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Introduction

Ayl Joa gl alll auu
We are wmhmdxe&hhdwm&ewmvmldlm:udmﬁccm
has been prepared. This philosophy aims at:

1 Developing and integrating the knowledgeable unit in Math, combining the concepts and relating
all the school mathematical curricula to each other.

2 Providing learers with the data, concepts, and plans to solve problems.

3 Consolidate the national criteria and the educational levels in Egypt through:

A) Determining what the learner should learn and why.

B) Determining the learning outcomes accurately, Outcomes have seriously focused on the fol-
lowing: learning Math remains an endless objective that the learners do their best to learn it all
their lifetime. Learners should like to learn Math. Learmers are to be able to work individually
or in teamwork. Learners should be active, patient, assiduous and innovative. Learners should
finally be able to communicate mathematically.

4 Ssuggesting new methodologies for teaching through (teacher guide).
5 Suggesting various activities that suit the content to help the learner choose the most proper activi-
ties for him/her.

6 Considering Math and the human contributions internationally and nationally and identifying the
contributions of the achievements of Arab, Muslim and foreign scientists.

In the light of what previously mentioned, the following details have been considered:

* This book contains three domains: algebra, relations and functions, calculus and trigonometry. The
book has been divided into related and integrated units. Each unit has an introduction illustrating
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is
divided into lessons where each lesson shows the objective of learning it through the title You will
learn. Each lesson starts with the main idea of the lesson content, It is taken into consideration
to introduce the content gradually from easy to hard, The lesson includes some activities, which
relate Math to other school subjects and the practical life. These activities suit the students’ dif-
ferent abilities, consider the individual differences throughout Discover the error to correct some
common mistakes of the students, confirm the principle of working together and integrate with
the topic. Furthermore, this book contains some issues related to the surrounding environment

and how to deal with,

* Each lesson contains examples starting gradually from easy to hard and containing various levels
of thoughts accompanied with some exercises titled Try to solve, Each lesson ends in Exercises
that contain various problems related to the concepts and skills that the students learned through

the lesson,

* Each unit ends in Unit summary containing the concepts and the instructions mentioned and
General exams containing various problems related to the concepts and skills, which the student

learned through the unit,

* Each unit ends in an Accumulative test to measure some necessary skills to be gained to fulfill the
learning outcome of the unit.

* The book ends in General exams including some concepts and skills, which the student learned
throughout the term,

Last but not least. We wish we had done our best to accomplish this work for the
benefits of our dear youngsters and our dearest Egypt.
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A unctic predict
the expected weather conditions fo apedodofﬁme in the fmure or 1o identify a malfunction position in the heart
using the graphs which the electrocardiogram device record. Furthermore, functions are used 1o fulfill the best
profit through studying the two functions of profit and cost or the effect of the age categories on census. Functions
are also used in athletic medicine 10 identify the ideal weight (weight = length (cm) -100) or 1o calculate the ratio
of fats in the body,

In general, functions are commonly used in the industry to study the effect of the differemt varisbles on the
production quality,

The swiss scientist Leonard Euler (1707 - 1783) is considered one of the most prominent of the eighteenth century
in mathematics and physics. He had been credited with using the symbol y = 1(x) 10 express the function . He had
considered that the function is a correlation between the elements of two sets with a relation that allows to calculate
a variable vadue related to Y for another independent one, He had converted all the trigonometric ratios  which
anciem Egvptians, Babylonians and Arabs had excelled into trigonometric functions, In this unit, you are going to
learn different forms of the real functions, their behayiour and their graphical representation using the geometrical
transformations and graphical programs and 10 use the real functions in solving life and mathematical problems in
different fields.

t‘ Unit outcomes

By the end of the unit , the student should be able to :

¥ Mdentify the comcept of the real function.

I Determine the domain, co-domain
and range of the real functions.

¥ Deduce the mosotony of the real
functions of a real variable (increasing
functions - decreasing functices -
constant fusctions).

& Identify the type of the real function
whether it is odd or even.

 identify polynomial functions.

! Graph  the curves of (quadratic
fusction - modulus functions - cubse

L Luscsion——milonal_unction) -nd
deduce the properties of cach.

! Deduce the effect of the following

trunsformationss Ax = a) + b and a
fix £ b) = ¢ on the previous functions.

! Apply the previous transformation

on graphing the curves of the the real
function,

I Solve equations n the form of :

lax+b=c x+b=lfx+¢l,

! Solve inequalities in the form of:

lax + N <cand lax & B = ¢,
ax s+ b 2cand nx + Bl S ¢
! Use the real functions to solve math

\-uul_]nle pmhicmn in different ficlds,

! Investigate the

! Relate what they learned about the

effect of the previows transformations
o the ngonometric functions in the
form of activities,

graphical

representation of the real function
which have been previously leamed
and the effect of the previous
transformation wsing the "Geogebra®
program as cooperative work and
activity.

NATANT



‘ Key terms

Real Function Odd Function Rationu! Function
Domain Monotony of Function Asymptote
Co-domain Increasing Function © Transformation
Range Decreasing Function Translation
Vertical Line Constant Function Reflection
Piecewise-Defind Function polynomial Function o Stretching

Even Function Absolute Value Function * Graphical Solution

@ Unit Lessons .’h Unit planning guide

lLesson (| - 1 Real functions.
Lesson (1 - 23 Monotony of functions.
lLesson (1 - 3¢ Even and odd functions.

Lesson (1 - 41 Graphical representation of functions Domain of function

and geometnic transformation, ol funcsl

lLesson (1 - 5)  Solving the equations and inequalities
of absolute value. o
Increasing function
m" Decreasing function
l Materials

Constant function

Computer set with graphic programs-
graphic calculator-Scientific calculator

Even function
Symmnetry of
function
Odd function
Graphical representation of functions and
geometric transformation
Solving equations
Life applicatioms
Solving inequations



Real functions

~
lYou will learn QL Explore

» The concept of the
real function

You have previously learned the concept of the function and known that
the function is a relation between two non-null sets X and Y so that each
element of X is identified with one element of Y and denoted by one of

+ Vertical line test
» The piecewise

defined function (de- these symbois f, 8 ...
fined with more than If we denote a function of set X toset Y with symbol £, it's mathematically
a rule). written as :

» Identifying the do-

main and range of the Fs + Y and read f function from X to Y. Notice:

real function. 1- For each element x € X, one S
+ Operations on the element of y € Y is identified \/ —a
functions. . Y

by the rule of the function f
and written as: y = flx)

77 Keyterms 2- The set X is called the domain
of the function and the set Y

» Function 3 z
_ is called the co-domain of the
» Domain X
function.
» Co-domain
» Range 3-Theset {y=fix): xe X}
v Arrow diagram is called the range of the function and known as the set of the image
» Cartesian diagram of the elements of the domain of the function.
» Vertical line ;
S Beraitas it Real fun_ctno.n. o . .
function The function fis called a real function if each of its domain and
» Rule of the function, co-domain are the set of the real numbers IR or a subset of it.

3 materials @ Example > -

» Scientific calculator 1% *5
The relation from set X to set Y represented in

/

» Computer with » ? 6
graphic programs the arrow diagram opposite represents a function 2%
where: set X is the domain of the function = 3e

{1, 2, 3, 4} and the set Y is the co-domain .8

of the function= {5, 6, 7, 8., 9}, whereas 4/ e 9
the set of elements {6, 8, 9} is known as the

range of the function.

ﬂ‘rrytosolvo

1, Which of the following relations shown by the illustrated arrow

rTe=EI
Kamal Fathalla Khedr Sons Student book - First term =i i =



Unit 1: Real Functions and Graphing Curves

diagrams represents a function and which does not represent a function? Write down the
domain and range in case the relation represents a function:
x~ Y x o T Y 2o Y

3ot 6 3<,-w-‘6 3,_.,,-*—‘6
°7 Sr‘? *7
4. 4 44—
-~ 8 -8 =8
L 2 ]

5'/ 9 5/ 5'/ -9

The graphical representation of the functions

If f: X —— Y ., then the set of ordered pairs which satisfies the rule of the function is called the

function. Le. the functionf={ (x,y):xe X ,ye Yandy = fix) }

By representing these ordered pairs on the cartesian diagram , we draw the graphical form of the

function or the curve of the function,

In example (1) : The function f = {(1,6),(2,8),(3,9),(4,6) }.

Notice : y

1= The graphical form of the function is a set of separated points.

2- The vertical line passing at each element of the elements of the
function domain intersects its graphical representation at an only

point, 'q B llT

- Bed
)|
M
\

1

W & q

r

1 XY § [
| v i
Elﬂ Learn 4 a o 13 [/‘
The vertical line test T T T [ '/'/ X
If the vertical line is found at each element of the | 1 NEE

" 3

domain elements , it passes through an only point of

the points representing the relation, the relation was B S y | il
une fonction n'est pas une fonction

3

a function from X — Y

Example
o o Identifying the relation representing a function
(2 ) In each of the following figures, show whether y represents a function in x or not .

y [Ty ¥ yHIT T $--,H,H,.f.
N T O : e
AR a==

- .

' AL
L j X /- ’ 0\3 2 3 r o) I W P
:’1;,,_”11_ ; | ¥ _Z = . ] |-

Figure (l_)- rrrrrr

Figure (2) Figure (3) Ly | 1 1 1
O Solution Figure (4)
Figure (1) represents a function
Figure (2) does not represent a function because the vertical line passing through point
(1, 0) intersects the graph at infinite number of points,

- Z - General mathematics book - Arts Section - second secondary grade



Real functions

Figure (3) represents a function.

Figure (4) does not represent a function because there is a vertical line intersects the curve
at more than a point.

E) ey to soive

{2} Show which of the following relations represents a function from X —— Y. Why?

l Y] 1 v
| ) ‘ )

AMI

- -k):v o

- % ¢

- % &

Z\n

=)

A bl

3
-
‘D ‘L’ ‘ c n‘<
. &TTT"1-4;.‘_
e

*

&/ 3 o
1]
-

& 3 (o)

-

v y'y 4

-
-4
v'

v

Figure (1) Figure (2)

o |
m?’ ad Identifying the range of the function.
(3) ® Iff:[1,5] — Rwhere fix) = x+ |

Figure (3)

Graph the function f and deduce the range of the function

b If g:[1,5] — Rwhere gix) = x+ |

Graph the function f and deduce the range of the function.

> Solution

&8 Function fis a linear function whose domain is |1, 5.
It is represented by a line segment whose two ends are
(1, f(1)) and (5, 5)) i.e. the two points (1, 2) and (5, 6).
The range of function f = |2, 6|
It is the set of y coordinates for all the points which
belong to the curve of the function.

b The function g is a linear function whose domain is
|1, 5]. It is clear that g(x) = fix) for each x € |1, 5|
to be graphically represented by a line segment on

a way that one of its ends is point (1 , 2), and the other Range

e
L o

end (5, 6) is to be ignored from the graph by placing
an open circle at this point.
The range of the function g = |2, 6|

Figure (4)

i

i

| Dadainjof 1]

w

"

ol

e

i
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Unit 1: Real Functions and ( wraphing Curves

a Try to solve
G3) 8 If 11 ,%|— R,where fix)=1-x
Graph the function [, and deduce its range.
b Ifg:|-=,-1| —R,where g(x) = | -x
Graph the function g and deduce its range.

Piecewise - defined function
z} Work together

To decrease the consumption of electricity, water and Monthly consumption Price per
gas, the monthly consumption is calculated with respect in (m*) piasters
to special categories relating the consumption amount till 25 40

to its value. The table opposite illustrates the prices of .
the monthly consumption categories for the natural | More than 25 till 50 | 100
gas at homes in piasters, Calculate the value of a home More than 50 150
consumption of the natural gas in piasters with a classmate A

for the following quantities:

1= 30 cubic meters monthly. 2~ 60 cubic meters monthly,
[Tixes and service are added after the monthly consumption is calculated)|

Notice: The function fof calculating the value of the consumption x cubic meter of gas monthly
where x € J& can be written as follows:
40 x when 0=x<25
i) =4 100x- 1500 when 25 < x<50
150 x - 4000 when x > 50
It is o piecewise - defined function (Defined by more than a rule)

g‘ Learn )
The piecewise defined function is a real function where each subset of its domain has a different
definition base,

ﬂ Try to solve
{4) Check your answer using the function above in Work together , then calculate the gas
monthly consumption for the following quantities:
8 |5 cubic metres b 40 cubic metres € 54 cubic metres

Graphing piecewise- defined function:

0 Example

- 3-x when 25x<2
&) If f(x)=

X when 2=x<S
Graph and deduce the domain and range of the function.

- E - General mathematics book - Arts Section - second secondary grade



> Solution T ————
The function fis defined on two intervals and fix) is -,] l_' |
identified by two rules: =
First rule : f,(x) =3 - xwhen -2 < x < 2i.c. oninterval | -2,2] . = -\ B B . —']
It is up for a linear function represented by a line 7»_: N |
segment whose two ends are the two points (-2, 5) :
and (2, 1) by placing an open circle at ks 0 A
point (2, 1) because 2 ¢ |-2, 2| as shown in the figure i l !

opposite,

Second rule : fi(x) = xwhen2 < x<S5i.eoninterval [2, 5] o

It is up for a linear function represented by a line segment

whose two ends are the two points (2, 2) and (5, 5) and the
domain of the function f=[-2,2[ U[2,5] =]-2.5] o
From the graph, we deduce :
the domain of the function f=]-2, 5] ¢ (TR
the range of the function f= |1, 5| R .
in the graph
ﬂ Try to solve representing the
B function f, the domain
<s> If fix) = x-1 when 2=x<0 of the function = [ a, b]
x+1 when x=0 the range of the
function = [¢ d]

Graph the function and deduce its domain and range.
(6) Deduce the domain and range of each function in the following graphs.

a y b Y
' : jo ‘
X 0 X 3 2 |4
IR IR 1 i
vy ’ R
c y i d y
+ — .
=2 1 -
\ '() X X '() o
N y;/é K] " 1 B, O Yl
o4 il Il I il D4
> e R |
b4 yy |

Kamal Fathalla Khedr Sons Student book - First term - ! -



Unit 1: Real Functions and (_.r.lphmg_; Curves

Identifying the domain of the real functions and the operations on them

The domain of the function is identified from its definition base or its graph.

Ex le
6 — Determining Domain of the function

5 | Determine the domain of the following real functions defined by the next rules:

x+3
VHK) = b fx)=Vx-3 om

¢ ) | The domain of the
€ flo=Vx-5 d fix)= oy :
> Solution is the set of real
numbers when it
8 The function f| is not defined when the denominator =0, so we  is not defined on a
place ¥ -9=0ie x=+3 subset of it.

Thus, the domain of the function f, is® - {-3, 3}

b The domain of the function £, is all the values of x which ,'?:
make the value of the number inside the root positive or :
zero. l.e. the values of x which satisfy x -3 =20
' x-320 Sox2 3, o the domain of the function f, = |3, = |

v

€ fi(x)=¥x-6,index of the root is an odd number and the domain of f, =1

d f,isdefined when3-x >0 ".";'
Thus. the domain of f, is |-, 3| ok 3 ’
Notice .

If fix) =Y g(x) wherene Z* and n > 1, then g (x) is polynomial

First:  When n is an odd number , the domain of the function f = &

Second: When n is an even number |, the domain of the function fis the set of the values of x such
that: g(x) = 0

ﬂ Try to solve

7) Determine the domain of the following real functions defined by the next rules:

8 fiw =23 b fix)=yx-2
€ filo=yx-5 d fﬂ.tl:vfs_“
X +
Critical thinking: If the domain of the function f where fix) = -,-—(2 Y is R -{3}, find the
X= - QX
value of K.

- 3 - General mathematics book - Arts Section - second secondary grade



Real functions 1 = 1

‘l‘, Aottvit) Operations on functions

If f, and £, are two functions whose two domains are m, and m, respectively, then:
1 (f, ) (x) = fi () £ f(x) . domainof (f, £f,) is mNm,

2 (f,. f,) () = f,(x). fo{x) . domainof (f,. f,) is m;Nm,

fi(x)

3 (L@ ==
(l2 ) (x) 140
where Z{f,) is the set of zeros of f,

where f, (x) # 0 domain of(%L) is (m,N my) - Z(f)
2

We notice that: in all the previous cases , the domain of the new function equals the
intersection of the two domains of f, and f, except for the values which make fy(x) = 0
in the division operation.

Ir J, B —— Rwhere f, (x) = 3x- 1|
£ i 1-2,3] — Rwhere f,(x) = x-3

First: Find the rule and domain for cach of the following functions:

f
a (i 15 b (f,- f) e (.5 d (T:L)
Second: Calculate the numerical value of each (if possible) :
o (fy+ £ (3) bi(f,-H)(-3) e (f, .f) (-2)

d (f,./H)(2) @ (—’f{—nd) f (;f,{-)(-l)

@ Exercises 1-1 @

Choose the correct answer:

(l) The relation shown by the following arrow diagrams which represents a function is :

K. seak Y X 5 Y X —~ Y X —~ Y
1+ 5 1\\;5 | LN 5 l\ *5
s 6 2 6 3 *6 2,\& ‘6

7 27 7 7

. -
3 . 3 >< 25 37 5 3 7 A
4 9 el %9 Fy 9 el .9
o b c d

Kamal Fathalla Khedr Sons Student book - First term - § -



Unit 1: Real Functions and Graphing Curves

:2: The relation shown in the following graphical figures which does not represent a function is :

SU——
<L
340 M
5
{ L] L1 Xy
a b c d

{3) The relation shown by the set of the ordered pairs which does not represent a function is:
8 {(1,3),(3,5,(5. 7, (7,9} b {(2,3),(3,4),(2,1),(3,5}
€ {(0,3),(1,3),(2,3),(3,3)} d {(-3,5).(-1.5),(0,5),(2,5))

Answer the following:

@Iff: X —Rand X = {1,2,-2,-3}
Find the range of the function if fix) = S5x-3

G)If g:{1.2,3,4,5} — Z° where g(x) = 4x-3
@ Write down the range of the function b If g(k) = 17, find the value of k

{6 From the graph , deduce the domain and range of the function in each of the following:

.'le'“~l b"“! “cA'-‘A.' | d
»If:\{ ANEEES L L
AR A a
AN x
ok
e

\
& 4

,,.}“"
F T

ry | |

7N * . 7 x-lwhen 2 <x%4
7, Determine the domain of the function f where fix) =
-1 when -2€xs2

Graph the function, then deduce its range.

(8) Graph the function f where :

x+3 when x =2
fix)=

then deduce its range.
2¢ -1 when x <2

(9: lfﬁ.f) N 2x+3 when -2=x<0
l-x when 0=x<4
Graph the function f and deduce its range

-E- General mathematics book - Arts Section - second secondary grade



Real funcions

35x<0
O0=x=<3

i@ If ) x4+ 1 when
X)=
x+2 when

Graph the function f and deduce its range.

o, dr+3 when x<3
WHA)={ 3  when3< x<8
3 2+1 when x> 8
Find :
a fi2) b A3)

52 Irade: The function f, where :

g.r When 0 < x < 5000

fix)=

2

27 4+ 2500 When 5000 < x < 15000
3 4 10000 When 15000 < x < 60000

¢ A10)

represents the amount of money charged by a company to distribute an electrical appliance
in L.E. If x represents the number of distributed appliances, find :

8 f(5000)

b A10000)

€ R50000)

13 Geometry; If S is the perimeter of a square whose side lengths is # , write the perimeter of

the square as a function in its side length is (£) then find :
15
b s (13

a 5(3)

ﬁg\, Geometry: If M is the area of a circle whose radius lengths is r, Write the area of a circle as
a function in its radius lengths r M (r) then find M(%) and M(5).

55\, Determine the domain for each of the following real functions defined by the following

rules:

a ﬂ‘,) e I'3
~-5+6

C fx) =/X-2

b fix)
d f(x)

Kamal Fathalla Khedr Sons

Student book - First term



T Monotony of Functions

- {"
L. % .

@ Think and discuss

The opposite graph shows the

You will learn [

| » Monotony of func-
- . tons.

—-0—o—4

temperatures recorded in Cairo
On a day. Observe the change of
degrees over the time, then find

» Using graphical

- \ ] program such as (Ge-
1 > 1 o0Gebra) to graph the

function curve.

using the graph: S . |

8 Theperiods whenthetemperature |1 |

2r—1r—% el p—

} 24 6 B0 laemm I

Time

decreases.
b The periods when the temperature

increases.

€ The period when the temperature is constant. Characteristics of the Key terms H
curves help us know the behaviour of the function f and identify » Monotony
whether the function fix) is increasing , decreasing or constant, It is » Increasing function

called the monotony of the function. » Decreasing function

» Constant function
g; Learn
The function fis
Said to be increasing on the interval |a , b]
Ifeachof x, and x, € Ja, b|
where: x, >x, '
then: f(x,) > f(x,) a

.
-

The function [ is

Said to be decreasing on the interval |c , d|
Ifeachof x, and x, €] c d |

where: x, >x,

then: f(x,) <f(x,)

Materials CH

» Scientific calculator

.FMT-'ﬂ » Graphic programs

The function f is said to be constant on the | | ‘.
interval £, m| '
Ifeachof : x, and x, €]/, m|
where x, >x,

then: f(x,) =f(x,)

{,__
HEam

A

Rl
=
-
‘ Q

} 3 }-o--J

Ly

.
AL B
-
e
-
.
X
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0 Example \ b

-

(1) Investigate the monotony of the function represented in

L~ |

the figure opposite.

-

> Solution -

» the function is decreasing in the interval |-, 0f

# the function is increasing in the interval |0, 2|

» the function is constant in the interval |2, =|

E) 1y to soive

4

{1 In the opposite figure: BT

\i

Investigate the intervals in which the function is increasing,
decreasing and constant,

S G TS =

L ¢ &
-

——T

0 Example

(2) Each of the following graphs illustrate the curve of the function f: X
domain and range of the function , then investigate its monotony

* Y. Deduce the

[ ] b Ao |

-
| SN

-
-

I
I

4
- %

1 2 14 9 -

e

<

J% L\il -
| i
AN
'
o
L‘

r—-

O Solution

8 Thedomainof f= R = |-= x| rangeof f = |-, x| the function increases in |-= , x|

b Thedomainof f= |- ,2]U)2,+x|=]-=, x|, rangeof f= R
the function increases in |-= , 2| andalsoin |2, = |

€ Thedomainof f=]-= I|U|2,4+x |, ,rangeof f=]|-= 4|
the function is constant in | -2, || , and decreasesin |2, = |

Kamal Fathalla Khedr Sons Student book - First term
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Unit 1: Real Functions and ( sraphing Curves

a Try to solve

(2) Deduce the domain and range of the function , then investigate its monotony in each of the

following graphs:
a b c
‘\ | | | y [
“‘ ¢ //l# \.5- ’ . AN ) . ) 4 .
HEV.ZERE ik E /
' N TN 6% T
S A N
3 4 e N FY—o
g | —e——9—3 p— &’/' —— :‘
ey | I I 1 e [ ] L T I el 1

Using the graphical programs to study the properties of the functions

There are a lot of graphical programs to represent the functions graphically. The free GeoGebra

for tablets or computers is one of the most famous.

\:. Activity

Use the GeoGebra program 10 represent the function f graphically where : filx) = ' - 3x+
Find the domain, range and investigate its monotony from the graph. .

To do this activity, follow the next steps :

1- Open the algebraic window and the graph

from GeoGebra, then press ' Graphics and
choose |H| to reach the shown window in

-

Fig (1)

2- In the algebraic window, write the rule of the
function: fix) = x' - 3x + 2, then inter (input) as
follows:

OO0 ®B@D

Then press < the curve of the function appears
in graphical window and the rule of the function in
algebraic window as shown in Fig (2)

Fig(y |7 * ° |
DRSSO R AR TE0
p—— -
.:-—-.- . mc- 4 =
I‘ .L
| N AN
| EBAY
y (2 -
llk (2) =3 r ] %
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3~ To determine points on the curve of

a function , choose .A from the tool bar

then a new point from ll:c menu. Move the
pointer until it reaches the point determined
on the curve. Press enter and the point
will appear on the curve in the graphical
window and the point coordinate appears in
the algebraic window as shown in Fig (3).

Fig (3)

From the graph, we find :
8@ Domainof f=]-% % |andrange of f = |- =, x|

b The function is increasing in |- % , -1| , decreasing in}-1 , 1],
and increasing in |1 , =|.

Applicati

Use GeoGebra to graph fix) = 3x-x*, then investigate the monotony e

of the function from the graph.

Exercises 1-2 @

(l) Find the range and investigate the monotony of each of the following functions from the

following graphs:

¥ | y
Y# J \ T ' : =  E
([l Y ol T
; o ol O O i
Fig (2) B / 1 x
VRN ZEE x 2
oA Yy 2
B I N 9 W . - 4 b b pJ\‘.\: { 4 ™
— — ¢ — e e—
. ¥, il N 4
v B
| ' f &
Fig (1) Fig (3) Fig (4)
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Unit 1: Real Functions and ( sraphing Curves

(2) Determine the domain for each of the represented functions in the following graphs, then

write the range and investigate its monotony:

c

i 4,

I +
ﬂ d- 'Q . {
1 \A "
" p "\) &l
il s \
44 -4p—- . ¥—<
[ oK

I e

f

a
T
L
- ' s .,1.. B
_ A
vl I/ :
Mg >
-— ) W'Y W — "
,,.,,’ -
L
d
T 1 ’ﬂ‘ T ‘
- - 1 P |
. - 3 + 4‘
x 1
ME R BE] 2.4 ]
~4 1
. . -2 .
= = ]
EEEN V.
| - l | _—
P
S Iff:1-2,6) — R
fix) =
X
.

[ 4-x When

A

T

X<

I=x<6

Graph the function f, then deduce its range and investigate its monotony.

(4) Usea graphical program to graph the curve of the function fin each of the following . then

deduce its range and investigate its monotony.

a8 fiy= -5

d fx)=x

mi6m

b fix) =4-2

® fix) =x-3x

€ fix)=(x-12+1

| S
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Even and Odd functions ] - 3

. You will learn

» Symmetry in curves
of functions.

+ Even functions
» Odd functions

” Key terms
» Symmetry
» even function
» odd function

- Materials

» Scientific calculate
+ Graphic programs

The graph of the function f where y = fix) may be distinguished by
geometrical characteristics that can be easily noticed from the graph.
These characteristics can be used to study the functions and their
applications. Symmetry around y-axis or around the origin point are of
the most popular characteristics.

Preface

You have previously learned the symmetry around a straight line where
the figure can be folded around the straight line to make the two halves
of the curve be congruent completely and you have also learned the

symmetry around the origin point.
,V (A .

rE)

1
AEFHPE S0
(r,y)\ oy |
| 4 9 S |
b R\l V} x|
| ,'/ H |
N —

| . 11

Symmetry around y-axis Symmetry around the origin
Figure (1) point. Figure (2)

In figure (1):

The point (- x , y) which lies on the graph of the function curve is the
image of point (x, y) which also lies on the same graph by reflection
around y-axis..

In figure (2):

The graph of the relation between x and y shows the symmetry of the
curve around the origin point where point (-x, -y) is the image of point
(x, ¥) which lies on the same curve.

ﬂ Try to solve

N M - . o
1, In the following figures, show which curve is symmetric around
y-axis and which is symmetric around the origin point.

SoTEEE T
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Unit 1: Real Functions and Graphing Curves

3] TAH R
)—?—.-—4’ \ ’ I ' ) [ ] ,

T TTVIN MRS
;‘4» ztdl:A ro ,.,(‘J!\ X “‘fh«n\fd'i:r _‘H

(1) (h) ()

Critical thinking:

Are curves of all functions symmetric around y — axis or around the origin point only? Explain .

Even and Odd Functions

E:j‘ Learn

Even function : Itis said the function f: X —— Y is an even function if f(- x) = f(x), for each
x,-x € X and the curve of the even function is symmetric around y-axis.

Odd function : It is said the function f: X —— Y is an odd function if f(- x) = - f(x). for each

x,-x € X and the curve of the odd function is symmetric around the origin point.

Notice : A lot of functions are neither even nor odd.

When you investigate the type of the function whether it is even or odd , the condition of
belonging the two elements x and -x to the domain of the function should be satisfied. If this
condition is not satisfied, the function is neither even nor odd without finding f(-x)

0 Example

1. Investigate the type of the function fin each of the following and show whether it is odd or

even.
a fix)=x b flx)=x € fix)=Vx+3 d fix)=cosx
> Solution

8 fix) = x*, and the domainof f = It

foreach xand -xe R, then fi-x) = (-x)* = »*

thus: fl-x) = fix) - fis even function
b fix)= x', and the domainof f = |

foreach xand -x e &, then: fi-x) =(-x)! = -

thus: fi-x) = -fix) . fis odd function

Important remark ;

The function f: B — K and ix) = ax” where a # 0 and n € ¥ is called exponential
function. The function is even when n is an even number and is odd when n is an odd
number.
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Even and Odd functions 1 - 3

€ fix)=4 x+3,and the domainof f = [-3,=|

Noticethat 4 € [-3,% | while -4 ¢[-3, | 0

.. The function is neither even nor odd. sin (-x) = - sin x
. ) Cos (-x)= cosx
d fix)=cos x,and the domainof f = & 6 (3} 5 - Sl
. foreach -xand x € &, then fi-x) = cos(-x) = cosx
Le. f(-x) = fix) . fis an even function
ﬂ Try to solve
(2) Investigate the type of each function in the following functions and show whether it is even,
odd or otherwise.
8 f(x) = sinx b f(x) = x¥+cosx € f(x) = x'-sinx
d f(x) = x¥*cosx @ f(x) = x sinx f f(x) = Pcosx
9 fix) =1+ h f(x) = sinx+cosx I f(x) = sinxcosx
What do you infer ?
Important properties :
If each of f, and f, are even functions and each of g, and g, are odd functions, then :
1) £, +1, is even function 2) g+ g, is odd function
3) f, =f, is even function 4) g, x g, is even function
5) f, = g, is odd function 6) £, + g, is neither even nor odd

Use these properties to verify your answers in Try to solve.

o Example

2 Each of the following graphs illustrates the curve of the function f. Determine whether the
function is even, odd or otherwise, then check your answer algebraically.

c N a
BT T 117 L isr 1 ] s
| ) =2 - 2 o Bt

1
£
&
-
-

)
o

_— SN e

- P - B

7’.;0 y 2 /o )
of ey {

'
<2
p— = 2 Py

$d & % 3¢

> Solution
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Unit 1: Real Functions and Graphing Curves

8 f(x) = x +x, from the graph of the function f, we notice that :
The domain of f = I& and the curve of the function is symmetric around the origin point.
Le. the function is odd

ceachof xelRand -xe & S fx)=(-x) v (- x)

By simplifing : f(-x)= -x*-x

take off (-1) a common factor flx)= -(x*+x)
JF-x)=-f(x)

Le. the function is odd.

b fix) = 2-x7, from the graph of the function f, we notice that:
the domain of f=[-2, 2] and the curve of the function is symmetrical around y-axis , Le.
the function is even

‘*eachof xe|-2,2)and -x € |-2, 2] S fx) = 2-(x)?
By simplifying f(-x) = 2-4°
f(-x) = f(x)

I.e. the function is even

€ f(x) = x° - 4x, from the graph of the function f, we notice that :
the domain of f=R and the curve of the function is neither symmetric around y-axis nor
around the origin point. Le. the function is neither even nor odd.

xe R

‘~Eachof xeRand -xeR .. fl-x)=(xP-4(x)

By simplifying flx) = xF +4x £ fix) .. fisnotaneven function
But flx)=-x+4x

I'hen f(-x) # - f(x) . fis not an odd function

I.e. the function is neither even nor odd,

ﬂ Try to solve
(3) Tell whether each of the functions represented in the following figures is even, odd or

otherwise,

~
A

-8 4+
-3 %
*
|

A
-
 ium
I'.
- »
\M
[ ‘_T“_'“'Al._ e S
e
~
-
‘ -
-
N\
-
\
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Even and Odd functions

v-“ yAh ] X v 4 1 ¥ y‘“
I 'l
i ‘ al l' ) \ ol 'V
x P x| | ol . g\ 0 /1 ) 3 2\ \? 3
< -1{1 e = R 2 1 \ s :
v‘A" : :;"v ﬁ" \ |

':! The opposite figure represents the curve of the function f where:

-1 when x<0 ‘
flx)= : [
' M . > 0 v
« When x | —— ==

Show that this function is even .

4

EEL
©> Solution
From the graph, the curve is symmetric around y-axis. Le. the function is even.

BTry(ooot\n

-~ ) x4+2 when x=-2 )
A, Represent the function f where f(x) = graphically.

-x-2 when x<-2

then show whether the function is even, odd or otherwise.

—

(l) Tell whether the symmetry of the curve is around x-axis, y-axis or origin point, then explain.

¥y | ry -— Ty
/ L < 2
3 f e | 2 t B - -|d priig g Be 2 4
4 ' ]
\\""r"‘ A 4 B = i
—.::T- | =
Fig (1) Fig (2) Fig (3)
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Unit 1: Real Functions and Graphing Curves

Tl
L

{ i

T 2

FLER ==L P M3 NV F
‘ ¢ 3 . I ) — + * q
i [ 1§ | ;

Fig (4) Fig (5) Fig (6)

(2) Find the range of each function and tell whether it is even, odd or otherwise.
|y & Yy /})« | ty ‘-

| .
..I: .r. IT/'/E . AN
* 5 } EH3A » ] i ] Y
1 ; v

=
Y bk 1 b 12 REE] BLLEBERY
+ 0{ N3 Tz . " I { / - ‘v
- ‘o — e =R e = = 4 P S S ——
4 | L1 1y | ] |
Fig (a) Fig (b) Fig (c)
* “ y ;‘ )i - ? ‘I -

.
>
N

A

-
(4
Lo
v
-
.
- 3
=
%
I
'_32
o
. e

I :
4
s
‘\4
"
R e

4

Fig (d) Fig (e) Fig (f)
(3) Tell whether the function fis even , odd or otherwise.
8 fix) = xFead-1 b f(x) = 3x-4x° € flx) = x*- lr
d fix) = 2-3x @ f(x)= .;'i‘_:iz_ f fix) = xcosx
' o K

Q@) If [+ /> and f; are three real functions where f,(x) = x° f,(x) = sinx and fi(x) = 5x7,

tell which of the following functions is even, odd or otherwise.

h+h Bifi+ £y ¢ Lixh d fix f
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Even and Odd functions 1 - 3

5 Graph the curves for each of the defined functions, then tell whether it is even, odd or

otherwise and investigate its monotony,

2 when x>0 -X when x=20
8 fix)= b fix)=

2 when x<0 X when x<0

x-1 when x=20 x4+1 when x=20
€ fix)= d fix)=

7x when x<0 l-x when x<0

{6, Answer the following using the next graphs :

- -
i

.
-

4,

l y y
.i_" 4P ——o—e p—aP:
"‘F :4\\“ T oY 3 v
Fig (1) Fig (2)
I £
T -9 » = - 'y
- \ > : 3
sﬁ:u a2 11 8} | \“\*
| (&) o
Fig (4)
Fig (3)

First: Complete the graph in figures (1) and (3) in your notebook to get an even function on
its domain.

Second: Complete the graph in figures(2) and (4) in your notebook to get an odd function
on its domain,

Third: Determine the domain and range of the function in each case , then investigate its
monotony
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Unit 1

1-4

Graphical representation and
geometrical transformations

Polynomial functions

You have previously learned the polynomial function whose base is in
the form: fix) =a,+a,x+a, +a,0' 4 .. +a xn
where: a,, a,,a,,a,, ,a €eR,a #0andnelN

You knew that the domain and co-domain are the set of the real numbers
R ( or a subset of it). As a result, these functions are called polynomial
functions of n degree. The degree of a polynomial is the highest power
of the independent vanable x.

Notice:
1-1f f(x) =a,and a, # O then fis called a constant polynomial function.

2- The polynomial functions of the first degree are called linear
functions, of the second degree are called quadratic functions and
of the third degree are called cubic functions.

3- Adding or subtracting functions of different powers and constants,
we get a polynomial function.

4- Zeros of the polynomial function are the x-coordinates of the
intersecting points of its curve with x-axis,
Graphing the curves of the functions.

First: Polynomial functions:
E:g' Learn

Here is the graphical representation of some polynomial functions :
1) The simplest form of the linear

-

You will learn

+ The polynomial func-
tions (linear function
- quadratic function
and cubic function)

+ The absolute value
function.

» The rational function

» using the geometrical

transformation of the
function f to graph

the curves
y=flx)+a

y = fix+a)
y=flx+al+b
y = -flx)
y=af(x)
y=aflx+bl+c

» Transformation of
some trigonometric
functions.

L

Key terms
» Transformation
» Tranglation
» Reflection
» Vertical
+ Horizontal
» Asymptote

Materials

‘ ‘
y y| |
function is - ot d 3 l/ !

fix) = x o B P B
) . . 1] . . ‘
itis a function fthat joins the number | | x|
itself and a straight line passing | T % [ 1 3
\

through point (0, 0), and its slope = |
represents it. L ‘
(Check: the range of f=R, fisodd - L ¥ | |
and fis increasing in IE).

» Scientific calkculator.
» Computer
+ Graph program

m2im
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Graphical representation and geometrical transformations 1 - 4

2) The simplest form of the quadratic function fis : \\HENA
k) 5 xz Pt g —B
the quadratic function joins the number with its square. It is
represented by an upward open curve, symmetrical around 5 \ - [ 1%
y-axis and the vertix point of the curve is (0, 0). =S a i W
(Check: the range of f=1IL fis even, fis decreasing at |-=, 0| =

and increasing at |0, 4> | )

3) The simplest form of the cubic function f is: LT Ve [ N
fiy = .
The cubic function joins the number with its cubic. ~ - Q o >
It is represented by a curve whose symmetrical point is (0, 0), P -
(Check: the range of f=H,fisodd and fis increasing in &) | -
Ha
vy

0 Enpplo

(4) Graph the function f where:

X when x<2
fix) = Y
4 when x>2 -t — 1

P —

> Solution

|
|
LA
| o
|
I
I

1) When x < 2and fix) = &° :
We graph fix) = »* foreach xe|- =, 2| — —
Place an open circle at point (2, 4) as shown in fig (1)

= |

I

I \ [
2) when x> 2and fix) = 4 il (%
We graph the constant function fix) =4 foreach x e |2,= |

ui
ESNEN

on the same graph fig (2) - \ ®
Notice that the domain of the function f = B - {2} <

d of f=10, e -
and the range of f = [0, =| ettt T

Fig (2)
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Unit 1: Real Functions and Graphing Curves

ﬂ Try to solve

(1) Graph the function f where:

fx)= [

x> when x <0

then deduce the range of the function and investigate its monotony.

x when x =20

E:.' Learn

The Absolute Value Function

the simplest form of the absolute value function is:

It is defined as:

- |

fiy=ld,xelk
when x = 0 \\ 3 J
when x < 0 £ ,
R ;
Notice: | -3 =13/ =3, 100=0,V(2F =V 2 =2 | — ol
IFEEELEEEREN

e =20, lxi=Ixd,

Yy =ld

The function fis represented by two rays starting at point (0, ) , the slope of the first = | and

the slope of the other = ~1.
(Check: the range of f= [0, = , T is even, fis decreasing in |- , O and is increasing in

10, | )

o3

Learn

— Rational Function

the simplest form of the rational function is:

the function f joins the number with its multiplicative
inverse, It is represented by a curve whose symmetrical
point is (0, 0) . The curve consists of two parts one of
them lies on first quadrant and the other lies on third
quadrant and each part approaches the two axes and
doesnot intersect them

(x=0and y = 0 are two approaching lines of the curve)

(Check: The range of f=K - {0}, f isodd, f is decreasing

M)*%.xel- {0}

in |-=, 0] and is decreasing in J0, = | ) i

B Try to solve

{2) Graph the function fwhere fix) = l

i when x<0

1 when x>0
X

From the graph, find the range and in;-csli gate the monotony of the function,

m26m
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Geometrical transformations of the function curves

First : vertical translation of the function curve

T

Work with your classmate

1) Graph the curve of the function f:fix) = x? using
Geogebra.

2) Place the pointer on the curve vertex and drag
it vertically upward for one unit. Notice the
change of the function rule to express a new
function whose rule is:
fix) = 2%+ 1 as shown in figure (1).

3) Drag the curve vertex of the function to the
points (0 , 2) and (0 , 3) then record your
observations each time.

4) Drag the curve of fix) = 12 vertically downward
for two units and notice the change of the
function rule to express a new function whose
rule is : fix)=x" - 2 as shown in Figure (2)

Ihink; Show how fix) = x* - 5 can be graphed
using the curve of flx) = »*?

Of the previous, we can notice that :

Iffix) = 2%, g(x) = X2+ 1 and h(x) = x*-2 ,then:

1) The curve of g(x) is the same curve of fix) by
translation of a magnitude of one unit in the
positive direction of y-axis.

2) The curve of h(x) is the same curve of fix) by
translation of a magnitude of two units in the
negative direction of y-axis.

Critical thinking: Use the curve of fix) = x* to

show how the following curves can be graphed:

Graphical representation and geometrical transformations

Figure (1) |—

M G e Ovtee Vo Wesew berw
Eldi ool ded=it]

v /
: /

. /

Figure (2)

Figure (3)

8 g(x) =x'+4 b hx)=x-5

% Losrn drawing the curveof y = fiu)+ a

For any function f, the curve of y = fix) 4+ a is the same curve of y = fix) by translation of a

magnitude of a unit in the direction of oy when a > 0 and in the direction of oy when a < 0.

Kamal Fathalla Khedr Sons
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Unit 1: Real Functions and ( sraphing Curves

’!x.mplo ] byl bin)

.5 | The opposite figure shows the curves of the functions f, g
and h where each of g and h are an image of the function

S by a vertical translation . Write the rulesof g and /i . L INL :/ ' 0=
O Solution "\ \é‘/ \

*.* The curve of the function g is the same curve of the r 3\1 '.,, 75 8

function f by translation of a magnitude of three units in "

the direction of o_)'.' —1 3 L

glx) = fix)-3 A =W Sogx)=ld-3 N AN I [ :
*." the curve of the function h is the same curve of the function f by translation of a magnitude
of two units in the direction of :;
Shix) = fx)+2 )= Soh(x)=d+2
ﬂ Try to solve
(3: The given figures show the curves of the functions f, g and h where each of g and h are the
image of the function f by a vertical translation . Write the rules of g and h in each figure,

a C
| Y I : v j
e | B ———
Gt~ 3/ ‘ < |
n - <'.: 1\ [ e M—g‘
¥ e P r - 1 2| = —_
. | —_— |.~" - \
* ::N\ ¥ - 3:_.'4
% x X \ &.
. ' i » -~
- - bt - 499 - ——1
FleiE L] =\ |
« ool B I
-+ -l —sd 4
. - i . L
| ."J “ | A B,

Second : Horizontal translation of the function curve:

Work together
Q . Work with your classmate:

1) Graph the function £ fix) = ld using GeoGebra 3 15 %5 13 538 o) 1) Wil i 7 55 1%
by writing the rule of the function in the enter & -
box as follows: abs(x) and press enter then " —-
the curve of the function will appear in the
graphical window and its rule is fix) =Ixlin

the algebraic window as in Fig (1) Figure (1) %

-E- General mathematics book - Arts Section - second secondary grade



2) Drag the curve of the function horizontally
in the positive direction of x-axis for a
number of units and notice the change of
the function rule in the algebraic window as
in Fig (2)

3) Drag the curve of the function in the negative
direction of x-axis for a number of units as
in Fig (3). What do you notice?

Think: Show how the two curves of the
functions g and h are graphed using the curve of
the function f where fix) = x| g(x) = lx - 5l and
hix)=lc+ 4,

.‘:;Loam

Graphing the curveof y = f(x+a)

N0 (%) PA N ED

Figure (3) |

For any function f, the curve of y = flx + a) is the same curve of y = fix) by translation of a
magnitude a of units in the direction of ?; when a < 0 and in the direction of 'o_;"' when a > 0,

Natice: In the figure opposite : fix) = ld: ™. | y

.

4
o

1) The curve of the function g is the same

curve of the function f by translation
of a magnitude of three units in the |
direction of ox -

N

. glx) = e - 31 and the starting point of

the two rays is (3,0) o

v
'
1y

b
HEE

2) The curve of the function h is the same curve of the function f by translation of a magnitude of

two units in the direction of ox'

. hix) = e + 21 and the starting point of the two raysis(-2,0)

&P Example

(6 Use the curve of the function f where fix) = x* to represent each of the two functions g and h

where:

8 gx)=(x-2)7

b hx)=(x+3)7

Kamal Fathalla Khedr Sons
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Unit 1: Real Functions and Gr

> Solution

' X108

HFFH
| 4

'l Y17}
\ /|
——— "f' +

1}\' T IJ,I ]

N ’

i

4 2 4“ | ’(‘ i

» The curve of g(x) = (x - 2)*is the same » The curve of hix) = (x « 3)%is the

curve of fix) = x? by translation of 2 same curve of fix) = x? by translation
units in the positive direction of x —axis of 3 units in the negative direction of
and the vertex point of the curve is x —axis and the vertex point of the
(2,0). curve is (-3,0).

ﬂ Try to solve
{4) Use the curve of the function fwhere fix) = x* 10 represent each of the two functions g and
h where :
a g(x)=(x+4)7 b hx)=(x~3)?

(5) Write down the rule of the function f represented graphically in the following graphs :

a b C
4. byl | | ‘ T | | I T
-+ : 4 ) + - . 4 \ 4— 3o ' +
L ”"£‘ ‘ T o WS W | ' @ | _‘l_‘"Q ‘
o] | |
3 . - 4 il 4 - 4 4 ‘- ; | 3
. il il &"{\3 D s b b7 el | | (x|
' x| Byt - AW
- . a + ' \ —*i ‘vv% [ X,
. 5 4 4 Ay | |
T - + LR B A ‘
Y ] i [ - |
_ﬁ‘;..ﬁ i a= B
| 1
1
L] - AT AN - -
1 1 ¢ | | |
Critical thinking: If fix) = x*, show how the curve of the function g where g(x) = (x-3)% + 2
can be graphed.

Graphing the curveof y= fix+a)+b

Of the previous , we deduce that : The curve of y = fix + a) + b is the same curve of y = fix) by
horizontal translation of a magnitude of a of units ( in the direction of “ox_ when a < 0and in
the direction of oy when a> 0) , then vertical translation of a magnitude of b of units

( In the direction of T when b > 0 and in the direction of T,-\_‘ when b < 0).
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Graphical representation and geometrical transformations 1 - 4

E) 1y to soive
(6) Use the curve of the function f where fix) = x* to represent each of the two functions g and
h where :
8 px)=(x+2P-4 b Mx)=(3-xP-1

o Example
. Applying the geometrical transformations on graphing the function
curves

(7)) Graph the curve of the function g where g(x) = x' - + 3. then determine the range of the function

and investigate its monotony from the graph
Rl v EJ

> Solution | ]
The curve of the function g is the same curve of | | | | | ["T 1\ | 117
the function f where flx) = L by translation of a B
magnitude of one unit in the direction of ox  |.. | .l
(a = -1 < 0), then translation of a magnitude of
three units in the direction of OY and the pointof Fi
symmetry of the function curve g is the point (1, 3)
and the range of g= I - { 3} v
Monotony of the function g: ] Iyy %
g is decreasing in | - 2, 1| and also decreasingin | 1, = |

Critical thinking: Can it be said that fix) = ﬁ + 3 is decreasing on its domain ? Explain.

-

.
-

- w/% &
)

. 1[&0«

ﬂ Try to solve
(7) Use the curve of the function f where fix) = Landx#0t0 represent each of the following:
A

a _+1 b 2x3
glx) = x+2 : )= x-2
(8) Write down the rule of the function represented graphically by the following graphs:
C
“vi [T
>r—9 4T -»I»
a b - | > |
] ? 1 'R & . . - I
»r& E »-']) R ',. »F 4 . ‘l | l; n'
RA\CE RS EEN ENBE R RN EEN IR
NIAS : | 4
| £ LS ! o ‘
-y =

Remark: The curve of fix) = x? « 4x + | can be graphed using the vertical and horizontal
translation of the curve g(x) = x? as follows.
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Unit 1: Real Functions and Graphing Curves
| 4

fix) = 2% +4x + | by completing the square -
=(x2+4x+4)-3 ¢
=(x+2)0-3 :
i.e. the curve of the (given) function fis the same curve . .
of the function g where g(x) = x* by translation of a 71

magnitude of two units in the direction of ox' , then

N
shows that. T 1] 1V
Application; Graph the curve of the function fix) = x* + Gx+ 7 using the vertical and horizontal
translation of the function g(x) = x%, then investigate the monotony of the function f.

Third: The reflection of the function curve on x-axis

The following grphs illustrate the reflection of the curves of some standard functions on x-axis.

‘w“: II

three units in the direction of oy* . The opposite figure

A 11 | '.u"'[

|
|
1
1

T |
-

! |

What do you notice? What do you infer ?

s team

Graph the curve of y = - fix)
for any function f, the curve of y = - fix) is the same curve of y = fix) by reflection on x-axis.

Ex le
6 . Applying the geometrical transformations on graphing the

curves
' 8 Use the curves of the standard functions to graph the functions g, h and z where:
a g(x)=x-30 b ix) = 4. x+3 € z2x) =2- —LT
O Solution - —
8 The curve of g(x) is the reflection of the curve of fix) = 2 4 ——t— .l,
on x-axis, then horizontal translation of a magnitude of three ™15 /70 1
units in the direction of ox , and the vertex point of the |
curve is (3, 0) and the curve is open downward . 1) \
] = 2
155
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Graphical representation and geometrical transformations 1 - 4

b | The curve of h(x) is a reflection of the curve of Avy=wd | [ [ T [ 1T [ . $¥[ |
on x-axis, then horizontal translation of a magnitude of 3
units in the direction of ox' and vertical lranslalii)n of a . N
magnitude of four units in the direction of oy . The
starting point of the two rays is point (-3 , 4) and the curve {
is open downward., 44 43 5

/% 9 & W

-
-

31

| .S

r.‘-

€ The curve of z(x) is a reflection of the curve of fix) = &
on x-axis, then horizontal translation of a magnitude of

-

s, o

three units in the direction of ox and vertical translation

of a magnitude of two units in the direction of :)'. and the

..... .-

»

i
+ e &9
+
'
‘
\
>
|

symmetrical point of the curve is (3, 2). :
E) vy to soive AP
(9) Graph the curve of the function g in each of the following '
where:
8 g(x)=3-(x+ 1) b gx)=-(x-3)* ¢ gx)=3-1Ix-8§l
Check your graph using a graphical program or the graphical calculator.

-

'™

—
-
o4

:

-

£=21

:
E
I

Fourth: Expanding the curve of the function

Q Work together

Graphing the curve of g(x) = af(x)

work with your classmate,

1) Graph the curve of the function f: fix) = x® using
GeoGebra and type the function rule in the input box
as follows:

@Es @@=

A new window will appear (Figure 1)
Select Create sliders

2) Use the pointer of a values to select new values where
I < a and notice the motion of the function curve with
respect to the curve of the function ffor each x € | as
in figure (2) and when | > a as in figure (3) ‘
What do you notice ? what do you infer ? Figure (2}
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Unit 1: Real Functions and ( sraphing Curves

I%'  Learn

Graph the curveof y = af(x)

For any function f, the curve of y = a fix) is a vertical
stretch of the curve of y = flx)if a > | and vertical shrinking
of the curve of y = fix)if 0 <a < |.

’ Example

9 Use the curve of the function f where fix) = lxl to
represent each of the two functions g and 2.

Fig (3) |

a g(x) = 2 b z(x)=2x -7 +2
> Solution

8 The curve of g(x) is a vertical stretch of | o I —re.
the curve of the function fwhose factor |~ “f *V’" 1 I 7 .
isa=22>0. Thus, foreach (x ,y) e f 'w it o
and (xv,2y)eg SN ]l,é” \/ T

b The curve of z (x) is the same curve | =1 '\‘\ 14 ] Ax) = Iy - l
of g (x) by horizontal translation of a 533 i ' B >
magnitude of 7 units in the direction 7T I | I

— - -
of ox and vertical translation of a
magnitude of 2 units in the direction of oy .

ﬂ Try to solve
(ui Use the curve of the function f where fix) = x? to represent the two functions g and z :
8 g(x)=-1¢ b zx) = 2- J(x-5)
Check your graph using a graphical program or calculator , then determine the range of the

function z and investigate its monotony.

@ s

# Applying the geometrical transformations which you have learned in the previous algebraic
functions on the sine and cosine functions.

Trigonometric functions

First: translation in the direction of x-axis:

1) Use GeoGebra and prepare programs in a way that the graduation on x-axis is in radian. this
can be done by doing a (right click ) on the mouse and choose the last line of x-axis and
choose the graduation system (7).

2) At the bottom of the program , type the order sin (x) then press (enter) then you get the shape
of the red curve.
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Graphical representation and geometrical transformations 1 - 4

You can control the color and thickness of the curve by pressing the mouse (left click), the color,
thickness and the type of the line-doted, slash or connected will appear upward the window.

3) Use the same way and type the order sin (x + (/@) i.e.cy = Sin(x + ), then press (enter)
: . 3
and color the curve in a different color.

4) Compare the two curves. What do vou notice?

From the graph, we deduce that:

The curve of the sine function is translated

horizomally to the left side on x-axis with a
magnitude equals % (as in real function), we

notice that the range of the constant function
| - 1, 1] is the same range of the function Sin x . We also notice that the function

Sin (x -":—) is neither even nor odd because there is not symmetry to its curve around y-axis
or origin point.

Think: What do you expect about the direction of the x-translation if the rule of the function is
sin (x - _11!_) ?

Second: translation in the direction of y-axis
1) Graph the curve of the function f where y = sin x.
2) Graph the curve of the function g(x) where g(x) =sinx+2
in different color, then compare the shape of the two curves.

" 2D
TR 0 yew mothes? DD SO AN
From the graph , we infer that: T Fﬂ'-" ]

. N e

The curve of the second function is the same Curve | « wi=mmes
of the function sin(y) after translating it in a
magnitude of 2 units upward. We notice that the
range of the second function is [1, 3] because
it is translated in a magnitude of 2 units in the
positive direction of y-axis from the first function
and the function sin x + 2 is neither even nor odd.

Critical thinking ; a b

In ecach of the following

graphs : describe the geometric

transformations of the curve of
the function fwhich graphs the Mr—

curve of the function g, then \ /

write the rule of the function ! 2 /

g. determine its range and B

investigate its monotony.
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g‘?} Exercises 1_- ; g?

(1) Graph the curve of the function f, then determine its range and investigate its monotony

a ﬁ-‘.) - { "1 thn X g 0 b _ﬂ.t) - ' 4 “‘hcn e -2
2 when x>0 P when x= -2

| oo
e fix)= [ ©  when x<| d o= | * when x<0
| when x> | Il when x>0

Choose the correct answer:
(2: The curve of g(x) = x* + 4 is the same curve of fix) = x* by translation of a magnitude of 4
units in the direction of ;

— — —— —
' '

a ox b ox € oy d oy

(3: The curve of the function g(x) = lx + 3/ is the same curve of fix) = ld by translation of a
magnitude of 3 units in the direction of:

—— — e ——

a ox b ox' € oy d oy

{4) The curve vertex point fix)=(2-x)* +3is:

a (2,3) b (2,-3) c (-2,3) d (-2,-3)
5) The symmetry point of the curve of the function flx)= 2-(x+1) is:
a (1,2 b (-1,2) € (2.1 d (2,-1)

(6, The symmetry point of the curve of the function f where fix) = ;} 4 s
X~

a (3,4 b (3,4 c (3.4 d (-3,4)
Answer the following: | i [
| {
7o\ ” Tttt
7,/ Graph the curve of the function f where 2 1
fix) = 2% then translate in the direction of the || | do.r 1 Wil

two coordinate axes x and y as shown in the 40—+
opposite figure. [ 1

: 3

Write down the rule of the following funcitons:
7 g.handz,
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{8 In the figure opposite : Graph the curve of the t Y R T

S S —

function f where fix) = x*, then translate in the 1 Tyl

direction of the two coordinate axes x and y. | $ | A
Write down the rule of each of the following | + + 2.4 + - N43REN
functions: 4 = 11 ] ?

» g.handz T

Nl
T —
B —
.

\\

{9 In the figure opposite : Graph the curve of the | | Yée! | |
function f where fix) = ld then translate in the | | 1 | : : ls ,u ,
direction of the two coordinate axes x and y. . o / 3 / A’_
Write down the rule of each of the following . * : ;
functions : N\ A1

» g.handz NEEEEN EEEEY
B A | |
HEEENSEE

30) Graph the curve of the function f where fix) = l‘ . then translate in the direction of the two

coordinate axes x and y,
Write down the rule of each function which the following curves represent:

a b C
'} 1 4. A
5 lﬁ'v‘k -t IR \
“ T .4 4 \
14 + P —
» E - -
= \&0_‘ :' L — X R"'\ }
ey N = - o -
-— T —
p— g -h‘\_’ _' I -() / L\A\

o ¥ X o] A \\ X
- > * 23 + -
33 4119 b ) % A9 Y1y ¥ 4 s

* s & .
Yy | | ) ¥ BE

31 Use the curve of the function f where fix) = 1% to represent the following graphically:
2 fix) = -4 b fyx)=(x-3) e filx) =(x—1)-2

32 Use the curve of the function f where fix) = vl to represent the following graphically:
8 fix)=li+] b fi(x)=lv+2l ¢ fix)=l~31-2

# Then find the coordinates of the intersecting points of the curves with the two
coordinate axes.
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Unit 1: Real Functions and Graphing Curves

13) Use the curve of the function fwhere fix) = x

a f(x) = fix)-3 b filx) = f(x-2) € fix) = fix+3)+2

to represent the following graphically :

# Then determine the symmetry point of the curve of each function.

34) If the function fwhere fix)= X graph the function h and determine the symmetry point of
X
the function curve :

a8 o(x) = fix-3) b g(x) = fix)+2 € g(x) = fix-2)+2

15) Use the curve of the function fwhere f(x) = x* to represent the following graphically :
8 fi(x) =422 b fx)= —(x-3) € fix) = 2-(x+3)

3(; use the curve of the function fwhere fix) =l to represent the following graphically.
8 fix) =2-In b fy(x)=-lc+5 € filx) =4-1x-2
d fix) = 2l ® fix)=-2-1l g fx) = 5-21x+2|

a7 Graph the curve of the function fin each of the following using the proper transformations,
then investigate its monotony.

{.9'2 when =0 { 2+1 when -4< x<0
a = . b MX) = 3
/o) X4 .2 when xr<0 £x) -x*-1 when 0< x=<4

5@ Industry : An iron gate whose two sides are 3 meters high and  1x)
its arc is in the form of a part of the curve of the function f:
fix)=a( x-2)* + 4 has been designed as shown in the opposite T
figure, find:

@ Value of a b ' Maximal height of the gate
€ Width of the gate 5] X

3 meters

39 Trade: A dealer pays 50 L.E for each ton getting in or out of his warehouse for loading or
unloading the goods, write down the function representing the cost of loading or unloading,
then represent it graphically.

30: Urban communities ; rectangle-like pieces of land are specialized for youth housing in a
new urban community. If the length of each is x meter and the area is 400 m?.

8 Write down the rule of the function fwhich shows the width of the piece of land in terms
of its length, then represent it graphically.

b ' From the graph, find the width of the piece of land whose length is 25 meters, then check
algebraically.
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Solving absolute value

equations and inequalities

You w_ill learn

» Solve the modulus l
equations graphically.

» Solve the modulus
equations algebrai-
cally.

» Solve the modulus
inequalities graphi-
cally.

» Solve the modulus in
equalities algebrai-
cally.

» Model problems
and life applications
to solve using the
modulus equations
and equalities.

” Key Terms

» Equation

» Inequality
» Graphical solution

- Materials

» Graphica calculator
» Graph paper
» Graphic programs

First: Solving equations

Q Think and discuss

In one figure, represent the two curves of the two functions fand g
where fis a modulus function and g is a constant function graphically.
Notice the graph , then answer:

& How many probable intersecting points are there for the two
curves of the two functions together ?

b Do the ordered pairs satisfy the rule of each function of both
functions if the intersecting points of the two curves are found
together”?

Notice ;

1) Atthe intersecting points (if found) , fix) = g(x) , and vice versa for
each x belong to the common domain of both functions.

2) For any two functions f and g, the solution set of the equation

Sfix) = g(x) is the set of x-coordinates of the intersecting points of their

two curves as shown in the following figures:

v
Y
|2

1

Y-

-

R
-

4
-

J

Solution set = ¢

Solve the equation: lax+ bl = ¢

@ Example

1) Solve the equation : lx - 3! = 4 algebraically and graphically.
> Solution ] YT T 1 |
Let fix)=Ix-3and g(x)=4 z\J %

1) Graph the curve of the function [
fix) = v - 3| by translating the
curve of flx) = I 3 units in the

| ¢

ﬂ’l\ 4
: \F

-

-
B TN NSy B

direction of ox

. 4
R o
8 J

9
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Unit 1: Real Functions and (,;erhll\g Curves

2) On the same figure , graph g(x) = 4 where g is a constant function represented by a straight

line parallel 1o x-axis and passing through point (0, 4)
*.* The two points intersect at ( -1 ,4) and (7 , 4)
.. The solution setis {-1,7}

Algebraic solution :

22 . x-3 when =3
From the definition of the modulus function : fix) =

-x+3 when x<3
When x>3: x-3 =4 ie: X 7€ )3, of
When x23: -x+3 =24 ie.: x=-le|-=, 3]
The solution set of the equation is (- 1, 7) this matches with the graphical solution.
u Try to solve
(1) Solve each of the following equations graphically and algebraically.

8 W-4=0 b ld+«l =0 Clix-T7I =35

Some Properties of the Absolute Value

g‘ ~ Learn

1) labd = lal x Il for example :
2x-3l=|-6l=6 and R2Ix|-3l =2x3 =6

2) la + bl < lal + bl
The equality happens only when a and b have the same sign. For example :
M4+S5I=4+I5l =9 et |-4-5l=1-4l+]1-51=9

a-x=lk-al

Notice :
NVifid =a then x=a or x = -aforeach ae ¥
2)If lal=Ibl then a=b or a=-bforeach aceR . belR

3) Wi3=ld = 42

Solve the equation: la x + bl = l¢ x + dl : I e ‘

ezl |} P |

QEx-mph - | | ;.T ‘

2) Solve the equation kv - 3= [2¢ + Il graphically. || | NN/TT

> Solution by : =) /‘:

Let fix)=lx -3 and g(x)=12x+1I N J
EEEEL &

X K X

The curve of f is the same curve of Ixl by =

translation of a magnitude of 3 units inthe | 4 4 4 3 3 4 oy & b &

direction of ox . o T B ) l_._
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Solving absolute value equations and inequalities 1 - 5

'-'g(x)=l2r~|l=n2(,;.%,|

Sgx)=21x+ %I
The curve of g is the same curve of 2lx| by horizontal translation of a magnitude of % unitin
the direction of ox' and the intersecting points of the two curves of the two functions fand

2 3
gan:(-d.ﬂand(3 v 3)

The solution of the function is {4, 2 }

n Try to solve
(2) Solve each of the following equations graphically.
8 lx+7l=12¢+ 3 D Ix-2+1x-1l=2zero

’ Example

(3) Find the solution set for each of the following equation algebraically:

8 lk+Tl=lx-5l b Xebx+9 =19-2d
g Q) mememser 2
a8 lx+7N=lx~35l SXx+ T =t(x-9)
S.x+7 =x=5 but 7# -5 (impossible). ifa,beRand
orx+7 = -x+5 e: 2x=-2 tal = Ibl
Sox = - i.e. the solution setis { -1} SR 3
Check:
by substitution x = - 1 in the two sides of the equation, we find :

Right side = left side = 6. i.e. the solution setis { - 1}

e o=/
S (X-3P =19-2d e .. lx-31 =19-2d

then:x-3 = +(9-2x) For any real number
SHXx-3=9-2r , 3x=12 iex =4 a: fa2 =lal
or x-3=-942x , x=06

By substituting the values of x in the two sides of the function

Whenx=4 rightside = leftside =1 .'. x=4is the solution of the equation
Whenx =6 right side = left side =3 ", x = 6 is the solution of the equation
Le. The solution set of the equation is : { 4, 6}
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Unit 1: Real Functions and Graphing Curves

ﬂ Try to solve
{(3) Find the solution set for each of the following equation algebraically:

8 lt-11-2R-d =0 bV 2.4v.4 =4

Second : Solving the inequalities

You have previously learned the inequalities and known that they are mathematical phrases
containing one of the symbols: (< , > , =, 2). Solving the inequality means that you find the
value or the set of values of the variable which satisfy the inequality and make it true.

|~ "““1 -

Solving the inequalities graphically N

The opposite figures shows a curve for each of the two L

functions fand g where: y, = fix) and y, = g(x)

and the solution set of the equation flx) = g(x) is {a.b} [¥]

le:y, =y,whenx=aorx= b 5 i

We notice: y, <y, ie. fix) < g(x)whenx € Ja, bl
Y >y le fix) > g(x)whenx e |- ,al Ul b, x|

0 Example

4

a b c
: , _ f\'l I) &— ] 4] :AA" ‘[ 11
+ ~0"0 ..?L = V‘ * f
o) 1 R o ’ - T+ -
-~ * | L \ -‘ ]
‘:EA'l S - .AA_ L]’f.fgfglg,_L_‘ d ?7
Solution set of inequality Sobution set of incquality
x+2 <2 k-2< 3
is: 14,0 is:)-o,-5|U[-1,o] is:[-1,5]
e R < 1.5

ﬂ Try to solve

(6: Find the solution set of the following inequalities using the graphs in example (7):

8 lr+2€2 b 2x+61=4 C x-21>3
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Solving absolute value equations and inequalities 1 - 5

Solving the inequalities algebraically

.n:' Learn

First: if )l < a and a >0 then -a €< x< a
Second:if I Zaand a>0 then x2aorx= -a

0 Exanlo

(5 Find the solution set of the following inequalities in the form of an interval:

a8 Ix-31<4 b J2-2x+1 24

> Solution
8 lx-3<4 je. -4<x~3<4 Adding 3 to inequality m@
S-4+3<x-3+3<4+3 e, -1<x<?

fora.bandc
.. thesolutionset= |- |, 7| ia<b, b<cthen

b od(x-12 =ix-1l le. k<1124 a<e

Sx=-124 | x2500x-12-4 |, x2.3 if: a < b then
xelR-]-3, 5| a+c<b+c

ac<bcwhenc>0
ac>bewhen ¢ <0

.. the solution set of the inequality is |- =, - 3| U5, =|

B Try to solve

5. Find the solution set of the following inequalities in the form of an interval :

8 lk-71< 11 b 3x+71=8 c J2-6x+9 28

Critical thinking: Write down each of the following in the form of the absolute value inequality:
8 4<x<-.4 b x<-2,x22 €C 0<x<6

Life applications

Exampl
0 — Meteorology

6) A meteorological station has recorded the temperature of Cairo on a day. If the temperature
has been 32° in difference 7° from its normal rate on that day. What is the expected
temperature recorded in Cairo on that day ?

> Solution

Let the temperature expected to be recorded in Cairo on that day = x°
Slx-320 =T je. x-32=2%2 7
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then x = 32+7 =39 o0orx=32-7= 2§
1.e. the temperature expected to be recorded is 39° or 25°

ﬂ Try to solve

{6, Athletic medicine ; Basm's weight differs from his ideal weight for 5kg. What is his
probable weight if his ideal weight is 60 kg.?

0 L Want ads jobs

7 ) A natural gas company employs the counter readers if their lengths range between 178 em to
192 cm . Express the possible lengths to those who take up this job using the absolute value
inequality.

> Solution
Let the length of the person taking up the job = xcm
S 178 € x< 192
By adding - 185 to the parts of the inequality : 192 . 178 _
I78- 185 = x-I85 = 192- 185 2
7 =x-185 = 7 e -I851=7

ﬂ Try to solve
(7) Write down the absolute value inequality which expresses the marks of a student in an exam
that range between 60 to 100 marks :

.\‘:”9 Saty Using the functions in solving life and mathematical
problems Angleof  Angle of
Notice: If a light ray falls on a reflective surface whose pathway i
is subjected to the modulus function . The measurement of
incidence angle equals the measurement of reflection angle.

In addition , the pathway of the billiard
ball before and after colliding it against the
table edge.

The figure opposite illustrates that
the billiard player kicks the black
ball considering ox  and .(-)-)-. the two
perpendicular coordinates and the ball's
pathway follows the curve of the function f
where: fix) =4 x - 5I. Does the black ball fall
in pocket B? ﬁxddn mathematically.

8 units
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Solving absolute value equations and inequalities 1 - 5

@ Exercises (1 - 5) @

Complete :

{1 The solution set of the equation Lyl

1
2
(2) The solution set of the equation Ikl + 3 = 0 is
{3) The solution set of the inequality lx — 2 < 0 is

Choose the proper solution set from the following list for each equation or

inequality :

@&I1x-21=3 a |-1,5
G)ix- 21<3 b R
6)lx-21>-3 e {-1,5)
G1x-21<3 d R-|-1,5]
®I1x-21>3 e ¢
o)ix-21=-3 t [-1,5]

Find the solution set for each of the following equations algebraically :

0 Ix: 31 =6 iIax-71=5 2 13-2x1=7
D Ix-3l=lx+1l QO R2x+1=1x-3 G /2-2x¢1 =4

Find the solution set for each of the following equations graphically :
1Q1x+41=3 D Ix-11=1x+31 ®12x-51=3

Find the solution set for each of the following equations graphically:
91x-11<3 201x-2<5 20 Ix+31>2

Find the solution set for each of the following equations algebraically:
22 2c-11>3 23 12x+31<7 2013x-7122

§5> Roads : two roads; the first road is represented by the curve of the function f where
fix) = v - 4 and the second one is represented by the curve of the function g where
g(x) = 3. If the two roads get intersected at the two points A and B | find the distance from A
to B known that the length unit represents | km only.

ﬁ(; Write down the absolute value inequality which expresses the temperature measured by the
medical thermometer and ranges between 35 “and 42 °,
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Uit SUmMmaIry

1 The function : is a relation between two non-null sets X and Y so that each element in
x has one and only one element of Y and the function is symbolically written in the form
f: X —— Y. The function is determined by the three elements; the domain , co-domain and
the rule of the function,

The function f is called a real function if each of its domain and co-domain are the set of the
real numbers or a subset of it.

2 The vertical line test : If a relation is represented by a set of points in a orthogonal
coordinate plane and the vertical line intersects its graphical representation at each element
of the domain elements at one point only, then the relation represents a function.

3  Piecewise- defined function : is a real function in which each subset of its domain has a
different definition rule.

4 Monotony of function : the function f is increasing in the interval Ja , bl if each of
x,and x, € Ja, bl and x, > x,, then fix,)) > fix,):
The function fis decreasing in the interval Ja , b| if each of x, , x, € |a, b] whenx, > x|,
then f(x,) < f(x)
and the function is constant in the interval Ja, bl if each x, , x, € |a, bl and x, > x, , then
flxy) = f(x))

5 Even and odd functions :

Even function : it is said the function f; x — y is an even function if f(-x) = f(x) for each

xand -x e X,
Odd function : itis said the function f2 x— y is an odd function if fi-x) = -fx) for each x
and -x € X,

Improtant properties:

If each of f, and f, are even functions and each of g, and g, are odd functions, then :

1) £, + £, even function 2) g, + g, odd function.

3) f, * £, even function 4) g, * g, even function.

5) f, * &, odd function 6) f, + &, neither even nor odd function.

6 Linear function: its simplest form is fix) = x, represented by a straight line passing through
the point (0, 0) and its slope = |

7 Quadratic function : its simplest form is fix) = x?, the curve vertex point is (0, 0) and

the equation of the symmetry axis x =0,

Cubic function : its simplest form is flx) = x' and the symmetry point of its curve is (0, 0).

Modulus function (absolute value function)

The si lcit fom‘j gfdhe modulus function is flx) = ld and defined as follows:

fx) =.‘T _'_‘,: ‘ 0

It is represented by two rays starting from the point of (0, 0). The slope of the first ray = -|

and the other = -1, therefore =20, lxi=xlandy x2 = Id

v ®
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Solving absolute value equations and inequalities 1 - 5

10 Rational function : its simplest form is fix) = % and the symmetry point of its curve

is (0, 0).
11 Geometrical transformations of the function f where y = fix) and a > 0 are determined

as follows :

#» Ify = fix) «+a itis represented by translating the curve of f in the positive direction of

y-axis in a magnitude of a

» Ify = f(x)-a itisrepresented by translating the curve of f in the negative direction of
y-axis in a magnitude of a

» Ify = fix+ a) itis represented by translating the curve of f in the negative direction of
X-axis in a magnitude of a

# Ify = f(x-a) itis represented by translating the curve of f in the positive direction of
x-axis in a magnitude of a.

»Ify = fix) itis represented by reflection of the curve of fin x-axis.

» fy=afix) itis represented by the stretching the two vertices of the curve fifa > |
and by shrinking the two vertices of the curve if 0 <a< |,

12 Properties of absolute value :
a |abl=lal x|bl b la+bli=lal+Ibl

C Ifld=sa.,a>0 then :(-a<x<a

dIfld=a,a>0 then :x=2aorx= -a

13)Solving the equation : for any two functions f and g, the solution set of the function
Ax) = gix) is the set of the x coordinates of the intersecting points of their two curves.

14) Solving the inequality: is to find the set of the values of the variable which make the
inequality true.

& General Exercises

‘ For more exercises please visit the website of the Ministry of Education.

Please visit the following link.

-
.d’g 10}
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Unit 1: Real Functions and ( sraphing Curves

@ Accumulative test @

(1) Graph the two curves of the functions fand g where fix) = x+ | and g(x) =5 - x, then find:
@  The two coordinates of the intersecting points of each curve with x-axis,
b The two coordinates of the intersecting point of the two curves.
€ Area of the triangle determined by the two intersected straight lines and x-axis.

(2: Use the curve of the function fwhere fix) = lxl to represent the function g where gx) =lx- 11 - 2,

then find the range of the function g.
x? foreach -2<x<2

N N . ? _
3, Graph the curve of the function fwhere fix) = { & tor ek O X

#  Then determine the range of the function and investigate its monotony.
, \ 52 .
4, In the figure opposite :
@ Write the coordinate of the curve vertex point.

b Write the rule of the function.

€ Find the range of the function and investigate its monotony.

d  Write the equation of the symmetry axis.

(5: Graph the curve of the function f where fix) = (x - 1)* and deduce the range and monotony
of the function , then tell whether it is even , odd or otherwise.

(6) Use the curve of the function f where fix) = L to represent the function g

. : X ? 1 )
where g(x) = fix) + 2 then write the symmetry point of the resulted function and investigate
its monotony.

(7)) If the function f where fix) = -‘Ll- , find the domain of the function f and the symmetry point
of the curve of this function, .
Solve the equation f{ %) = 4
(8: Find the solution set for each of the following graphically
a Ix-41 =3 b Ix-4123
(9) Find the solution set of the following equations and inequalities algebraically :
a k+51 =9 b /4@ -12¢+9 =lx+ 1l € 2x-51=7

d 3x+11>7
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Skogarithms
A-.p.l'i‘g\a“tions_'- :

-~

@ Unit introduction

The concept of logarithms had been used in mathematics carly the

Seventeenth century by the scientist John Napier as a method to simplify

calculations 10 help navigators, scientists, engineers and others depend on 1o do their calculations easier by
using the calculating ruler and logarithmic tables. They had benefited from the propertics of logarithms by
substituting the multiplying operations to find the logarithm of the product of tow numbers, by using the
property of addition with respect to the property of log (xy) = log_ x +log y. Thanks to the scientist Leonharn
Euler. In the eighteenth century, he connected the concept of logarithm with the concept of the exponential
function to widen the concept of logarithms and connect with the functions.,

Logarithmic scaler can be used in various fields. For example, the decibel is a logarithmic unit used to
measure the sound intensity and voltage ratio. Logarithmic scaler is also used 10 measure the power of
hydrogen Ph( it is a logarithmic scaler) to identify the acidity of a solution in chemistry.

@ Unit objectives
By the end of this unit, the student should be able to:

Identify the exponential function.

Identify the graphical representation of
the exponential function and deduce its
properties.

Identify the rules of the rational exponents,
Solve an exponential equation in the from:
a*=b.

Identify the logarithmic equation.

convert from the exponential form into
logarithmic form aglabraically and vice versa.
I dentify the graphical representation of the
logarithmic function in limited intervals and
deduce its properties.

Deduce the relation between the exponential
and logarithmic functions graphically.

Identify the rules of loganithms.
Solve logarithmic equations,

Solve problems including applying the rules
of loganthms.

Identify the common logarithms of base 10.
Find the value of loganthms using the
calculator.
Use the calculator to solve some exponential
equations.



Euporental Growth Lesgartren
Exporential Decay Loganthenic Equation
Coman Logarthmic furcton
*arge

—

o e
@ Unit lessons I‘ Materials

Lesson 1: Rational ¢xponents DA dilagliann bt aieh
Lesson 2: Exponential Function and its

applications
Lesson 3: Solving exponential equations
Lesson 4: Logarithmic function and its
graphical representation
Lesson 5: Some properties of logarithms

A Unit planning guide

form to another

Bules of iational Exponential |
; graphical ubes of
representation togarithrm
\ Salving & bgarahmmi
|
Graphical 10bving the esponential
! represestation equatica :-;:s
properties of the
/} bogasithme functian
Application o the expenential Wlep sabenfotor
Tunctien ( growth - decay)
Life apphcation
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Unit Two

2 -1

Rational Exp\bnents

. You will learn

» Generalize the rules of
exponents.
» ™ root,

» Rules of rational expo
nents,

” Key terms
» The n'™ power
+ Base
+ Exponent
» n™ oot
» Rational exponent

B materials

» Soentific calculator
» Graphic programs

SR S —

(118 Preface

You have previously learned the square roots of a non-negative real
number and identified some properties of both cubic and square roots,

You have also learned the integers and identified some of their own
properties, In this lesson , you are going to learn the rational exponents.

L )
Integer exponents:

1) For each a € R and for each n € Z, then:
2 =axaxax... <a (where factor o is repeated n times).
(a") is called the n™ power of a, where a is called the base
and n is called the exponent. We say a exponent n.

2) o =1 forall a € R - {0}

3) a' =£'.a'n=‘|' a#0

Properties of Integer Exponents:
ForeachmandneZ |, a,beR,b#0, then:

Fa"xa'=a # (ab)"=a"b"
'2“':"::1’“ . ri%ln=‘%:‘
7 (a™)"=a"™"
o Example
(8)* = (18)°

(1) Find the following term in the simplest form : RIS

O Solution
= 2)Ix2x3P _29%x23x3

)
3 (zl)‘. 3 25

The expression
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Rational Exponents 2 a 1

ﬂ Try to solve
(1) Find the value of the following term in the simplest form:

f.ovt!
2'x9" _ .
38

ent=a2)

L1 RIS
16 (81)°

(2) Prove that :

53] Learn

The n*" Root
You have known that the square root of a number is an inverse operation of squanng this number.
Similarly, the n™ root of a number is an inverse operation to place the n™ power of this number.

Example:
1 If ¥©=8 then 2 is the cubic root of 8 ie V8 =2
2 If £=32 then 2 is the fifth root of 32 e ¥32 =2
3 If x"=a then x is the n™ root of a ie Va =x
For any real number, a > O.neZ‘-{l}.lhena‘-VT o
This relation is true when a < 0 and n is an odd number > | .
Example: | wion oV B Wbl e
(16)" = ¥i6 =2 (-9 = /95 ¢R e
* ; mumber isnide
-2 = Y27 =-3 (-243)° = V333 =-3 M veus
o Example
’2' If x* = a, find the values of x in R (if found) in each of the following cases:
8 n=5_ a=zero b n=4, a=8I
e n=2.a=-4 d n=3 a=-8
©> Solution
8 when n=S5.a=zero thenx’=0 then x= J0 =0
D when n=4.a=81 thenx'=8I then x=%2y81=43
€ when n=2.,a=4 theny’=4 then t=+J3 €R
d when n=3.,a=-8 thenx'=-8 then =8 =2

from the previous example, we deduce that:
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Unit Two: Exponents, Logarithms and their Applications

if x"=a, then the values of x , which satisfy the equation become clear in the following table:

nez -{1} a=0 |¥a=zero

positive even integer a>0 ' there are tow real roots + Ja
positive even integer a <0  there arenot real roots.
positive odd integer, s # | a€R | there s only a real root /&

ﬂ Try to solve
(3) Find the values of x in each of the following (if possible):
8 =36 b »¥=-32 e =125

d =1206 e =49 f =-128

{4, Critical thinking: use a numerical exampte to show the difference between the sixth root of

aand Va.

if neZ' -{1}, meZ, Yaer then: a,=?';'=(ﬁ)-
Example:

(16)i =(y16) =@) =64
Vs =% )P =(-51=25

o Example

'3 Find each of the following in the simplest form:
8 .y 8a%h b +/64(a3)

> Solution

a .Y8a* b’ =-Y2alb) =-2a2p°

b +/ 64a2+3)0 =1/ [8@a+3)P
=48 (a? +3)}
B Try to solve
5 Find each of the following in the simplest form:

8 V625, b V233p° ¢ Vi128(a-b)

m54im
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Rational Exponents 2 a 1

Using The Modulus
the modulus of a number is used if the index of the root (n) is an even number, then ya" = lal ,
but if the index is an odd number, it is not necessary to use the modulus.

xt if niseven.

Ve =
x if nisodd.
’ Example

(4) Find each of the following in the simplest form :

. Vo b Vi o

e Ve 3y d 70-vy7) the square of any of
the two numbers (a)
O Solution or (-a) is a?

o) Vo =G =1

b Vg =V(20" =2

¢ Y2-/3)y =2-V31=2-J3 where 2> 73

d Y- V7)) =11 -VTI=JT - | where V7 > |
E) vey to sotve

{6) Find each of the following in the simplest form:

0 figT b VG

¢ J@2-3) d ¥y@-/35)
U |

if neZ'-{1}), meZ'. yae€eR then: a 7=—

Example: 7"*:-;- A -4-';:&1

ifneZ -{1}, ¥a ,¥b aretwo real numbers, then:
» Yab=¥Va xyb

r E-g where b # zero

. ——
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Unit Two: Exponents, Logarithms and their Applications

o Example

5 ' Find each of the following in the simplest form:

i 2%, g%
a) L8 x4 x27% b __325:87
6 < x3° ya 416
O Solution
= T . _ |
8  the expression = -——c‘—‘—-—x-,L converting roots into rational exponents,
d 1)1 23
= (2::' 1%‘) : ‘13 - factorizing each base into its primary factors.
¥ oadind
= M By simplifying
3322 x 32

converting roots into rational exponents,

factorizing each base into its primary factors,

ﬂ Try to solve
(77 Find each of the following in the simplest form :
A T b S

Solving the equations:

6 Example

6 Find the solution set for each of the following equations in R:

W

8 =9 b (x+1f=8
> Solution
8} 38 =9 By placing the third power of the two sides
(‘.i ).‘ = (}1
A =9 By taking ofT the square root of both sides
v 2 = 9 S =33 s x mt27

"+ The solution set = {27, -27}

neEavve
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Rational Exponents 2 a 1

b (x+ I)i =8 By placing the fourth power of the two sides

Sl )=8t
SxsD=(E )
Sxe) =28 Sox=15 .". The solution set = {15}

ﬂ Try to solve
(8) Find the solution set for each of the following equations in R:

a =32 b VTP =
’ Example
(7) Geometry: If the side length of the square whose area m is given by the relation L= m :
@ Calculate the side length of the square whose area is 25¢cm?,

b Calculate the side length of the square whose area is 17cm?® approximating the result to

one decimal.
O Solution
8 L=25 =/3% =5cm b L=17 =/T7 =412310
By approximating to one decimal S li= 4% em
ﬂ Try to solve

]
90 If L is the side length of a cub whose volume P is given by the relation L= P, find the side
length of the cube whose volume is 27.

9 i B

{1 Write down each of the following in an exponential form:

8 Vx b v e 2Vnw
d v e i Ve

2 Write down each of the following in a root form: :
a ai b bi c 6_\3
d gbi e (3ui t st

3] Find the value of each of the following in the simplest form:
a (16 b (-32)} ¢ 271

Li, 73 !
Sl i Vet

; wpe——
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Unit Two: Exponents, Logarithms and their Applications

(4: Find in the simplest form:

o (a'*)"‘ b Jx r“
d (.ti + _\'i) (.l’i - _\'i) e (.\‘l - _\'J‘) (.t‘i + .r* y{ + _v‘)
1) oo xty 9 (17+2% 3‘)5

5. Reduce each of the following in the simplest form:

4
8 333 + Y302 b u';—?>{ ""%"
d (27)’-(64)2 @ JO.1 x¥ 0216 =425
I I h 16%4x9d
9 (1257« 814« (15) EEFITRE
Choose the correct answer:

6)if ¥ =9 thenxe

a {27} b {27,-27} ¢ {1}
@64t =

a 2 b .2 c -%—
® Vi =

a y! b _x c 'l

A\
) ¥V e =
a xy? b + xy? € Ldy?

j@ "-\"‘3 =8, then x =

1
a 4 b 4 c 3
)
G 63268
v 36
a | b 6 c-(’;

€ (32 +4%)°

$ .

€ (16)" +(8)

f

33..-“%
R LLLI LR

2]

a
" j—

d

|-
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ﬁi Find the solution set for each of the following equations in R:

a xi=5s b ‘1=-l|§ e /3 =27
d (x-5i=32 e3riz=} Dav-tetf

ﬁ;\, Economy: if it is known that lhe profit (r) of a bank on a sum of money (a) after (n) year
is given by the relation r = (‘-')- | where ¢ is the total money after n year. If Gamal has
deposited 10000 LE and af!er 3 years the sum of money becomes 12597, find the yearly

percentage of the profit.
34 Discover the error;
a ifd =4 thenx=8 b V4 =x
I
A -
J5, Reduce the term: W
10 Activity:
use the calculator to simplify the following operations {Round to tow decimals):
¥ SIRE il
a 75 b Y2

Q7) Trade: Mohammed has started a project to grow rabbits. if the number of rabbits at the
beginning of the project was 75 rabbits and the number of rabbits in their reproduction has
n

followed the relation Z = 75(4.22)‘ where n is the number of months. Find the number of
rabbits expected over 5 months..

48 Volumes; If the side length of a cube L is determined by the relation L = ¥V where V is the
volume of the cube in cubic units, Find the side length of a cube whose volume is 1331cm’,
Creative thinki

Volumes : v
39) if the radius length of a sphere is r whose volume V is given by the relation r = % :

A Find the radius length of a sphere whose volume is 27000 cm* .
B calculate the change in the volume of the sphere as its radius length increases twice.,
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Unit Two

5

Exponential Function and
Iits applications

. You will learn
» Exponential function.
+ Representing the
exponential function
graphically
+» Properties of the expo-
nential function.

” Key terms

+ Expontential Function
+ Exponential Growth
+ Exponential Decay

B materials

+ Scientific calculator
» Graphic programs

OEHD»
Information
the exponential
function fix) =a* In
case & > 1 is called
the growth function
and is related to many
life applicatins such
as over population,
and the banking
compound interst . The
cxponential function
Jix)=a" in case 0<a<|
is called the decay
function and is retatd
1o many applications
such as the half-life of
the radioactive atoms.

_—
=60=

G s

In our daily life, there are a lot of situations that need very accurate
calculations such as banking profits, over population, cell reproduction
in some organisms and the half-life of the radioactive atoms and so on.
These situations require the concept of the exponential function which
we are going to learn and investigate some of its properties,

& e OEX
Exponential Function In  algebraic  function:

the independent variable

. . (x) is the buse while the
if a is a positive real number a # | then power is & real number.

the function: In exponential function:

The independent variable
Swhere R «———R" fix)=ax (1) is the power while the
is called an exponential function whose bese is the real number

and does not equal one.
base is a

Verbal expression: Explain why the function fix) = (-3) where x € R

is an exponential function.

Graphical Representation of the Exponential Function
0 Example

(1) use the values of x € | -3, 3] to graph in one figure a part of the

curve of each of the following tow functions:
|

fix)=2",gx)=(3)"
> Solution
-3 -2 -1 0 1
1 1 1
8 ‘ s | 2|1 |2
s 4] 212 |3%
we can deduce the next properties of the

exponential function from the graph:

1 the function f: fix) = 2" is increasing on its |
domain because (a > |)
the function g: glx) = G%b‘ is decreasing on its [ i
domain because (0< a< 1)

2  the range of both functions is R*
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Exponential Function and its applications 2 a 2

3 the curve of the function £ fix) = 2" is the image of the function curve g: g(x) = (%}‘ by
reflection on y-axis

ﬂ Try to solve

{1) Use the values of x €]-2, 2| to graph in one figure the curve of each of the functions
i) =2 i) =3 and f; (x) = 4",

0 Example
’:'33,' if f(x)=3%, complete the following :

8 f(2)= b fix+2)= x 3t € flx)xf(x)=
O» Solution

a f(2)=32=() b f(" .2,=3l-2=3.l' _,32=9.( 3.!'

C f(X)*f(-x)=3"x3 X=X =3

Application on the exponential function:

DRSS

N R F S G S o

‘e can use the function f where fin)=a( 1+2)" 10 represent the exponential growth of a quantity a
by a constant percentage g in equal periods which their number is n. ( discuss with your teacher
how to deduce this relation).

e

The compound interest
To calculate the total sum C of an amount of money a invested in a bank giving an annually
compound interest r ( percentage) for n number of year in division periods of the annual return
into x period , then the sum of money is given by the relation :
C=a(l+H™
(3) A man has deposited SO00LE in a bank giving an annually compound interest 8%. Find the
sum of the money after 10 years in each of the following cases:

A annual interest B three months' interest. € Monthly interest.
> solution
By using the relation C = a( 1 + %)™ where 1 is the annual division :
!
a8 annual interest s x =)

¢=5000(1 +008)°= 1079462 L.E
b three months' interest J.oxmé

¢ =5000 (1 + 298y 4= 110402 LE
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Unit Two: Exponents, Logarithms and their Applications

€ Monthly interest Sx= 2
¢=5000 (1 + 2981012 = 11098.2 LE
B Try to solve

2) A man has deposited 1000LE in a bank giving a yearly complex profit 5%. Find the sum of
the money after 8 years in each of the following cases:

A yearly interest . B 6 months' interest. € Monthly interest.
Second : Exponential Decay

the function f: fin) = a (1 - r)" whose base is lesser than one and greater than zero can be used 1o
represent the exponential decay in a constant percentage g in equal periods whose number is n.

’ Example

4 If the maximal production of a gold mine is 1850 kg per year and this production starts to
decrease yearly in ratio 9%:

A write an exponential function representing the gold production of this mine after n year.
B Estimate the production of this mine after 8 years to the nearest kg.

> Solution
a= 850 2 r=0.09

8 the function of the exponential decay fin)=( a -r)"
fin) = 1850¢( 1- 0.09)
b After 8 years (by substituting n = 8)
S fi8) = 1850 ( 1- 0.09)* = 870 kg

ﬂ Try to solve

3) if the marketing price of a car decreases according to the relation x = 150000 (0.94)" where
xis price of the car in L.E and n is the time in years from the moment of buying it . Find:

a8  car price when it was brand new. b car price after 3 years of its buying date,
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Exponential Function and its applications 2 o 2

@ Exercises 2 - 2 @

(l) Graph each of the following functions, then find the domain and range of each and show
which of them is increasing and which is decreasing.

a fix)=2" b fix)=3 c ](.t)ll("%')' d Ax)=2"*!

(2) Compete:

8 the function f:fix) = 2* intersects Y- axis at point

the function f; fix)=2" " intersects Y -axis at point
€ if the curve of the function f: fix) = a* passes through point (1, 3), thena =

d  the curve of the function £ fix) = 3* is the image of the curve of the function g: glx) = (3)*

by reflection in

1
3

@ the function fwhere fix) = a* is decreasing if a €
f  the function f where flx) = (2a)" is increasing when a €
(3) Population: if the population of a county by the end of year 2000 was 43265341 populations
and the rate of population increasing is 1.5% yearly:
8 find a formula to represent the populations of this country after n year from year 2000..
b use this formula to find the populations expected in year 2020 in case the increasing
remains at the same rate.
(4) Jnyestment : if a man has invested [000000LE in a project in a way that this a mount of
money grows according to an exponential function with yearly increase of 6%, find:
a8 A formula showing the growth of this money after n year.
b Estimate this money after 10 years.

(5) Find the sum of 8000LE deposited in a bank giving a yearly compound profit of 5 % for 7
years.

(6) Eish wealth ; if the number of Salmons in a lake is increasing according to the function
of the exponential growth f: fin) = 200 (1.03)", where n is the number of weeks, find the
number of Salmons in this lake after 8 weeks.

P L Xy fix-1) _
7) If fix)= 5", Prove that f¥ a1 _
2 IR Ax-2) < fix+1)
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. . .
Solving expenential
equations

. You will learn
» Power function.

+ Representing the power
functions graphically.

+ Properties of power
function.

” key terms
» Power function
+ Graphical sodution

B materials

» Sclentific calculator
+ Graphic programs

%) Think and discuss
Plite

Amiba reproduce by binary fission &
where one cell is divided into two 23 /4 - <§3

cells after a certain period of time,
then every new cell is divided into \{:{?/ﬂ?
two other cells at the same period of
time in the same conditions and so on.

1 Find the number of cells resulted from one cell after nine periods of time.
2 Find the number of periods of time required to produce 8192 cells
out of this cell.

gﬂ‘ Learn

Exponential function

if the equation includes one variable in the exponent, it's called an
exponential function such as (2 = 8).

Solving power Equation :

First: if a'sa'whaeac{o.l.-l}. then m=n.

0 Example

(1) Find the solution set for each of the following equations in R:

el o | - _L
a 2=8§ b 3 = (35 M
> Solution
8 2 =8 e 2 w3
', X+3=3 thus, x = zero

*. Solution set = {zero}

b o.- «2 - (‘#1“ ‘.. 3‘: =3-&\
S X-2=-3x S X+3x=2
. dx=2 lhus.r:-i—

. Solution set = {-;— }
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Solving exponential equations 2 ~ 3

ﬂ Try to solve

(l) Find the solution set for each of the following equations in R:

8 5¢1=25 b2t
second: if a" =b" where a,be {0, 1,-1}
cither: 1+ m=zero
or: 2- a=b when m is an odd number.
X a=:b when m is an even number.
’ Example
(2) Find the solution set for each of the following equations in R:
a 3x~2 - 71'2 b 41-2 - 321-‘
> Solution

a - 3t-2=7t~2
S X+ 2= 2ero thus x = -2
*. Solution set = {-2}

b - 4:2 - 32:4 O 2= 321.1-2»
s =2
. X-2=2ze10 thus x =2

*. Solution set = {2}
ﬂfry to solve

(2) Find the solution set for each of the following equations in R:

a $1~l .4:-! b 22:4-'714
0 Example
(3) If fix) = 2", find the value of x which satisfies fix) = 32
> Solution

* Ax)=32 S 2= 32

S 2223 Sox+1=5

Y x=4 . Solution set = {4}

ﬂ‘ny to solve

(3) If fix) = 7%, find the value of x which satisfies fix « 1) =49
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Unit Two: Exponents, Logarithms and their Applications

Solving the power Equations Grophically
0 Example

.4 in one figure, graph the curve of each of the tow functions f; where /(1) = 2'and f, where
f,(x) = 6 - x, then find the solution set of the equation 2* = 6 - x from the graph.

| v e
3|2|-1t|]o|1]|2]3 TT R
AEAR AN E IR HH
HAEAREIFIAEAELE T GT
from the graph, the x coordrdinate of the intersection point equals 2 2
.". the solution set of the equation = {2} i 3
EEERS

ﬂ Try to solve

(4: use one of the graphic programs (geogebra) to graph each of the tow functions f,(x) = 2%/
and f,(x) = 3 in one figure. From the graph, find the solution set of the equation 2! =3,

a Example

.5 ' Biglogy: A microorganism reproduces by binary fission where the number of these organisms
is replicated each hour because each cell is divided into two cells, If the number of cells at
the beginning was 20000 cells, find:

a8 Number of cells after 5 hours.
b After how many hours does the number of cells get 25600007

> Solution
the number of cells can be written in the form of an exponential function.
fin) =b(a)
= 20000 (2)" where n is number of hours

8 Number of cells after 5 hours (by placing n = 5)
= 20000 = 2% = 640000 cells
b To find how many hours required 1o get 2560000, place fix) = 2560000

S 20000 (2) = 2560000 By dividing hy 20000
2" =28
2* =2 thus n = 7 hours.

ﬂ Try to solve
5 Answer the questions mentioned in think and discuss page (66)
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Solving exponential equations 2 o 3

@ Exercises 2 - 3 @

(1) Complete:

a if5?=| thenx =
b if3 sy thenx =
elif2™ = S then 3"'=
dif2¥= 32 thenxy =

@ If the curve of the function £, where f,(x) = 3" intersects the curve of the function f, where
f(x) =4-xatpoint (k , 3), then the solution set of the equation 3* = 4-x is

Choose the correct answer
2)if3 =9, thenx=

8 2 b 7 c 3 d 7
(3) if 2¢ =20 where n < x < n + land n is an integer, thenn =

a | b 2 € 3 d 4

4)if3'=9,thend '=

a s b IS c 27 d 45
(s) The number 5* * ' + 5" is divisible by for all the natural values of x.
a 7 b 6 c 13 d 17

e -2
O |f(§) =%. then x =

a 2 b 3 c 4 d s
(7) The two curves of the two functions flx) = 2* and g(x) = 3" intersect at x =

a .| b 0 c | d 2
(8) Find the solution set for each of the following equations in R:

a 374=9 b 2.:-s=.5%

-

¢ 5"2=| d 3v=3
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Unit Two: Exponents, Logarithms and their Applications

e 2 " -2 = 3 ' 7!-‘ - 3]-‘
LI 2 3p2_ 8

9 2"=5 h (2) =35
' -l.." 1

1) 2vx 5% =% ] 4 =64

k 4"‘5—.:' | (3)"‘:%

9. Find the solution set for each of the following equations graphically:
& 3=3 bi2rizs Rounding the sum to one decimal

' |
¢ 3z d x=5x+1

30 If fix) = 2%, find the solution set for each of the following equations:

8 fix)=8 b fix1) =35
31: If fix) = 3*' , find the solution set for each of the following equations:
a fix)=27 b ﬁ.\'-l)=‘.l7

3

32 If fix) =7"<, find the solution set for each of the following equations:

8 fix)=343 b f20= 95

13 Discover the error: Mohammed and Karem have solved the equation 2 = 2*= |6 asfollows:

2.2 =16 2.2 =16
¥ =16 o2 =129=s
¥ =4 2 =23
I b / S X =3

What is the right solution”? Why?

34) the number of marine organisms decreases according to the function of the exponential

decay v = 8192 c-%- )" ' where n is the number of weeks from now. Find:
8 The number of these organisms after 4 weeks from now.

b After how many weeks does the number of these organism get 2567
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Logarithmic Functioniand'its
Graphical Representation

Unit Two

2 -4

@‘l’hlnk and discuss

Check the following exponential functions and try to solve each of them:

if2*=2 V=4 2% =3, then:

1-x= L V=

2- The value of z is included between two consecutive integers which
are and

Notice that the value of v cannot be calculated directly such as xand z,
so we need to the concept of a new function to calculated the value
of v.

Logarithmic Function
if x and a are two positive numbers where a # |, then the logarithmic

function y = |og x is the inverse function of the er function y = a*

Example: if log32=5, then 25=32 and vice versa.
Verbal expression:

If point (¢, d) € exponential function y = a , then:

1- point( ., )€ functiony=log .
a

2- The exponential form a =dwhereae R - {1}is equivalent to the
loganithmic form

6 Example

Converting into the logarithmic form.

(1) convert each of the following into the logarithmic form:

a 3=§) b2st-1 ¢ 102=00
Ohhﬁw
8 Jog 81=4 b log “l‘ = - "«l,‘ € Jlog 001 =-2
3 9. - - 10

Verbal expression; Can we convert (-2)* = 16 into a logarithmic

form? Explain.

You will learn .
» Definition of the loga-
rithmic function.

» Graphecal representa-
tion of the logarithemc
function

+ Converting from the
exponential form imo
the logarithmic form
and vice versa,

» Solving some simple
logarithmic equation

Key terms "
» logarithm
+ inverse function
» domain
+ common logarithm

[0) N

log x =Yy is called the

el
logarithmic form while
a'= x is called the
equivalent exponential
form. Notice that (a)
is a bositive base.
If (-3)* = 81, then there
is not a logarithmic
form equivalent to it.
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Unit Two: Exponents, Logarithms and their Applications

B Try to solve
(l: Express each of the following in a logarithmic form:

a 10 = 1000 b 8":2 € b'=y where be R" -1}

Common Logarithm
it is the logarithm whose base is 10 and written without writing the base. l.e. log7 = log 7 and

0

log 127 = log 127. The button (e in the calculator can be used to find the common logarithm
0

of any number.

’ Example

.2 convert each of the following into the exponential form:

8 Jog32=5 b logl000=3 € log | = zero
2 2
> Solution
e 25=32 b 10" = 1000 € | 2mew = |

ﬂ Try to solve
(2) convert each of the following into the exponential form:

8 log 253‘2{ b logl00=2 € logS5=1
125 - 5

Example
’ e Finding the values of logarithmic phrases

'3) Find the value of each:
8 Jog 125 b log 001
S

©> Solution
8 Let Jog 125 = x and by converting into the exponential form:
RS =SI25 S SaS thus x =3
% |og‘l25 =3

b Let Log0.01 = vy (a common logarithm whose base is 10) and by converting into the
exponential form.

. N0 =0.01 sl =107

thus y = -2 S 1og0.01 =-2
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Logarithmic Function and its Graphical Representation 2 a 4

ﬂ Try to solve
(3) Find the value of each:
8 |og 8] b Iog§32
3

Exa
0 —pre Solving the equations
(4 Find the solution set for each of the following equations in R:

8 Jog (x+§5)=3 b log 625 =x - | € log (x6)=2
2 5 X

O Solution
8 The equation is defined for all the values of x + 5 > zero le x > -5 (is the
domain of defining the equation).
By converting the equation into the exponential form
. x+5=2} S.ox+5=8
thus x =3
. 3 € the domain of defining the equation . Solution set = {3}

b The equation is defined for all real values of x and by converting the equation into the
exponential form

» 551 =625 o Slim St
Sox-1=4 thusx =5
. Solution set = {5)
x+ 6> zero
€ The equation is defined for all the values of x which satisfy eachof | ¢ > zero
x#1
Le the domain of defining the equation is  Jzero, = | - {1}
and by converting the equation into the exponential form:
r=x+6 Pox-6=0
(x-3Hx+2)=0
citherx =3 or x=-2
Since x = -2 ¢ the domain of defining the equation
. Solution set = {3)
ﬂ Try to solve
(4) Find the solution set for each of the following equations in R:
8 jJog (x-1)=1 b log 27=x+2 € log 9=2
5 3 (x1)
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Unit Two: Exponents, Logarithms and their Applications

Graphical Representation of the Logarithmic Function T 1Y ‘;W I ]
If fix)=a"where a € R" -{1}, then the inverse function of the function N / P Cer
f is called the logarithmic function. Le. y =log x = ’://"':
- TRl A 2
Relation between the exponential 1A Ntk |
and logarithmic function AT T 1]

The opposite figure represents the exponential function y = a and
logarithmic function y = log x. Study the properties of both functions for domain , range, monotony

and symmetry around the satlmigh! line v = x in one figure.

o Example

l - Graph the curve of each of the two functions v = log +and y =log vin one figure.
2 i

~

> Solution
we choose values of x the powers of the number 2 ( the base) {27,27,2°,2' 27}

.}.;.124

From the graph, you can deduce the following properties for the curve of the logarilht;\ic‘f unction:

the domain = R+ . and the range = R

the function y =jog x is increasing for each a > | and is decreasing for each 0 < a < |
b

ﬂ Try to solve
5] Represent the curve of the function y = log x graphically, then find the range of the function
)

and investigate its monotony from the grabh.

o Example

(2 Life applications: A country applies a tax system where the financer pays the yearly dues
according to the country's system,

10% x when x <5000
fx) =
10%x + 100 log ( x - 4999), when x > 5000

where x is the yearly net profit , find:
8 The tax dues that a financer whose yearly net profit is 3600 LE.
b The tax dues that a financer whose yearly net profit is 8000 L.E.
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Logarithmic Function and its Graphical Representation 2 a 4

> Solution
a fi3600)=10% » 3600 = 0.1 ~ 3600 = 360 L.E
b fA8000) = 10% ~ 8000+ 100 log (8000 - 4999) = 11477 L.E

EJ vy to soive

(6) If a expresses the amount of money spent for an advertisement of a company in the year and
y expresses the amount of money which the company gets after the sales of this year where
y=10%11+2 Iog(-r:)-6 + 1)), Calculate vy when a = 1100 L.E.

@ Exercise 2 - 4 @

8 The exponential form equivalent to the form Iog 27=3is

{1 Complete:

b The logarithmic form equivalent to the form 3 %™ = | is

€ logO0l = d jogl=

e Iflog4--.!hen x= f iflgg 128=x+ |, thenx=
9 The domamof the function f: fix) = Iog,.\' is :

R The function f where fix) = log x is decreasing for eacha €
a

I The curve of the function f where fix) = log x passes through point (8, )

J If Log3 = xand Log5 =y, then log 15 = (in terms of x.y)
(2) Find the solution set for each of the following equations in R:

8 jog (x-1)=2 b log (x+2)=3 ¢l log 9= %
3
1
3, Find lhc value of the following wnthoul using the calculator.

-logl blog'l clog9 dlogs Iog2
\4, Repftscm the function f in each of the following gmphlcally. then ﬁnd ins range and
investigate its monotony:
a fix)=log x b fix)=log x € fix)= log‘x d fix)= Iogi(.t v 1)
2 5

(S) use the calculator to find the value of the following:
a logl5 b jog 27 € dlog7 - Slogl3

(6, If the cost of the annual subscription of a family in a social club in pounds follows the relation
fx) = 500 + 100 log (n x), where n is the number of subscription years and x is the family
member. Find the value of subscription of a five -member family for the fourth year in this club.
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Unit Two

2-5

\i‘\.
Some Prop‘é‘q\_ties of
Logarithms

. You will learn

» using some properties
of logarithms

+ Solving logarithmmic
equations.

» Using the calculator to
solve the exponential
functions.

+ Life applications on

logarithms.

“Koyt«ms

» logarithmic equation

B materials

» Scientific calculator

» Computer with graphic
programs

In the previous lesson, you learned the concept of a loganthm and how
to represent the logarithmic function graphically. Now, we are going to
list some properties of logarithms to help you simplify the logarithmic
expressions or solve the equations containing a logarithm.

t )
&3 Learn

Some Properties of Logarithms
ifaeR - {1} ,x,yeR’', then

1- log a=1
a

For example, log 3=1,log 10= 1]
R)

2- jog | = zer0
a
For example, log | = zero, log | = zero
5

Try to prove 1 and 2 from the difinition of logarithms

3- Multiplication property in logarithms:

log xy=log x+ log ¥ where xand y € R’
a i a
To prove the correctness of this property:

place b= log xand ¢ = log ¥
a a
From the difinition of logarithms, we find that:

x=a" , y=af
then xy=a® «af lexy=ab*c
By converting this form into the logarithmic form, then:

log xy=b+c
a
By substituting the two values of band ¢, then log xy=log x+ log ¥
a

a a
’ Example
(1) Find the value of 10%2 ' l%l7 without using the calculator.
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Some Properties of Logarithms 2 & 5

> Solution
the expression= Jog (2« 17) use property (3)
M

= log 3
M
= | use property (1)

EJ 7y to soive
(0 iflog 7=28.log 13 = 37, find the value of log 91 without using the calculator.
2 2 2

4- Division property in logarithms:

log -~ =log x-log y (trytoprove the correctness of this relation yourself)
a v a a

’ Example

ifg:.' Find the value of log 50 - log 5 without using the calculator.

©> Solution
the expression = log % use the division property
=log 10=1 use property (1)
ﬂTry to solve

(2) Find the value of log’7 ~log 3.5 without using the calculator.

5- Property of power logarithm:
logn xX"=n loga X where x > 0 (try to prove the correctness of the relation yourself)

0 Exal!ph

(3) Find the value of log 125 without using the calculator.
5

> Solution
the expression= Iug"‘S

=3log 5 use the property of power
5

=3xl=3 use property (1)

Notice that: log 1-:-) = - log xwherexeR*
a4

ﬂ'l'ry to solve "

(3) Find |O§_ 27 in the simplest form.
{4) Critical thinking: is the domain of the function fix) = log +* the same as the domain of the
a

function g(x) = 2 log x? Explain,
a

- R il
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Unit Two: Exponents, Logarithms and their Applications

6 - Property of changing the base

log x
log x= -I——L— and proving the correctness of this property
y og ¥
a
By placing: z=log x
.‘.

y* =x by converting into the exponential form
Zlog y=logx the logarithm of the two sides is taken off for the base a
a a
log x log x
then ? = 8 Le: log x =—>3a—
log v y log ¥
a a

a Example

4 Reduce to the simplest form Jog 16~ Jog 49

> Solution
the expression = log16 . logd9 use property (6)
log 7 log 2
o Jog2t  log T
log 7 log 2
= Ai0pg2 ., 20g7 use property (5)
log 7 log 2
=4x2=8

ﬂTry to solve
5) Find the solution of the example above by changing the base into another number but not 10,

7 = Property of the multiplicative inverse,

log b
a

log a= Le both log aand log b are multiplicative inverse of each other (try to
b b i

prove the correctness of this relation ).

0 Example

.5 ' Find the value of

. without using the calculator,
log IS log IS
3 5

> Solution
the expression = lo§‘3 + luﬁ‘ 5 use property (7)
= I(\gs (3=5) use property (3)
1
- log‘ IS5=1 use property (1)
— 1
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Some Properties of Logarithms 2 & 5

ﬂ‘l‘ryh.oln

{6) Find the value of ——' : '

log 30 ' log 30 log 30
2 3 5

without using the calculator.

Simplifying the Logaritmic Experssions

(D Example
(6) Reduce log 0.009 - log-f% 3 Iog% -log -Ilf to the simplest form
O Solution
the expression = lng-r?m— - Iogf-z-. « log (-g- ) - log Tli property (5)
=log(%v%§—’-%*'l—z) property (3), (4)
=log | = zero property (2)

ﬂfry to solve
7) Reduce 4 logy 3 - log% I- Iogg - log % to the simplest form,
Solving Logarithmic Equations
0 Example
(7) Find the solution set for each of the following equations in R.
8 Jjogx+ log (x+1)=l b jog x+ log x=13
2 2 2 4
> Solution

@ The function is defined for each x > zeroand x + | > zero
Le. X > zero (domain of defining the equation)
log x(x+1)=1 use property (3)

y |

x(x+1)=2 converting from the logarithmic form into the exponential form
2 ex-2=zero Sx+2)(x-1)=zero

Eitherx=-2 orx=l, and x = -2¢ the domain of defining the equation
. Solution set = {1}

b The function is defined for each x > zero  (domain of defining the equation)

log x

log x + =3 roperty (6)

gz log, 4 e

log x

log x+—2_=3 multiply by 2

2 2
2log x+log x=6 S 3log x=6 Solog x=2
2 3 2 2

x =4 (converting from the logarithmic form into the exponential form)
where x = 4 € the domain of defining the equation . Solution set = { 4}

; T
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Unit Two: Exponents, Logarithms and their Applications

) Try to solve
'8 Find the solution set for each of the following equations in R:

8 log(2c+1)-log(3x-1)=I B log x=log 2

Solving the Exponential functions by Using Logarithms

o Example

9 Find the solution set for each of the following equations in R rounding the sum to the
nearest two decimals :

a8 2"’ D 3x*'=Sx?
> Solution
8 2x=7 take off the logarithm of two sides
Sdog2f =log? Joxlog2=log7 o x= log7
use the calculator respectively as follows: log2
) Cheg U700 (e 10201 =] 280354322
J.x=~281 .. The solution set = {2.81}
(check your answer using the calculator) (20 ans) (=) T
B) a5 take of the log of two sides
Sx+Dlog3=(x-2)log5 Soxlogd +logd=xlog5-2Logs
Soxlogd-xlogS=-log3-2log$ Sox(logd -log 5) =-logd - 2logs

cox= -logl - 2logs
log 3 - log5 T Ct e R
use the calculator respectively as follows: @ E G @O E @G E O
Cheg O30 (=) wg 1080 () = 2BON3SHI2R
J.x =845 .. The solution set = {8.45)}
(check your answer using the calculator)

(3 (2 fams) (o) T (B () C8) (o) fame) (=) (20 C=)

K] Try to solve

(8: Find the solution set of each of the equations to the nearest two decimals:
8 =2 b =3

\:. Activity Mathematical and life applications

(10 Industry : If the working efficiency of a machine decreases annually according to the
relation E = (0.9)" where E is the machine efficiency, E is the machine initial efficiency, and
n is the number of working years of the machine. If it is known that the machine is no longer
used to work if its efficiency reaches 40%. How many years can this machine work before
it stops working?
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> Solution

It's meant by reaching the efficiency 40% that 40% is calculated from the initial efficiency.
S04 E, =(0.9)" E0 divide by E,

S04 =(0.9)" take off the log of two sides

. . log04 _g6

Sdog 04 =nlog 0.9 Snm log 0.0 =8.696718

Le. the machine works more than 8 years and half a year.

EJ Appiication on the activity
{9) In the example above, find the machine efficiency after 4 years of its working date .

@ Exercises 2-5 @

choose the comrect answer:

N\
\J/ log~3 =

a4 b 3 c 16 d 10
@) Log2 + Logs =

a l b log? ¢ Log25 d 10
€, log‘/?=

a2 b5 ¢+ d .|

(4) iflogd=x, log4=y ,then log I12=
a x+y b xy € x-y d logy+logy
G)210g2+210g3=
o 6

a6 b 36 c 2 d 12
{6) log 5% log 2=
2 5
al b 10 ¢l % d zero

) log2xlog S*log 3=
5 3 2

a 30 b | € zero d Jog 30
(8) Express each of the following in terms of log x and log (x + 1)

a logx(x+l) b log -"' € log/x (x+IF
X+
(9) Reduce to the simplest form:
8 log54- log 9 B log2+ log 3 _ los”"%%
6 6 6 6 2 2°
d)log48 « Logl25-log6 e !~ 1082 f Logd9-3log?
Logl2§ log 7

9 log 16+ log vI +log0.l
2 3
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Unit Two: Exponents, Logarithms and their Applications

| | - )
h Sloga+ Flogh+ 2log ¢ - logvab - log 3¢
- 3 ” 3 3 3 3

30 Find the solution set for each of the following equations in R:

8 Jog x+log (x+2)=3 B logx+log(x-3)=I ¢ log Xx-log 2=2
2 2 5 5
I |
d log(x+3)-log3=logx @ . =2 f log x - . 3 =2
log x log x Logy
2 3

a1 Prove that loga * log b * log ¢ » log d=1, then calculate the value of
b ¢ d a
log 3 = log 5 = log 16
2 J 5
32 Find the value of x in each of the following, then round the sum to the nearest decimal.

8 3¥=7 b 522 6 4x7 = d 2:3 3]

2

9 Activiey

Biglogy: If the volume of a sample of bactena in a certain moment is 3 = [0°
and the volume of the sample increases according to the power function
6 .
v=3x10 (L15)" find the volume of bacteria after 4 hours.

(@ rnrichment Information

Please visit the following link.
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1)

2)

3)

4)
5)

Unit summary

Unit summary

The intger exponents
8 a'=axaxax xa (factorais repeated n times )
b ae=1whereacR0}-} ¢ a'=_1 gu= .;'-wbcrca#o
a n
Properties of integer exponents
foreachm ne Zanda,beR , b# 0, then:
8 aMxgr=am*" b (abyr=ab e) X"
a!l
d (%)'a_:% @ (a™)y=g™
The n™ roots:

The equation x*=a  where a €R, n € Z' has n of roots

8 pisaneven number, a R’
There are two real roots ( the rest of the roots are complex numbers) one root is positive

while the other is negative and both are denoted by + Ja .
D nisaneven number. a € R- | the equation doesn't have real roots (all the roots are complex
number),

€ nisanodd number. a € R, the equation has only one real root (the rest of the roots are
complex numbers) and is denoted by va .

d neZ,a =zero
The equation has only one solution which is zero (it has n of repeated roots and each
root equal zero)

if V5 and b € R ,then:

o yE=TAE B =T bro

¢ Vi =(/a)y =an d V" =aif nis an odd number and equals lal if n is an even
number

Rational exponents a " = Vi

"

8 32" =V " =(V,)"e Rwherea=R,nez_-{I}, me zand there is no common factor
between m and n,
b The rules of integer powers can be generalized on rational powers.

The power function: if R ——R * where fix) = a* foreacha € R" - {1}, then fis called a
power function whose base is a.
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Unit Two: Exponents, Logarithms and their Applications

7 Properties of the curve of The power function

8 The domain of the function = R b the range R’

€ The function is increasing on its domain for each a > | and called the function of the
exponential growth.

d  The function is decreasing on its domain for each 0 < a <1 and called the function of
the exponential decay.

8 Exponential growth: The function f where fix) = a(l - g)n can be used to represent the
exponential growth by a constant percentage in equal periods of time where n is the period
of time, a is the initial value and g is the percentage of growth in one period of time

9 Exponential decay: The function f where fix) = a(l - g)n can be used to represent the
exponential decay by a constant percentage in equal periods of time where t is the period of
time, a is the initial value and g is the percentage of decay in one period of time.

10 Logarithmic function

8 ifae R*-{1}, then the function y = Jog xis an inverse function to the power function y = a*
b a"=c, thenb=Jog ¢ (converting from the ca:pnncmial form into the loganthmic form and vice versa).

€ The common Ioi.:urilhm is loganithm whose base is 10 {notice that log = log 5)
5 10
11 Properties of the logarithmic function
@ The domain of the function =R* b The range =R

€ The function y = Jog x is increasing for each a > | and decreasing for each 0 < a <|
a

12 Properties of logarithms :ifae R* - {1}

8 log a=| b log a=zero € log x=mlog x where x > zero
a a a a

d log x+log y=log xywherex yv> zero
a i 0

® log x-log y=log = wherex,y > zero
¥
a a a.

log x

log x= where x > zero ,a,be R' - {1}

a log a
b
9 log xxlog a=l
a )

. General Exercises

For more exercises please visit the website of the Ministry of Education.
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Accumulative Test

@ Accumulative Test @

{1) Determine the domain of each of the following functions:

& fi)y=vx-2 b fix)= ";2 € glx)=log (x-2)
1

(2) Graph the curve of each of the following, then determine the range, investing the monotony
of the function and its type whether it is even or odd.

a8 fix)y=(x-2)7 b fix)=3x-1
€ gx)=2-Iu d E(x)=1-logx
2
(3) Reduce:
y— H 1
s i thl b (125) < (81)% = (15)"
T Va s
{4) Find the value of each of the following (without using the calculator).
a (l(;)j b ¥a7:? e (3P x9x(y15)"™
1 log L . log 243
d Logs+logy ° 03927 f 3|o%5 Iog} ads
(5. Find the solution set for each of the following equations in R:
8 k-2=5 b 3"33-;—
el x4=-L d logx=log3 + log 10

(6) Use the calculator to find:
8 the value of x which satisfies 3* 2 = 25 rounding the sum to the nearest two decimals,
b the value of -;-;;;;

(7) Which of the following functions represents a growth function and which represents a decay one:
a y=3(1.05) b y=102.1)""
€ y=04(3) d y=02(3)"'"

Kamal Fathalla Khedr Sons Student book - first term -E-
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calculus is one of the modern branches of mathematics concerning with the
studying of limits, continuity, differentation, integration and the infinte series. It is the
science used to study the variation in the functions and their factorization,

Calculus deals with numerous geometrical life application, trade and different science. Calculus is
basically used to study the behaviour of the function and the change in it and to solve the problems which
algebra and other sciences cannot deal with.

|@r Unit objectives

By the end of this unit, the student should be able to:

Identify an introduction about limits.

Identify some unspecified quantities like:

9_, X w.0, Oxm®
0 o>

Determine a method to find the limit
of a function, by direct substitution,
factorization, long division, and multiply
by conjugates:

Find the limit of a function using the rule

lin‘ '!.-an-_-nan'
x-a X-A

84

Conclude the limit of a function using
lim X*-a" _ n jom

- .‘m' am m

Find the limit of a function at the infinity

algebraically and graphically.

the rule:

Use the graphic calculators to check the
limit of the function and the value of the
limit.

Identify various applications on the basic
concepts of the function limits.



t Key terms

/¢ Unspecified Quantity direct Substitution Limit of a Function at Infinity
/% Undefined © Conjugate
Limit of a Function :  Polynomial Function
,‘

!

t Unit planning guide

!

|
l

| limit of a

| function

lI

‘1 introduction to Finding the limit of a Finding the limitof a

\ limits function at a point function at infinity
: direct  factorization long division

multiplying by

the conjugate Y _'
lim X -2 _pan!
t Unit Lessons

x+a *-08

lesson (31 1 Introduction to limits

lesson (321 Finding the limit of a function algebraically
| lesson (3 :

lesson (3-3): Limit of a function at infinity.

‘l Materials

Scientific calculator - Computer - Graphical programs for PC

mssm



UnitThree

Introductionttolllrmiuts of:
Euncetions

You will learn [l

» Unspecified quantities
» Limét of a function at &
point.

Key terms "
» Unspecified quantity
» Undefined

» Value of a function
+ Limit of a function

Mltrhls-

+ Scientific calculator.

» Graphical programs for
computer

mstm

The concept of the function limit at a point is one of the basic concepts in
calculus. This concept basicly depends on the behavior of the function at
all of its definition points. To study such a behavior, we should identify
the types of quantities in the set of real number.

@ TR Sou v
Find the sum of the following operation, if possible: o

N\ o\
>l<3~5 >2< 28+ 4 = is a symbol
3)4-9 47:0 that indicates
500 (6) = +3 an unspecified
(2 @+ 1y quantity greater
s ~ than any real
number that can
Unspecified Quantities be imagined.
(g Learn

In Think and discuss above ,we found that some sums of the
operations are identified completely such as 1, 2, 3 while others can't be
identified such as other operation.

Notice: 7 + 0 is undefined where the division by zero does not make a
sense.

Now, you can't determine the sum of the operation 0 + 0 where there are
an infinite numbers of numbers if multiplied by zero, then the product
will be zero, Therefore, —g— is unspecified quantity:

% , @ - % and 0 = % are from the unspecified quantities. (why?)

0 Add o your Infermation

Mathematical operations are performed on the set of real numbers
and the two symbols > and -> as follows:

]l m+g=x 2 .wsg=.>
3 L:L:o 4 wxag= -®, if a<0
®© . o, if a>0

S wxge]-®. if a>0
® if a<0

General mathematics book - Arts Section - second secondary grade



Introduction to Limits of Functions 3 - 1

@esampie

(1) Find the sums of the following operations (if possible):

8 44 b 3. c 0:+3 d -5:0

e x4 f 0:0 g S5«= h .6x-
> Solution

a = b .= c 0 d  undefined

e 0 T unspecified quantity @ o h =
ﬂ?ryto.oho
(l) Find the sums of the following operations (if possible):

a 0:(-2) b 7:0 € 9:w d =0

@ (-7)xoe f (-=)+12 g %+ h e

The limit of function at a point :

T acuviy

In the following figure: the graphical line of the function f defined in R according to the rule
fix)=2x+ 1. Complete the following tables , then answer the following questions:

TN TR 1

2.1 5.2 1.9 | 48
2,01 5,02 1.99 4.98
2,001 5.002 1,999 4998
2.0001 5.0002 1.9999 14,9998
) ) !
2 5 2 , 5
x>2 x<2
X gets near to 2 in the x gets near to 2 in the left
right direction direction

#  What is the value which f (x) gets near to when x gets near to 2 in the right direction?
#  What is the value which f (x) gets near to when x gets near to 2 in the left direction?

When x gets near to the number (2) from right and left, fix) gets near to the number (5). We

express that mathematically as follows: 'i""z Rx+1)=5
X e

Kamal Fathalla Khedr Sons Student book - first term - §, -
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Unit Three: Limits

If the value of the function f gets near to a unique value L when x gets near
to a form left side and right side, then the limit of flx) equals L. It is written

symbolically as: :-"': fix)y=L

and read as: Limit of fix) when x gets near to a equals L

(7 Example

21 f(x)= JJ ; . study the values of f(x) when x gets near to 2.
b

O» Solution
BT 2z T

21 4l 19 19
2000 | 401 19 | 3%
2001 4,001 1,999 3,999
| T [

i J. ‘

2 4 2 | 4

x>2 x<2

From the graph and data shown in the table above, we find that flx) — 4 when x — 2
lim -4
=4

from the right and left directions T W

Notice:

1= The hole in the graph illustrates a case of unspecified cases of % when x = 2 (i.e. the
function is undefined when x =

2~ The presence of a limit to the function when x — 2 does not necessarily mean the
function is defined when x = 2.

ﬂ Try to solve
(2) If fix) = -2{—;‘— , then study the values of fix) when x gets nearto (- 1)

(7 Example

'3) Findthe lim f{x) in each of the following figures:

X3

Y

3

2

y ; 1234
12345

fig(l) fig (2) fig (3)

-w- __(i-cncral mathematics book - Arts STc;ion - second secondary grade
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Introduction to Limits of Functions

> Solution
Fig(l) lim fx)=1
X3

Fig(2) lim fix)=1 (Notice that the function is not defined when x = 3)

Xx-*3

Fig (3) lim fix) is not existed

X3
ﬂ Try to solve
(3) Find the lim f{x) in each of the following figures:

Xl

Y
2 10%71 3 x
- o" X

-5

¥
Fig(l) Fig(2) Fig (3)

From previous examples, we conclude that:

The presence of a limit to the function when x — a does not necessarily mean the function is
defined when x = a and vice versa if the function is defined when x = a, that does not necessarily
mean the function has a limit when x = a.

Verbal expression: express by your manner the difference between the value of a function at
a point and limit of that function at the same point.

@ Exercises (3 - 1) @

First: exercises on finding the limit graphically: 'f
(1) From the graph, find:

a lim fix)
x-.0 74%1
2 2

-

b £0 "
f0) _2
v
o 2 yi.o: g y s
2, From the opposite graph, find the following if possible: 3 ——
- 2 +
a lim fix)
X3 = ' ? X
b f3) S20 723456
<2

Kamal Fathalla Khedr Sons Student book - first term -E-
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Unit Three: Limits

3] From the opposite graph, find:

a lim fix)
X =» '2

b fi-2)

c lim ﬂ_t)

X

d fi0)

{4 The opposite graph illustrates the function fix) = 2 -
Find:

a lim (2-2%)
x-0

b fi0)

>

(5) The opposite graph illustrates the function fix) = :‘;
Find:
a lim fix)
X—ee2
b A-2)

(6, From the opposite graph, find:

a f(0) b lil(r)n f(x)
Xos

€ f(2) d 'imz f(x)
-r—’

3
N\
2 T T T
-2
4
fix)=2-x2
f(0)

1
3
-4
-5
ﬂ-") — x4
x+2
Jx)

-W- General mathematics book - Arts Section - second secondary grade
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Introduction to Limits of Functions

Second: Finding the limit of a function algebraically:

(7)) Complete the following table and conclude lim fix) where filx) =5 x +4

-t'.
19 199 | 1999 | — 2 — 2001 201 2.1
—_— ? — l
(8) Complete the following table and conclude lim (3x+ 1)
Xl
-09  -099 -0999 — | -1 e |-1001 -101 | -1L1
| |—] = |
{9) Complete the following table and conclude lim ‘: - l'
.\'-—4" >
-09 -099 0999 | -1 “— | 1001 -101 | -1l
| e R

Q@ Complete the following table and conclude lim .';‘;'.i

X2

|.999l—o 2 | — 2001 | 200 | 21

!
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EunctiontAlgebraically

You il lidin . In this lesson, we are going to identify some methods and theories to
» Limit of a polynomial help us calculate the limit of a function at a point directly without a need
function. for establishing tables and find the limit numerically or graph the curve

» Some theories of limits. to find the limit graphically.

» Using long division in
finding the value of the @9 Activity

function limit. 5
Iffi(x)=x"+1and fi(x) =2 x+ 3, find:

» Using theory of: J .
lim £oa” w pa 1- f,(1)and ‘lm: /,(x) (what do you notice?)
2~ fy(0)and lim f(x) (what do you notice?)

X

Key terms B9 | L83 “oarn

» Limvt of a function

» Polynoméal fu
Fo—- Limit of a Polynomial Function
» direct substitution
S it B
» conjugate » If fix)isa polynomial function and a € R
then: lim fix) = fla)
X-wa
Q Example
(1) Find the limit for each of the following functions:
a lim (2-3x+5) b lim (4
X —02 X —43
Matrials [ © sotution
Scientific calculators. a lim (2-3x+5)
Graohi fo X2
s =4-6+5=3 (direct substitution)
Computer

b lim (4)=-4 notice that flx) = -4 is constant for all the
X3 values of x € R

ﬂ Try to solve
{1) Find the limit for each of the following functions:

a lim (2¢-5) b lim (3r+«x-4)

| - e

-ﬁ-- General mathematics book - Arts Section - second secondary grade
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Finding the Limit of a Function Algebraically

lim flx)=L lim X(x)=m
then: X-a X4
1- lim Kfix)y=K.L where Kk « R 2- lim |fix) £ X()|=/tm
X-.a X2
3- lim fix). X(x)=LM 4- lim S0 L 5y 0
X8 x.a X() M
5- lim (fix)"=L" where 1" ¢ R
Xl
Qmm
(2) Find each of the following limits:
a i dx+7 b lim fanx
.t.i'-nl Te2u-5 x_':; X
o Solution lim (3x s 7)
a li v+ 7 Xoo-l I x| +7 =i LZ
h“.“. Pi2-5  lim (x +2¢-5) T 2cn-s 63
X 0’|
Iim "
X ,,s X lim X } "
X-g
a Try to solve
(2) Calculate the following limits:
a flim -3 b lim xCosx
x2 2x+1 X"
» I fix) = X(x) xeR-{a}
and lim X(x)=/ then lim fx)=/
X X2
@yexampie
(3) Find: fim X!
P | x-1 ﬂ.‘) Y
O Solution . 5
We notice that fix) = £ -" is unspecified when x = | ‘;
by factorizing and dividing by similar non-zero factors, then 2
f(x) can be written as: 5 ola
TP ERE LS

Kamal Fathalla Khedr Sons

Student book - first term -35-
e



Unit Three: Limits

yu sz 1) .jJO_"Ql X(x)

Ax)=

(1 5
R
= k(x) 2
So far, we find that fix) = k(x) foreach x# | B
Since x“-ml k(x) =3 (polynomial) EEEREM
According to the previous theory, we conclude that lim fix) =3
x-1
*. him -1 =3
X o ' x-1
ﬂ Try to solve
3) Find: lim X *8
3 X2 x+2
Q Example Guide to solve o
(4) Find: in the l.q
lim X -2c+1 operation:
| erx-2 (1) order all terms of
' the dividend and the
> Solution divisor  ascendingly
We notice that the function of the numerator f(x) = 0 by substituting  °F ‘“::‘w.&

x = | and the function of the denominator Q(x) = 0 by substituting x = Q@) Divide  the
| . This means that the factor (x - 1) is common in both the numerator  first expression of
and the denominator. Due to the difficulty of factorizing the functionof ~ dividend by the first
the numerator into one of its factors (x - 1), we use the long division in Svioer aud o e
order to find the other factor of the expression x* - 2% + | as follows:  (3) Multiply

x-1 2. 28 +1 subtract the product
Peox-l 2. a2 from the divisor to
B 33 + | get the remainder.
= XX same  way till
0-x+1 terminate the
e division operation.
Zero
Therefore:
lim (x-DGF-x-1) = lim x2-x-1 o |
2l (x-1)(x+2) 2wl x+2 3
ﬂTryto.oNo
/‘\ a lim - -5c+6 b lim O-10x-3
s .(—02 "-2 .(—0'3 '; .2':-3

- §4 - General mathematics book - Arts Section - second secondary grade
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Finding the Limit of a Function Algebraically 3 - 2

@ examte

Using conjugate:

(5 Find the following limits:
8 lim a3 -1 b lim _X-S¢
X4 x-4 X5 X““3
> Solution

Notice that: fix) = @ is unspecified when x = 4
X~

Therefore, we search for a method to get rid of the factor (x - 4) in both the numerator and
the denominator.

: Yx-3 -1 _Jx-3+1_ ¢ x-3-1
lim - = lim
x-4 X4 Jx-3 4l x4 G-/ x-3 4D
; -4
= lim L
x4 -XET D
A I 1
= lim =
X | L .I-z

B) lim X5 _ lim o3 JXFF3
x5 Vx+4-3 x.5§ Vx+d -3 x+4 +3

e Mx-5)(Vx+4 +3) o Mx-SKyx+4 +3)

.'-05 X*4-9 .‘—05 ‘x's)
= lin; My x+d +3)=5(3+3)=30
Xoal

ﬂ?rytooolvo
(5) Find the following limits:

. vyax-1 -2 . o |

8) lim ———— b | -
.tI:nS x-3 ,T|7.t'; -2

lim X°-a" _ a0l
XA xX-a

@) exampte

l9_|l9

Y lim X-1 S L 118
®,‘_‘.T ot =x.|":‘ = =2]9x]|"*%=19
Corollaries on the theory:
1- lim M-na" - 2- lim 2 -at -_n_.n "
X0 = X XM-2® m

Kamal Fathalla Khedr Sons Student book - first term -E‘-
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Unit Three: Limits

N

.7 Find:
4 s
8 lim X*3)°-625 b lim X-32
"_‘0 - X 02 "2-4
e fim D71 d lim (&-40+32
x-0 s X2 x-2
O Solution
o) = tim 2305 _4 9,500 B)=lm £-2 _5,.23_9
x-0 » 242 528 2
) Em D1V ki
.\'--0 X
d lim G-+ G-4°-(2P°
X2 x-2 X2 -4)-(2)
=5(-2)*=80
ﬂ'rrytom
(6) Find:
‘30,
8 lim X'-625 b lim B+3) -81
X=-§ X*3 h-.0 h
3
¢ lim Yx*+1 -1
x-0 X
@ Exercises (3 - 2) @
Complete the following:
() lim (3x+ )= @) lim X1 o
X2 o] X*1
& lim XX @ im =4,
x-0 * X2 X-
Nl -0 A -8
hm lim
>/ Xeg X-1 2 \&/ x.2 X2 >
) lim X2 {8) lim x-16 _
x-] *-1 x2 x-2
N e -32 N\ -1 s
lim lim
e W R o

-w- Ecncrnl_ m:;t-i-xémail-cs i)c;ok - AnsSccuon - scconci scc-ondury grm:-lc
E—S



4N & x2-x-2
I s
‘!y x._l.nz 2x-4

Choose the right answer:
LN tim X2-1
13 him —

x-0
a0
c 2

equals:

34 lim
X -l
a |

2o .
— equals:

2¢-8
x-2

43 lim equals:

X2
a 2
€6

lim Sinx equals:
X

fai\
L %

X4
a |
2
c
a

67) lim 10X equals:
X

X%
a

H e el

Finding the Limit of a Function Algebraically 3 - 2

d  has no limit

. 1

has no limit

d  has no limit

Find the value for each of the following limits (if found)

a8 lim (2 -3x+2)
X—¢3

40 "™ (2c-Sinx
X X

-

2
— S x+1
22) lim 0

X--1

i@ lim _£+4
x4 x-4

49 tim 2!
X—c'z X°3

QD lim Cos 2x
Xz =X

D lim 9-X_
6;' 1.9 x*-81

@ lim -1

X--1 Xiox

Kam;l Fathalla Khedr Sons
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Unit Three: Limits

L
9 lim 3% D lim x-25¢
x-4 x-4 x5 x-5
é@ lim _"J""z éq) lim _5‘(':'5
L | x+1 [ e | 33"3
N g ‘rs b N lim 2.!"- -3
lim j_.l‘ Urd 2X-X-J
5(; el X -4 ﬁl ] 4° 9
N 2% -x-6 N lim 2% +5x-3
m == Iim
5; X2 X-x-2 5; r.3 X+x-6
N o (20- 101 N fim X+1P-1
lim | ——
3& x.-.O Sx 55’ x'-'.“o *
D ki 2 3x+4 A lim - +2%-2
im (.. 2228 7 lim -t t&t-&
5&1_'1(“' et <3 ey ey
38 lim X +a2-2 39 lim -5 -x
Xl x-1 Xl +2x
40 lim Xt x-2 4D lim L£x -1
x-1 x-1 x-1 %=1
4 lim A3 o3 4D lim LT -1
X3 X’J X0 X
4D lim x216-4 ® lim =3
X0 x X3 JT 'JT
AN 1 7.1 £ ua X-16
lim X -1 7, lim
¢ xal x-1 Y o2 X-2
48 lim ©-64 49 lim X-243
x4 x-4 x<3 Xx-3
7
§0 lim X128 50 lim ;-6
.x-¢2 2"4 X—<2 '32
N lim 2+ - 128 D i 325541
Hm: &2, lim _2&X% -1
@ x4 2216 2 v 164 -1
* 4-
3; lim &+~ 1 Ss) lim 3+h"-8l
X0 X h '0 6.'
3‘; lim (x+2)y'-81
Xeol x-1

% S R T R U O R e S e
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UnitThree

In our life and practical applications, we enormously need to know the
behavior of the function fix) when x — = The following activity
shows that.

N/ Activity

Use a computer program to graph the

function f where: fix) = Landx > 0. 3

What do you notice in the curve if

the positive values of x increase to X

infinity? From the figure, we notice: -2 2. 4

» The more the values of x increase .2
and gets near to infinity, the more
the values of fx) get near to zero,
Therefore, we say that the limit of fix) equals zero when x gets
near to infinity.

e

Limit of a Function at Infinity

-4

lim & =0 {whereneR and aisaconstant}

X X*

Basic rules:

» lim ¢=c. wherecisaconstant
-‘—C:

# if nis a positive number greater than 1, then im x0 = =
I-00

Notice that the theory (2) related to the limit of addition, subtraction,
multiplication or division of two functions when x — a studied in the
previous lesson is true when x — =

K;lmi-ll F;tﬁalia Khedr Sons -ngd-cm. book -"ﬁr-st ;crm

B vou willlearn

» Limit of a function at
infinity.

» Find the limit of a func-

tion at infinity using
algebraic solution.

» Find the limit of a func-
tion at infinity using
graphical solution.

” Key terms
» Limit of a function at
infinity

» Pc graphical programs.
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Unit Three: Limits

Xoae X

lim 4-i
m ( ,;J)

X

» Then check graphically using a graphical program.

> Solution
a lim (L:3) = tim L, lim 3 8
Xx.m X Xa® &£ X ® 7
6
=0+3=3 5
lim (1.3) =3 .
SR ; B - - 3
x‘
432111234
-2
-3
b lim@4-3 )= lim 4. lim 3
X Xe® xa0 X
=4-3 hm ;‘_:4'3!():4
X
lim (4-3)=4
X0 2 X
4.3 2. 234 |
Bﬁytom
(1) Find:
a lim (3.2 b lim (2.5
X « € X X om

Qm?lo

fi Find: lim (¥} +«4x-5)

X

#2100

Ccncral- mn-t-l-wmnncs i)éok - A.nsvSoct_i-on - sccomi secondary grudc



Limit of a Function at Infinity 3 - 3

©» Solution
lim (+dx-5)= lim 23(1+4 . 3) by taking off x* a common factor.
X . xz x’
= lim P« lim (1 -i-i)-ocxl-cc
X w30 X 0 ,‘2 .l"
ﬂmu.ﬂn
(2) Find each of the following limits:
a lim (x*+7x2+2) b lim (4-3x-xY)
X% X
@exampte
(3) Find each of the following limits:
2 I 2¢v-3 b |‘ ?.rz-] c i Zr‘- 3
o DT s DS ot WTHT
©> Solution

In all cases, divide both the numerator and the denominator by x? (biggest power of the variable
xin the denominator).

lim (2-}_) [
a lim 23 o = L = 0'0-0
X 3x2.' lim (3 t;&.) 3«0
x-08
lim (_2___3_)
®) lim 28-3 , 0 % 2
X 3041 x'imx (3+_1)
20 _2
3+0 3

lim - 3.
3 m 20-3 o _s==®"0)
3 4 lim
X x--o{)w(}’}l!_)
@® =
340

We deduce from this example that: to find lim S where both

= 8gx)
fix) and g(x) are polynomial functions, then:"

# The limit gives a real number not equal zero if the degree of the numerator equals the degree
of the denominator.

# The limit equals zero if the degree of the numerator is less than the degree of the denominator.

# The limit gives(x= or - = ) if the degree of the numerator is greater than the degree of the
denominator.

Kamal Fathalla Khedr Sons Student book - first term -m-
—



Unit Three: Limits

ﬂ Try to solve
(3) Find:

8 lim 32 -3x+1 b
| . z‘

(4) Find the following limits:

3
a lim _T_.r-Z
X0 e +1
> Solution
i
a lim _‘.__.""2
X2 Wi+l

W Frammm X

x>0 ikei=x
lim X-2

X +

by dividing the numerator and the denominator by «

.En; (l--_z,b)

lim &' -5x ¢) lim &+l
Xe0 +3x -2 X 3 +x-2

B lim (x-y377.3)

X

f(,\‘
- L =\

A 23 4 5
2
&2
X)) =
fx) T |

3

1-0 _

= =
lim (1+-y 1+0
X_, x
b lim (x-y2+3)
X 00
li (J-J,(!o.‘)_(x'J;Z..‘)
= um x
X | x+yx2+¢4)
2
= Jim X-2-4
X x+yxivd
o Bt fix)y=x+yxi-a
X0 ."‘,‘!44
o x R

Sox>0 Y @2 =ld=x by dividing the numerator and the denominator by v = 2

lim -4
. lim -4 = -1 = = 0 =0
x-% 44304 lim (1+[13 1+
X000 ¥
ﬂ‘l’rytom
(4 Find the following limits:
8 lim X3 _ b lim (V32.8: -vV30)
X VQ;’#:S X Ry

m102m
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Limit of a Function at Infinity 3 - 3

@ Exercises (3 - 3)

Complete the following:
Q) tim (1+3=
- X
3) lim (-T)=
X
&) lim 2x:1
x_‘w X
. . -3
o B e
\/x-.& JJ'S

@ tim 3-L+d=
X £ x

Choose the correct answer:

ZN 1 6x
lim
Jy i e

equal:
a0 b 2

a b
|

(T

44 lim
p .-
a0 b

AN + X

el i

a .| b%

P |

Find the limit of the function at infinity

) lim 3
Wi
4o\ i ,\'2
& xf:'-':n x+3

N i 2x- 1
é; x:mw ;! sdo el

SR 27 -6
&; x.':nw (x-17

&

@ lim (A .2)=
@ X2
@ lim (2.3)=
X
N r .l""s -
&/ .r:moc e+l
@) I —2 -
rae Yx2-1
(l@ lim (sz,l -X)=
X,
¢ 3 d =
6 2 d =
c % d =
¢l d =
1
c 3 d |
47 tim (P4 52+1) 49 tim 2-2x
X X—oO0 2 +3x
A\ li 42 N li 5-6x-32
éq’ xf:nm re3 é‘/ xfn:p +x +4
P lim _X-2 O fim _2¥-1
63’ X0 3 +dx -l 6& X 4 -5x-1
D lim (7+ 2% P lim (L. _5x
ég'.r.w( ("‘3;!) é/x.:m(.hrz Zﬂ)

Kamal Fathalla Khedr Sons

Student book - first term

m103m



Unit Three: Limits

28 lim (X +W‘*; ) 39 lim __-X

xae 2+l x-% J3+02

30 lim (VA@-2x+71-2x) Q0 lim (VS dx1-7 -V 52+2+3)
- -

X
N i P D i 4.3
Bl ® Im =5
Creative thinking

A company produces post cards for a primary cost 5000 L.E and the cost of each card is half a
pound. If the total costis C = -;— x + 5000 where x is the number of the produced cards,

Find:
(l) The cost of the card when producing:
a 10000 cards b 100000 cards

{2) Find the cost of producing the card when the company produces an infinite number of cards.

| For more exercises please visit the website of the Ministry of Education.
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Limit of a Function at Infinity

& o

Use technology to find the limit of a function at a point (graphical calculator)
Use the graphical calculator to graph each of the following functions, then find the limit of each
function at the given point:

a8 fix)=x'whenx=0 b _ﬂ.t)-"l"' when x = |

X -

€ fix)= TSiT 2X whenx=0
O Solution

8 Use the graphical calculator to represent the curve of the
function fix) = x°.
From graph, lim fix)=0.
-0

b Use the calculator to represent the curve of the function @
fio(E=L)-2
x-1
From graph, lim fix)=1 (note the hole at (1, 1)
x-1

€ Use the calculator to represent the curve of the function

Sin? 2x
P ===

From the graph, lim Sin? 2¢ =4
graph i

Please visit the following links,
O o0 O
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Unit Three: Limits

Unit Summary

» Mathematical operations on the set of real numbers and the two symbols = and -2 are done
S\ 38 follows: -~ aie
\l/::wawx \zl-x‘az.w \3/.:_.-_%.m

(‘)xxa=[-w.ifa<0 B) xxa= -x ifa>0
o .ifa>0 = . ifa<0
» If the value of the function f gets near to a unique value L when x gets near to a form left and
right sides, then the limit of fix) equals L. It is written symbolically as: ljn; fix) =L and
X
read as: Limit of fix) when x gets near to a equals L

» The presence of a limit to the function when x — a does not necessarily mean the function
is defined when x = a. and vice versa if the function is defined when x = a, that does not

necessarily mean the function has a limit when x = a.

» If lim fix)y=L im Q(x) = m, then:
X Xt
AT A
g, lim kfix)=K.L where k « B 2, lim [fix) £ Qx)]=/+m
Xoaih X2
AT ] % u ) ! .
3, lim fix).Qx)=LM a) lim [0 _ 1 ifm#£0
ad x*aﬂ - Y oyea QO m
(s) lim (fix))"=/M where /"¢ B

Xk
# limit of the function at infinity.

G) tim L=o (2) lim & =0 {where n €R+ and a is a constant}
Xa® X X-e X®

(3) lim ¢=c, wherecisaconstant if n is a positive integer, then "™ y"=
x_.x .‘*w

» Tofind lim -A% where both fix) and g(x) are polynomial functions, then:

X 5V
(1) The limit gives a real number not equal zero if the degree of the numerator equals the degree

of the denominator.

(2) The limit equals zero if the degree of the numerator is less than the degree of the denominator..

(3: The limit gives(= or - = ) if the degree of the numerator is greater than the degree of the
denominator.

# 10 do a long division operation, we should consider the following:

(l) Order all expressions of the dividend and the divisor ascendingly and descendingly in the
same way.

(2: Divide the first expression of dividend by the first expression of the divisor and quotient is
written.

30 Multiply quotient by the adivisor and subtract the product from the divisor to get the remainder.

(4) Continue the same way till terminate the division operation.

-m- General mathematics book - Arts Section - second secondary grade
E—



Cumulative Exam

B i B

(1) Place each fraction from the following algebraic fraction in the simplest form :

a X b _x+1 e _X-25 d _x+3
2-x +2x+ | (x-5) X -9x
2) = 1 - 2." = 4‘2’41' 9 .
2, Isk(x) =k, (x),if k, (x) T238 K, (x) m.Explam.

k= k= x_3|_ . find k(x) = k (x) + k,(x) and show the domain of k

(4) Find the simplest from of the function f where fix) = = : i ! : and show its domain.

(s) Find the simplest form of the function g where g(x) = ’:1 L4 ‘3‘ 5_ and show its domain .
X

(6) Write the symbolic expression for the following mathematical phrase:
If f(x) gets near to L (L € R) when x gets near to a, then L is defined as a limit of fix) when
X gets near 1o a.

&) I fix) = ": "' . study the values of fix) when x gets near to 1.

<
{8) If the function f where fix) { . whah 5. 4
x+2 whenxy <2
Graph the curve of this function , then investigate the presence of lim  fix)
X

(9) Give numerical examples to show the following:
@ Existence of limit of the function when x — | it does not necessarily mean that the
function is defined at x = |.
b If the function is defined at x = | it does not necessarily mean that there is an existence
to the limit of the function .

30) From the opposite figure, find : fio
a fi0o) b lim fix) 4
x.0 3
¢ fi-2) d lim fix)
X2 1
- > X
41 Find the following limits, if found: 4321412
& lim _7X b lim 32 ¢ lim d lim (Xr1-x,
.00 2X+5 .00 3-X x.0 X 20 X
o lim x-35x:6 {) tim YX*32
x-2 x-2 x.l x-
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Trigonometry ( a latin term ) is generally one of the mathematics branches and of geometry particulary where there
is a rclation among the side lengths of the triangle and the measurements of its angles in the form of trigonometrical
functions( sine function , cosine function, tan function, ...) . Ancient Egyptians had been the first to practically use
the rules of trigonometry. They had used these rules 1o build their pyramids and temples. Our knowledge abouwt
trigonometry is related 10 Greek who had originated the rules and theories. Beroni had produced a proof 1o the area
of the triangle in terms of its side lengths. Western civilization had known Euclidean geometry via Arabs, Arab
people had a long history in trigonometry. They hid used the six trigonometric ratios where Altabani had discovered

B,

R, R
ntroduction

the special relation of the spherical right-angled triangle and the rule of finding the rule of sunrise

Trigonometry has a lot of life applications in calculating distances and angles used in constructing the buildings,
play grounds, roads and industry of engines and electrical and mechanical appliances. Furthermore, Trigonometry is

usext to calculate geographical and astronomical distances and the exploratory systems of satellites.

Unit objectives

By the end of this unit, student should be able to:
@ Identify the sine rule of any triangle that

states in any triangle the side lengths are
proportional to the sine of the opposite
angles.

Use the sine rule to find the side lengths of any
triangle,

Use the sine rule to find the measurements
of the angles of any triangle.

Deduce the relation between the sine rule
of any triangle and radius length of its
circumcircle

Deduce the cosine rule of any triangle.

Use the cosine rule to find the unknown side
length in the triangle.

@ Use the cosine rule to find the unknown
measurement of an angle in the triangle,

@ Use sine and cosine rules of any triangle to
solve this tnangle:

@ Use the calculator to solve various exercises
and activities on sine and cosine rules of any
triangle,

General mathematics - Arts section -Second secondary



‘ Key terms

Trigonometry Right angle Smallest angle

Sine rule Shortest side Largest angle

Cosine rule - Longest side The arca of the triangle

Acute angle Missing length The side lengthes of a Triangle
Obtuse angle UnKnown angle Opposite angle

-@ Unit lessons i Materials

Lesson (4-1): Sine rule Rclentific calculator

Lesson (4-2): Cosine rule

m
% » s Unit planning guide

Cosine rule Sine rule
Geometric e Geometric .
and dally e of an unknown and daily life of an unknown .
application side length lengthina
angleina  , 5 triangle angleina triangle
triangle
Solving the triangle generally
" o If given lengths of two sides if given the
" . and the measurement of the measurements of two
slda ongths angle included angles and a side length

Kamal Fathalla Khedr Sons o ——— e



nit 4

SIE [E

B vou will learn

* The sne rule of any Sangle,

¥ Uing the sine rude 50 1o the
triangle,

» Modetng and sclving math
ematical and ¥e problems wiing
B une rule,

* The relation between the sine
nde of any trangle, the adius
length of the cvcumcircle of thes
wlangle and sobving problenms
onn,

ﬂmm
b Sine e
» Acte Angle
» Ottuse Angle
* Right Angle

5| ¥

Q. Preface

You have learmned how to solve the right-angled triangle. Now you
are going to deal with triangles that don't have right angles to learn
how to find the side lengths and the measurements of the angles of
such triangles. You already know that each triangle is made up of sex
elements- three sides and three angles. If any three elements are given-
a side length is to be involved at least, you can find the other three
elements by using the sine and cosine rules. Here , we can say that we
can solve the triangle.

£ Learn

The sine rule
The following figures represents three type of triangles.
Acute-angled Obtuse - angled Right- angled
D 2>
L\
B
D
ST
Figure (1) Figure (2) Figure (3)
m(ZA)=m(ZD) m(LA)=180"-m(LD) m(ZA) =90’

In figure (1) where A ABC is an acute-angled triangle sin A = sin Ds%
Similarly, we can deduce that: sin B =-£—andsinC=-29r-
In figure (2) where A ABC is an obtuse-angled triangle at A

Notice: sin A = sin (180° - D) =sin D Q“

sin (180° - D) =sin D]

g 2 : 2 a, b, ¢ are symbols

st-F % smA-Z ::ibm

Similarly, we can deduce that : BC,AC, AB in AABC
respectively.

. _ b : C
smB-E and snnC:3

«Check It with your teachers

General mathematics - Arts section -Second secondary



Sine rule

Now: try to prove the same previous relation in A ABC which is right - angled at A.
In general The sine rule in A ABC states that:

Self learning
Prove the sine rule in different ways
Use the sine rule to find the side lengths of any triangle.:
P Sxomele
@ In the triangle ABC, If m (L A) =75", m(.ZB)= 34" and a = 10.2 cm, Find each of b and ¢
to the nearest integer

O Solution
(A s m(ZB) s m( 2 C) = 180"
Sl 2 C) = 180" - (75° + 34%)
=71°
K
Use the sine rule to find b and ¢ anieaon
R Ty o M B 6
sin A sin!{ sin C T sin75°  sin34"  sinT1®
b-ﬁ%%&zﬁm Use the calculator
sin
(15 (00 (.5 (27 (=) (sim) (37 C47) Gm) (0 (#) (sim) (77 (8 Gm) (0 (=)
cs%:l&m Use the calculator
n
MOOC@OEE@DOEOVEmME=O®
B‘l’qboﬂn

(1) In the triangle ABC, if m(.2 C) = 61°, m(.Z B) = 71" and b = 91cm, find each of a and c.

Finding the length of the longest side in the triangle

The longest side of

a triangle is the side

’ Example opposite to the largest

@ Find the length of the longest side in the triangle ABC in whichm 0 :‘v-lu angle

(£ZA)=49" 11" m(2B)=76" 17" and ¢ = 11.22cm to the nearest  jn a triangle is the

two decimals . angle opposite to the
shortest side.

Kamal Fathalla Khedr Sons Student book - first term -1 1 1 N



Unit 4: Trigonometry

©> Solution
T m(ZC)=180" - m(ZA)+m(2B) |
=180 (49" 11'+ 76" 17" ) =54" 32
The longest side is opposite to angle B. i.e, the required is to find b.

RPER g Sy b =__ 1122
simB sinC sin I7776°  sin 32' 547
~.b= “'23“:;'"3 ;; 76" ~ 13.38cm
ﬂﬂy to solve

(2} Find the length of the shortest side in the triangle ABC in which m(Z A) =43", m(Z B) = 65°
and ¢ = 8,4 ¢cm, 10 the nearest decimal.

Solving the triangle using the sine rule

Solving the triangle means that we find the measurements of its unknown elements if three
elements of the six elements are known in a condition that one of those known elements istobe a
side length at least because the triangle can not be solved if the measurements of its three angles
are known only. The sine rule enables us to solve the triangle if the measurements of two angles
and a side length are known (given).

Solving the triangle if the measurements of two angles and a side length are given
(known):
Note: To solve the triangle ABC if the mesurements of both angles B and C and the length of a
are known, we follow the next steps:

1= We use the relation m(~ A) + m(.Z B) + m(2C) = 180" to find m(~ A)

2- We use the sine rule: =_% ofindb A
sin B

3- We use the sine rule: - =€ __tofind ¢
sinA sinC

The following examples illustrate that:
o Example c "
a
6) Solve the triangle ABC in which m(.Z A) = 36°, m(.. B) = 48" and a = 8 cm to the nearest
three decimals.

O Solution

Find m(.2- C) from the relation :
m(2C) = 180" - (36" + 48") = 96’

We find b using the sine rule as follows:

Bo. U e BV D
"sinA sinB "Tsin 36"  sin48°
b= 8xsind8” . b~ 10,115em
sin 36
Use the calculator as follows : (8. () i) (30 (87 () Gin) (30 60 (0
-11 - General mathematics - Arts section -Second secondary
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U .8 __c

" SinA  sinC ""sin36"  sin96

c=8Xs0% _ 13.535cm
sin 36

Use the calculator as follows : (8 ) (x(sin) (9 )06+ (sin (306 ) =)
ﬂfryu solve
(3) Solve the triangle XYZ in which Y = 107.2cm, m(~ X) = 33" 16'and m(/ Z) = 44" |9

Geometrical applications

The relation between the sine rule and the radius length of the circumcircle of this

triangle.
You have previously learned that: —2_ = b _=_€ _ =2rwhereristhe radius length of the

circumcircle of this triangle. sinA  sinB  sinC
(D Example

@ ABC is a triangle in which a = 15cm, m(.Z A) = 60" and m(.~ B) = 45" . Find C and the
radius length of circumcircle of the triangle ABC, to the nearest integer.

©» Solution
We find m(.~ C) as follows: A
m(ZC)= 180" - |60" + 457
= |80° - 105° = 75"
We use the sine rule to find ¢:

i & 8 TR - AN
sinC  sinA sin75"  sin60" ,
. L]
ca3Zs0l3 g0y > b=? o
sin 60

To find the radius length of the circumcircle of triangle ABC, we use the relation:

I S F Sy b B 26 %sin60° = 15
sin A sin 60
.f=—i7
2 sin 60

MHEIOTODEmEO@OO0E

B Try to solve
(a) ABC is a triangle in which m(.~ A) = 64" 23', m(.” B) = 72° 23" and ¢ = 18 cm. Find each
of a, b and the radius length of the circumcircle of triangle ABC.

= 9¢m
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Unit 4: Ingonometry

9 Example 4<<HO

(5) ABC is a triangle inscribed in circle M with radius length 100 cm. m"“l‘“m'
If AB = AC = 182 cm, find: angle = 5 porduct

@ Length of BC to the nearest decimal. :::‘“x::

b The area of the triangle ABC to the nearest square centimetre., subtnded angle.
> Solution
We find m(~ B) as follows:

In AABC:
AC

sin B

182
sin B
S.mi2B)=65" 300 19"

=2r (sine rule)

=200 sins=%=o.9|

(m(~ B) = m(.~ C) because A ABC is an isosceles triangle and both are acute angles)
We find m(.~ A)

m(ZA)= 180" -2« (65" 30'19") =~ 48" 59 22"

We find the length of BC using the sine rule as follows:

: BC 182 . BCo 182xsind8' 5922 _ o000
" ond8 59 22"  sin65 30 19" e v T T e

(1) (8)(2) (%) (sin) Ca) (87 (e ) (87090 (o) (2702) () (O[3
(sin) (605 ) G (3700 G ) (109 o) (0 ()
The area of the triangle ABC = § AB » AC sin A

=1 %182 « 182 5in 48" 59 22" = 12497 cm?

ﬂ Try to solve
(5) ABC is a triangle inscribed in a circle with radius length 8.4 cm. If AB= AC = 10.3 ¢cm, Find:
8 The length of the base BC b The area of the triangle ABC

Daily life applications on the sine rule
The sine rule can be used to solve many applications. It could be done by drawing a triangle ,

then solving that triangle to find the required data .
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(6) Sports; the opposite figure Ll

A
represents three players n
from a football team during
a match. Find the distance T E
between the second player The area of
and the third player to the ABCD = 2A(AABC)
nearest feet. - and the area of
v -1 1aB :c sin BAC
m(~ B) = 180" - (70" + 47"y =63" 00 s
The distance between the second player and the third player is a.
TEERey - =92¥sin47'~.7
Then Snd7  sn63 o sm6y b et
Use the calculator: (9027 (x) (sin) (47 (7 (0 (+) (sin) (6 (3700 (=)
The distance between the second player and the third player is approximately 76 feet
ﬂ Try to solve
(6) Find the distance between the first player and the second player to the nearest feet.
0 Example

(7) Geography: In the following figure, there are three
geographical positions forming a triangle. If the distance
between position A and position B is 236 km, the
measurement of the angle at position B is 72" and the
measurement of the angle at position A is 51°, Find:

@ The distance between position C and position B. to the nearest integer
b The area of land which positions A , B and C represent its vertices to the nearest square
meter.

> Solution

8 Wefindm(ZC)in AABC: m(ZC)=180"-(51"+72")=57"
We use the sine rule to find the length of BC :

”L:i(sﬁmnﬂe) \J BC = 236

T sinA sinC ""snS1"  sinS57°

then BC = 236 25in 51" _ 218 6871~ 219 meters
sin 57°

b We find the surface area of the triangle ABC in terms of a, b and m(.~ B).
*." The area of the triangle ABC-%acsinB

= % % 218.6871 % 236 = sin 72° ~ 24542 m2.
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Unit 4: Trigonometry

ﬂ Try to solve
(7 In the opposite figure, there are three geographical
positions forming a triangle. If the distance between
position X and position Y is 9 km, the measurement
of the angle at position X is 40° and the measurement
of the angle at position Z is 105°, Find :
@ The distance between position X and position Z.

b The area of the triangle whose vertices are X, Y, Z.

Using the sine rule of any triangle to find the
measuremenls of the angles (there are two possible solutions for an unknown

@ Activity 1

Draw the triangle ABC in which b = 7 cm,
a = Scm and m(Z A) =30"
Materials:
Paper - pencil - ruler - compasses - protractor.
a8 From point A, Draw AX
b From point A, use the protractor to draw a 30°
angle with AX then draw AC of length 7 cm.
€ Place the tip of the compasses at point
C and open it for a distance of S5cm to
draw an arc intersecting AX at point B,
What do you notice?
We notice that the arc intersects AX at A
two points, Le. there are two graphs for

the triangle ABC- one of them is a cute
- angled triangle and the other is an obtuse angled triangle.

\

P2y

-~

=
<‘
=
P2
A

d  Compare the height of triangle (Z) drawn from point C L AX and the length of BC . What
do you notice?

P LI
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Sine rule 4 - 1

Wenoticethat: z=35cm  BC=5cmand AC=Tcmile. z<a<b

@  Can you use the sine rule to find the measurements of the angles of the previous triangle?
Explain. We investigate the possibility of solving the triangle ABC as follows:
We find the shortest dimension drawn from C on AB ,letitz. z=bsinA
ic. z=7sin30=3cm
Where /- B is an acute angle and z < a < b, there are two values for angle B; one of them is
an acute angle and the other is the complementary angle to it. We use the sine rule as follows:
B "k ' g " mae Uen sinB=lX230 =07
Therefore m(.~ B) = 44" 25' 37"
As a result, the other angle is (obtuse) = 180" - 44" 25" 37" = 135" 34' 23"
LMN is a triangle in which £ = 12 ¢m , m = 15 cm and m(.~ L) 40°. Prove that the angle M has
two values , then find them.

Use the Calculator to solve exercises and activities on the sine rule.

@ Activity 2

The figure opposite represents three Egyptian
cities forming a tnangle. If the distance from
Suiz to Cairo is 8cm and the measurement of the
angle at Suiz is 30" and at Fayoum is 40°, find
the distance from Cairo to Fayoum if each | cm
in the figure represents 16,75 km in real to the
nearest km.

@ Can you find m(.~ A)?
m(<_A)= 180" - (30" + 40") = 110"

OO Oe® Dvawing scale =
@ o ot

b How can you find the real distance from Suiz to Cairo? % o
Length in m:lity = length in draw + drawing scale Bt ke doad
A8I8+m-|34km. = length in reality «
@O MEMOCOOEO®

€ How can you find the real distance from Cairo to Fayoum 7
We use the sine rule as follows : b _o_¢

sin B sin C
Kamal Fathalla Khedr Sons Student book - first term -1 7-
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Unit 4: Trigonometry

e, — 2 = 138 ypep < 138280307 . jo4km,
sin 30" sin 40° sin 40°
(DA @) () 6 3@ TO M) Gim) @ OO
d  Can you use the accurate length in the drawing to find the distance from Cairo to Fayoum?
From the drawing of that activity, we find that : AC = 6.2 cm

Hence, the real length = 6.2 1 s2l—= = 104km.

Drill on the activity: In the activity above, use the sine rule to find the real distance from Suiz to
Fayoum, then check your answer using the measurement.

ol @ Exercises (4 - 1) @

(1) In any triangle , the side lengths are proportional to
@ ABC is an equilateral triangle whose side length is 10 y3 ¢m the diameter length of the
circumcircle of this triangle is

(3) ABC is a triangle in which m(.~ A) =60, m(./C) =40° and ¢ = 8.4 cm, then a=

cm
2N . 2b
‘ § ————n =
A4, In the triangle ABC =5 r
(5) The diameter length of the circumcircle of the acute triangle ABC is 20 cm and BC = 10cm
thenm(A)= =i,

(6) If the area of the equilateral triangle whose side lengthis6cm is
Choose the correct answer .
(7) The radius length of the circumcircle of the triangle ABC in which (.~ A) = 30"and a = [0 cm is

@ 10cm b 20cm € S5cm d 40cm
(8) If the radius length of the circumcircle of the triangle ABC is 4 cm and m(~ A) = 30", then
the length of a is

a dem b 2cm ¢ 4/3 ) -L

{9} In the triangle ABC, the expression 2r sin A is equal to
a a b b € ¢ d A(AA BC)

30 If ris the radius length of the circumcircle of the triangle XYZ , then si:Y is equal to
8 r b 2r c %r d 4r

61) The triangle LMN in which m(.~ L) = 30° and MN = 7 ¢m, then the diameter length of its
circumcircle is :

a Tcm b 3.5cm € ldcm d JJ.g_
3
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Sine rule 4 - 1

42 In the triangle XYZ, if 3sin X =4 sin Y =2sin Z, then x:y : z equal:

2'2:3:4 b 6:4:3 € 3:4:6 d 4:3:6
6@ Use the sine rule to find the value of x to the nearest tenth.
a C b B
93"
X
X
b 73 cm
’ 10 cm "
C A

Solve each triangle ABC by using the sine rule, if you know that:

GO m(LA)=75"" m(LB)=34" a=102em 35 m(ZLA)=19", m(LC)=105",c=1l.lcm
40 m(ZA) =116 m(/C)=18,a=17cm 47 m(~A)=36", m(~ B)=77",b=2.5cm
48 X(LA)=49" 11I' . m(ZB)=67" 17" ,c=11.22cm

49 X(“B)=115"4 , m(LC)=11" 17", ¢ =516.2cm

Find the diameter length of the circumcircle of the triangle ABC in each of the

following case :

20 m(~ A)=75",a=2lcm 210 m(~ B)= 50", b =9%cm
22 m(/C)=102",c = Ilem 23 m(2A)=70",a=85cm
9 Activity (24, 25; 26)

In each triangle ABC, find the measurements of the two angles B and C which
satisfy the given conditions. Draw figures to help you determine whether there are
two possible triangles or just one.

24 m(£A)=62",a=30cm, b=32cm

25 m(ZB)=48".a=93 cm, b= 125cm

26 m(ZA)=23.6",a=98cm, b= 17cm

27) In the triangle ABC, m(Z A) = 67" 22', m(~ C) = 44" 33' and b = 100 cm, find the perimeter
of the triangle ABC and its surface area.

28 Inthe triangle XYZ, If y = 68.4cm, m(~ Y) = 100" and X(.2 Z) =40" , find x and the radius
length of the circumcircle of the triangle XYZ, then find the surface area of the triangle.

29) ABC is a triangle in which m(~ A) = 22" 37", m(.~ B) = 67" 23', and its perimeter is 30 cm,
Find each of a and b to the nearest centimeter.
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Unit 4: Tngonometry

@ The perimeter of the triangle ABC is 450 cm® , m( B) = 82" and m(.Z C) = 56" .
Find the value of a.

31 ABCD is parallelogram in which AB = 18.6 cm, m(.” CAB) = 36" 22' and
m(.~ D B A)=44" 38", Find the diagonal length of 'AC and the surface area of the

parallelogram.

32 ABCD is a trapezium in which AD / BC , AD = 22.3cm, m(Z D)= 115",
m(~ACB)=32" 15" and m(.~ B) = 66, calculate the length of AC and BC.

33 ABCDE is a regular pentagon, whose side length is 18.36 cm. Find the diagonal length of AC.

@ AB and AC are two chords in a circle if their lengths are 43.5 cm and 52, 1cm and they are
drawn in two different sides of the diameter AD whose length is 100 cm, find:

a m(2BAC) b the length of BC

35 ABCD is a quadrilateral in which m(.” BCD) = 85°, m(.” CDA) = 87°, m(.~ BCA) = 36",
m(~ BDA) = 55" and C D = 100cm, find the length of BD and AC.

36 ABC is a triangle in which a = 58 ¢cm, m(.Z B) = 38" and m(Z C) = 62", find the length of
the perpendicular drawn from(A) on BC .

37) A trangle - like piece of land A B C in which a = 90 meters, m(2B) = 53°8',
m(ZA) =64 9 find the perimeter and the area of this land .

Creative thinking:

ﬁe The distance between two light houses A and B is
20 km on one line from North to South. If a ship is
located at position C where m(.~ ACB)= 33" and

m(.~ ABC) = 52°, find the distance between the
ship and each lighthouse.

light

59 Climbing.; Adel and Karim stand in front of a rocky cliff to
climb it and the distance between them is 8 meters as shown
in the opposite figure. How high is the rocky cliff to the nearest
tenth?

@0 Ahmed and Salah stand in front of a minaret and A
the distance between them is 50 meters as shown in
the opposite figure. How high is the minaret to the
nearest tenth of meter ?

C 50 meter B D
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Cosinenule

@ Think and discuss

Each of the following triangles is given the lengths of two sides ; 3om | ™ s e for oy tmangle.
# Uning the cosine nde 5o soive

and 4em. . - C e
 Modebrrg and soivieg dady Ide

& 8 a s 203 mathermatcal groblerm
3cm - wikng Coune ke,
C
4cm B s e A B 4cm A
figure (1) figure (2) figure (3)

@ From figure (1), m(.Z A) is a right angle. Find a. ..,.._,."

b What are the possible values of "a” if £ A is an acute angle (figure 2)? » Cosine nde

€ What are the possible values of "a" if .~ A is an obtuse angle e o

(figure 3)? » Cotuse snghe
'd) Can you solve the two triangles in figures (2) and (3) if (ZA)is | oo
given using the sine rule? Explain.

Cosine rule helps us solve such triangles .

Learn ¢

The cosinerule b .

In the figure opposite: CD L AB

In A BCD: A " o

(BC)? = (CD)Y? « (BD)? (Pythagoras theory) m-

(BC)® = (CD)* + (AB - AD)? Expanding the brackets
=(CD)? « (AD)* + (AB) - 2AB.AD
=(AC) + (AB)? - 2AB.AD

dabt e 2ment X e ()

Think; Find the value of b® and ¢? interms of (A2 2 (ADP + (CDP
a, b, ¢ and the measurements of the anglesof  AD =ACcos A

AABC,

» Sclertfic cakoulator
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Unit 4: Trngonometry

The cosine rule states that : in any trlangle ABC :
a’=bl+c?-2bccosA , b*=c?+a’-2cacosB
,c2=a’+b*-2abcosC

Critical thinking:

(1) Prove the cosine rule when the triangle ABC is obtuse - angled.

(2) Is the cosine rule true in case of the right - angled triangle? Explain.

@Actmtys

Log in internet or search in your school library for other proofs of the cosine rule, then discuss
with your teacher.

Finding the length of an unknown side in a triangle
’ Example

@ XYZis atriangle in which x =24.3cm, y =228 cm and m(.~ Z) = 42" , find z to the nearest
decimal.

O Solution
22 =x2+y?-2x'ycosZ
=(24.3)% + (228 -2 24.3 < 22.8 cos 42° ~ 286.87
Z=169cm
Use the calculator as follows:

@OOOEDDOO@IO@DI@D@OD
GIEGIGICO G GG W @ (=

B 7ey to solve
{10 ABC is a triangle in which a = 72.8 cm, b = 58.4 cm and m (/. C) = 64.8", find ¢ to the
nearest decimal
Finding the measurement of an angle if its three side lengths are given
You have previously learned that :
a’=b+c?-2bccosA (Cosine rule)
ie.2bccosA=b?+c?-a?
then cos A = _bi%;’_-_t_’_ (dividing by 2bc)
We can deduce that:
cos B -M and mC-M
2ca 2 ab
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Cosine rule

Using the cosine rule of any triangle to find the measurement of an unknown
angle in this triangle.

’ Example
A
@ From the opposite figure , find m(.~C) 12 cm
B
> Solution
cosC= et (cosine rule)
2ab 5cm cm
= BF+@2-U27 4y substituting) C
552 “5x8

Thoalcu:gunbouudufolovn:
O@OO@O@AOCOOEDDO©D@®DA®
(5T ) () (=) ()

We notice that the cosine of the angle is negative, so .~ C is obtuse and

m(£C) = 133" 25' 57" A
?
{2) From the opposite figure, find m(.~ A)
’ m__' B 14cm ¥

@ Find the measurement of the largest angle in the triangle LMN if it is known that / = 7.5 ¢m,
m = 12,5 cm and n = 17,5 cm, then prove that:
cos N-3/ T sinN+5=0 6
> Solution

, ) _ cos 120° = cos (180°-60°)
The largest angle is the angle opposite to the longest side, so P ¢
Z N is the largest angle in the triangle. =iy ".)z
sin 120 =sin (180° -60
; - Pemi-n? _ (757+0257-(175)2 _ |
i 2lm 2<75%125 2 -hﬂ'-g
o, cosN =-1 oo m(ZN) = 120°

OOO@OOMAOOO@O@MEOEGE@E®
OOEOOEOHOOOEOAME
(SHIFT ) (aon ) (ames) (7 (=) ()
Theleftside =cosN-3 /3 sinN+5=cos120°-3 /3sin 120"+ 5
=-4.3/7 x"Tqu = 0 = The right side.

E) ey to soive
(3) In the triangle ABC ,if a= 12cm , b= 15cm and ¢ = 18 cm, prove that m(Z C) =2 m(Z A).
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Unit 4: Tngonometry

Using the cosine rule in solving the triangle
The cosine rule allows us to solve the triangle in terms of the lengths of two sides and the
measurement of the angle included. In this case, there is only one triangle.

Solving the triangle in terms of the lengths of two sides and the
measurement of the angle included :

C
¢ Example ; <10
(4) Solve the triangle ABC in which a = llem, Solving the triangle
b= 5cm and m(.~ C) = 20° means that we
F1EM  find the unknown
©> Solution c clements. In this
v ?=a’+ b -2abcos C case, the required is
AR P 2. (€V2_ 9wl x . to find ¢, m(.~ A)
ot =(11)5 4 (5) -2 %11 =5 cos 20 and m(ZB)
¢ =¢ (11«5 -2 %11 x5Cos 20 B
=~ 6.529cm
HOO@OEO@EO@E OGO G
)@=
T pm (¢
2be To  find  the
= (57 +(6529%-(11)? ~ 0817 measurement of an
2x5x6529 angle in a triangle in
Som(2A) = 144.786° terms of the lengths
of two sides and the
m(2B) =180 - m(ZA)+m(2C) measurement of the
- 190" _ o . angle included, it
= 180" - | 144.786" + 20| b bathar milsg the
= 15.214° cosine rule instead of
s =6.529m , m(2 A) = 144" 47" 96" :Mmm
M(ZB)Z 15° 12' 50" the sine of the acute
Bm“ nde“bmalvnn
(&) Solve the triangle ABC in which a =24.6cm , ¢ = 14.2cm and positive because the
m(2B)=42" I8 sine is positive in
the first and second
quadrants. In case of
using the cosine rule,
if the angle is obtuse,
its cosine is negative.
If the angle is acute,

its cosine is positive.
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Solving the triangle in terms of the lengths of its three sides

alnamplo "
@Solvetheu'iangleABCinwhicha=6cm.b=8cmandc=lZcm. e
O Solution C
Required is to find the measurements of the three angles of the triangle, 12 om
then 8 cm
= bsct-a? _ 8P.(1206F _ 43
DA 2be 328 <12 a8
Som (ZA) =26 23' 4" A
@O@XHOIOOIDOO@DOBDM@D®
(8D GO G0 QD T (=) (30 ) () (aaes) T (=)
cA+al-b (1274687 _ 29
ot B " ZXIZx6 36
 m (£B)=36"20 10"
om (ZC)= 180" - 26" 23' 4" + 36" 20' 10"]
= 117" 16' 46"
KD vy to sotve
(5) Solve the triangle ABC in whicha = 122 cm, b= 184cm and ¢ = 21.1 cm
Writing in math ;

Suppose you know the measurements of the three angles in a triangle. Can you use the sine rule
or cosine rule to find the side length of this triangle? explain.

Geometrical applications on the cosine rule
@ Example

(6) ABC isatriangle in whicha=5cm , b=2cmand ¢ =4 cm. Bisect BC at D, then draw AD
and find m(.~C)and m(.~ CAD)

©> Solution & A .
In the triangle ABC ‘4"' )
MC-M c & - 3 #~ 8
o — A= 5em ————
= 5P+2F4P _ 13

2x85x2 20
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Unit 4: Tngonometry

Som(ZC) =49 27 30"
O@FO@@EOW@ERMM@MEOET®@DMDM
(=) (SHIFT ) (e ) (8] (o)
In the triangle ADC

(AD)? =(DC)?+«(AC)P?-2DC «AC cos C
=GP+ @723 x2c08 3027 49"
~ 3.7499

SAD = 1% em

-+ cos (2 CAD) = (ACP + (AD)* - (CD)?
2%AC xAD

= (27 +(1.94 - 257 ._ 1951
2x2%1.94

Som(ZCAD )= T78° 14" 14"

@EHTODO@O@DODOO@EE
U@ E@DEDOOE @O E 6 (& @) =

gip xamols

@ Geometry: ABCD is a quadrilateral in which AB=9cm, BC=5cm, CD =8 ¢cm, DA =

9 ¢cm and AC = 11 ecm. Prove that the figure ABCD is a cyclic
quadrilateral. mo

O Soluti A The cyelic quadrilateral is
. a figure whose four vertices
In the triangle ABC 9 cm belong to one circle
cos B= OP+SP-(11P _ 1 ¢ the figure is cyclic
2%9x5 6 D o Quadrilateral if:
In the triangle ADC 3 * There are two opposite
g OF+@F-(1F _ ) SPPRCINALY SO
= 7%9x8 6 8cm * The measurement of
Then cosD=-cos B the exterior angle at
) any vertex of its vertices
ie.m(Z D) +m(LB)= 180 equals the measurement
of the interior angle
C
Whert.:.éDandé B are two 5 cm e o the 5d)
opposite supplementary angles angle of this angle.
in the figure ABCD. * There are two equal
.. The figure ABCD is a cyclic quadrilateral . (Q.E.D) angles in measurement
and drawn on one base
E) vry to soive and on one side of it.
{60 ABCD is a quadrilateral in which AB = 2.7 cm, AC = 72 cm, * ' "":"_ ﬂ::
BC =63 cm, CD=4.5c¢m and BD = 7.2 cm. Prove that the figure WU' *

ABCD is a cyclic quadrilateral.

VSR ECY
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Cosine rule

Discussion : For cach the following triangle, write the correct formula to the sine rule or cosine
rule in order to find what is required (referred to in red). Use the given data referred to in blue only.

C A B a C
b C
A I3 B C a " A

Life applications on the cosine rule
0 Example

(8) Sportsand tourism: in the opposite figure,
a tourist likes diving in order to watch the
rare coral reefs and colorful fish. In a time
of diving, the diver looked upward with an
angle of 20°, he saw a squid of distance
3 meters. When he looked downward with
an angle of 40° | he saw a red fish of a
distance 4 meters. How far is it from the
squid to the red fish?

> Solution

It's clear from the drawing that we know the lengths of two sides in the triangle and the
measurement of the included angle. Therefore, we can use the cosine rule as follows :

a?=b'+c?-2bccosA
=(4P+(3)*-2x4x3cos60"
=13
.a=36m
i.e. the distance from the squid to the red fish is approximately 3.6 meters.
Bl vy to soive
@ Sports: Hany likes cycling. If he covers a distance of 6km from point A to point B, then

covers another distance of 7 km from point B to point C where m¢.~  ABC) =~ 79°, How far is
it from point A to point C to the nearest Km?
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@ Example

@ Sports: in a football match, the midfielder was at a distance of 20 meters from the right
wing player. As the midfielder turnd with an angle of measurement 40°, he saw the left wing
player at a distance of 16 meters. What is the distance between the two wing players? to the

nearest two decimals. — B right
> Solution ‘:::8 wing
Draw a figure to represent the problem as shown,
2 =b2+c?-2bccosA 16 meters B0 inwtin
=(16P +« (200 -2x16x20cos 40" = 12.87 meters | midfielder
The distance from the right wing to the left wing is ..‘ A
approximately 12.87 meters
E] ey to soive -
(8) Games in the bumper cars yard in an amusement s TR T ¥ -1dn
as shown in the figure. How far is it from car A B, -
:,:‘:ar B before they go(g collided? Meler, 12(0- 5"“

0 Rasmpte Measuring the distance

indirectly

(1_3 In the opposite figure, Shady wanted to measure the distance
between the two points"A” and "B” on two different sides
of a building from the location C which is at a distance of
33 meters from "A' and 48 meters from "B" as shown in the
figure. If m(.ZC) = 54°, find the distance AB to the nearest
two decimal .

©> Solution
In the triangle A B C the distance AB =¢
¢ =a’+b*-2abcosC

= (48)7 + (33)% -2 «48 <33 cos 54" = 1530.8963

¢ == 39.13 meters ,3:3,
n Try to solve \
(9. Calculations of Land survey Sanaa wanted to &. \h
measure the distance from point "A" to point B
"B* on two different sides of a lake beach. She

: P - 3 A — ,
stands at location C which is at a distance of 258 548 sasiors ‘A C
meters from point "A" and 25.5 meters from
point "B". If m( 22 C)= 78 °, find the length of AB (0 the nearest two decimal.
-1m- General mathematics - Arts section -Second secondary
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Cosine rule

@ Exercises (4 - 2) @

Complete the following:
Q) Inany triangle XYZ, 2 =y?+22 _______ cosX=Y ‘%~

(2) A triangle whose side lengths are 13, 17 and 15 cm, then the measurement of its largest angle
is

(3) A triangle whose side lengths are 5,7 cm, 7.5 cm and 4,2 cm, then the measurement of its
smallest angle is

(a) A triangle ABC in whicha = 10cm, b=6 cm and m(.~ C) =60° , then ¢ = _

G) Intriangle LMN, m? + n? - 2=

Choose the correct answer:

Qi) The measurement of the largest angle in the triangle whose side lengths are 3, 5 and 7 is

a 150" b 1207 c &0 d 30
2

@ In which triangle LMN , the expression M0 ¢ cqual to:

a sinlL b cosM € cosN d sinN
(8) In triangle XYZ, y* + 22 - x? = 2yz

a cos X b sinZ € cosZ d sinX
{9) In triangle ABC, if a: b:c=3:2:2, then cos a equals

1§ 1 1 3

a 3 b -8 c 3 d y

Use the cosine rule to find the value of x to the nearest tenth,
A | A
© D
. 20
X
’ 19 cm . C
42 g i
-
28
17 ¢cm
A 15 cm B
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Unit 4: Trngonometry

In triangle ABC if:

44 a=5, b=7and ¢ =8, prove that m( B) = 60°

35 a=3, b=5and ¢ =7, prove that m(2 C) = 120"

4 a=13, b=7andc = 13, find m(~C)

47 a=13, b=8andc =7, findm(ZA)

ﬁe a= 10, b= 17 and ¢ = 21, find the measurement of the smallest angle.
49 a=35, b=6and ¢ =7, find the measurement of the largest angle.

Q@ a=17, b= 11 and m(C) = 42", find ¢ to the nearest two decimals.

20U b=16cm, c=14cm,m(2A) =72, find a to the nearest two decimals.

22 The triangle ABC in which a = 3cm , b= 5cm and ¢ = Y19 cm, find :
a m(.~C) b area of triangle ABC

ﬁi ABC is a triangle in whicha=9cm . b= 15 cm and ¢ = 21 cm, find the measurement of the
largest angle of the triangle and prove that it satisfies the relation cos C-5/73 sin C+8=0

24) ABCD is a quadrilateral in which AB = 3 ¢cm, AC = 8 cm, BC =7 ¢m, CD = 5 ¢cm and BD =
8 ¢m, prove that the figure is a cyclic quadrilateral.

§$ ABCD is a quadrilateral in which AB = 15 ¢cm, BC =20 ¢m, CD = 16 cm, AC =25 cm and
m(~ ACD)= 36" 52', find length of AD to the nearest centimeter, then find the area of the
quadrilateral ABCD.

ﬁa ABCD is a parallelogram in which AB = 12 cm, BC = 10 cm and the diagonal length BD =
14 cm, find the diagonal length AC to the nearest centimeter.

27) ABCD is quadrilateral in which BD = 78 ¢m, CD = 96 cm, m(< BCD) = 97", m(Z ABD) =
72°, and m(~. ADB) = 43", find AB.

28 In triangle ABC, AB = 16 cm, AC = 24 cm and m(~ A) = 80", find the length of BC. If
AD bisects .~ A from inside, and intersects BC at D, find the length of AD

@ Sports: A tnangle - like race field whose side lengths are
1.2 km , 2 km and 1.8 km, find the measurement of each angle
of its angles,

@ Land survey: A triangle - like piece of land whose side lengths 2 km
are 300 m , 210 m and 140 m, use the cosine rule to find the
area of the land to the nearest square meter.

140 10m

300 m

-1m- General mathematics - Arts section -Second secondary
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Cosine rule 4 - 2

QD Sports; Kareem rides his bicycle to cover a distance
from point A to point B then to point C with speed of 28
km/h , then returns from point C to point A directly with
speed of 35 km / h. How many minutes does he take
back and forth to the nearest tenth?

Qi Writing in math_: Compare the two cases by which you can use the sine rule to solve the
triangle and with the case you can use the cosine rule,

QQWABCisatﬁangleinwhich a=5cm . b=10cm,c=7cm and

m(A) = 27.66", find m(.~ B):
Ziad's solution Kareem's solution
.o b = a ; B’#!"-b'
. — et . S
'h'""'i sin A "¢cosB = § h ‘
7 v cosB= P2 GP-007 _ 37,4
s sinB= M—'—!‘gﬁ-z 0.9488 s m(ZB) = 1118
s m(ZB) =~ 68.19"
Critical thinking
34 If the two side lengths of a triangle are (V10 +2) and (v10 -2) and the included angle = 60,
find the third side length .

QQ ABC is atriangle in whichp-a=8cm,p-b=6cm and p-c¢ =4 cm, find the measurement
of the largest angle in the triangle where 2p=a +b +c.

Q@ In triangle ABC ,if p-~a=26cm, b= 28 cm and p + a = 98 cm where 2p is the triangle
perimeter, find the side lengths of the triangle then the measurement of the smallest angle.

Qi If the ratio among the sines of the angles in a triangle is 4 : 5 : 6, find the ratio among the
cosines of these angles.

6@ In triangle XYZ, if y? = (z - x)? 4+ zx , prove that m (. Y) = 60"

L For more exercises please visit the website of the Ministry of Education.
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Unit 4: Tngonometry

m132m

Unit summary

The triangle has six elements; three sides and three angles. .

Solving the triangle means that we find its unknown elements
in terms of the given elements. In this unit, we have used the
sine and cosine rules and the scientific calculator to solve the
triangle and to solve daily life and geometrical applications.

Sine rule : in any triangle , the side lengths of the triangle
are proportional to the sines of the angles opposite to them.
Le.i tri ABC: -2 _=_b _=_cC

in any triangle = 7 oy~
# This rule can be used to solve the triangle as the

measurements of two angles and a side length are known

or given.

In any triangle ABC, :

a b C
= = =2
doA snB  smC '

» Where r is the radius length of the circumcircle of triangle ABC.

Cosine rule :
# Intriangle ABC :

# The cosine rule states that in any triangle ABC:

§ iy
a?=b*+¢c?-2bccosA  then cosA =t -0°
2 be
IR
b*=ct+a’-2bacosB  then cos B = S FeD
2ca
2
¢I=a’+b*-2abcosC  then coz&C:uz.:f:,'_':2

We can use the cosine rule for solving a triangle if known:

# Lengths of two sides and the measurement of the included angle.

R @ Enrichment Injormaion
.

Area of the triangle : | product of two adjacent
sides by the sine of the angle included.

A(AABC)=%absinC=-;-bcsinA=%casin B.

AR
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Exercices généraux

5 accumuinive vos {5

Choose the correct answer
(1) Without using the calculator, find the value of cos 120°

a .1 b 1 o) Y3 d —2_—

2 2 2 I

{2) Which of the following angles has negative sine and cosine?

a 75 b 135° € 265" d 330°
(3) If sin @ = 46, then the measurement of angle @ in degrees is:

a 27.39 b - 0.008 c 0.008 d 27.39

(4) The relation links tan E with sec E is given in the form of :
8 tan’E- I =sec’E B sec’E-l=tan’E € tan’E-sec’E=1 d tan’E+ | =sec’E

(5) Radius length of the circumcirle of triangle ABC in which m(.~A) = 60" anda= /3 cm
is:

a 2cm b V3 cm € 2/3 d '23 cm
) . e N
@ In any triangle LMN, the expression o= equals
a cosL b cosM € sinlL d sinN
) In triangle ABC, b equals
a csinB p csinC c csinB d csinC
sin C sin B H A
(8) Intriangle ABC ,if a= 12, b=28and ¢ = 20, then m(~ B) equals
a 30 b &0 ¢ 120" d |50°

Short answer questions:

{9 Without using the calculator, find each of the following :

8 cos2 A b tan 135° € sin 330° d sec"_:.

30 Find the accurate value for each of the following:

a sin (-300)° b sind5° <cos 210" € cos(-?-g-) d sin}-zlcoslzl

41 In riangle XYZ. if x = 10cm, m(~ X) = 30" and m(~ Y) =45, find y.

32) ABC is a triangle in which a=4cm , b =5 cm and ¢ = 6 cm, find the measurement of the
largest angle in the triangle then find its area.
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Unit 4: Tngonometry

43 In the figure opposite : use the given lengths in the triangle to check that: Aom
8 s5in0@-cos’@=1b tan?@+1=sec’0 ST
Long answer questions:
6@ Solve the opposite triangle . Round the side length to the nearest tenth 3 cm a
and the angle to the nearest degree.
B 12cm A J '
ﬁ M
%
z cm -

(C) (B) (A)

ﬁ§ XYZ is a triangle in which m(X) = % m(2Y) = % m(Z) and radius length of its
circumcircle is 10 em, find perimeter of the triangle XYZ.

36 Solve the triangle ABC in which a = 12 em, m(~ C) = 66" and ¢ = Scm. Round the length to

the nearest centimeter and the angle to the nearest degree.

ﬁi ABCD is a quadrilateral in which AB = 8 em, AD = 10 cm, m(A) = 82° | BC = 12cm,
and m(.Z CBD) = 68° , find the length of CD 1o the nearest centimeter..

38 History.:; The greatest pyramid is the world's
most controversial and imaginary monument. It
is considered a real civilizational leap in Egypt's
ancient history on that time, engineers had tried to
build the pyramids frontage to be in the form of
an equilateral triangle of a side length 230 meters.
Find the height of the equilateral triangle to the ‘¢
nearest meter.

&

If you cant answer these questions, you can use the next table:

7 8 9 10 11 12 13 14 15 16 17 18

PR

4

P2 IO
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Exam (1) Algebra

Answer the following questions:
Question (1): Choose the correct answer.

(l) If f : R — R where fix) = 1, then the figure which represents the function fis :

a b c d
4 3 I 4 4
1 : : | 1 : : |
® T L ") & T ‘ 1 &
S MEEE ﬁ 13 31 : '4,_:‘.}{" 23
“HrEH “HH Hs
{ A ™ w T e i
@) If5 =4 thenx=
a % b 3 c :S! d 0
(3) The range of the function fwhere fix) = ld is
a lo-"'ml b p-wl ¢ l-w.Ol d I-Q.OI
@) ffix) =5 then fi-2) =
a 2 b s c -2% d %
Question (2):

(t) If the function f where fix) = L, find the range of the function f, the two coordinates of the
symmetry point of the curve , then find the solution set of the equationf(%) =4

{2) Graph the curve of the function f where :
ﬂx).[xl when -5 < x< 2
6-x when2 <x< 8
From the graph , determine the range of the function and investigate its monotony.
Question (3):

(l) Graph the curve of the function fwhere fix) = lx - 3|, deduce the range and monotony of the
function and tell wether it is even, odd or otherwise.
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(2) Find the solution set for each in R :

a [y-31=5 b Ix-3I=0
Question (4):

{1) Find the solution set for each in R :
8 logr=log3+logl0 b 9.3x3'=0

(2) Reduce:

P 4o b log, 54 - log, 9
Question (5):
(1) Without using the calculator, find in the simplest from the value of :
| 1 1
log, 30 | Tog, 30 © iog, 30

{2) Tell whether each of the following two functions is odd or even :
a fix)=x+sinx b finy=x'-22

Exam (2) Algebra

Answer the following questions:
Question (1): Choose the correct answer.

(l) The solution set of the inequality L -1 > zero is:
a R-|-1.1] b 1. 1] € R-|-1.,1] d |-1.1]

Q) If 4 = log, x ,then the equivalent exponential form is :

a xI=4 b xi=2 e x=16 d x=8
(3) The domain of the function in the figure opposite is :
YA
a [0=| b |0=| 3
-
c [0,1] d 10,2 1
Rk MR

(d) Which of the following functions represents an increasing exponential function on its domain R:

a y=3(1.05) b)y=3(7hs)" € y=34(05" d y=(005)

Kamal Fathalla Khedr Sons Student book - first term -1 37-
OGSt



General Exams

Question (2):
(0 If fix) = lx - 31 4 Lx + 2, prove that 2) = fi-1)
(2) Use rhe curve of the function f where fix) = x? to graph the following functions:

8 f(x)=2-3 b fix)=(x+ 1)

Question (3):
(t) Find the solution set of the following equations in R :

8 log, x « log,(x + 1) =1 b 3*.31°¥=36
{2) a Find the solution set of the following equation inJk: 4" +2**' =8
b Without using the calculator , prove that: log, 8 + log, 27 = log, 27
Question (4):
(1) Find the solution set of the inequality : Idf + 1 < 2in iR

(2) Graph the function f where f(x) = % -
from the graph; find the domain and range, then investigate its monotony and tell whether it
is even , odd or otherwise.

Question (5):

(1) Graph the curve of the function f where:

x+1 l€x<2
5-x 2€xKS

From the graph, deduce the range of this function, investigate its monotony and tell whether
itis even, odd or otherwise.

G0 f ix)=2**"_ find the solution set of :

=

8 fix)=32 b fix-2)=4

Exam (3) Calculus and trigonometry

Answer the following questions:
Question (1): choose the correct answer.

(1) In AABC, if a=b=8cm and perimeter of A ABC =26 cm, then m( 2 C) =
a 353 b 52.3° e 74 d 108
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lim _.3_|=
@)M o
a0 b | c'2 d 3
() In AABC,if m(~ A)= 30" and a-6cm.d\ens._,:_s--. ,
a3 b 6 c % d 12
lim A-1 =
O X ¥ —
a5 b | c 4 d 20
Question (2):
(1) Find:
54+32-6 b | x+2
. xlim“ 2x+ 0 xin-mz x-3
(2) IFABC s A in which: S sinA=1sinB=1sinC, find its largest angle
Question (3):
(1) Find :
P i S 5 lim LT 2
Xasm ¥ X+8 X3 x-3

{2) Find the perimeter of A ABC in which a= 8 cm and b = 6cm and m(~ C) = 48"

Question (4):
(1) Find:
8 lim _X-6x:9 b lim 2¢-8
X3 x-3 X2 x-2

(2] Find the diameter length of the circumcircle of A ABC in the two following cases:
a m(ZL A)=75 . a=2lcm
b m(~ B)=50" y m(~ C)=65" : ¢ - b =6cm
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Question (5):
(1) Find the value of the following:
8 lim (-67-9 b lim 2¢-X-2x+1
X~03 x-9 e | '+l
(2) ABC is a triangle in which m( A) = 36", m(Z C) = 45" and b = 9 cm. Find the area of the
circumgircle of the tnangle.
Exam (4) Calculus and trigonometry
Answer the following questions:

Question (1): choose the correct answer.

(t) In any triangle LMN : -;ﬁ- equals:
|

a M b L e .mtn___ d 3y
sin N sin M sin N +sin M
7N 4+
2 Bm: LMY =
\/ PR "'2
a4 b 5 I d 2
@ lim 2243)=
x-0
82 b 3 €5 d 7
(4) InA ABC.if2sin A=3sin B =4sinC, then a:b: ¢ equals
@ 2:3:4 b 4:3:2 € 3:4:6 d 6:4:3
Question (2):
(Cﬂnd:
a lim X-32 b lim (=201
X2 x-2 X1 x-1

{2) ABCD is parallelogram in which AB = 7 cm , the two diagonals AC and BD form two
angles of measurements 65° and 28" with AB respectively, find the length of BD and AC

Question (3):
(1) Find :
8 lim *-27 b lim 4+l
x:nB -9 x'-':- 2.2

(2) ABCD is a quadrilateral in which AB =9 cm, BC = 5 cm, CD =8 cm, DA =9 cm and
AC = 11 cm, prove that ABCD is a cyclic quadrilateral .
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Question (4):
(1) Find:
8 lim X :5x-6 b lim (.13
x-1 *-1 - T xyo1

(z)ABCisatrinngleinwhichcosA-% .b-z-;- and ¢ = 2cm. Prove that the triangle is
isosceles,

Question (5):
1, Find:
a) lm 3.2:41 b lim (1 4+3)
Xl _sz Xl X

(2) ABC is a triangle in which m(ZB) = 35" , m( C) = 70" , and the radius length of
the circumcircle of the triangle= 16cm, find the arca and perimeter of triangle ABC to the
nearest integer.
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