,- 1)
Qlfasﬁg then which of the following is rational ... (@', a'%, a'*, a¥)

@ acuviey |

Use the calculator to evaluate the following (Approximating the answer to two decimals)

D -

b (23) % +(001) %
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2% Activity |
Bacteria cells multiply by direct division to two cells during a limited
period of time then the two cells divide into four cells, then the four
cells divide into eight cells and cell division continues that way through
the same period of time and in the same circumstances.
The following table shows the time that bacteria cells divide per
hour and the number of the producing cells.

Fime in hour 0 | 2 3 4 5 6
oo PP
1) Complete the table.
2) Express the number of cells in the exponential form with base 2 in
each division.
3) Find the expected number of cells after 8 hours.
4) Express in the exponential form the number of cells after x hours.

& Loarn "i

Exponential Function
The function fsuch that ix)=a* ,a>0,a! 1, xe Ris called
exponential function.
Example:
fix)=2" its base (2) and its power (x),
fAx)y=5 its base (5) and its power (x+1).
fix)=( l;)z' its base (%) and its power (2x)
E] 1y to soive
1) Determine which of the following is an exponential function.
a fl)=a2 b fix)=(2)
c ﬂx).x—g—l d fiy=x-1
¢ fx)= (%) o I Ao=(2)y

S| e Student book - first term
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Graphical Representation of Exponential Function
Draw the graph of each of the two function fix) = 2, g(x) = () *where x € [ -3 3]

T 3 : 8 . -

d / 2 1 4 \

;] -1 g 2

4 0 1 1 2
EEEREERN ; - i EEEREEEL

4
=2
e . - T g =y
8

Properties of the exponential function fix) =a* , a>0, al |

1) The domain of f(x) =a* is R and its range is 0. |
2) Ifa>1 then the function is increasing on its domain and named by exponential growth
if 0 < a < 1 then the function is decreasing on its, domain and it is named by exponential decay.
3) The curve of f(x) = a* passes through the point (0, 1) foralla>0,a! 1
4) fix)=a"is One - to - One function
5) mmofmemmdonm)-fiswamemﬂx)-(.:.ybymmyuu

6) % =whenx$ =ifa>l
a$ Owhen x $§ =if0<a<]|

EJ ey to sotve

(@) In the opposite figure f is defined on R , Such that fix) = (3)". b L
Draw on the same figure the curve of the function g which is
defined on R , such that g(x) = (3)*, then find the domain and
the range of each function. also determine which function is )I/

\h

increasing and which is decreasing and state the reason.

(3) Critical Thinking: If fix) = a* where 0 < a < | arrange the 'T}’-r I RERE
following in a ascending order A7) .A-2) . V5 ) .f0).

@) xampe
1 1f f(x) = 3" then complete the following:
8 )= b fix+2)=_ xfix) € fOxf(x)=_
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O Solution
a fi2)=3=9 b fix+2)=3"*2=3"%x3=9fx)

c ﬂx)xf(-x)-}‘x3"-3"‘-3‘al

£l rry to sotve
4. Write the rule of each function under its suitable graph:
o y=¥ b y=3"* € y=-3
dy=-3°% e y=(3)1 1 y=3
9 y.3"‘ hy=]1-3*
I [ fi Y %l b {
EEE : aj' [-;g ﬁ i\
1 KEEEEEEMEETEEEEN KR EEEN
Graph (1) Graph (2) Graph (3) Graph (4)

2 T
i ‘#L»/y EMEXER: N IR

)
Graph (5) Graph (6) Graph (7) Graph (8)
Applications tends to equations in the form :*=b
Growth and Decay

In our daily life there are a lot of phenomena expressing growth and decay by time such as
the study of population, bacteria, viruses, radiation substances, electricity and temperature.
In algebra, there are two functions, representing the growth and decay which are exponential
growth function and exponential decay function.

First :Exponential growth

We can use the function f, such that f{t) = a (1 + r)' to represent the exponential growth with a
constant percentage during constant intervals of time, where (1) is the time, (a) is the intial value,
(r) is the growth percentage per interval of time (Discuss your teacher to conclude the previous
relation).
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@) mamrte

@Wlfpﬂndpﬂ P is deposited in one of the banks at interest rate r
(percentage) and compounded n times per year for a period of t years, then the accumulated
value A is given by:

A=P(l+5)™
Example: A man deposited a capital of 5000 L.E in one of the banks with annual compound
interest 8%. Find the sum of the capital after 10 years in each of the following.

@ The interest compounded annually
b The interest compounded quarter annually
€ The interest compounded monthly.
© Solution
Use the relation A=P (1 + -&)"

(#) The interest is compounded annually
C = 5000 (1+ 0.08)'7 = 10794 62L.E

(b) The interest is compounded quarter annually ~ n=4
c-sooo(uﬂ.p.)w-‘-uocozl,.e

(¢) The interest is compounded monthly  * n=12
C = 5000 (1+ ﬂg.)w-"-noouw
B vry to sotve
(5. Number of breeding Bees in a bee cell increases at rate 25 weekly, If the number of bees

at the beginning is 60 bees. Write the exponential function that describes the number of bees
after t weeks. Then estimate this number after 6 weeks.

Second : Exponential decay

We can use the function £ ft) = a (1 - r)' to represent the exponential decay with a constant
percentage during constant intervals of time, where t is the time, a is the intial value, r is the
decay percentage per interval of time

Qm
(3 Connedted with trade; Kareem bought a car at 120000 L.E, and its price decreases at the
rate of 12% per a year.

Ist: Write the exponential function which represents the price of the car after t years.
2nd: Estimate to the nearest pound the price of the car after 6 years.
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©> Solution
a=120000 , r=X=0.12, t=6years
Ist: the exponential decay function is: ity =all - r)' by substituting then
Ay =120000(1 - 0.12) then: fit) = 120000 (0.88)'
2nd: put t =6 in the exponential growth function
A5) = 120000(0.88)° = 55728 49041
The expected price of the car after 6 years is 55728 LE

E) 7y to soive

(6, Connected with medicine; A patient gets 40 milligram of a medicine. The body gets rid of
10% of this medicine every hour.

@ Write the exponential function which represents the quantity of medicine left in the
body after t hours.

‘b Estimate this quantity of medicine left in the body after 4 hours.

B i B

1) Complete each of the following:
@ The function fsuch that f{x) =a* is an exponential function if a X
‘B The exponential function g where g(x) =3*'itsbaseis
c mﬁmonl(wbuek(x)-(—‘-)“'unaexpomdm .....................................
d mmdmoﬂhepolmdinumdtbmoﬂhfmmnﬂx)q with the

straight line x = 0 is the point (...... , .....)
@ The equation of the line of symmetry of the graph of the two functions f and g where,
g =3 g=Cbris

(2)-Oloooethecomamuﬁmtbosedm:
@ The exponential function of base a is increasing if

(a)a >0 (h) a>1 (c)0<a<l da=l
‘B The exponential function of base a is decreasing if :
(@a>0 (h)a<o0 (c)0<a<l d-1<a<0
€ Theupunendalmnaioa,ﬂx)-l'.a> 1 its curve approaches:
(a) the x-axis (positive direction) (b) the x-axis (negative direction)
(¢) the y-axis (positive direction) (d) the y-axis (negative direction)
d lnmeexpoaenﬂalﬂnedon_ﬂx)-a' ., a>1 then fix) > | when:
(m)xeR (b)xeR* (c)xeR dxeZ
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e lntheuponemhlﬁmctlong(x)-a'.(o<a< I)then0<a' < 1whenxe

(@) 10, =] (b) ]-=, 0] e, = (d) J-=, 1]
(3)8howwhlchdthefolbwlngbmexpounﬂdﬁmcﬂmthendmmﬁmthehsemdlhe
power of each:-

8 flx)=2¢ b =35y ¢ fy=—t-
4 fr)=3-1 e =G A= (7)"

(4. Represent graphically each of the following functions then find the domain and the range of
each. Also determine which is increasing and which is decreasing:

* fiy=3 b fi=(})" ¢ =3¢ 4 fn=241

o fo=h2-2 =231+ 9 f=-d+d

{5) Saving: Ziad deposit 80000 L.E in a bank which gives and annual interest of 10.5%. Find
the total amount of money after 10 years given that the total around is given by C =a (1 +1)
where t is the number of years, a the starting amount, r the annual interest

@anumwoﬂhelmdlinsmmmadtyauuultof
the proliferation of the mobile phones at the rate of 10% yearly. If the number of the land
lines in a year was 54000 lines write the exponential function which represents the number
of lines after t years then estimate the number of lines after 3 years.

@anmaofminlmlehmiswmmdmemm:ueof
these cows is 18% annually. Find the number of cows after 4 years.

8, Population; The number of population in a city of A.R.E reached 4.6 million people with
an average increase 4% annually.
Ist: Write the exponential growth function after t years.
2nd: Estimate the number of population after 5 years.

79 Sport; The number of spectators of a football team decreases at the rate of 4% each match as
a result of recurrent loss in a championship, and if the number of spectators in the first match
was 36400, Write the exponential function which represents the number of spectators (y) in
the match (t) then estimate the number of fans in the tenth match.

N 1 1
Creative thinking: If f{x) = 2* Prove that has a constant hatever the
69“““ ffx)=2" o 4-"(_””’l a value w
X.
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CDomooer |

From that table, show when 2* equals 2x:
-2 -1 0 1 2 3 R

&= ]

Exponential Equation
If the power of the equation contains the unknown "x* then it is called

exponential equation i.e. (3* = 27) thus:
Pl a™=a®,a€{0.1,-1} then m=n.
@) mxempie

(1) Find in R the solution set of each of the following equations:
a 3:0!._2% b 2/3) =852

O Solution
a 3:0!..217. R T B

3 ,x=-4  solution set = {-4}
*@x2heragya
Cehmay © g ¥
2 %x-%-lt-G multiply by 2

Y o3x-9=6x-12 Y o3x-6x=9-12
Bx=-3 x=1 " solution set = {1}

x+1=-3

b M)M.grz

EJ 1y to soive

{1) Find in R the solution set of each of the following equations :

b (3 + 5%

- L

2% I a"=b" , a,b¢{0,1,-1}, then
‘oz amb fmissmodd,a=!b Hmismeven.

a 23"3-'16- 8-312-

gkl pllas
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@) txemte
(2 Find in R the solution set of each of the following equations:

@ 2r3o§3 b 7rel=3us2
© Sotution
8 253gs5d ' x-3=0 x=3
" solution set = {3}
b 7x¢l=3us2 Yol o324 0) R R R Y R
Y x+1=0 x=-] " solution set = {-1)
Bl vy to soive
(2] Find in R the solution set of each of the following equations:
8 3r-5-2x-8 b 45423244
Critical thinking: Find all possible solution of the equation x *2 =4 *2
@) mxampie
3 =3
‘8 Prove that fix + 2) x fix - 2) = 2¥) b Iffix+ 1)-flx-1)=72find x
> Solution
a LHS =f(x+2)xfix-2) =3%+2.3x2
m3re2ex-2 =3 =fl2r)=RHS.
b afix+l) - fix-1) =72 A BRI /]
3team
3 @ay=n
Yo3sl=9=32 Y ox-1=2 ' x=3
B ey to sotve
3 I f,(x) = 8, fyx) = 4*
S 2+ D+f,Gx42) 128

B AT I EY A
b Solve the equation f, (2x) + f; (3x - 1) =80
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@) oot

@lfj(x)-z'
find x which satisfies the equation: fix) + 5 - x) = 12:

©> Solution
By substituting in the equation fix) +A5-x)=12

24255 =2
2% % 2% 425 % % 2" = 12 « 2* multiply both sides by 2*
25X $ XX 12%2°=0
226 12 % 2% 4 32 = 0 by factorizing trinomial
(2°-4)(2°-8)=0
cither : 2*=22thenx =2
or:2*=2thenx =3
Bl vy to soive
© e e e 8 S

Solving Exponential Equastions Graphically

@ actviy )

@Udngagnphmmdnwlnooeﬂmdnmmoﬁhemﬁmﬁom[.(x)-?.
£5(x) =3 - x, then find from the graph the solution set of the equation 2* =3 - x

O Solution (v1
Using the GeoGebra program draw the two curves of the two
functions and from the graph we find that the point of intersection
is(1,2)

So the solution set of the equation 2* =3 - xis {1}. ‘ﬁ/ BERE -

e

EJ 7y to sotve
(5) Using a graph program draw the graph of each of the two functions:

£,(x)=2" f(x)=x+2 inone figure and then find from the graph the solution set of the equation
2 =x+2
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(1) Choose the correct answer:
8/ If2**'=8 , thenx=
(a1 (h)2 4 3
DS 'mds) thenxm
(a) s (1 (c)-1 )0
e (J)¥*2=1wherea >0, thena=___ :
(a) 1 (b)-3 (€)2 d)3
{2 Find the solution set of each of the following equations:
a 2+l=g b 3"':% e iz
d §x+3_gxed e (3J'5')H,27 f 33.3%2- 162
9 5¥325=26x% h 242%z12 I (%)ul,..(%)n!,(%)n!.“
@Piudﬂlessadlemeqnﬁou:

¥x5=75 , 3¥x5=45
(&) 1 £,(x) = 3%, f(x) = 9* find the value of x which satisfy f,(2x -1) + fy(x + 1) = 756
G50 If flx) =7 *+ ! find x which satisfy fi2x - 1) + fix - 2) = 50
{6, find graphically the solution set of the equation:

8 372=3.x b 2=2y

(7) Creative thinking; If * =y andx"*'=y "' find the value of n ?

(8) Numbers: If the sum of 2 + 4 + 8 + 16 + ........ + 2" is given by the relation
5,=2(2"-1)

@ Find the sum of the first ten numbers in this pattern
b Find the number of terms of this pattern starting from the first term to give the sum
131070

(9 Solve each of the following equations
a 3'3"2-%)-' b 72:547%=50

30 Creative thinking;
Find the solution set of the equation:
9x+1.3x83.3 43 =0.
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@ Think and discuss

The opposite figure represents relation (father)
between a set of fathers (x)= { Emad, Abdallah,

Ossama, Atef} and a set of daughters (y)= {Amal ,

—h<
g o

Wewilllearn [

Nayera, Ghada, Gana}. using the figure :

1) Write the relation representing (father) from
X to Y. does the relation represent a function ? and if so is it one to
one Function?

2) wnmmmwng(m)mvwx isita

S )

The Inverse Function
If the function f is (one-to-one) function from X to y then £ is an
inverse function of ffrom Y to X if :

for (v.y) € f (ynef!

C%»G) OZ0

@ If the function fis as follows: f={ (1,2),(2,4),(3,6),(4,8)} .
Find the inverse function of f and represent both in one figure.

(181 1)

+ The inverse function

» The graphical repre-
sentation of the inverse

+ Finding the inverse
function algebraically
and graphically

Key-term By

» Function

» werse Function

+ One - to One Function
+ Domain

+ Reflection

The function f is one to one

T i LENEEEEEEEE

So, it has an inverse T

b

a k) = {( | . 2)0 (20 4)0 (3- 6)- (‘u 8)) Y, .

We notice that the function f and the

C =2 1), (4,2),(6,3), (8, 4) K
f { } 7 /’ ~ i
",( //

inverse function f*' are symmetric

about the straight line y = x

Thus f*' (x) is the image of fix) by

S EFRPE!
!.

reflection in the straight line y = x

gkl pllas
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EJ vry to sotve

(I) Find the inverse function of the function represented by the following table:

-3 -2
7 3
If a vertical line cuts the curve at
one point then the curve represents
a function.
aEEE:
j AV
KX R |
1| ¢ BNiA
Notice that:

Y
If the function is not one-to-one (Doesn't satisfy the horizontal line k. //

test..) then its inverse doesn't represent a function.

iy =7 (is not one to one) then its inverse lyl = yx_is not a function. IEFERXERD

Properties of the inverse function:

1) we said that fix) , g(x) each one is inverse
function to the other if
(f%) (x)=x and (g % (x)=x

2) the domain of fix) = the range of inverse function
S
the range of fix) = the domain of inverse
function £ (x)

0
0

:

The horizontal line test

If any horizontal line cuts the curve
at a point then the curve represents a

Critical thinking:

What is the domain of the function f such that f{x) = in which the

function f has an inverse function and find that inverse function. to find the inverse
function, first we

(@) Exampie exchange variables,

then we find y in

(2) Find the inverse function of the function f such that fix) = 2x + |  termsofx.
and represent f{x) and its inverse graphically in one figure.
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© Solution

y =2x+1
Yox =2+l exchange variables
Y2y =x-1
Coy =i f'@W=3a-1
| 0 -1
3 1 -1 T T T
0 '% =] p2x b

Notice that The curves of the function fand its inverse function
£ are symmetric about the straight line y = x

E) 1ry to sotve
(2) Find the inverse function of the function y = x* and represent
both in one figure.

@) Bxempie
3)1ffiy=3+/%1 find
‘& The domain and the range of the function f.
b ' (x)and find its domain and its range
‘¢ Using a graph program draw the graph of each of f{x) and its inverse function f'(x)

©> Solution
@ f{x) is defined for all values x -1HO ie.xHl
" The domain of flx) = 1 ,=|
a Jx-i1Ho for all values of x which belong to the domain

"34/31H3 = fiyH3
" The range of flx) = [ 3= |

b ay=3+/x-1
by exchange the variables x , y
x=3+Jya x-3=J/ya by squared both sides
(x-3P=y-1

Ty=@-3N+1 T M =x-3)2+1
The domain of f-'(x) = R And the range of it = [1 2 |

BUIVEY alkae Student book - first term 81
e




E] 7y to sotve

3 . s .
@iffrRs R =<

8 Find f'(x) and determine its domain and its range
‘b Using a graph program draw the graph of each of fix) . f*'(x)

@ Exercises 2-4 @
(1) Complete:

8 Ifthe functionf={(1,4),(2,-3).(3,1),(4,0)} thenf'= X Y
b The opposite figure represents a function f: x $ Y then

@)= 7
© The image of the point (2, 1) by reflection in the straight line "«

d If fis a one to one function and f2) =6 then f ' (6) =
@ Ifffx$ A4xthenf':x§

(2} Put (v) for the correct statement and (X) for the incorrect statement :

'@ The domain of the function is the domain of its inverse function. (
‘B The increasing function on its domain always has an inverse function.. ()
c The even function always has an inverse function, AT,
d  The odd function always has an inverse function. R,

{3) Find the inverse function (if possible) of each of the following:
2 f=Lx+d b f(x)=4dx

¢ fiy= 5+ d fo=2

e fin=8x-1 t f=Ya-x

9 Av=2+J 3-x h f(x)=x2 where tHO

0 fo=(-1P+2  wherexH1 I fix)=x+8x+7 wherexH-4
kK fiy=49-2  where-3GxG 0

1 i=49-2 where0GxG3

m f={(1,2).2.3).03. 4}

2 | 2 5
» 7 4 1 5
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(4 @ Iffix) = 5x. find £'(x) and represent it graphically.
‘B The opposite figure represents the function f from X to Y find
S +2fc).

¥ ol [
\
.“" 1 5 L
“1 MEXEEEEK
(6 Discover the Ecror:

Wulndknmubdmﬁndthehmhnedmdthehmﬂx)-

Wael's solution Rana's solution

a k)"‘i" .ys.‘-’-
a f"(“)'T;T x--’—— exchange variables
S . x-5 & = Cross
[lw=1. == s y : multiplication
_lxtr yx-y=
o= ‘ | 1=l
C =
Which solution is correct? Why?
(Z)muilpociblefonmmﬁonﬂobeInelflhelmnmedonf"?lﬂt's
possible give examples.
{8 Determine the domain at which the function f has an inverse for each?
a fix)=x b fx)=x c ﬂx)a%x
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exponential form is
¥ =x

84

Pure mathematics -

Graphical representation of the inverse function of
the exponential function

You know that the function y = /¥ is the
inverse function of y = x* for x H 0 (its
image by reflection in the line y = x)

Can you represent the inverse function of
the exponential function f such that fix) = 2* gmphically by representing
the values of x, y for the ordered pairs of the function.

_
=&
)

X y X y

3 1 1 3 | e |
ol R

| e [

1 1 - FEE B,

l % 2 ' =1

0 1 | 0

1 2 2 |

2 4 4 2

3 8 8 3

We find that the inverse of y = 2% is x = 2 and the variable y in the
equation x = 2Y is called logarithm x. and it's written as y = lng v and
it's read as logarithm 1 to the base a

&=

Logarithmic Function
If a € R* - {1} then the function f: R* $ Rwhereﬁx)-los xis the
inverse function of the exponential function y = a*
fix) = Log x is called the logarithmic function
a

»  Domain of logarithmic function = R*
»  Range of logarithmic function = R
» Theformy= Log x is equivalent to a*=x
a
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Converting to the logarithmic form:
a 2*=16 equivalent Lolzl6t4 b 52=25 equivalent I..o§25=2

¢ (=%t  equivalent an-,l@u d 102=001 equivalent Log 001 =-2

EJ 1y to sotve
{1 put each of the following in the logarithmic form

a 77=49 b (y2)'0=32 c (g)‘-a!zsl- d 5‘3-7123
The common logarithms of base 10.

If the base of the logarithm is 10 it is named by common logarithm and written without base such
as 7 is written y & 127 is written log 127

ot .l -
Change to the exponential form:

a l..o§81==4 equivalent 3*=81 b l.o!ns:? equivalent 27= 128

3 equivalent 8]’:27

€ Log ji5=-2 equivalent 102= ;1= @ Log 27=

EJ 1y to soive
(2] Put in exponential form:
a minzs-a b Log =S (e Log 1=0 d Log 1000=3
Evaluating the value of the logarithmic form of given base:
@) Exampte
(1) Find the value of:
a Log 0.001 b Losm

©> Solution

& Putting y =Log 0,001 b Putting y = Log ¥27
change to exponential form: <

10" = 0.001

Change to exponential form

3’-,’ from the propertiesof exponents
10" = -l%)’ from the properties of exponents Y'%

IO’-(IO)" from properties in exponents
y=-3 thus log0.001 =-3

Log 477 = 3
3

EJ 7y to sotve
(3) Find the value of: @  Log 0.00001 b bo: 128
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@) zxamete
@EIMInRIhewlwonmolac_hofmefollowlngeqmﬂom:
8 Log (&x-5k=1 b Log (x+2)=2
3 x
O Solution
2 The equation is valid when 2v-5 > 0 i.e. x> 3 (the equation validity domain)
converting the equation into exponential form

' 3=2%-8 ' 2x=8
" x=4 e the equation validity domain " solution set = {4}
x+2>0 >3
b The equation is valid when x [x)O ie [x>o
x!1 x!1
then 02| - {1} (the equation validity domain)
converting the equation into the exponential form
C R=x42 Y x-x-2=0
Cx-2)x+1)=0 ' x=m2 orx=-l
a x=-| ¢ the equation validity domain " solution set = {2}
El ey to sotve
(c)ﬂpdinkdn;dmbnwdaphdmemm
a l.o.%x-4 b boES.!-Z

& o )

Graphical Representation of the Logarithmic Function
The function f such that fix) = Log x ,a! 1 is represented graphically as in the following figures:

‘whena > 1
The domain: R*
‘lI The Range: R
’ cl Intersection With r-axis: (1,0)
.T':E{ v Increasing on: R*
86 Pure mathematics - Second form secondary - Scientific 2019-2020
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‘when0<a<1
The domain: R*
3 The Range: R
‘ \ Intersection With c-axis: (1,0)
X . R+
s 4-: Decreasing on: R
!
function? Show this.
@ wxample

(3) Represent the following functions graphically:

a k)-[nsx 'b.ﬂx)-lpsx

©> solution

'@ Notice that the base 2 > 1 b Notleetlnt:thebuc:ﬂ(%<l
2l U 2| ¥ | &
10| 2 3|0 |2

i w1

\
)4/1 L BT ']'EW.:F_T:
+ 4
Using the calculator:
The scientific calculator can be used to find the values of the logarithms as follows:

1) tonndl_og4wepleutllehywithmefollo~vingm

S| -

.P.

B

) @ © @ @ ez
2) 1o find Log 38 we press the keys with the following sequence:
(s 38 = 1570783607
Drill;
Using the calculator to find

® Log 12 b Log 24 b ux-},- d Log 128
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@ Exercises 2-5 @

{1) Express each of the following in the equivalent logarithmic form:

232=] b =8 c 0= d (J2)=4
(2) Express each of the following in the equivalent exponential form:

® Loglo0=2 b Log‘f—tg © Logl=0 d Log 121=4
{3) Find the domain of each of the following functions :

a fly)= Log(Zx-o-l) b fix) =2Logy c ﬂ"”‘ﬁ,“’”
4> Without using calculator find the value of:

a u,slo b uzs c Lo‘l d LogSJT
(5) Find in R the solution set of each of the following equations:

!‘l.o§27-x+2 b m‘(z:ﬂ)-z € Log(2x+1)=0

d I.,os(l_ogx)-l e Loglﬂ-o-Los (x-1)=2 1 usw-Z)-x
{6, Represent graphically each of the following functions:

& fn)=Logx b) Sy = Log (x+1)
- MESEA Nk
(7) Draw in one diagram the curves of each of the two functions g, f where 80 = Log x.

ﬂx)-G-x.de:cuaphtoﬁndﬂnsdﬁonmoﬁhcoqnﬁonLosx-G-x.
Choose the correct answer:

11 |3)] 7

S
8, lfu,%xsz:henxa ik
a9 b g c 3 d5
9) If Log 16=4 thena e —
a
a {16} b {2} ¢ {2,-2} d {1}
a0 Loglzss orm——eir
a /3 b 3 €5 d 125
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41 The domain of the function f such that fix) = Log3is

I
a = 0U0,1] b Je= 1| (:Il.wl d |11
42 Logloo=
a | b 2 c 3 d .|
@lfunwmofunﬁmﬁoufwmm-m,.xmumnmepoam(s.a):m
P R S PN
a | b 2 oj{. d 2
34 the opposite figure represents the function ?’:
o y=3+! b y=3* -
¢ y=Log@n 4 y=Log (30 EEXL \4\' x
15 Find the value of each of the following then check the result !
by using calculator:
a ugsn b l”gal c mﬁm d Log 0.001
36 Find the value of each of the following then check the result by using calculator:
a "ﬁ"'i b Log(zx-S)so c l.og‘(8+6)'2
9 LoglogLogr=0 & Log(—z;‘%)-l ! Logi2x+li=1

37 Education: if the relation between retention of materials of a student in the first
secondary form and the number of months (1) starting from the end of study of the class is:

ﬂt)=70-4u)§(t+ 1)

find the score of the student:
first: at the end of the study of the class (t = 0)

second: after 7 months from the end of the study of the class.

34 Application:, In a study to measure the students retain what has been studied in a certain
subject they re - examed from time to time in the same subject. If the student score follows
the relation fit) =85 - 25 Log (t + 1) , where t is the period after studying in monthes, f{(1)
is the student score in percentage. Find:

@ The score of the student in the first exam for this subject.
‘B The score of the student after 3 months from studying this subject.
€ The score of the student after one year from studying this subject.
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2-6

We will learn
+ Using properties of

i Discover ]

Use the calculator to evaluate each of ¢

1) (Logd + Log8) . Log32 I)(Inﬁoﬂ..ogg).mloo

3) (mszv = l.o§9). Los3 What do you deduce?

&5 Learn )
Some Properties of Logarithms
If: a€R*-{1} 1) Loga=1 2)1ogl=0

Try to prove each of 1 and 2 using the definition of logarithm,
3) Multiplication property in logarithms:
Logxy = Logx + Logy where x, y € R*
’I'o;mwthl;nhﬂo;:
leb8Log..t.C=I..og.y

and from the definition of logarithm:
x=a® ,y=a

then xy=a®xa® ie.xy=abtc
converting the last form into logarithmic: Logxry=b+c¢
a

By Substituting the values of band ¢, we get Logx y = Logx + Logy
L ] o El

+ Scientific Ca. ° Example
+ Computer and a graph TR
e @Findmevalucofloslomtheﬁmpleufam.lflhevdneo(
Logs = 2.3219, verify your answer using the calculator.
©> Solution
boilo = Log (2x5)
= Logz + Logs using the multiplication property
=1423219- 33219 using property (1) and by substituting
Log§- 23219
w Pure mathematics - Second form secondary.- Scientific 2019-2020
e e




Check by using calculator:
PO e®e

E] ey to sotve

(1) Find the value of mglsinauimpmm.if u,gs- 1.465. verify the result using
calculator.

4) The division property in logarithms
mi-u‘x-u‘ywm,t.yek’ (Try to prove this relation)

a a a

@) Exampie

(2) Find the value of the expression: Log30 - Log3 .

©> solution
Log30 - Log 3= Log & = Log 10= 1

EJ ey to soive

@Bymingmedviﬂoaptopenyinlopﬁmnumuupsl-w

5) The power property:
Logx " =n Logx whereneR x> 0,aeR*,a ! |
a

@) wamvie

) Find in the simplest orm the value of Log #7125 -Q

o‘.l.o;:”m-l.ng(ﬂi-%m!!o-%xl-% m'ﬁ"‘)

E) Ty to sotve
(3 Simplify

l»gm ' Logm
Notice that: Log(}) =- Log x where x € R*
a a

6) Base changing property: Log:x

IfxeR*and y, aeR*- {1}, prove that: | ogx =—32—
y logy
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© proot (not required)

let:  z =Logx
¥
y=x converting into the exponential form
z Logy = Logx by taking log_ to both sides
@ a
Log X Log x
then z =—2 ie: Logx =—2—
bogy ¥ bo!y
EJ ey to sotve
(4 use property 6 to find the value of: 8 [og8 b msm
4

7- The multiplicative inverse property: Logb-—l—.

mnmbek’-(l}mMWbs—'—.mﬁwmmnoﬁ

Log7 * Log3 n simplest form. .

Simplifying logarithmic expressions
@) txomple
(4 Simplify: |
8 2Log25+Log(f+ 5 +2Log3-Logd0 B Log49 * Log$ x Log8 x Log 9
7
> Solution
8 The expression = Log 25% + Logy + Log3? - Log30 property §
-lng(ZS’x-&-xFX# properties 3,4
=Logl00 =2
'mexm-mxwxwxw properties 6
LogS Log8 Log9 Log?
_M_W_z
Log?  Log?
E] vry to sotve
) Simplify: Log0.009 - Log {7+ Log 15 - - Log 5
() Prove that: 14273010854 - 3

&) 1f @ +y? =8x y, prove that: 2 Log(x +y) = | + Log x + Log y
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Solving Logarithmic Equations

@) Exomple
(5 Find the solution set of each of the following equations In R:

a ws(x-l)ﬂ.og(xﬂ)sl.oga b m§x+u.‘3=2

© Solution
'@ The equation is valid x € {xx-1 >0} N{xx+ 1 >0}
then x > 1 (equation validity domain)
l.og(t-l)+Lo§(x+l)=Lo§8
’ I.og(X-l)CHI)-LogS property 3
‘R 1=8 T 2=9 thenx=!3

x = -3 & equation validity domain " Solution set = {3}

b ‘l‘heeqwoni'snlidsx>0.xl 1

A Lo§x+ I.osx.z property 7

: (l.ogx)’-ﬁ 1 -2bo§x multiply by Logx
3
: (Logﬂ’-zlngx'l-l-o : (lngx-l)’-o
2 Logxsl * x=3e& the equation validity domain

* Solution set = {3}

E) 7y to sotve
8 Find the solution set of each of the following equations In R:

a "°§"l‘°§“+2)" b Log(8-x)+2log/ x-6 =0 € Logr- Logl00=1
Solving Exponential Equations Using Logarithms

‘ Example ysing calculator to solve exponential equations
@Hnd&evdmdxlaachd&efdbvhgmmd&emnwmemhmdmdm.

a2 =5 b 52=3 x4t
O Solution
. 2x+lzs by taking log to both sides
" Log2**'=Logs " (x+1)Log2 = Log5s
E x+ls% i:.:xs%-l Yoge 132
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Using the calculator:
@“

b 5°2=3 x4 by taking log to both sides
" Log5"?=Log( 3 x4™) " Log5"? = Log3 + Log4**!
* (x-2)LogS = Log3 + (x+ 1) Logd " xLogS - 2Log5 = Log3 +x Logd + Logd
* xLog5-xLogd=Log3+Logd +2Log5 * x(Log5 - Logd) = Log3 + Logd + 2Logs
e - 2556
Using the calculator:
U @) OG0 @O E @G ..@@--
(e (4= a8
EJ ey to sotve
@Flndﬁevdueofxinachd&efdbwhgappmximﬁngmemnwmem-l%:
a 37 =134 b 752 = 443

Q Example 5pplications on logarithmic laws
@ Geology: If the magnitude of the intensity M(I) of an earthquake on Richter scale is given

by M(l) = Log(— where | is the earthquake intensity, logepresents the smallest earth

movanenuhuun recorded, called the reference intensity.

a Find on Richter scale the magnitude of the earthquake of intensity 10° times the reference
intensity .

b In 1989 An earthquake measuring 7.1 on Richter scale occurred. Determine its intensity.

> Solution
a aM=I.og(+%).I*IO‘I%
10

: M.m(—l%")-uglv =6Logl0=6

ie. the magnitude of the earthquake on the Richter scale is 6.
b aM=10

= s Y s =107
7.1 Log |%) = 10
Y I=10" 19

ix. the earthquake intensity is 12590000 times the reference intensity.
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El 7y to soive
30 If the population of a city starting from 2010 is given by N = 10° (1.3)"21° where N is the
number population , t the year

@ Find the population of this city in 2015.
‘b In which year the population of this city is 1.4 million people.

@ Exercises 2-6 @

{1 Without using calculator find
a Log 1000 b Lossz c Locils d I.o§49
‘e Log 0,001 t 2 9 Log! h
s Loy Loy o i
(2) Simplify to the simplest form
. b = ‘
8 Log2 + LogS l_ogls u;;a c ‘A’E‘-w
d ugsxmgz © LogS4-3Logd3-Log2 ! 1+Log3-Log2-Logls

| r 1 1 1
9 Log* +Logt +Loge M . +
abc  abec  abe Logl2 u‘lz l.oslz
3)1fx,yeR, a,beR, - {1} Put(v)in front of the correct statement and (X) in front of the
incorrect statement :

a l.o!(x+y)-laog.3+ln§y( ) b Log.ONy)-l.ng.x*Log.y 3

€ Log(xy)=Logx+Logy ( ) d Log2:® = SLog2x £)
o
i) = 1 o —a =
e I..og.(y) Log.l'*l-oz.f( ) Log.y l..oiy =)
'@ Ifx > 0then Logx* =4Logx ¢

{4) If Log2 = x, Log3 = y find in terms of x , y each of: Logé , l.o% 12
I
(5 Find the value of x in each of the following approximate the result to the nearest hundredth.

(7425 B)7mi a3l 8) —2-=7 d xlogr=100x
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@Findinltllnsolmionmofeachofﬂlefollowingeqmﬁau:
a =1- > b = .8 - )=
A Loc‘x 1 I.og‘(x 3) Log(x+6) 2 Logx Log(x+8)-Log(x-1)=1

d (Logx)-Loga®=3 @ (Logx)=Loga’ 1 3logr_plogd

[¢] Logx-u)gli h l_ogx-tbog‘ZtZ I Log(2’-4)+x-5-0
(70 Use the calculator to calculate:
a Log3.ls b I.osZS € 2Log5-3log7 d ——

@ Use the calculator to find the number of digits of the number 447

(9. Chemistry: the (PH) level of a solution is known as negative the logarithm of the concentration
of Hydrogen (H') in the solution; PH = - log (H*).

@ What is the p1 of a solution for which the concentration of hydrogen ions is 10

b Find the concentration of hydrogen ions of absolution whose Py is 9
30 Population; If the population of a city increases by rate 7%

@ Find a formula of the population of the city after one year.
b After how many years the population is doubled assuming that it rises at the same rate.
D) lfx=5+2f6'ﬁndtlnsimplutfonnonheexplulionbog(-}hr)

32 Discover the Error: Amira and Esra solved the problem : simplify: Log.x* + Log y*- Log xy?

Esraa's solution Amira's solution

the expression = log 3:: =log 2 y? the expression=3 logx+4logy-2logxy

=3logx+4logy-2(logx+logy)
= =2
log (xy* Rexy =3logx+4logy-2logx-2logy
=2(logx+logy) =logx+2logy
which answer is correct 7 why?
33 Creative thinking: without using the calculator calculate:
Log (tan 1%+ Log (tan 2%+ Log (tan 3%+ + Log (tan 89%

one, General Brerdses
L For more exercises, please visit the website of Ministry of Education.
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Unit Summary
1) Integer eqponents
8 a"=axaxax xa (The factor a repeated n times)
‘b a%= | where a &R - {0} c a"s-:-.a"--.'.—whenll 0
xopertiesd integer exponents m .ne Z ,a . beR - {0}, then:
a a“xa'sa""‘ b (ab)*=a"b" € -:;-su""
(——)" -— @ (a")'= a™
2) m
The Equation x" = a, where a €Rn € Z* has n roots
@ Ifnisaneven number , a €R* There exists two real roots (the other roots are complex
and not real) one is +ve and the other is -ve. The +ve root is called principal root and
denoted by Va
‘B ifn isan even number , a €R’ (The equation has no real roots)

€ ifn isan odd number ,a eR
There exists one real root ( the other roots are complex) the real root is called principal root

d IfneZ*.,a =0
'l'heequnionhsonlyonemot x-O(lmnoﬁepeuedmots each of them =0)

IfVa .¥b €R*then:
.
e W e
e ,JT.bl 0
d V& =aifnodd =l If neven
a " ="a where ¥, R

8 a =Va ,aHO0neZ"-{1}
This relation is true when a < 0, nis an odd integer > |

b a® =( Ya)m= e . ae R, m,nintegers without common factor between them,
n>1, ¥a €R

a the domain =R b the range R*
€ The function is increasing on R when a > 1 (exponential growth).
d  The function decreasing when 0 < a <1 (Exponential decay).
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V' s

1

)
/" ‘ i
\lhlm Exponents, Logarithms and their Applications {[
8) Theepomertid equation:

Ifa"=a"whereae {0, 1,-1}thenm=n Ifa®*=b" wherea b ¢ {0,1,-1} then
cithern=0 or a=bifnodd or a=Iblifneven

9) theinversafundtion if fis one-to one function from set X toset Ythenf': Y$  Xis called
the inverse function of fif for all (x,y)e f then(y ,x)ef"'

10) theaurve df thefundtion /' is the image of the curve of the function f by reflection in the
straight line y=x .

11) The function f has an inverse function f ' if f is one to one function and its curve satisfies
the horizontal line test i.e( Any horizontal line intersects the curve at one point
» Each of fix) , g(x) is inverse of the other if (f %) ( x)=x . (g%) (x) = x
# The domain of the function is the range of inverse function the range of the function is

the domain of the inverse function

12) Thelogarithmicfunction
@ [faeR* - {1} then the function y = Log X is the inverse function of the exponential
funcnon y=a"
b a®=cthenb= lng ¢ (converting from exponential form to logarithmic form and conversely.
€ The common Iogamhm whose base equals 10 (note Log 5 = LogS )
13) Propertiesd thelagarithmicundtion
@8 The domain =R* b the range =R
€ the function y= Logx is increasing when a> 1 and decreasing when 0< a <1
-

14) Propertiesof logerithms If acR* - {1)

® |oga=]| b Log 1=0 € Log x™=m Log x where x>0

a i a a
d mg.t+Logy=Logxywhercx.y>0
e Logx Logy LOgT where x,y > 0

a4
Logx

! Logx=—2— wherex>0.abeR"-{l1)} 9 Log x*Loga=l

a Loga a x

b

@ Enrichment Information

Please visit the following links.
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@Mhﬂ @

(1) Calculate the value of each of the following:

a (.:;2)i b 416>
(2) Simplify each of the following:
5% x 4* b Sx32.4x3¢!
|oEl ' 2x32el 32

(3] Find the solution set of each of the following equations:

2 * = 10 approximate the result to the nearest tenth.
25241 425012

(4, Choose the correct answer :

The number 224 + 2% 4+ 2 P s divisibleby

()3 (h)5 ()7
IfLog(x+ 11)=2thenx=__

@)-9 (b) 22 (c) 89

The sum of the roots of the equation x* = 16 is

(®)2 (b) -2 e)!2
Log(cosi)+Log(seci)=_ jef0,L-|
(@1 (ho ()2

) If Logtx+y)=3 (Log.x+Logy) + Log 2 prove that x = y.

@mmpedodcﬁmeofpenddumisdmby :szrjll

the length of the pendulum in cm, g is gravitational
a Calculate the time for pendulum of length 73cm.
b Calculate the length of pendulum takes 10 seconds to complete it revolution?

@wrwmmammmkmdmwmhﬁmbyz
M = Logr, where x the wave capacity which caused the earth movement .

How many time more the wave capacity of an earthquake recorded 10 degree on Richter
scale than the wave capacity of another earthquake recorded 7 degree on the same scale.

gkl pllas

L8 m‘m (03)2

€ Log,4+2Log,3

b Log x+Llogg3=2
‘d‘x?-aaxtsz-o

@9

()91

@o

d) -1

,Lis time in seconds , L is
=98 m/sec?
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Unit p}eface

First ideas of calculus appeared in the works of mathematical greek “Archimedes” who has developed
a number of laws in geometry such as volume and surface area of the sphere using some ways which
considered as a beginning to these methods that used in integration, and in ysth and wth century A.D lots
of mathematical scientists were busy studying problems which related to calculus until each of Newton and
leibniz has discovered the basic theory of differentiation and integral calculus, Calculus is the branch of
mathematics that concerned with limits, derivative, integration and infinite series It is the science that used
to study the change in the function and analyze it . We find that the calculus related 1o lots of applications
in geometry and various sciences that often needed 1o study the behavior and the change of the function
and to solve the problems that can not be solved easily by algebra

Unit objectives

By the end of this unit , the student should be able to :

Recognize an introduction of limits, Finding the limits of trigonometric functions.

Recognize some unspecified quantities like Use the graphic calculator 10 verify the result

D ® w.w Ox®. of a limit of a function as an activity.
0 x

Determine a method 1o calculate the limit :
direct substitution factorization - long
division - multiply by the conjugate.

Finding a limit of a function using the law
lim x*-a°
L3 X-a

Deduce the limit of a function using the law
Iim a"-a"
X—=q -\"'-_0"

Finding the limit of a function at infinity.

=na™

=namm

100
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Recognize the right hand limit and the left
hand limit

Recognize the definition of the continuity,
Recognize the continuity of a function at a
point- continuity of a function at an interval -
some types of continuous function - redefine

some discontinues function 1o be continuous,

Recognize applications on the concepts of
limits, continuity (exercise and activities).
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4 Key terms

Umapecfied quantey
Usdiefirmd

fught lena

Lt et
Lirrst of & fuscton
Dwet sutalmmon

Materials

Scientific calculator - computer - graphic programs

» Chart of the unit

Lisnit of & function ot infirsty
Trgenometric function

Lievat of a tigonemetre unction
Contirnsity of & lusction

Lessons of the unit

Lesson (3 - 1) Introduction to limits of functions.

Lesson (3 - 2): Finding the limit of a function
algebraically.

Lesson (3 - 3): Limit of a function at infinity.

Lesson (3 - 4): Limits of trigonometric functions,

Lesson (3 - 5): Existance of limit of a function
at a point ,
Lesson (3 - 6): Continuity.

Limit of function

introduction to limits  Finding the limit of a
function algebraiclly function at a point

Limit of a function Limits of
atinfinity trigonometric

Existance of limit of
a function

Continuity of a function

Continuityofa  Continuity of a function

at an interval

skl palias
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i “ N
Unit three Aoy -
lntroductlon to lelts

of Functions

/‘ =
d Remember
M You willtearn Think and discuss @- ;
Tbeconcep(oflhehmllofafunaionalapocm + @ is a symbol
A i is one of the basic concepts in Calculus. In this  that indicates
B unit we will recognize the concept of the limitof  unbounded
the function graphically and algebraically. But  quantity larger
before that, let's identify the types of quantities  tham any real
in the set of real numbers. number that can
Find the result of each of the following (if D¢ imagined.
possible):
| Q3xs (2)28+4 3)4-9
U Py S @740 5040 © =43
» Unspecified quantities \ =\
: \7/ o 4 0o \l/ @ - 00
» Extended real numbers Unspecified quantities
» Right lmit \
» Left limit @E"m !
» Value of a function In (think and discuss) we see that some results of operations are
+ Limit of a function completely determined like number 1, 2, 3 while the other operations
have no specified result.
Notice that 7 + 0 undefined (the division by zero meaningless) also
the operation 0 + 0 has no specified result because there exist infinite
number of numbers which multiplied by zero to give zero .
Bl vieteriois Sothe quantity -3 s called unspecified quantity, similarly the quantitics
Es . y
» Sci teh Jculator ?-&'wnoxm‘“h.‘,?
+ Graphic programs
O
The operations on R and two symbols %, -2 is performed as follows for
allae R, then:
1-x+a=x 2-.x4am-
® whena > 0 = when a<0
3-oxa= 4- xxa=
- whena <0 - when a>0
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1 Find (if possible) the result of each of the following operations:

a 44+ b 3.x c 0:3 d -5:0

e x4 f o0 g Sxox h .6x-o
> Solution

a » b .o c 0 d undefined

e = ! unspecified g = h =
EJ 1ry to soive
@ﬁnd (if possible) the result of each of the following operations:

a 0:(-2) b 7:0 € Qi d xx0

e (-T)x= f (~=)+12 g 4> h ®:
Limit of a function at a point:

@ rcrey ]

Study the values of the function f where fix) = 2 x + | when x close to 2 from the next
data:

2.1 52 19 48
2.01 5.02 1.9 498
2.001 5.002 1.999 4.998
2.0001 5.0002 1.9999 4.9998
l i i i
We see that:

when x approaches to 2 from the right and from the left then, fix) approaches to 5. We express

Mmbanaticdlyasx“"‘z (2x + 1) = 5 and the graphical representation of fillustrating that.

If the value of the function f{x) approaches to the real number / when x close to the real
number a, then xlim foy=1

-a
And it is read limit fix) when x approaches to the real number a equals /
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Q [ Estimating the limit (The limit is equal to the value of the
function)

(2) Estimate :a‘n; (2 - 3x) graphically and numerically.
©> Solution Y
Algebraic: The linear function : y = 2 ~ 3x represented graphically
as the opposite graph: ~ 1 !
From the graph we see: - - ——
When x —+ 2 then fix) —~ -4 = e
e Lim (2.3)=-4 '

Xos

Numerical: Form the table of the values f{x) by choosing x values
near to the number 2 from the right side and the left side as follows:

— . e—

Al
x | 21 | 2001 {2001 | — | 2 |~ | 1999 | 199 | 19
fxy | 43 | 403 4003 — -4 | — -3997 -397  -37

» From the table when x approaches to the number 2 from right and from the left, The
values of fix) approaches to the number -4

EJ vry to sotve
(2) Estimate the following limits graphically and numerically:
A Lim (].3y) B Lim (2.2
x-.2 x-.O

Q ——_. Estimating the limit (The limit isn't equal to the value of the
function)

(3 Estimate graphically and algebrically :Jr; .‘:_;.

> Solution
Graphically: The opposite figure represents : flx) = £-4

x-2

where x # 2.
From the graph we notice that when x — 2 then fix)— 4
then: Lim ﬁi—-4

x-.2 -"2

Algebreally: form a table to the values fix), by choosing values of x closer to 2.
x | 21 201 | 2001 | — 2 — | 1999 | 199 l.9j
f) 41 | 401 4001  — | 4 —— 3999 39 39

# The table shows that f{x) . 4 when x .. 2 from the right and from the left.
From the previous example we notice that :
1- The hall on the graph represents unspecified quantity (3) , at x =2
2- Itis not necessary that the function is defined at x = 2 to have a limit as x — 2
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Ay | '

QQ., | ‘/‘

-~

A . S F
» ! —
- ¢ lnhodpinwljmitsofl’umﬁom 3-1 [

ﬂ Try to solve
(3) Estimate graphically and algebrically the limit of each :

A Lim -1 8 Lim _x-2¢-3 ¢ Lim !

xa2 x+1 X3 x-3 X3 x
Using of technology to find the limit of a function at a point (graphic calculator)
Use the graphic calculator to draw the curve of the function f, then estimate the limit of the

function at the specific point.
1) fix) = 2 when x — zero

2) ﬂx)=(i:_'—l')-2whenx—~|

3) ﬂx):% when x — zero

We can use the graphic calculator or a graphic program like (Geogebra) in a computer or in
a tablet to draw the function curve as follows:

1) Using the graphic calculator, represent the curve of the
function f where fix) = x*
From the graph Lim fix) = zero

X

2) Using the graphic calculator, represent the curve
of the function f where
fo=(2=L).2 @
x-1
From the graph Lim fix) = |

x= 1
Note the hall at the point (1, 1))

3) Using the graphic calculator, represent the curve of the function Y“
f where: 3
ﬂX)‘: sin x 1’\
X
_,_,Z_ Aieg—»x
From the graph Lim _sinx = A
0 X

We conclude from the previous activity:

The existence of !im  fix) doesn't necessary mean the function be defined at x=a
Xwa

Creative thinking: If the function f is defined at x = @ does it mean that it has a limit at a.
Explain your answer.

S| e Student book - first term 1 05



Exercise on the activity: Using the graphic calculator or with a graphic program in a computer
or a tablet, estimate all of the following:

Lim Lim *+8 i Sin3x
a e b X5 ¢ Lim 2inix
x-0 @-x%) X2 X42 ¥ah = X

B i B

{1 Estimate the limit of each of the following functions as x — |

a b c
Y fito

Y S0 fi0

b c
Y fin [

- N W eow

> X - 7 -~
-‘o_l/a_ncgor %.?4.'.’_”

2
v
Lim go=... Lim foy=.... Lim fi=....
3‘03 4'-03 X-o'
(3) From the opposite graph, find: Y
‘o
a Lim gy 4

x0

b f0) AP ™
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(4] From the opposite graph , find

Y
'y

a Lim fix) ' : '
1-03 ' I.
o

b f3) L]

3 2 -

{5) From the opposite graph , find:
a Lim fix)

3-0-2

b fi-2)
¢ Lim fix)

x-0
d f0)

(6) From the opposite graph , find:
a Lim (2-i13

x-0

b f0)

(7} From the opposite graph , find:

a Lim ﬂ
.!’-0'2 x"z
b fi-2)
-
5
ﬂx)-ﬁ

(8] From the opposite graph , find:

a f(0) b l..i:)n Ax)
X
¢ f(2) d Lim fix)
X2 L e
REEBEZEEN
S| allas Student book - first term 1 07



{9 Complete the following table and deduce lim f{x) where fix) =5 x + 4

x-.2
19 | 199 | 1999 | — | 2 | — | 2000 | 201 | 21
Y '
30 Complete the following table and deduce lim (3 x+ 1)
3 |
09 | -09|.099 — | .1 | — |.1001| -201] -11
sl
N . : xx-1
11, Complete the following table and deduce lim s
X-s-1
. 09 099 m’o— 1 | — |-100] -101 | -11
32 Complete the following table and deduce liu;: %’L‘
X =
199 1999 2 201 21

4

-—olz.m

.l’

33 Use the graphic calculator or a graphic program to estimate the limit of all of the following
then check your answers using guiding values.

a Lim (3y4) b Lim (x4
X‘.z ey |
Lim ' +1 o +8
c Ll & 8 d Lim
x=-1 x+1 259 x.2
e Lim (x+Sinx) f Lim Sinx-x
x0 -0 X
Lim ! h Lim _1_
ool L0 Txi
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You have learned how to find the limit of a function graphically or
numerically by studying the values of the function near x = a. Here
are some theorems and corollaries that help in finding the limit of a
function without making a graph or studying the values of the function.

@ ety |
Use one of the graph programs to graph each of the following function
on the same figure:
fio=E22 f=x+]
What do you notice?
Find: Lim f(x), Lim fi(x)
-2 x-2
What do you conclude?

@l‘.ﬂ }

Limit of a polynomial function:

' » If fix)isapolynomial ,aeR

Then: lim flx) = fla)
X-d

Q ."'ﬁ"' ® Direct substitution em
(1 Find each of the following limits: The function f is
a Lim (2-3x+5) called polynomial
X2 function if it is at
b Lim (.4) the form
x-3 fix)=cy+ cx + c?
©> Solution -t 2"
8 Lim (x2-3x+5) where:n € N,
x-‘2=4-6+5=3(directsnbsﬁmtion) c,# zero,
b liu; (4)=-4 flx)=-4isaconstant Cgs€yree€ ER
Xon
function for all xe R
S| allas Student book - first term
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ﬂ Try to solve
(1) Find each of the following limits:

a Lim (2¢x-5) b Lim 3x2+x-4) ¢ Lim (7)

X3 X2 X2

' » I lim =1 lim g(x)=m then:

Xl X2
1- lim kfix)=k! where ke R 2- lim [fix)£gx))=/%m
X-sld X2
3- lim fix).gx)=Lm 4- lim T ! wherem£0
X«IM 8(" X2 xx) m
5- lim (fx)pr=Mm where " ¢ R
X

Q —— Using theorem
(2 Find the following limits:

a Lim __3x+7 b Lim (Vax2.3)
xa-l W422-3 e Wi
@ Sahitien Lim (3x+7)
8 Lim x4+ 7 x-l Ix-147 4 -2
tae] B42-5 . Lim (2+20-5)  (IF+2(D-5 6 3
X--1
B 1w ey Dpiy o RREY e el
ﬂmnm
(2) Calculate the following limits:
8 Lim -3 b Lim /2357
X2 2r+ 1 X2

Finding the limit of a function at cases of unspecified:

Tofind Lim fix) where ﬂx).%mng direct substitution HE L

X —
wegaomofthewesoftheumpeciﬂed%.moppmmgmph | | “,/
shows the graphical representation of the function f and we see that // jiitg
Lim 3 So we search for another equivalent function to the 7 >
Xl ﬂx)- - o “ - / ﬂl).ﬁﬁ
function f let it g where g(x) = x + 2 which obtained by cancelling 1

non-zero common factors in the numerator and denominator,
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h . 4
\1’1“
)

» N
| ’ )

p ‘-./, )o
5 | '

s

~ - Mng!hel.lmﬂoé- Function Algebraically | 3 = 2 —

' » Hfix)y=g(x)forall xeR-{a)}
andif lim g(x)=/ |, then lim fix)=/

X« Xl

Q - Using Factorization
3 Use factorization to find the following limits:

a Lim -1 b Lim X -2¢+]
xa1 x-1 X1 +x-2
> Solution

a We notice that flx) = ’;"l' unspecified at x = |

Factorize and canceling the non zero common factors then fix)
can be written at the form.

D 4+x4+ 1)
(-1
then fix) = g(x) forall x # 1

Lim g(x)=3
X1

and according to theorem 3, Lim fix)=3
Lm _2-1_o3 =

Xl x-1

Long division method

b We see that the numerator function fix) =0 when x= 1,
also the denominator function g(x) =0 when x = |
0 (x = 1) is a common factor of the numerator and denominator.
*.* The numerator is difficult to be factorized into factors containing divident by the

fix)= =2 4x+ 1 =g

(x = 1), So we use the long division to find the other factor of the first term of the
expression x* - 222 + | as follow: 3)“*“;!!(5'
x-1 x3- 2 +1 lbulvhl:"nll
2-x-1 B- subtract the
& =3 = result from the
divident to get the
o i remainder .
0-x+1 4) Repeat the
steps 2, 3 until
- x+1 you finish the
Zero division.

S aillae Student book - first term 1 1 1



We can use a simple method to perform the division process called synthetic
division:
In this method we use the cofficients of the polynomials:

step 1; write coefficients of dividend armanged
descendinly and let the divisor = zero to find
value of x :

Vnhcdx—dl |

2 0 1 - coefficients

1 2 0 1

step 2: leavel* coefficent and multiply the first

Hl“’t”

coeffient by the value of x and write the result
down the 2™ coeffient then add.

step 3: repeat the multiplication and addition 1

-1

1 2 0

operations, you will find the cofficant of the

Hl'r"l"-'r"'l

quoients 1 ,-1,-1

i.e. the quoient +* - x - |
S22 l=(x- D)2 -x-1)
. Lim x-D2-x-1) _ Lim
x=l (x-1)(x+2) x|

EJ ey to sotve

(3 Find:

x-x-1
x+2

-4

X4+ 8

x+2

Mo -5x+6
x-2

b Lim
X—c‘
d Lim
X-o°3

a Lim
X-s-2
¢ Lim
x-.2
Qm

Using the conjugate
(4 Find the following limits:
8 Lim Yx-3-1
X4 x-4
©> Solution

8 npotice that: f(x) =

b Lim
x5

Sx-3-1

1 1 1 0

2x-8
2-x-12
-10x-3
»42c-3

X2 - 5x
Jx+4-3

unspecified at x =4

Soweshouﬂdeluninneﬂwfacwr(x-at)ﬁanlxxhofnummamddenanilmor.

Lim YX-3-1_ J43-3+1 _ 4 x-3-1
X4 x-4 Vi-3+1 .4 (- x-3+1)
Lim (x-4)
o g 4)(/_3‘:- T
= Lim

X4

112
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')

n_ 'l

b Lim o =
X35 7:+4 3 x-.S

x+4

’

L i\
?@mw

+4 +3
x+4 +3

x+4-9

|3-2

Lim xx-SHyx+4 +3)

X5 (x.s’

= Lim (/353 +3)=53+3)=30

X*S
X3
ﬂ'l‘rybuhn
{4) Find the following limits:
2 Lim 12:1-2
X5 x-S

@) rctwny )

b Lim x+ 1
o] YE+5-2

Fould ol
X2 X-a

Ask for your teacher’s help to search on the Internet for methods to proof theorem (4).

Q m’ Finding the limit of a function at a point using theorem (4)

£ -81

3 Find Lim
x-3

X3
> Solution

K
e
N .

Corollaries on theorem (4):
1- lim lxrar-at _ oo

x-0 x

@) examplo
6 Find:
a Lim M

x-0 X

¢ Lim (x-40+32

X2 x-2

gkl pllas

b Lim *-32
.\'-02 “4'4

-3
d Lim
x+16 Vo -64

Student book - first term
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a Lim -‘x—"s‘-‘&-4x53-5m

x0

b ln 22t

2 Lim (x-4)+32 = Lim (x-4)-(-2)

X2 x-2 x+2 (x-4-(2) o
=5(-20'=80

d Lim v?'32 = Lim x’i- 16 'd.mi'z"i
x+16 ;x"“ x-16 xi-(l6) “.-’S”
i -
:-i-x(lei'f)-gxwi.% 16! = 64
B'l‘ryhloho :
5) Find:
8 Lim X-625 b Lim YO 128 o Lm Yx+B-2
Xa-5 xX+3 x16 x-16 X7 x-7
Creative thinking:
If Lim X6 -/ Whatisthe valucof: n , ¢
X2 x-2
7 Exercises 3-2 @
Complete:
7N\ A x-3 72\ 2 -x
1) Lim Qx-D)=.___ 2, Lim Yo 3) Lim =——.=__
o x-2 b x.1 *+1 pas x-0 *
N e Bl N i aBead A Vx -¥2
Li Li
\‘/ .:fcn; x-2 e \SI .I'-on: x-a o i \6/ .\'-ou; x-2 =
o W
7Y Lim x ! = 8) Lim x"-2"___
NS pocg »‘"l Y/ x-‘z r)-z.’

Choose the correct answer from those given:

AYET -1 -
N el EHL T

a 3 b .2 c3 d  has no limit
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@ tm XL equas

x+16 x-16

a zero b 3
42 Lim Ta0X equqls:

:-oi X

a0 b |
1 Lim =28 equals

8-03 "'27

a 0 b g
34 Lim X -da exists then a equals:

X2 "2

a -] b1
A~ Lim 5 uals:
qs x-.2 ("'2), q

- |
a 3 b zero

c 2

€5

Find each of the following limits (if exist):

36 Lim
X3

i9

Xoan

Lim
x-.2

Lim
x0

Lim
x-.2

3

M

X2

Lim
x-.2

S| allas

(2-3x+2)

Lim XUSa&X

Mae3d- 12044
o 4x

x-32
x-2

e e &

xX-2

7

Lim
x-.-Z

Lim
X-o°2

Lim
X -44

2’ Lim

X2

Lim
Xad¥

x4l
x-3

x+1

e

4645
X-3x-4

x+2
x*-16

V-4 -x4+4

22-Tx-4

x*-(16)2
x-2

Student book - first term

d  has no limit

d  has no limit

d  has no limit

d 9

d  has no limit

Lim
x-o

Ql\, Lim

X9

38 (2x - Sin x)

9-x
x2-81

x+yx - 12
x-9

24 Lim

X9

Lim
X-ai

2

(2202,
x x-1

Lim »-9

30

-2+ 2c- 15

N Vx -1
33 S

N Lim ’—'3
% x-+81 x-8l

X3

Lim
3, |
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§7) Lim x-128 38 Lim .(:!_2%_' $9 Lim Yx+25-2
X-

x-2 P32 X6 X7 x-7

40 Lim {x-3)-1 6,\ Lim (-2n0)'7-x7 @i Lim x*-81
xe2  X-2 ¥ L0 Sih a3 4243

@ Lim (3+h¢-81 42 Lim vais® -3 @ U {x+7 -2
|l-.0 6h x-o" x+1 x—v" ."03

42 Lm Yx+1-2 4? Lim xax-2 48 Lim (x-12-1

© X3 J546-3 & x=-1 x+1 x-0 Sx

@ Lim (l 3 ) @ Lim Pede+4 3!\« Lim v2cr+1 -3

x-l X2 X 4x-8x-12 ol x-4

& acomy
52 Volume. A piece of cardboard in the form of a square of side length 24 ¢m is used to make
a box without a lid by cutting four squares each of side length x cm around the four comers

1) Draw the figure of the cardboard.
2) Prove that the volume of the box is given by V = x(24 . 2 x)?

3) Find the volume of the box when x = 4 by studying the values of the function when x — 4
using the following table :

- :
4) Use one of the graph programs to graph the function and verify the maximum value of the
volume at x=4
Creative thinking;
$3 If lim f-5 - find: lim f(x)
X2 x-2

.I’—cz

4 4.1 45 5

— .

— -

3.5*3.9

§OIf tim O -5 find :

x0 2

A lim flx) 8 lim _f)

x-0 x-0 X
@ Jrade: A company found that if it spends x L.E for advertising one of its production, its

profit is given by the function fix) =0.2 x2 + 40 x + 150. Find the profit of the company when
its expenditure approaches to 100L.E.
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In many life applications, we need to know the behavior of a function
when x—— = the next activity illustrate that.

@ rctny )

Use one of the graph programs to
represent the function f where :

ﬂx)=.|_.1>o
X

What do you notice from the graph
whenx —s =7

From the graph we notice that:
»  When x increase and approaches 1o = then flx)approaches

to certain number.
Complete the table to find the number that f{x) approaches to fix)
100000

-2

-2

x 10 1000 10000

Cfo 01
B rearn |
Limit of a Function at Infinity

From the previous activity we find that when x approaches to
Infinity, the values of fix) approaches to zero.

100
0.01

X =

x—1

lim =0
Xz X
pu— ¥

Some basic rules :
» lim ¢=c¢ where ¢ constant.

Xoam

» If n is a positive integer then

lim 2
Xz !

=0

where n & R*, ais constant

lim
L-m

Notice that: theorem (2) which studied before which relating to limit of
the sum, difference product and quotient of two functions when x — a is
correct when x — @
gkl pllas

X=®

Student book - first term

117



@) mxampte

(1) Find:
a Lim (-L.3 b Lim (4.3
Xax X Xa= x¢

#» Then check your results using one of the graph programs.

O Solution
a Lim (-'—.03) = Lim L, Lm 3
=04+3=3
s Lim (L+3) =3
Xax= x
4 3 a9 sy =N l.x
d - - :
et
b Lim (4-3)= Lim 4. Lim 3 3
Xoam x Xt KXot
=4-3 ﬁ",'_';'r =4-3x0=4 1T i |
s Lim (4-3)=4
Xam ( ﬁ
EJ ey to soive
(1) Find:
a Lim (3.2 b Lim (2 .5)
Xaun X Xoate
@) Example
(2) Find: Lim (4x-x+5)
Xax=
©> Solution

Li L. B 4
x-.': x’(xz l+r‘)

= Lim yx Lim (4 .14+43)
Xoam Xea® J“

> X

43243 N ER IS

=0x-] =-0
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EJ vry to soive
(2] Find each of the following limits:

a8 Lim (x'+7:242) b Lim (4-3x-x9
Xoax= Xa=
Qm
(3 Find each of the following limits:
a Lim sz-s b Li _i;___h’-l* ¢ Li _i;._?-"‘-l'
Xoam +1 X—ol: +1 X4": +1
> Solution
Divide each of the denominator and numerator by x? (the greatest power of x in the denominator).
’ 2 S
Lim (-3
a Lim 2c-3 = —daall : = 0-0.0 «

Xam s +1 Lim (3‘_*) 3+0

Xax

Lim (2--3)
b Lim 2¢2-3 = —a®
Xam 3.!'r+l Lim (3+-1!¢-)
Xoam
2-0 2
~3%0 3
Lim (2:-%)
¢ Lim _2¢-3 oo

=
Xam I +1 Lim (3+_}2_)
Xam
*-0 = ¢
3+0

From the previous example, we can conclude that when finding

lim %whem f(x) , g(x) are polynomials then :
Xoam

»  The limit equals a non-zero real number if the numerator and the denominator have
the same degree.
»  The limit equals zero if the numerator's degree is smaller than the denominator’s degree.

#  The limit gives + = if the numerator's degree is greater than the denominator’s degree.

Bﬁybm
(3) Find:
a lim S2-3x+1 b lim __4'-5x ¢ lim __6+]
Xoam z‘ Xa® &r." ‘2 Xoam i;z§4"'2

S| allas Student book - first term‘ : 1 1 9



@ exampie

(4 Find the following limits :

a8 lim _*-2_ b lim
Xoam 'X""l Xea®
> Solution
a lim _*-2
Tt TxP+l

-.- X =~ 00

o x>0 thenld=x
O -2
S 7 o

Dividing both numerator and denominator by +*
lim (1 - -2-)
X.= RS

b lim (x-/3@53)
Xax
(x-v x2+4 ) < (x+y 22+4 )

= lim

X 1 (A’-H ;*4 )
= lim _—x’-x’-l

Xom X+o X244
= lim

-4
Xam X+ J ,‘34’4

LA x_‘w

ﬂX)--«-IRT

S X>0— g =ld=x
Dividing both numerator and denominator by + = /T

lim .4
. Im -4 = PTG -_0 =0
Xa® X4y ;IQ‘ Iim (l... l*?) 1+1
-
B} ey to sotve
4) Find the following limits :
(/ 4
D S I3 b lim (/IEesr -VIN)
xax Ya2+25 Xam
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Complete the following :

Q) lim (1+3)= @ lim (3 .2)=
G lim (7= & lim (2-3)=

Xax Xax
Dy @ X 5
2 lim 2+3 8] lim I
head Xoam X’-s = b Xam Jx". ™
B B O-LaSyma @ lim (/FFT D=

Xoate x x Xoam
Choose the correct answer from those given:
v lim _8X _ equal
L Dol —rr e

a 0 b 2 c 3 d 4=
£ li
@ . [

a o b 1 c 2 d 4=
33 tim X*3 cquals

Xeax 2‘

1 3

a0 b 3 c s d 4=
22 i 2+ equal
\l’ x-l.n- 2x- 1 g

a0 b % c 1 d 4>
A +x
W o Ve

: 1 1

a .| b 3 c 3 d |
Find
46 lim 3 47 lim (x4 5x2 41 38 lim _2-7x
J6 e o2 37 o (x ) U8 ron 290
49 lim _* 0 lim _3¢ 0 lim _S5-6x-3¢
At Xam X43 L Xow B3 @ Xam 200 4x44
S| allas Student book - first term 1 21




@ Lim 2x -1 s;\' Lim x-2 0 Lim _ 2x2-1

raw Hedrel gl ~ ¥ 75 | Tom AXY-5x-1
D Li 2x2-6 D Lim 222 Li SR T
@ x_.': (x-1)2 i@ P yo (x+3p) @ x..': (F 2+x)
$ Lim I_4_38 > Lim —=X D Lim _S-4xs_
@ K (z‘*l (x-3) ) é’/ KXoate Ja+ 2 Lo (2c-1)
QD Lim (y3a-2x+1-2x) 52 Lim (ySd+dx+7 -V ic+x+3)
Xeam Xeate
Y Lim x(J/axisl-2x & Lim B+x-1 D Lim 4 - 37
@ Xoamw sl ’ @ Xatm 873 3& Xomw VX049

§¢ Lim (x+270-
X Jx(f+7

37 0f Lim (/ axf+3br+5 -29=3find the value of each of a, b,

Xaw=
2 Lim X'+3x2+5 » Lim _2¢'-3x24x3
% X 2‘ -X* ’l @ X-otm 4\‘”*3"

@Wmdmmmmmmmmwwmd
5000 L.E. and extra cost of a half pound for every single card. If the total cost is given by
C = § x+ 5000 where x is the number of produced cards.

Find :
{1) The cost of the card when the production is:
a 10000 card b 100000 card

{2) The cost of the card when the company produces an infinite number of cards.
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@ rcowy )

You will learn B
If f is a function where fix) = S"X and the required is to study » The imit of the sine
the values of the function f when x - 0 (x is the measure of the ——
angle in radians). » The it of e teagent
function
Make a table to study the behavior of the function fix) = 50X
when x approaches to zero using radians *
X 1 001 0001 - O « 0001 2001 -1
05 0841509983 | - | = || « . 10.9983/0.8415
From the previous table deduce Lim 810X Key terms "
x-0 x » liwm
@m 1 Limét of a Trigonometric
Function

If x is the measure of an angle in radian then :

lim SIX . lim tanx .,
x0 X x-0 X

>

= Sinx = tanx
f)=== ==
Oral discussion;
If x is the measure of the angle in degree measure, can we find
Lim S0% Exolain your answer.
x-0 X
Carollary.1;
Lim Sinax _. |pjp lanax _.
x-0 x x-0 %
S| allas Student book - first term

Add 1o your
Infermalion
theorem has

ome proof
that

1§
i
:

i
i
Pi

I
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1) @ Lim Sindx_4 b Lim tan2x_1 yin tan2y_2
x x.0 Tx 7 x0 x 7

¢ Lim SinSxcos2x _ im 803X . Lim Cos2x=5x1=5

X0 X x-0 X x-0
B ey to soive
{1) Find:
@ Lim Sin2r b Lim tandx ¢ Lim _sin& x
x.0 3 x-0 Sx x-1 1-x
Corollary 2 w
a Lim L&-m
x-0 * : 1 X
# Ask for your teacher's help to prove corollary (2) I EABEE.
Qm
(2) Find:
& Lim _!-cosx b Lim _!-cosx
x.0 lanx x0 o
> Solution
8 Lim _l-cost _ pim _J-cosx  x
x-0 tan x x-0 x tan x
= Lim Jl-cost ., X _0x1=0
X—oo X tan

YT T ) venemver g
X0 x 1 + cosx

= UL l-cos?x _ Li sinlx
o0 Freomd (o e com Enme
Xun(" x X-o'; I 4 cosx (I)zx 1+1 2
Bl vy to soive
(2) Find the following limits:
a8 Lim 6x2csc2xcotx b Lim l-cosx
x-0 x0 sin2x
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'3 Find the following limits :
X2 - x+ sinx

a lim
x-.o

¢ lim sin (1 - cos x)
x0 1 -cosx

O Solution

x
H'IIJ.)

-% (0-1+1)=0

Lim (.%.-L.q-ﬂ)

X

¢ Lim ﬂ. l*”X!

x-0 1 -cos x
letl -cosx=y

when x — Otheny — 0

Lim _d.ﬂl_-l
y-0 7
.A. m i!!l°“'x! =|
x-0 I -cosx
anm
{3) Find the following limits :
8 lim _sindx
¢ lim _sin’x
x-oo 3
gkl pllas

B) lim 230085
x.0 Sinxcosx

d lim __?_in’h
x-.O 5
b Lim _Xtxcosx

x.0 sinxcosx

dividing both of numerator and denominator

X 1 +cosx
= Lim
X X0 -“g*'—xoosx
Lim (1 +cosx)
x-0
®  Lim 'ﬂ‘.;'l"‘cmx
.\'-.0
1+1
= Ixcos0 ~ 1 =2
d Lim _Sin?3x
x-.O 512
=1 Lim sin3x
5(1-.0 X )’
z%x(B)’
=3

b lim ﬁg!.lz
x-0 x-2

d lim  xsin2¢+ sin® 2¢
ol fan?3x e @

Student book - first term
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o e - & s e
= ® 18
O ke @
av :-_'."") 1:3' = 42 ::l.n‘; 3x csc 2x
@ um S0 . @ Lm Seiimnl
Choose the correct answer from those given:
® m, s

a -;- c 1
% x=0 5 i

a0 3 c 1
47 ,h:'o sian;Junx -

) : o
e

¥ ; ¥
ke

. ; -4
20 fim 'i:'= where x in degree measure

.1 % o
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Find the following limits

ib lim _Sinx

x0
23 lim fn2c
x-0 X
8 lim _sinx(l-cosx)
is‘ x0 a
li sin 2 x
@ xl-l.'o x
@ lim gl-oou’x[
x-0 b o
5!\4 lim _X-Xcosx
x-.o ..n’ax
@ lim _xcos(-2x+l
x-.* +x
™ lim (l+oosx)x | -cos x
5; X -‘a
5/ lim _Sin Sx’+sin'Sx
x0 23’

lim 2 +xsinSy
1.0 XF-wn3e

lim tan2x45sin3x
x-0 2sin3x-tanSx

g

N
=/

@ lim _l-cosix
L4 x.0 cos?2c-1
4 lim Wn3x?+sin?Sx
QE x0 X
47 lim SinGinx)

lim x(csc2x-cotlx)
x0

®

gkl pllas

® ® € O ¥ @
§ LF LF LF LF LF LF

x0

Iim
x0

®

lim
x-.O

&

5
4

lim
S-oo
lim
x-.O

®

lim
x-0

&

lim
x.0

&

lim
x0

®

cos x - |
sin x

| - tan x
SINY - COS X

2 - 3sinx
X
tan 3x% +sin? Sx
o

22+ sin3x
( 22 Han 6 x 4

1 -cosx+sinx
1-co8x-sinx

xtan 2 x
X+ sin? 3x

2-cos3x-cosd x
x

d-cos3x
cos25x-1

e
cos (§-x)
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Existence of Limit of a,
Function ata Point.

:H
! /“’
"‘J

Unit three

.Youwilllurn @)TM“‘W ‘
» The right limit

;oo ik it Figure (1) :

Represents the graph of the function f, such that:

x-1 Ifx>2

fo= [3-x Ifx<2 fX)

4

»  Discuss the existence of lim_ f{x)

X2 2
»  Discuss the existence of lim  f(x) '

x-.2 - -\

79 Key terms s lim fo= lim f(x? R
S — Figure (2) :
» Left limit )
Represents the graph of the function g, Such that :

2 Ifx>0 £00
8("’=[-z Ifx<0 )

»  Discuss the existence of lim_ g(x) X I (1 e

x-0 1

»  Discuss the existence of lim g(x) 249 D M
X '.0 -1

is lim' glx) = |im< g(x)? e 9

x-0 x-0

@ o limit of a function

» Scientific calc. The right limit and the left limit
» Graph program The limit of the function f when x tends to a equals / iff the right limit
and the left limit when x tends to a are equal and each of them equals /
where /[ER:

lim fix)=liff: f(a")=f@a)=1

X-a

where
f@h= lim fix)

X-sn

fla)= lim fx)

Xoan
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o] X

8 From the figure (1) we notice that: \k -

f)=3 f1')=-1 ? Fig (1)

s A #M) i e

.. The function has no limit when x — 1 Yol 2 !

b In the figure (2) we notice that: \

f(-1)=3 (-1 =3

S D) =17 =3

. Lim fix)=3

Xl

B3 vry to soive
(I)Sud{uwmphsofnzgimfuncﬁmdnnﬁnd: Fig (2)
%)

- N e ew

a fil) a f(1) a f(0)
b f(1%) b r1) b (0"
¢ Lim f(x) € Lim f(x) ¢ Lim f(x)

Xl Xl X0
() Example
(1. Find the limit of the function f when x — 0 where fix) =
© Solution
Redefine the function, then

xld -1 Ifx<0
M2 x>0
S -

2-0-11f x<0 [-x!-l forall x<0

ﬂ’)g{i.z If x>0 i 5 forall x>0

X

s f0)= Lim fig= Lim (a2-1)=-1
X0 0

Xoa

fi0")= Lim -1=-] A0 =£(0")=-1 s Lim f(x)=-1

X0 X0
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B} ey to sotve
(z)lf/(x)-lu-sa x#3
2 x=3
find lim’ fx)  (if possible)
X

@ 2xampte
(2) Discuss the existence of the limit of the function f when x — 0 such that :

x
X4+ lan x S
3"““2‘ lf.t 0
©> Solution
f0)= lim f(x)= lim _£+2% - |im x(x+2)
X0 X0 x X0 X
= lim (x+2)=2

ﬂo.)= lim m= lim ___"z lim —_"
x-.O’ 3‘"’“‘2' x-.O' i‘_ "w I-oo. 3.lln2(

1+1
s . s

W f0)=£(0")=2 s lim fo=2
X0
3 rey to soive
(3) Discuss the existence of the limit of the function f when x —— 77 where

fx) =4 Sinx_ fx<a

x-

oS X Ifx>n
Qu-u_pu
(3 Discuss the existence of the limit of the function f when x —— 1 where: flx)=vx- 1

©> Solution
*t f(x)is defined forall x-120

‘. The domain of f(x)is|]1 +=| - ; -

w f0N)= lim f(x) Sf(%)= lim ST =0
o | Xl

f(1') is undefined because f (x) is not defined at the left of |
. f(x) has no limit to x —— 1

Bl vry to sotve
(4) Discuss the existence of the limit of the function f when x —— 3 where f(x) =v 3-x
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T

latnl’ointls -5

Complete the following :
{1} In the opposite graph :

A lim fly=
x-0

R W C B
x0

(2 In the opposite graph :
A lim fx)=

x-o3
B Iim. R T it
X3

@lnlheopposilegnph:
A dim fl)= -
Xesed
lim !(J)z

B

x-¢0

. I el
E 3 |

D

Xl

E lm flx)=
X4

{4) The function fis defined on R such that f(x) = [ 2 Ifx=0
2-x Ifx<0

A lim flx)= B lim flx)=.
x-0 x.0

(5) The function fis defined on R such that f(x) = [ 3 Ifx>0
3x Ifx<0

) TR — DR i
x0 x.0

{6, The function f is defined on R such that f(x) = Ifx<0
+ fx<0

A lim. )= B lim S =
x-0 x-0

S| allas Student book - first term‘ ) 1 31



Discuss the existence of limit of each of the following functions

7 lim fix) where fix)=[2x when x < 2
X2 e when x 2 2
(8) lim fix) where fix)=[x2+1 when x < -3
x-3 3x+1 when x 3 -3
) lim fix) where fix)=[x2+2 when x < 0
x-0 3x+1 whenx 20
6@ lim fix)where fix)=[2x+1 when x < -1
x=-1 -1 when x > -1

31 If the function f where

ﬂx)m[ 1;.:_)’_1" when x < |

6c-3m when x > | has alimitat x= 1. find the value of m

32 Discuss the existence of lim f{x) when x — /T where

(_2sinx
S = n-x

l+cosx whenx>a

whenx < &

43 If lim fix)=7 wherefix)=[+2+3m  whenx < 2 find the values of m , k
X2 Sx+k whenx > 2

6@ If the function f where , fix) = [ 2@ +k Ifx<-1
x+4 Ifx>-1

has a limit at x = -1. find the value of k
45 Discuss the existence of lim f{x) when x — 0 where ,

fx) I5x+m12x when x >0
6 x+sinx
whenx <0
meustheexlnmoflimﬂx)whaeﬂx)-[;: when-.g_<x<0
X
Jcosx when0<x<.§_
A atxy— "jl 8 alx—'ls_ C atx—0

37) Discuss the existence of limz £(x) where f(x) =
X X-=-
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Look at the following graphs and write your notes?

Y Y
4 'Y
- -\ - - X
A A
fi(x) = Sylx) =24
Fig (1) Fig (2)

U
'
1}
]
- » N '
- - - - —— R
e
v Y v
Ifx <1 [4(;)-.&:_3
< [-1 Ifx>1
Fig (3) Fig (4)

In fig. (1), (2), the curves are continuous and unbroken at any point.

In fig (3), the curve of the function is discontinvous atx=

In fig (4) the curve of the function is discontinuous at x =

ﬁunﬁnmmweunmludedmdnﬁ:mf:smam

at x = a if the curve of the function is unbroken at this point and the
function is discontinuous at x = a if its curve is broken at this point

S| allas Student book - first term

Key terms

» Continuity of a function

» Continuity of a function at
a point

+ Continuity of a function on
an interval
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Continuity of a function at a point:
f(‘t) I(:)

- N s

AEN
Fig (1) Fig (2)
Look at the previous graphs then find Iim' S(x) (1) if exist.
Xow

A
-2
-3
-

\J

Fig (3)

Infig(h: lim fi)=1, lim fx)=3then lim fx)doesn'texist, fil)=1

X1 Xl xl

Infig(2): lim fix)=-1, lim (x)=-1then lillll fx)=-1, fil) is undefined.
Xow

x-l X1

Infig(3): lill;’j(x)=2, lim (x)=2then lim fix)=2, fl)=1
Xs

o | x-1

then i fi1) £ A1)
X

The function fin each of the previous figures is discontinuous at x = |

Try to put a definition of continuity of a function at a point.

The function fis said to be continuous at x = a if the following conditions satisfied:

» lim  fix) exist » fla) defined

X-»a

Q S Discussing the continuity of a function

(1) Discuss the continuity of the function f where flx) = { § |
X+
a atx=0 b atx=1
©> Solution

a8 Discuss the continuity at x = 0
Lim fix)= Lim x=zero,

x-0 x-0
A0)=0 ie Lin(n) fix)=£0)
X
So, the function is continuous at x = 0

’

lim fix)=f(a)

X-an

if x<1
if x>1

fix)
'
Le
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b Discuss the continuity at x = |
Notice that the rule of the function at the right of the point x = | differ from it’s rule at
the left of this point so we discuss the existence of right limit and left limit at x =1

ﬂl’)- Lim (x-o-l)sz,ﬂl.). Lim xy=1|
Xl Xl

i.e: i17) # A1) and this Condition is enough to discontinuity of the function f at

x = | and the graph illustrates the discontinuity of the function fat x = |

B rry to soive
4x-1 if x=<1

(1) Discuss the continuity of the function f where f{x) = atx=1
2+2 if x>1

g e Check the continuity of the function at a point
‘2 Discuss the continuity of each of the following functions at the indicated points infront of
each:

a ﬂx):%ﬂx:Z,x:B b fix)=5-x-31 atx=3

> Solution
@ First: Discuss the continuity of the function at x = 2
*.* Since the function domain =R - {2} .". fx) is undefined at x = 2

. fix) is discontinuous at x = 2

Second: Discuss the continuity of the function at x = 3

= 3+43 oy il o858

=5 =6 Bl T R 7

. Lim flx)=£3) .. fix) continuous at x = 3

X3
b By redifining the function f(x) = [ bex e

x+2 atx<3

A3 =5, wf(3h)= u:;-. 8-x)=5 . f@)= U;e (x+2)=5
X X

o Lim goy=5 Le: fi3) = U';' fix)

X3 X,
. f(x) is continuous at x = 3
Bl vy to soive
(2) Discuss the continuity of the following functions at indicated points:
a ﬂx)s.*i_z‘. atx=1,x=2 b fix)=3-lx-2atx=2
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Redefinition of a function to be continuous at a point (if possible)

@) wxmmpte
\3:) Redefine (if possible) each of the following function to be continuous at x =1

Xa2x, x> 1

x-1 $x-1 ,x< 1

) fryw 2423 b f(x)= [
© Solution

@ In order to the function fto be continuous at x =1 then Un: fix)=R1)
X

o Lim G-DE43) L opn (x43)
.r_.3 ".' ."-o'
Le: Lin: f)=4
X
Therefore, we can redefine the function f to be continuous as:
24+2-3
M).[_}T "
4 a x=1

b In order to the function fto be continuous at x = 1, then f(1) = l-iﬂ: flx)
B
SN = Lim (B+20=1+2%x1=3,f(1)= Lim (5x-1)=5-1=4

x-1 X-1l
. f(1') # f(17) therefore, the function has no limitat — 1
and we can’t redefine the function to be continuous at x = |

B rry to soive
(3) Redefine (if possible) the following function to be continuous at x =3 where flx) = 23X +6 ;5.1; 6
(4) Show that flx) = 2+ 2-15 ¢ discontinuous at x = 3

x-3
2+2x-15 o x$3

menﬁndmevumofmnmm=[ x-3 continuous at x = 3
h+1 a x=3
2

Continuity of a function on an Interval
The opposite graph represents the curve of the function f where . 2
fix) = 4 - 22 on the interval [-3, 3]. the function f is said to be :
continuous on [-3, 3] , if it is continuous at all the points of the
interval [ -3 3 |

ie: Lim fix)=ARa) forall ae |-3,3|

Xwa

X fix) =f(-3) Lilll. Ax)=£3)
3 X3

Xow-
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From the previous we can conclude the following definition:

If fAx) is defined on [a, b , and
1= fix) is continuous on |a, b|
2- lim fiy=fla) ., lim fix)=fb)

Xt Xb
then f is continuous on [a, b)
Depending on the above definition and the limits of the functions, we can declare some of
the continuous functions
1-Polynomial function: continuous on R or on its domain,

2-Bational function: continuous on R except set of zeros of the denominator.
3:Sine.and cosine function: continuous on R.

4- Tangent function: fix) = tan x continuous on R — (x:ug-mn}.nez
@) mxeeerie

sinx-cosx whenO=x<x

‘4 Discussthe continuity of the function fon [ 0, [ where fix)=
cos 2x whenx> X

> Solution

Sinx-Cos x Cos 2x
e n

Jix) is defined on the interval [0, =|
To discuss the continuity of the function we will discuss the continuity on its subintervals,
also discuss the continuity at the point at which the function changes its rule, also at the right

>0

of zero.
1) fix)=sinx-cosx is continuous on 0, 7|
also fix) = cos 2x is continuous on |/, =|
2) fi))=sin0-cos0=-1, Ul:;’ (sinx-cosx)=-1
Le:f0)= Lim j(x)theftm:t-i‘onlsconlinmlmmmerighlalxso

X0
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3) We discuss the continuity x = 7

A7) = sinA - cosAr = |
fx )= Lim (sinx-cosx)=1 07" )= Lim cos2x=1
Xl X
SR Y=f1’)=fm)

fa)y=fn"), Am)=1
. fis continuous at x =7 from (1), (2), (3) the function is continuous on |0 , |

Bl ey to soive
(s) Discuss the continuity of each of the function on its domain
{ I + Sinx 0<x<%
A= z z
24(x- 2)z x> 2
an:'h
(5 Discuss the continuity of the following functions :
8 flyy=x2-3x+2 b fix)= _;i;%
= Sinx+cosx d = _tanx
g e sy
O Solution

a flx)=x? - 3x+ 2is a polynomial of second degree, then it is continuous on R

b fly= f;: is fraction function whose domain R - {-4}
Set of zeroes of denominator = {-4}

.. the function is continuous on R - { -4}

sin x4+ o5 x
- ﬂx):——
2.1
*.* sin x , cos x are continuous on R

= (x2 - 1) is continuous on R
.*. The zeroes of the denominator are{ 1, -1) the function f is continvous on R - {-1, 1}

tan x

L=t
thenumemorhmion:nnxlsoonﬁnmonl-{x:x-%+nz.nez)

the denominator function x2 + 1 > 0 for all x, then there is no zeroes of the denominator.

the function f is continuous on R-{x:x=§+nﬂ.nez)

2019-2020
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i o
{6, Discuss the continuity of each of the following functions:
-t b L Ir f,, f; are two
241 El continous on
B functions is also
continous:
Activity
@ ] “f,+ fyonR
@ Connected with chemisty. "fl"f:""‘
If the reaction rate of a chemical experiment is given by the function ~ f ol
mdf,.

fwhere f(x) 06; = 06X \where x is concentration of the solution.
Search on the internet about chemical experiments can be represented by this function
a8 Represent f graphically using a graph program.
b Discuss the continuity of f.
) exampie
"6 Show that the function f where f(x) = v x2+x+ | is continuous on R

> Solution
.+ since ¥ + x + | is positive for all values of x e R

(The discriminant =b* -4 ac = 1 - 4 = -3 < zero)
orxz+x+l=(x+2 )1+ Sum of two squares

*. X% +x+ | is positive for all values of x € R

Sf=d x+ 1) defined for all values of x € R
For all a € R we find that fla)ysyasa+l
:.m; flx)= :Jn; (Vea+sx+1 )=Valsasl
S f(a)= Lim f(x)forallaeR
.'.f(x)isoo;;:uwsonl
EJ Try to solve

{8) Discuss the continuity of the function f where f(x) = ¥x- 2 on it's domain.
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@ Exercises 3-6 @

Discuss the continuity of each of the following functions at the indicated points:

x24+2, x<1 -1, €2

) fn = atx=] @ fixy = atx=2
3x s x] -1, x>2
x+4 , x<-2
2342, x<3 : mand
@ﬁdr)=[x2 R @rn={1 , 2€x<-1 atx=-l
2x-k g X
2x+3,x2-1
sin (x - 2) 1 -cosx
@j(x)=[ 2.4 X2 atx=2 (6)ﬂx)=[ x » X200 ax=0
'-_EL . x>2 2sinx , x<0

Discuss the continuity of each of the following functions on

@ fy=x3-224+1 @ fo) —2— @ foy= 222
an\ - 2%=8 AN - X ) =_lx+2
30 flx) a1 1 fix) W-2 32 fix) e 2P
43 iy =sinx-3cos(x+1) 34 fix) =22 +cos?x 45 vy =x'sin 2 x
& S A — _sin2x 4 cos x N - _tanx
6 fly =tanx-1 P pn=rions A0 =0

Discuss the continuity of each of the following functions on the indicated intervals:

[ xtanx + sin? 3x
39 fin = 5a2 g "24"(’(0 omheimemu.g..g.[
| 2cos2x , o<x<:}
20 fix) = | ;‘0:: = IEES S on the interval |-4 , 6|
-1 , 1€x<4 '
L X2 . 4<x<6

Find the values of @ in each of the following:

ﬁbﬂx)-%ismﬂimm!
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+30-81 hen
22 fin = x e is continuous on R
a whenx=0

Find the values of b, ¢ in each of the following:

1 1<x<3
3 fix) = e - is continuous on R
é;ﬂ P+bx+c, xeR-]1,3]

x+2b P S |
i&ﬂl)' Jbx+c , -2=x%<1 is continuous on R
3x-2b RUBES & 8 |

Redefine each of the following functions to be continuous on the indicated point (if

possible):
. 2+l, x22
= - atx=2

25 fin) [ x:; py x
3x+1-cosx

: e — >0

Bw={, = 7" wxso
‘g-cosx oo XS
(x-3)+(x-3)

27 fix) = x-3 v %23 atx=3
cos (3 - x) Pl B

BA0="T5%  ax=3

29 Find the value of ¢ which makes the function f is continuous at x = ¢ where:
2-x2 xXSc

X 20

fix)= {

o4+ General Exercises

L For more exercises, please visit the website of Ministry of Education.
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Unit summary

1

8 ®4gm% b x4+am-=

=, ifa<0 - ifa>0

d xxg= l
w ifa<0

C mxa= l
. ifa>0

2) If the value of f approaches to one value / when x —— a from right and left

then Lim fix) =/and it reads limit of fix) when x approaches to a is 1.
Xl

3) The existence of limit of a function at x — a doesn't necessaraly mean the function is
defined at x = @ and vise versa, if the function is defined at x = a it doesn't necessary mean
the existence of limit of the functionat x —a ..

4) Lim (cat+c™ x4 +g)=cat+c, am +. +c,

XA
5) If fix) = g(x) forall x e R - {a} and Lim g(x) ={then Lim flx)=/
X2 X»a
6) If Lim fiy=L Lim g(x) =M then:
X2 Xl
8 lim k.fx)=k.L where keR b lim [f)+gx)]=L%M
Xosid Xl
¢ lim e =LM d lim 0 L GhereM <0
o fix) . gl boppllr o
e lim (fix)"=L" wherel "« t lim Yfix) =¥7 where Y7 €R
X-—-a X2
7) Theorems and corollaries on limits:
a Lim X80 =Nau-l) b Lim U+ﬂ)'-t'=n(a--l)
X-+a x-a X-+a -+
€ Lim X -0 (g-m
Xxsa -a" m
8) Limit of a function at infinity:
a Lm =0 b Lim _2_ =0 {whereneR',aconstant}
Xax= o Xax= x*

€ Lim c=c, wherecisaconstant, If n is a positive integer then 1M 0 = o
Xl
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"ﬁ

8 )
— 5 ¢ : Unit summary [r—
9) If fix) and g(x) are two polynomials, to obtain  lim -xﬂ(;—’)
Xoax
@ The limit gives a non-zero real number when the numerator and the denominator have
the same degree.

B The limit equals zero when the degree of the numerator < the degree of the denominator.
€ The limit gives + @ if the degree of the numerator > the degree of the denominator.

10) a lim sinx=sina, wherecaeR , lim cosxr=cosawhereaeR

X2 Xwa
b lim tanx =tan a where a#%ﬂﬂ.nez
X2
€ If x is measured in redian then: lim 30X - lim fanx )
X-oo x .t>.0 x
d Lim cosx=1 , Lim 1-€0sx o
x/-O x-.O X

11) We say that the limit of the function fix) is L when x tends to a if and only if the right and
the left limits of the function at x — a are equal to L , and we write.

lim fy)=LIf f(a')=f(a)=L where:

X+t
a ﬂa‘): Lim flx) , fla)= Lim fix)
X-a X-wn
12) The function f'is said to be continuous at x = a if the following conditions are satisfied:
a Lim fix)exist b fla) exist ¢ Lim fix)=f(a)
XC X=C

13) If f(x) is defined on | a, b ] . then the function fx) is said to be continuous on [ a, b | if:
8 f{x)is continuous on Ja , b|

b Lim' fx) =fRa) ¢ Lim fix)=£b)
Xan -"‘b
14) Some continuous functions:

# Polynomial function is continuous on R or on it's domain.

# Rational function is continuous on R except denominator zeros set

» Sine and cosine function is continuous on R.

» tangent function fix) = tan x is continuvous on R - { x: x = %-t-nz.n € Z}

(@ Enrichment Information

Please visit the following links.
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OR-x-6=(x-__ Yx+_ ) QW 2 -0 #-3x +9=

©) “"7-:’33'" = (4)%8..,_,,__
i
(5)2!‘-__.____ (6) lim 3x-2 -y
2 Xl X
@) lim -3 o 78) lim Sin2x _
b4 x-0 2 - x0 Sx
®) lim _2-3x+5 _ 30 lim T'-w":___
\) Xwx 4'3‘1 ‘19 x-0
Find the following limits if exists:
A I 2 sin 4x A li -1
S TE e e
A2 lim A +4r+3 4D i D224 x-2
Lt .t:.-3 -9 e gl.:nz X-20-x42
DN kK . ) |
65, xl-'.u-'l fix) where fix) . > | I
li { o whenx(%—
£ um -2
here =
9 .§ Sx) where fx) sin (7 - x) whenx>§
Discuss the continuity of each of the following functions :
»-4
when x # 2
a7 - x-2
A0 {sin(g-x) when x =2
& atx=2 b onR
ﬁeﬂx)z__‘f_'?__onl
RWEES x-2 When y .o
39 If fis a function where f(x) = { 2 when0<x<2
find 2x when x > 2
a lim fix) b lim fx) e lim fix)
x0 e | ) s
20 Find the value of @ which makes uml £(x) exist wrmfm=(.;'_l. ;')
Xow » -

144 Pure mathematics - Second form secondary - Scientific 2019-2020



Find the following limits :

e — B o
e v = e
25 x'i"'“ (f s2+52 - 26 :lim“ f #-3 -2
27) Discuss the continuity of each of the following functions at the indicated point :
o )= 2+ 3 whenx <4 S
7416 when x > 4

atx=0

b fix)=

[-I;glu- whenx >0
jﬂ"‘- whenx <0

4 <l when x £ 4 {4:-]0 when x £ 4
8 Iffn= { | when x=4 v B -6  when x=4

discuss the continuity of each of the following functions at x=4

a fix) b g(x) € flx). glx)
d Iftx) e g(x) - 6fix) T 2(fix)
29 Find the values of k which make each of the following functions continuous on R .

Tx-2 xgl kx? xg2

a fix)= b X) =

A { -ka? x>1 A e+ k x>2

9.2 X3-3

€ fiy= K
. x<-3
X

30 Find the values of k, m which make the function f continuous on R where
24+5 when X3 2
ﬂx)- w"’l)"kwhen-l<x<2
200 +x+7 when x<- 1
31 Discuss the continuity of each of the following functions :
a8 fix)=-—L__ onits domain
”~ Vx-2
b ﬂx)-T‘;-'%-mR
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Unit introduction

1 rigonometry is one of mathematics branches . The ancient Egyptians were the first to work with the rules
of trigonometry , they used it to build their pyramids and temples . Our knowledge to trigonometry refers
to the Greeks who put the laws of it, and used it to deduce some relations joining the lengths of sides of
triangle by the measures of its angles . The Arabs and Muslims scientists contributed in the solutions of
trigonometric equations, and they used the tangents secants and their correspondences to measure the
angles and distances . They created a way to construct tables of sines for coplanar triangles . we would
like to point 1o the Swiss scientist Leonhard Euler (1707 -1783) who introduced anew expression for
the trigonometric functions . he also used a lot of mathematical symbols which enables in the use of
advanced mathematical problems studied in schools and universities .

In this unit we will hand laws and relations the sides of tnangle by its angles .

(o

Unit objectives

By the end of this unit the student should be able to:

146

Deduce the sin rule which
states In any triangle the
lengths of sides

Are proportional to the sines
of opposite angles

Use the sin rule to find lengths
of sides of triangle

Use the sin rule to find the
measures of angles (two
solutions for unknown angle )
Deduce the relation between
the sin rule,

The length of radius of
circumcircle of triangle Use
it to solve different exercises
Deduce the cosine rule for
any tnangle

Use the cosine rule to find
length of unknown

Side of tmangle

Use the cosine rule to find 0
find the measure Of unknown
angle of triangle

Use the sine , cosine rules to

Pure mathematics - Second form secondary - Scientific

solve triangle given Measures
of two angles |, length of one
side Lengths of two sides,
measure of included angle
Lengths of the three sides
Use the calculator to solve
exercises , different Activities
on sine cosine rules

Study the ambiguous case
as group activity Scientific
rescarches

2019-2020



‘ Key terms

Trgonametry - PFossitde Sostons . Opposte Angle of & Side
| Sine Rule © Unique Sohmon © Semallest Angle
Acute Arghe Shortest Scde  Lasgest Angle
Obtuse Angle Loagest Scie I Coune Mule
Pzt Arhe Area of The Triangle
3 and Zids 2 The Lengshs of The Sides of the Triangle
g& Lessons of the unit — Materials
Lesson (4 - 1): The sine rule. Scientific calculator
Lesson (4 - 2): The cosine rule.,
: Chart of the unit
N
sma

Length of mesaure of Geometrical  Solve trianghe Langth of meavere of Geometnical
wnknows ude  unknown angle  applications n generad unknown side  wnknows angle  applications

Given measures of two Given lengths of two sides

Given lengths of
angles, lengthofoneside  Measureofincludedangle  ATMDIguUOuUs case three sides

Lengths of two sides , measure of
angle opposite to one of them

Nosolwtion  oaly one selution  two solutiens
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helSimelRulle

. You will learn You have learned how to find the length of a side of the right-angled
+ The sine rule (kew) for triangle given the lengths of the other two sides or the length of one of its
ny Wengle. sides and the measure of one of its acute angles. Now you will learn other
» Using the sine rule to ;
solve the triangle. methods to find the lengths of the sides and the measures of the angles of
» Modelate and problem | the triangle in general.
solving using the sine
rule. 4 Activity ’
+ The relation between
the sine rule and the Kareem wanted to measure
radius of the circumcir- i
d,d,,,,w the distance  between
’“ﬁ—** | Alfaiyum and Ismailia
» Trigonometry using the data on the given
» Sine Rule map by taking drawing
R scale | cm : 43 km. Be sure
» Obtuse Angle
+ Right Angle of your measures after you

» The Ambiguous Case have studied the methods of
solving of non right angled

triangles.
one of these methods is the
sine rule
@ Learn
B materials The Sine Rule
» Scientific calculator
In triangle ABC we use the small
letters a, b and ¢ to denote the
lengths of the sides opposite 1o ©
angles A, B and C respectively. We can useformulaofmetheamofme
triangle to conclude the sine rule which gives the relation between the
lengths of the sides of a triangle and sines of the opposite angles as follow.
areu ol’lrianglc:% bcsinA-%acsin B-%absinC
(different forms of the area of the triangle ABC)
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g 'l'lleSineRulel4'1//

be sin A = ac sin B = ab sin C multiplaying by 2 0 e
besinA _ acsinB _ absinC ”h'il

dividing by abc
abe abe abc A

sinA _ sinB _ sinC by simplifying /\

a b ¢

s .0 _._¢ perties of proportion - 5 :
SnA sinB _ snC o " aren of triangle ABC
Then: In any triangle, the lengths of the sides are proportional -%.bﬁc
to the sines of the opposite angles. This relation is known by -%aubll

X R T IENEE) Y
the sine rule 1. A = EnB ~ sinC = besina

Seif-learning: Can you prove the sin Rule by other methods? Show that.
Using the sine Rule to find the length of a side of a triangle

Qw
"1 Find the length of the longest side in the triangle ABC in which e
m(/A)=54"33 m(/B)=49"22' .a=124.5cm In sny trisngle
O Solution the longest side
The longest side is opposite to the greatest angle (inequality of triangle)  is opposite to the
m(Z C) = 180" - [m( £ A) + m(Z B)] biggest angle and
= 180" - [45"33' +49°22' | =76 §' the shortest side
.. the longest side is ¢ (opposite to the greatest angle ./ C) & opposiie fo fhe
smallest angle.
N . S 124.5 = C
" sinA  sinC "" sin54" 33  sin76" S
1245 5in 76" §'
..C-W-l“.‘cﬂ!
EJ ey to sotve
(1) Find the length of the shortest side in the triangle ABC in whichm (.~ A)=43", m(/ B) = 65°,
c=84cm

Solving the triangle using the sine rule
Solving the triangle is to find its unknown elements using the given measurements, in condition
that aside length is to be given at least.

First: Solving the triangle, given the length of one side and the measures of two angles:
Q:n!pu
‘2 Solve the triangle ABC in which a = 8cm , m(/ A) = 36", m(/ B) = 48"
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m(/ C)= 180" - (36" + 48°) = 96"

8 b
.+ SinA _ sinB ., 8in 36" _ sin48" . 3
e = > Nowe b b 48 36
A “ B C A
sb=Bsindd ~ 10,114 cm.
sin 36
Use the calculator with mode of the degree measurement then press the keys from left to
right:
start » (D@ @@ @®MOHEIE@TE
.. SinA _sinC . sind6” _sin% . ._8sin9%" . 13535cm
a ¢ 8 ¢ sin 36"
By using calculator:
start » (DO P@E®E@OHEIE@MEOE
InAABC:b=10.114cm ,c=13.535¢cm,
B ey to sotve

(2) Solve the triangle ABC in which a = 8cm , m(~ A) = 60" , m(/ B) = 40"
Second : Solving the triangle, given lengths of two sides and the measure of the

non-included angle)
Ambiguous Case lengthof  m(/A) length of BC in
Draw triangle ABC ( if possible ) accordingto ~ AC inem cm
the measures in the opposite table: 1 7 30° 35
i 5
i 2
1 - from point A draw AX 2 - from the point A draw AC of length 7em
making an angle of measure 30° with AX
A >
X
‘—O
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3 ~when BC = 3.5 cm put the nail of the 4 -when BC = 5 cm repeat step (3) by
compasses at C and with radius 3.5 cm draw making the compasses radius 5 cm draw

an arc to touch AX at point B. arc cutting AX . What do you notice ?
C
. E
3.5cm ‘
30° S o - X
. B/'x % T B‘v. 5

» Measure the length of AB and compare > Measure the length of CB , CB'
its length with the length of perpendicular what do you notice?
segment dropped from C to AX . Whatdo 5, Compare the length of BC , with the
you notice? length of perpendicular segment dropped
from C to AX . What do you notice?
5- Repeat step (3 ) when BC = 2 cm. Draw an arc with compasses radius 2 cm. does the arc
intersect AX ?

C

A 0" d

.
Eud

P

» Companthelengthofi?andlhelenglhofperpendicularsegmemdmppedftomCon_A_x°
What do you notice?

Paractice
» Repeat the previous activity when angle C is obtuse, and show the different cases of drawing triangle.

» From the previous activity, we can deduce the different cases of solution of triangle ABC
given Z A, a, b, histhe shortest distance from C to AB

no solutions at all there are two solutions

h<a<b
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/]

acute A
o B
a=h a=b
Q"T"__’," Application c

(3) for each of the following triangle show whether there is one,
two or none solution. find all possible solutions if exist.

Approximate the results to the nearest one decimal place. S

a8 A ABCinwhichm(/B) =110",b = 8cm ,¢c=5cm

b A DEFinwhich m(/D) = 60 ,d = 7em, e=9%m . A

¢ A LMNinwhichml /L) = 40" ./ =12cm, m= 15cm

O Solution

a - /Babtuse,b >¢ : i
.. only one solution exist CTmC ™ 4n 110° (sin rule)
csinC= 3xs0ll0 o 05873
Som(/C) = 36"

Somi S A) = 180°-(110° + 36%) =~ 34",

coa____ 8 .o Bxsin34"

“sin34’  sin110° SR i, = R -
e then: m( /A)=34" m(/C)=36" ,a=48cm '

b - /Dacute,d<e ;
h=esin D=9sin 60 = 7.8cm :
vd<h ( where 7 < 7.8) " .
no triangle exist

¢ ‘- /Lacute,! < m(where 12< 15),
h=15sin40 == 9.6cm

th<l<m(where96< 12<15)
/
So that there exists two solutions for the triangle LMN .

1
;
o
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1* solution: ~ M acute 2™ solution: ~ M obtuse

N N
12 cm
15 15 55 G
/ e / Sl
R - *.“The sine function is +ve in 2™ quadrant,
sinM_ sin 40° sin M= 0.8035
A 15%5ind40° . g o
. .sinM--’—"f’;— S.osinM = 0.8035 2 m‘AM) ~ 180" - 53.46"~ 126.54..
<. m(Z M) 53.46 m(/ N) = 180" - (40° + 126.54")
o.o 'MAN)—': 180. °(40.#53.46.) ~ l3.46.
=~ 86.54°, I n |
Tl SRS " sin 1346°  sin 40°
" sin86.54° T sin40° 12xsin 1346" _ oo
> Sona ~435cm
n= —'2’.(#"86'?‘ = 18.63 cm sin 40°
sin 86.54

i.e: one of the solutions is : m(/ M) = 53.46", m( / N) = 86.54", n = 18.63cm

The other ist m( /M) = 126.54° . m(_~N) = 13.46", n =~ 4.35¢cm
ﬂ‘l’ry to solve

(3 For each triangle, show whether there are one, two or no solution . Find possible solutions
to one decimal place .
a8 AABCinwhichm(/A)=100",.a=12cm, b= I5cm
b A DEF in whichm(/E)=35" ,¢=9cm,f=5cm
¢ AMNLinwhichm(/M)=52" m=2lcm,n=26cm

(7 example
4 Geography: The opposite figure shows the positions of three Egyptian towns that form
a triangle. If the distance between Cairo and Suez on the map is 8 cm, the measure of the
angle at Alfaiyum is 40° and that at Suez is 30°. If the drawing scale is lem:16.75 km.
Calculate to the nearest Km.

a The distance between Cairo and Alfaiyum. Cairo 8 cm Suez .
b The distanc between Suez and Alfaiyum. "
> Solution
m{/ A) = 180" -(30° +40") = 110"
__AC___BC_ __ 8 Alfalyum
sin30° ~ sin 110" T sin 40"

s _ 8xsin30" _
..AC-—‘“MO, = 6.22cm
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.. the distance between Cairo and Alfaiyum =~ 6.22 x16.75 =~ 104 km
. 3
Bc.ﬂ:‘:n-m-~ 11.7em

.. the distance between Suez and Alfaiyum = 11.7 <1675 = 196 km
Bl vry to sotve
{4) Inactivity page (154):
@ Using the Geometrical sets to find the measures of the angles of the triangle and the

distance between Alfaiyum and Alex.
b Using the sine rule find the real distance between:
Ist: Ismalia and Alfaiyum. 2nd: Ismalia and Alex.

Geometrical Applications on the Sine Rule

: ln-y(rhnghADC:—-'—As-‘Tbn-a;‘-é-aZr
where r is the length of the radius of the circumcircle of triangle ABC

If the circle passes through the vertices of an acute angled triangle
Draw the circumcircle of the acute angled triangle ABC
and draw the diameter BX and the chord XA

~m(/ BA X) =90" . m(ZAXB)=m(/ACB)

o AB . AB

..smxzzﬁ ’ Slnc-‘-'ﬁ-
AB=BXsinC

b = < =

Se=2rsinC nC 2r

Similarly, we can prove that: -.:A =2r , —‘T:TBZI'
a _ b N S

""sinA  sinB  sinC

Self learning: Prove the previous law if the circle passes through vertices of on obtuse angled triangle.

@) example
'5 ) triangle LMN in which , m = 68.4cm , m(/ M) = 100", m( .~ N) = 40" find:
a | b The length of the radius of circumcircle of the triangle LMN

€ The surface area of the triangle LMN
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O Solution
m({/L)= 180" - (100° + 40°) = 40"
I _684

ind0’  sin100° i)
68.4 . . N I
! = ~a 100° xsin 40" = 44.64cm  required (1) 68.4 cm
m , 684
.m'Zl’ o Silllm. =2r
68.4
8. [ & e v 34,7
he.r= > sin 100 3472 cm required (2)

S.Aof triangle LMN = 1 m [ sin N = ] « 68.4 x 44.64 sin 40" = 981.1 cn?

B'l‘ry to solve
(5) ABC is a triangle in which a = 25cm , m(/ B) = 35" 18',
m( .~ C) = 103" 42' Find its area and the length of the radius of its circumcircle

@) exampie

6 ABCD is a trapezium in which AD // BC ,AD=7.4cm ,m(/ B)=62",m(/ D)= 106",
m(/ ACB) =41 find

Ist: the length of each AC, BC 2nd: The surface area of the trapezium ABCD.
> Solution

In the triangle ACD %l ia

-+ m(Z DAC) = m(/ ACB) = 41° (alternate) " v
,m(/ ACD) = 180" - (41" + 106") = 33"

R A1 T,
in triangle ABC m(/ BAC) = 180" - (62" +41°)=77"

0BG w1306 . pCg POSXUNTT 14 410m
sin 77° sin 62° sin 62°

'.':—g-sinﬂ' S AE =13.06 «sin 41" = 8.568cm

** S.A of trapezinum = length of middle base - height,

-ﬂgﬁmss("—“z'—"")xs.sessqz.manzzmz
EJ ey to soive
{6) ABCD is a quadrilateral in which, CD = 100cm , m( ./ BCA) = 36", m(./ BDA) = 55",
m(/ BCD) = 85", m(/ CDA) = 87", Find the length of BD , AC to the nearest cm.
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Complete each of the following:

(1) In any triangle, the lengths of the sides are proportional to

(2) In triangle ABC if 2sinA=3sinB=4sinCthena:b:c=

(3) ABC isan equilateral triangle the length of its side is 103 cm, then the length of the diameter
of its circumcircle =

{4) ABC s a triangle in whichm(/ A) =60", m(/ C) =40" , c=84cmthena=___ cm

o 2b
(5, Intriangle ABC, -} Y r

Choose the correct answer:-
(6)1‘hek:ngthoflhendimoflhccircumcircleo(uiangleABCin which m(~A) = 30° ,
a= 10cm is

A 10cm B 20cm A Scm D 40cm
7) If the length of the radius of the circumcircle of the triangle ABC is 4cm , m(/ A) = 30" then a =
A 4cm B 2cm A 4/3cm o} -llacm
{8) In triangle ABC , the expression 2r sin A equals
A 4 B b A ¢ D area of(AABC)
{9) If r is the length of the radius of the circumcircle of triangle xvz.umz_u;;_f
A ¢ B 2r A %l' D 4r

6@ Intriangle LMN, m(_~ L)=30", MN =7cm then the length of the diameter of the circumcircle
of triangle LMN is

A 7cm B 35cm A l4cm o J-lécm
30 Intriangle XYZ,if 3sinX=4sinY=2sinZ, then x: y: z= >
A 2:3:4 B 6:4:3 A 3:4:6 D 4:3:6
12 Solve each of the following triangles:
a c b c = 8
& 17em ¢ A . Ll
o b M’G e
B C
100°
A B C b A

33 Show if the triangle ABC in each of the following cases has one, two or none solution. Then
find the solutions if exist approximated the answers 1o the nearest one decimal place.
& m(/A)=105",a=8cm ,b=5cm b m(/A)=47", a=4cm, b=6cm
€ m(A)=38"a=10cm,b=14cm d m(/A)=3687", a=6cm, b=10cm
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14 Solve the triangle ABC Approximating the results to one decimal place.
a8 m(LA)=40" m(/B)=30",b=10cm b m(/A)=50",a=4cm,b=3cm
¢ m(/B)=33.b=7cm,c=10cm d m(/C)=116",¢c=12cm,a= 10cm
35’ Solve the triangle ABC in each of the following:
a m(/A)=32",a=17cm,b=llcm b m(/ A)=49",a=32cm, b=38m
¢ m(/ B)=70",b=l4cm, ¢ = l4cm d m(/C)=103",b=46cm,c=6lcm

36 ABC is a triangle in which m(~ A) = 60", m(/ B) =45, prove that: a: b:c=y6:2: V3 + |

17, ABCD is a parallelogram in which AB = 19.77¢m the diagonals AC , BD make with the side
AB angles of measures 36" 22', 44° 58', Find the lengths of the diagonals.

38 ABC is a triangle in which AB = 8.356cm, m(/ A) = 41° 20’ , m(./ B) = 59" 17' Find:
a b b the length of the perpendicular from C to AB

39 ABCD is a trapezium in which AD // BC,AD = 10.7cm, m( ./ D) = 100°, m(/ B) =61" 19,
m(/ CAD) = 33" 50’ , Find the length of each of AC, BC

20 ABCD is a quadrilateral in which m( ~ BCD) = 85°, m(/ CDA) = 87*, m(~ BC A) = 36",
m(/ BDA) = 55", CD = 1000 meter Find to the nearest meter the length of BD , AC.

21 ABC is a triangle in which sin C = 0.35, ¢ = 14cm, find the area of the circumcircle of
triangle ABC in terms of 7

22 ABC is a triangle in which a = 58 cm, m(~ B) = 38", (£ C) = 62" find the length of the
perpendicular from A to BC

23 ABC is a triangle in which m(/ A) = 60", m(/ B) = 45", if a + b = (V& + 2) cm find each
ofa, b

24 ABC is a triangle inscribed in a circle of diameter length 20 cm. If m(/ A) = 42°,
m{ .~ B) = 74" 48', Find the lengths of the sides of the triangle ABC

25 ABC is a triangle in which ¢ = 19cm, m(/ A) = 112°, m( ./ B) = 33", Find to the nearest
hundredth the length of each of b and the radius of the circumcircle of the triangle.

26 Geography: The opposite figure represents the positions of
three towns A, B and C Find to the nearest km:

a8 Distance between A, C b Distance between B and C

27) Openproblem: ABC is a triangle in which m(/ B) = 58", ¢
a =42 cm. Find b which makes triangle ABC has no solution. Explain that.
28 Creative thinking;
s : . 3a-4b .. G
USSR AL g S 3sinA-4SinB sinC

b lfAiuheS.AofthelriangleABCpmvethnamofA-az(____"';:::C)
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. You will learn

+ The cosine rule of any

+ Using the cosine rule to
solve the triangle .

» Modelate and solving
mathematical and life

problems using the
cosine rule.

0 Keyterms

» Cosine Rule

» Acute Angle
» Obtuse Angle

é}’ Think and ml

Two ships A , B move at
the same moment from a
port. The first in direction
20° south of east, for 24 km
while the second moved
in direction 55" north of
east for 10 km in the same
time. Calculate the distance
between them at the end of
this time.

By using the suitable drawing scale to find the length of AB.

Are you able to use the sine rule to find the length of AB?

Can you deduce another rule to find the length of AB in terms of the
lengths of FA, FB And the measure of the included angle between
them. explain that.

@m

The Cosine Rule
A BDC is a right angled at D:
BT materials (BC)? = (CDJ + (BD? (pythagoras theorem)
+ Scientific Calculator
then: . &
a®=(bsinA)® +(c-bcosA)
=b?sin A+b2cos? A+c?-2bccos A
(Expanding brackets) A c—— 8
=b2(sin A+cos?A)+c?-2bccosA  ( b?common factor)
2 - % .
=b*+c*2bccos A ( simplifying) 0
then:
b ec?-a? Pythagoras identity
cosA=—g—
sin® A+ cos*A =1
1 58 Pure mathematics - Second form secondary - Scientific 2019-2020
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Self learning: prove the previous law if /A is obtuse in A ABC., Qm
Qral expression; similarly find the values of b? c?, cos B, cos C
Critical thinking; Is the previous law is true when A ABC is right It is better to write

the laws of cosine to

angled at A? Explain your answer. take the sides of the

traingle a, b, c in the

The cosine rule provides that : same way around,

so if one formula

In any triangle ABC: o b lown we cas
a?=b+c?-2bccosA, cosA =_zb; R 9

b’sc’»a’-ancosB , cosB = Seal-b?
2ca

?=a +b?-2abcosC , cosC = &ebl-c?

@rer |

@ using the calculator to find the length of unknown side of triangle by cosine rule

One of the engineers tried to find the distance between two positions not easy to reach them by

using the measuring distances set . He found that his distance from the first point A was 160 m,

and from the second C was 220m , m(~ BAC) = 54°. using these data. Find the distance

between the two points to the nearest km.

1 - Determine accurately the data collected by the engineer.

2 - Determine the required.

3 - Represent these data by suitable drawing scale
using geometrical sets .

4 - Measure BC incm.

5 - Find the real distance between B, C in km.

6 - Can you use the cosine rule to calculate
the distance between B , C? Show that.

7 = Compare between the result you got BC 0
using the geometrical measures, and the cosine rule. Real length =

Drawing length +

C

From the previous activity:

1 - The drawing scale is lem to 20 km =

2 - By measuring: The length of BC =9 ¢m in drawing.

3 - The real length of BC = 9 x 20 = 180 km

4 - Using the cosine rule: a® = b? + ¢ - 2bc cos A
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Then a? = (160 )* + (220)* - 2 = 160 = 220 cos 54* ~ 32619.9
Then a = 180.6 km.

5 - The results will be more accurate when the drawing is accurate. We prefere to use laws to
give true results,

6 - Using a calculator to find the result:

memﬂdmwm«emmm-&;)
in A ABC in which:

8 a=436cm,b=384cm,m(~ C)=101"

b b=2cm,c=5cm,m(/A)=60"

Finding the measure of an angle of a triangle given the lengths of the
three sides:

) Example
(1) Find the measure of the greatest angle of the triangle ABC in whicha=4.6 ,b=3.2 ,c=28
O Solution

.+ The greatest angle is opposite to the longest side

. Z Alis the greatest angle

b +cd-a? (32)%(2.8)z 4.6
CosA = —— 3532728

by using the calculator
start

'
I O@WEHO@ED®HEET
fen) (=020
The cosine is negative , then ./ A is an obtuse angle
Som(/ A)=99"53'49"

2. m 32 @@m =

ﬂ Try to solve
{1) Find the measure of the greatest angle of the triangle ABC in whicha = 11 cm, b= 10cm ,
c=8cm
160 Pure mathematics - Second form secondary - Scientific 2019-2020
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Using the cosine rule for solving the triangle:
The cosine rule allows us to solve the triangle given the lengths of two sides and the measure of
the included angle.

First: Solving the Triangle Given the Lengths of Two Sides and the Measure of the
Included Angle

@) exampie

2 Solve the triangle ABC in whicha = llcm , b= S5cm ,m (/ C) = 20"

> Solution
Wehavetofinde, m(~ A),m(/ B)

* =a’+b?-2abcos C (cosine rule)
=(11P+(57%-2x11 x5 cos 20
c=Y(11)P+(5)-2x11x5c0s 20" ~ 6.529 cm

11T cm

Bec?-a? | (5P +(65297-(112 _ g7
2bc 2(5)(6.529) o p

m(/ A)= 144" 49
m(/ B)=180"-Im(/ A)+m(/ O)]
= 180" - |144.786" + 20°] =15.214"

COs A=

Remark l Wbenyouﬁndtbcmeasumofanangleofalﬁanglcgivmﬂuuhclengthso?
two sides of the triangle and the measure of the included angle, it is preferred
to use the cosine law rather than the sine law because:

1~ In the case of using the sine law:
»  The sine of the acute and obtuse angles is always positive.

2- In the case of using the cosine law: Om

»  The cosine of the obtuse angle is negative. You can use the
»  The cosine of the acute angle is positive. sine rule to find m
» The cosine law allows to solve triangle given lengths of the (£ A»m (£ B)
three sides. after finding ¢, but
Gi hat the f lengths of ides i than the .
iven t sun.no ngths of two sides is greater t 0 : : I
L length of the 3rd side. rule is to distinguist
ﬂ‘l‘ryhuin between the acute
7N\ . A A and obtuse angles.
2, Solve the triangle ABC in whicha =246 cm ,c= 14.2 cm,
m(/ B)= 42" I¥
S| e Student book - first term
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Second: Solving the triangle given the length of the three sides:

QW
(3 Solve the triangle ABC in which a =9m , b= Tcm , c= Scm,
O Solution

the required is finding the measures of the angles A , B and C

. .b’o-c’-u’ 7 9 _
cos A = 2;;;’!5 0.1

m(/ A) =95 44'21"

el _ sl p
> 2ca 2x85x%x9

m(/ B) = 50° 42' 13"
m(/ C)=180"-Im(/ A)+m(/ B)]=33"33'26"

Kl vey to sotve

(3) Solve the triangle ABC in which a = 12.2cm, b = 18.4cm, ¢ = 21.1cm

cos B = 0.633

The cosine rule provides a preface to the ambiguous case which has been studied in the sine

rule, and to find the length of the third side using the cosine law we get aquadratic equation
and the number of positive solutions of this equation represent the number of triangles and the
following example illustrate this case.

Q":"' Solving a triangle given the lengths of two sides and the
measure of an angle:

(4) Solve the triangle ABC in which a = 6cm, b=7cm ,m (/ A) =30

o () tenemer 2

themqmmduﬁndmgc.m(é B),m(/ C) Ve
w a?=b+c?-2becosA (cosine rule) (cos 30 =—=)
6*=T7+¢*-2x7ccos 30°
0=c2-7/Fc+13 then -7/F c+13=0

" c=d (/T V757 41 13)(The general law for solving the quadratic equation)
S e= 10935 or ¢=1.188
Each positive solution ¢ represents a possible triangle, so we have two triangles. To find
cos B then:
Gead-p?

2ca
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when ¢ = 10935 when ¢ = 1188
(10.935)% + (6)* - (7)° 1.188)% + (6)* - (7
©0s B, = —— 110935 ® c0s By = £ 2()12.18:!))(26)( -
cos B, =0.812 cos B,=-0.812
m(/ B,)=35685 m(Z B,) = 144.314°
~35"41'6" ~ 144" 18' 50"
m(Z C)=180"-Im(Z A)+m(/ B)| m(/ C)=180"-Im(~ A)+m(/ Byl
~ 114.314" ~ 5.685"
=~ 114° 18' 50" ‘ ~541'6"

Explanation: In one of the triangles ¢ = 1094, m (.~ B) =35"41'6", m (/ C) = 144" 18' 50",
and in the other trianglec= 119, m(~ B)= 114" 18'50" ,m(/ C)=5"41'6". Compare these
results with the results to those obtained in example (3) lesson one (page 158) which solves the
same triangle by using the sine rule.

Bl vy to soive

(4] Solve the triangle ABC in whicha=8.6cm ,b=11.1cm,m(/ A) =63"

Geometric Applications on the Cosine Rule

(7 example

‘5 ABC is a triangle in which a = 63cm , b - ¢ = 27 cm, the perimeter of the triangle is 140 cm,
Find each of b, ¢ and the measure of the smallest angle of the triangle also find the area of
the triangle to the nearest centimeter square.

> Solution
‘a+b+c =140 (perimeter of the triangle) ,a=63
S b+ = 140 - 63 them b+c=77 (n
‘*b-c =27 (given) 2)

by adding (1) ,(2) :

2b=104 then b=52cm
substituting in (1) ¢ =25cm

We see that ¢ is the shortest side of triangle ABC

S 2 Cis the smallest angle of triangle ABC

ad+b2-3 (63)% + (52)% - (25)°
b e YT 1. - B e bt

s m(Z C)=22"37"

s cosCm
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(7) ABCD is a quadrilateral in which AB = 3cm , AC = Scm,

PO

l 164 Pure mathematics - Second form secondary - Scientific
\

the surface area of the triangle ABC = § ab sin C

=%X63x52xsin22°37' ~ 630cm?

Bl rry to soive
5) AABCinwhichb=4cm,a+c=llcm,a-c=lcm,provethatm(/ A)=2m (. B),then

find the perimeter and the area of the triangle ABC , round the area to the nearest centimeter

Qé-*

(6) ABCD is a quadrilateral in which AB = 22cm , m (. ADB) = 65", m (/ DBA) = 50",

BC = 25cm, DC = 18cm, Find: m (/ CBD) ,m (.~ BCD)

© Solution
In A ABD
m(Z A) = 180°- (50" + 65"
= 180" - 115" = 65" y
m(Z A)=m(S D)=65 18
. AB=BD=22cm
In A DBC ]
cos(/ DBC) = (BDY’ + (BC)* - (DCY? é — s
e
-mzxnx” ~0.7137

. m(Z DBC) ~44°28'6"

_ (BCP +(CDP-(BDP _ (257 + (18- (22 _
LB 2(BC) (CD) IxBXIB ol

. m(/ BCD) = 58" 53' 28"

EJ rry to soive

ABCD is a quadrilateral in which m (.~ DAB)=m (.~ DBC)=9%0","”
BD = 10cm ,AD =8cm ,m (.~ DCB)=30", Find AC to the
nearest centimeter. 5 cr

@) example

BC=7cm ,CD = 5cm , BD = 8cm , prove that the shape ABCD ¢
is a cyclic quadrilateral.

2019-2020



O Solution

In A ABC
ind 2
. ecd-a _ @P+@P-7F _1)
2be 2x8x3 2

wm(/ A)=60" (n
In A BDC

(CDY + (DB)? - (BCY (5P +@BP-(7* _ 1
c0s D = —-=5) OB) S =
* m(/ D)=60" (2)

~m(/ BAC)=m(,/ BDC)and they are on the same base BC and on the same side of it ,
then the shape ABCD is a cyclic quadrilateral
Bl vy to seive
{6, ABCD is a quadrilateral in which AB = 9¢cm, BC = Sem, CD = 8cm , DA = 9cm, AC = 1 lem.
prove that the shape ABCD is a cyclic quadrilateral.

B e B

Complete the following:

. _ is used to solve triangle given lengths of two sides and the measure of the included
angle

<), is used to solve triangle given measures of two angles and the length of one side

30 Intriangle LMN: 2=m? +n?- cosL= m+n?-

{4) Intriangle ABC , the lengths of its sides are 13, 17, 15 then the measure of the greatest angle
is v

(5) XYZis a triangle , the lengths of its sides are 5.7cm , 7.4cm, 4.3cm then the measure of the
smallest angle is ?

(6) AXYZhavingx=10em,y=6cm,m(/Z)=60" thenz=

7) Intriangle LKM, K2 +m?- £ =

Choose the correct answer:
(o) The measure of the greatest angle of the triangle whose sides lengths are 3, 5, 7 is:
a |50° b 120" c 60" d 30°
() In triangle LMNuncxpression'z‘;#equalsz
m
@ cosL b cosM € cosN d otherwise
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30 In triangle XYZY y? + 22 - 2 =2 yz »

a cos X b sinZ

40 Intriangle ABC ,a: b:c=3:2:2 then cos A equals

a -& b --&
Answer the following questions:

€ cosZ d sin X
1 3
04 d4

62 Show that for each of the following triangles there exist only one or two or none solution

approximated to one decimal place.

8 a=d4cm,c=16cm, m(/C)= 115"
€ a=5cm,c=12cm, m(/ A) =65

33 In triangle ABC if:

@ a=5cm,b=7cm,c=8m
a=3cm, b=5cm, c=7cm
a=l13cm,b=7cm, ¢ = 13cm
a= 13cm, b=8cm, c=Tcm
a=l10cm, b= 17cm,c=2lcm
a=5cm, b=6cm,c=Tcm
a=17cm, b= llem, m(/ C) = 42°
b=16,c=14,m(/A)=T72"

b a=12cm,c=Tcm, m(/ A)=27"
d a=14cm, b= 18cm, m(/A)=42"

prove that m(~ B) = 60"
prove that m( ~ C) = 120"

find m(/ C)

find m( £ A)

find the measure of the smallest angle
find the measure of the biggest angle
find ¢ to the nearest hundredth

find a to the nearest hundredth

34) In the exercises ( 8 - d ) solve the triangle ABC:

b B
24 15 cm 8 131° 'a,_,.
A
A 27 om K 5
[ " 35 cm C d A
12
17 cm om
14 cm

€$ In the exercises ( @ - e ) can the triangle ABC be formed? If so , solve the triangle:

a8 m(ZA)=55,b=12cm,c=7cm

€ a=12cm,b=2lcm, m(Z C)=95"
e m(ZLA)=42", a=7cm, b= 10cm

166
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b a=32cm,b=763cm,c=64cm
d a=lcm, b=Scm, ¢ =4cm
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Geometric applications
36 ABCD is a parallelogram in which the length of two adjacent sides are 18 cm , 26 cm , and
the measure of the angle between them is 39°. Find the length of the shortest diagonal to the
nearest hundredth.

17, ABCD is a quadrilateral in which AB =9 cm, BC = Scm, CD = 8cm, AD =9%m ,AC =l lcm,
prove that the shape ABCD is a cyclic quadrilateral.

38 ABCD is a parallelogram in which AB =9 cm, BC = 13 cm, AC = 20 cm, find the length of BD

39 ABC is a triangle of perimeter 70 cm, a = 26¢m |
m(<_A) = 60°, Find its surface area.

20 Maritime navigation: Kareem and Ghadeer stand
on one of the sides river. How far is Kareem from

the boat to the nearest m?

21 Agriculture: A farmer wanted to fence a triangular
piece of land lengths of two sides of it 98 m, 64 m , Som
and the measure of the included angle between them
is 52° What is the length of that fence?

22 Theoretical proof; ABC is a triangle in which D is the midpoint of BC, prove that:
(AB)? + (AC)* = 2 (AD)? + 2 (BD)?

and if AB = 5em , AC = 8cm , BC = 12 cm find AD.

23 Theoretical proof: (For pioneers) ABC is a triangle in which: (a+b+¢)(a+b-c)=kab
prove that: K € J0, 4] , then find m(~ C) when K = |
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24 distances; Kareem wanted to cover the distance from o Hom

city A to city C passing by city B Using his motor bike

with uniform speed 36 km/h, then returns from city C

to city A With uniform speed 42 km/h. Find:

8 The distance between city C, city A

b The total time in minutes for the whole journey . 6m
25 Acshitectural design; Architect designed a building at the 6m

form of regular octagon , the length of its side is 6 meter Find G H

the lengths of the diagonals HB , HC, HD.

H A

@ Riscover the erxor: In triangle ABC, ifa=7cm, b= 10cm,c =5 cm, m(~ A) = 41.62°.
Find m(/ B)

-;

PR T

*v b oS B S —
sinB  SinA 2x
scosB= Y +Or-U0F . 03714
xIx
som(/B) = 111.8°
[ momexemim.plasevlﬂtﬂnwebdnofmnlmydsdtuﬁm }
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Unit Summary
1 The sine rule In any triangle, the lengths of the sides are proportional to the sines of the

opposite angles. ie. In triangle ABC: A
> 2 = T - 2r
sinA  sinB  sinC b o

(where r is length of radius of circumcircle of triangle ABC)
and we can use the sine rule to solve the triangle in the following cases:
# If the length of one side and the measures of two angles are given. a
# If the lengths of two sides and the measure of the angle which is not included between them is given.
3 Determing the number of triangles and the ambiguous case:
The Ambiguous case: which given in it the lengths of two sides and the measure of angle
opposite to one of them. If the length are a,b and acute angle A | height is h = b sin A then:

A

One triangle Two triangles
a<bh a=h h<a<b a<h
Surface area of any triangle (S.A) = } product of lengths of two sides < sin of included
angle between them
Surface area of ABC =1 absin C=J acsin B =] besinA A
The cosine rule: The cosine rule states: In any triangle ABC /\
2 a2
a=b’+c?-2bccosA then cosA =—bl’—‘;?-'— C - .
P=cl+a’-2cacos B then cccsBucz;';b2
ca
?=a’+b2-2abcosC then cosc--.."itz."’b'_cz
a

Using the cosine rule in solving triangles: we can use the cosine rule to solve the triangle

in each of the following cases:

# The lengths of two sides and the measure of the angle included between them are given.

# The lengths of the three sides are given.

# The lengths of two sides and the measure of the angle which is not included between them
( the cosine rule provides a preface to the ambiguous case which has studied in the sine rule
and to find the length of the third side using the cosine law we get a quadratic equation and
the number of positive solutions of this equation represent the number of triangles,
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Multiple choice questions
{1 Without using calculator, the value of cos 120";
al b .1 c V3 d. 2
2 2 2 3
{2) Which of the following angles has -ve for sin and tan:
a 52 b 150° ¢ 200" d 315°
{3) What is the value of Z on that ramp to nearest one decimal.
a 58 b 6.1 IN\
c d 19,
123 19.1 o
{4) What is the value of a to the nearest tenth in triangle A ABC in which b= 6cm , ¢ = 7em ,
m(/ A)=30"
a 34cm b 3.5cm € 36cm d 6.6cm
O lflhetetminllsidcoflngleOinsm'dudpodtiwcmsmitdrdeupoiu(%.‘%3_—)
then tan@ equals :
a _L_ b Y3 c 4 d /5
I 4 i
{6, The identity connecting tan 6, sec E is in the form:
a tan’0-1=sec? O b sec?’O-1=tan’ 0
€ tan’f - sec’ @ =1 d tan’0+ 1 =sec’ O
(7) The radius length of circumcircle of ABC , in which m(/ A) =60° ,a=2 /3 cmis:
a 2cm b /3 cem € 2/3cm d '/?- cm
O lntrianglel.MNqummy_"ﬁzz_'ﬁiequs:
mn
2 cosM b sinN € cosL d sinM
Questions with short answers:
(9) The accurate value for each trigonometric function:
8 sin 225" b Sec 150" c m}‘l a a,,zél

i@ Find two angles one with +ve measure and the other with -ve measures having the same
terminal side with each of the following angles:

a 135 b 315 c 45" d
41 Change to radian measure or degree measure for each:
a 300° b .135 c 551 a 148.
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32 Find length of arc apposite to angle of 210 * In acircle of radius length = 6cm.
[Hint: L =r x0™)
3 IfsinA=-% where & <A <7, tanB=7 507 <B <32 find value sin A cos B + cos A sin B.

Hint to No 13: Find trigonmetric function for each /~ A, /B , using the quadrants then
substitute in the required expression.

34 In the triangle XYZ if x= 10cm , m(/ X) =30 *, m(/ Y) = 45", find y to the nearest tenth
35 ABCisatriangle in which a = 4cm, b= Scm , ¢ = 6¢m, find the measure of the greatest angle
of the triangle then find its area,

Long answer questions:

16 ABC is a triangle in which, m( £ A) = 3 m(/ B) =  m(Z C) , the length of the radius of
the circumcircle of the triangle ABC equals 10cm Find the area of the triangle ABC.

37, ABC is a triangle in which a = 13cm , b=14cm , ¢ = 15cm, find the length of the radius of

the circumcircle of triangle ABC.
38 Solve the triangle LMN having m= 17cm , m(/ L) = 16° 33 .m(/ N) = 19" 44°
19 For triangle ABC determine whether there is one or two y 7T B(ccosA, csinA)

or none solution . Find the solutions approximating the
side to nearest one decimal and angles to nearest degree.,
8 a=20cm,b=28cm, m(/ A)=42" c
B a=5cm,b=7cm, m(/ A)=60
€ a=I15m,b=10cm m(/ A)= 120" b
iq,‘ Using given figure prove that: ¥
a’=b?4+c22bccosA
( Hint: Using the distance law between to points to find (BC)?

Do you need extra help?

becccnsnscncaasd

N
>
-~

I you aren’t

able 1o solve 2 3 ‘ 5 6 7 8 9 lo

fuestion no

ious
[
lessoa
14
lessoa
24
Previous
skills
lessoa
14
lessom
24
lesson
14
lesson
24
lesson
14

go back to Ei

=
o
=
&
)
3
=
°
8

skills
24
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Test 1 Algebra

Answer the following questions:
Question (1): Choose the correct answer.
G)If 5°=2 then 25 =
a |0 b 6 c 5 d 4
{2) The shape which represents y is a function of x is:
A B Cc D

) R ) \H71(
| it 1 v

=
e

"
- e '. - : ‘ - . l - : '-
_:R-ﬁl E & 2s - L i W ;_#_-J_[
i | ] '
@) Umemy-lo&(l-ax)mmgh(% .-%)thena-
a2 b 3 c 4 d 8

@Fmﬂ»followingﬁmions.dcom—uo—onehmﬂonis:

8 fl)=x+2 b fix)=x? ¢ fix =W d f(x)=5
Question (2):
{1) Determine the domain of each of the following functions:
010 = b g=St+ o
@ Iffisaﬁncdon.whueﬂx)S['.';x 2 J:Z% Graph the curve of the function f and
from the graph find the range of f
Question (3):

(0 M £, R — R where £,(x) = 3x - 1, fy: [-2, 3] — R where fy(x) = 3 - 2x then graph the
function (f; + f;) (x) showing its domain then check its monotony.
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(2) Find the inverse function of the function y = x + | and graph them on the same figure.

Question (4):

(1) Find in IR the solution set of each of the following equations:
a logyx=1-logyx-3) b lr+2=lx-3

(2) Use the curve of the function f where fix) = x? to graph each of the following functions:
a fix)=x-3 b filx)=x+3

Question (5):
(1) Find the solution set of the inequality 13x - 21 2 7 in R

(2] Find in R the solution set of the equation : x’- 10 +9=0

Test 2 Algebra

Answer the following questions:
Question (1): Choose the correct answer.

O)1£3*2=22 then x=

a 3 b -2 ¢ zero d 2
(2) If y=¥x forall x>0 then the inverse function of y is =

A _y=%x’ B y:r‘ c y:ﬂol D y:x'i

(3) If fis an odd function on [-x, x] then f(-x) + f(x) =

A 2¢ B not defined C 2 D zero
(4] The curve in the opposite figure is symmetric about the straight ! : -
line whose equation is: !
| v X
a x=0 b y=0 F ") 2 - X
| 1
C y=.2 d x=2 - S
l s
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Question (2):
(1) If f(x) = a* prove that the expression —'— + —L__ has a constant value whatever the

+1 x)+ 1
valuve of x. Lo IS

(2) Find the domain of the function f where f(x) = log, , x

Question (3):
{1) Use the curve of the function f where f(x) = Lt to graph each of the following functions:
A f)=ld+1 B fix)=2-d
(2) Draw the graph of each of the following functions then determine the domain, monotoncity
of each:
8 f(x)= ¢y Z-ax+4 b fx)=L?-4x+5l, xe(0,4]
Question (4):
(l) Determine whether each of the following functions is even, odd function or otherwise.
A 5 X whenx=0
hR=Eoms "(’)'{ (sl when x < 0
C fix)=xd-1
{2) Find in R the solution set for each of the following:
a W+x=0 b 12¢-31-16-4x4>0
Question (5):
Q) I f(x)=x2-1,g(x)=x+ | then graph the function L (x) showing its domain, range and
monotony. y
@)Wmmingcdwlmﬂndthevﬂueofbﬁ+%bﬂ
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Test3 Calculus and trigonometry
Answer the following questions:
Question (1): Choose the correct answer.
) lim e SR
o X ® J(P + 3)
A g B | c % D 3’;

(2] In triangle ABC , If 4 sin A =3 sin B =6sin C, then m(/ C) =

A 89" B 29° C 57 D §2°
7N x-1 x#E
3, If f the function f where f(x) = { x-1 is continuous at x =1, thena =
2a yx=1
a zero b .2 c 2 d |
"o
(@ In tiangle XYZ.ﬂnexpmssioo"Iz’—lzequals:
xy
a cos X b cosY € cosZ d sinZ
Question (2):
D Find a lim x*-32 b lim sin 2x + 5 sin 3x
g x+2 ©+3x-10 x-0 x

(2) Solve the acute angled- triangle ABC in which a = 21 cm , b = 25 cm the length of the
diameter of the circumcircle of triangle ABC equals 28 cm.

Question (3): v |
(1) from the opposide graph find p /
e lim  fix) b lim " f(x) € fi= :
X1 X2 - |
{2) ABCD is a parallelogram in which m(Z A) = 50", m(/DBC) = 70", |e =
BD = 8cm. Find the perimeter of the parallelogram. T ]
Question (4):
{1) ABC is a triangle , in which a = S5cm, b= 7cm , m(~ A) = 40" find m(~ B).
{2} Find the value of a which makes the function fis continuous at x = 2
f(-‘) - IJ - l s X ) 2
x-2a s X<2
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Question (5):

tan 2x
> ,» x>0
(1) Discuss the existence of im  f(x) where f(x)= { Sin¥
x=0 3x+6 , Xx<0

x+3
(2) Lim X*-Jx+15
Xl l-x’
Test4 calculusandh'igonometr!
Answer the following questions:
Question (1): Choose the correct answer.
AN lim  x-3
O
1 1 1
A 3 B 9 [ 3 D 3
(2) In triangle ABC, cos A =
A aten’-& 8 alsd-p c b +c’-a’ D ¢.at-p
2ab 20b ' 2bc 2ab
@Aacu.uhnyeinwm";_*-#-!:_c thena: b: ¢ =
A 6:5:8 B §8:5:6 € 7:2:4 D 3:5:6
‘/ lim —i—:’—-s
X = 2+ |
3 1
A B 5 c 3 D 3
s .27 7% B
{1) If the function f where fix) = x+3 is continuous at x = -3, find
the value of a. x+8 » Xx=-3

(2) ABC s a triangle in which  sin A=} sin B = 1 sin C. Find m(Z C) , and if the perimeter
of the triangle = 24 cm, find its surface area.

Question (3):
@) Find; lim X +sindr
x-+0 Sxcos2x
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{2) Solve the triangle A B C in which a=9m . b= 15cm , m(/ C) = 106"

Question (4):
" <31
{1) Find lim ey
X2 ?-4

{2) ABCD is a quadrilateral in which AB = 27 cm, BC = 12 cm, CD = 8 cm, DA = 12 cm,
AC = 18 cm. Prove that AC bisects .~ BAD then find the area of the shape ABCD.

Question (5):

PAY g Yx+4 -2 ; 1
1, Find a lim b lim 1 [3,42
- x 0 ;“ Xom X

(2 If the perimeter of a regular pentagon is 30 cm , find its surface area.
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