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Introduction

f?)\y)\fu\f,,!

We are pleased to introduce this book to show the philosophy on which the academic content

has been prepared. This philosophy aims at:

1

Developing and integrating the knowledgeable unit in Math, combining the concepts and relating

all the school mathematical curricula to each other.

2 Providing learners with the data, concepts, and plans to solve problems.

3 Consolidate the national criteria and the educational levels in Egypt through:

A) Determining what the learner should learn and why.

B) Determining the learning outcomes accurately. Outcomes have seriously focused on the fol-
lowing: learning Math remains an endless objective that the learners do their bestto learn it all
their lifetime. Learners should like to learn Math. Learners are to be able to work individually
or inteamwork. Learners should be active, patient, assiduous and innovative. Learners should

finally be able to communicate mathematically.

4 suggesting new methodologies for teaching through (teacher guide).
5

Suggesting various activities that suit the content to help the learner choose the most proper activi-

ties for him/her.

6 Considering Math and the human contributions internationally and nationally and identifying the

contributions of the achievements of Arab, Muslim and foreign scientists.

In the light of what previously mentioned, the following details have been considered:

* This book contains: algebra and analytic solid geometry. The book has been divided into related

and integrated units. Each unit has an introduction illustrating the learning outcomes, the unit
planning guide, and the related key terms. In addition, the unit is divided into lessons where each
lesson shows the objective of learning it through the title You will learn. Each lesson starts with the
main idea of the lesson content. It is taken into consideration to introduce the content gradually
from easy to hard. The lesson includes some activities, which relate Math to other school subjects
and the practical life. These activities suit the students” different abilities, consider the individual
differences throughout Discover the error to correct some common mistakes of the students,
confirm the principle of working together and integrate with the topic. Furthermore, this book

contains some issues related to the surrounding environment and how to deal with.

* Each lesson contains examples starting gradually from easy to hard and containing various levels

of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises
that contain various problems related to the concepts and skills that the students learned through

the lesson.

Last but not least. We wish we had done our best to accomplish this work for the ben-
efits of our dear youngsters and our dearest Egypt.
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Unit introduction

Nasser Eldin Eltosy was born (1201 - 1274) in Gahrood near tos in Iran in a family specialized in science and
philosophy. He was a student of Kamal Eldin ElMowsly and Moeen Eldin Elmasry, so he studied wisedom,
philosophy, astrolo gy and mathematics. He had a great history in calculatin g the number of possibilities for different
phenomena to happen. He also used permutations and combinations. Kardan (1901-1976) also had great interest
in calculating the number of possibilities using the fundamental counting principle, which allowed him a great
field in computer architecture which is about the design and structure of functional operations for computer. This
unit is dealing with the principle of counting and the relation between permutations and combinations and their
uses in solving some mathematical problems as well as the binomial theorem and solving some mathematical life
applications.
Unit objectives
By the end of this unit and doing all the activities involved , the student should be able to:

# Identify the binomial theorem with positive integer ~ £# Find the middle term in the expansion of the

power binomial theorem when n is an even number and the
# Deduce the general term in the expansion of the two middle terms when n is an odd number.
binomial theorem. # Deduce relations between the combinations using
# Deduce the ratio between each term and the previous the expansion of binomial theorem
one in the expansion of the binomial theorem. & Deduce the relation between pascal's triangle and the
& Find the coefficient of any term in the expansion of coefficients of the expansion of binomial theorem
the binomial theorem due to the order of this term. and deduce some patterns using pascal's triangle .
# Find the coefficient of any power of x in the # Solve mathematical life applications on the binomial
expansion of (x + y)" theorem.
# Find the term free of x in the expansion of (x + y)"
# Find the coefficient of the greatest term in the

expansion of the binomial theorem
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Key Terms

Binomial Theorem

Materials Unit Lessons

Scientific calculator Lesson (1 -1): Bunomial theorem with integer
positive power
Lesson (1 -2): Finding the term containing x* in
the expansion of binomial

Lesson (1 -3): The ratio between two
consecutive terms in the binomial
expansion

Unit Chart

Binomial theorem

1

Binomial theorem with integer positive power

1

The expansion of the binomial

l

The general term

Evaluation the term containing x
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Unit One

‘Binomial theorem for positive
1 1. 1 integer power

Think and discuss .

You will learn L

» Relating pascal's triangle We know that:
and coefficient of the ex-
pansion of the binomial (x+ a)l =X+4d

» The general form of the
expansion of (x + a)"
neZ*

» The general form of the
general term T, ; in the
expansion of (x +a)"

» The order and the value

(x+ a)2=x%+2xa+ a?

We can deduce that:

(x+ aP=x3+3x% a+3xal+ ad

(x+ a)t=x*+4x3 a+6x2 a2+4x a’+ at

> What is the relation between the number of terms and the value

of the middle term and
the two middle terms of the power?
» What is the relation between the powers of the variables x, a in
Key terms each term of the expansion ?
» The expansion » What do you notice about the coefficients of terms in each term
» Binomial of the expansion?
» The general term » Can pascal's triangle be used to express the coefficients?
- Themidleternt » Try to deduce a rule to expand (a + b)®
Pascal's triangle
Notice that: The coefficients of the expansion follow a pattern in
pascal's triangle
Coefficients of the terms
Binomial of the expansion
’ .
Materials
» Scientific calculator (a+b)! £
» Graphical programs (a+ b)z > GO
(a+ by » (LCGOGOOD
(a+b)? » (DWW
b)® » D 10 1
\ (a+D) GBIEDIEDEDIEDIED.

» Pascal's triangle can be written using the combinations as in the

next figure:

4 Third Form Secondary - Student Book



Binomial theorem for positive integer power 1 «71

4 )

o
Coefficients of expansion (a+ b)! First row »(1C)
Coefficients of expansion (a + b)?|———Secondrow »
Coefficients of expansion (a + b)? Third row » 15, Gc) GG, 6T
Coefficients of expansion (a + b)*|——Fourthrow . @z agyag ) @e) de)
Eoefficients of expansion (a+ bB Fifth ros *Go) G 6o )6 G G

By noticing the second row (say) from bascal's triangle, we notice that 1, 2, 1

represent 2Cy, 2C;, 2C, respectively and the sum of these elements 2C,, 1 1
2C,, %C, represent the number of subsets which can be formed from a set @
containing two elements where 2CU+ 2C1 + 2C2 = 4 = 92

The set { x , y} all of its subsets are ¢ , {x}, {y}.{x, y} 1
Similarly: the sum of elements of the third row 11
3Cy,3C, ,3C, , 3C; represent the number of subsets which we obtained 12 1
from a set contains three elements and the number of these setsis 8 = 23
That is 3Ce+3C; +3C, + 3¢, =23

In general , if we have a set of n elements , then the number of subsets

which can be obtained from its elements = 2" i.e"Cy+"Ci+"Cy+ ...+ “(3,1:211

Verbal expression: using Bascal's triangle, find:

1) The coefficients of ( a + b)® as combinations. 2)The coefficients of (a+b)?> as combinations.

The expansion of a binomial
If a,xeR , n eZ then:

2
1-(x + a)r = x + “Clx“‘la + “sz“‘za + ... +a

2 n
SR - A BB - B Nl e e g o L)

n

Remarks on the expansion of the binomial (x + a)*

1) The number of terms of the expansion is (n + 1) term.

2) The expansion is arranged in a descending order according to the powers of x and arranged
in an ascending order according to the powers of a.

3) The sum of powers of x and powers of a in any term equals n.

4) The value of r in "C, of each term is always decreased the order of the term by one.

Algebra and Analytic Solid Geometry - Algebra 5



Unit One: Binomial theorem

“) Example i " . ,
r Writing the expansion of a binomial
1 Write the expansion of (2x + 3y )*

€ Solution
(2x +3y )* = (2x)*+4C;(2x)* By) +4Cy(2x)2 (3y)? + 4C3 (2% ) By)® + By)?
=16x4+96 x3y + 216 x2y% + 216 xy3 + 81 y*

ﬂ Try to solve
@ Write the expansion of:
a)(3x+y)? b) (x2-1)8

Special cases of the expansion of a binomial:

@) 1 +x)=1 +°Cyx + "Cyx? + ... +x!

B) (1-x" =1~ 2Cyx + "Cyx?® - ... 4"
Example

2 Write the expansion of (1 +x)° , then use it to find the numerical value of the expression:
6C, + 8C; + 6C, + .+ C,

> Solution
(1 +x)6=1+96Cx +%C,x2 + 6C;x* + 6C;x* + 8Cyx> + x®
Putx = 11nboth sides
(1+1)6=1+6C +8C, +6C; + ... + 1
00 e VG 00 o O o+ B0 9 e 7 00
The general term of the expansion of a binomia expansion
In the expansion of (x +y)" = x" +*C; xely "C, R
Notice that T, = "C; x" 'yl | Ts = x4y
Similarly: Tg = "Cg x"8 y8

Let the general term be T,; where0 < r < n then T, ;. Itcan be written as:

T1'+1 = ncr (X)n = (Y)r

Example
3 In the expansion of (x + L)S according to the descending power of x, find the coefficient
' X
of the sixth term

©» Solution
Te = 3 GPEP = 8 « P22 = 1792 52
X
The coefficient of this term = 1792

Notice the coefficient of T "C, (the coefficient of first term)™ " (coefficient of second term)"

r+1 ~

6 Third Form Secondary - Student Book



Binomial theorem for positive integer power 1 «71

ﬂ Try to solve

@ In the expansion of (2x + %)7 according to the descending powers of x, find each of T; |, T5,
and if Ty =T5 |, find the value of x.

Example

4 In the expansion of (3x2 - ZL)B according to the descending power of x, find the tenth term
: X

from the end.

€ solution
The tenth term from the end in the expansion of (3x% - ZL)B is the tenth term from the
x

beginning of the expansion (% +3xHB

Tl[] - 13c9(%)4 (3X2)9 _ 7152;< 39 X14

©» Another Solution
Notice that we can find the order of the tenth term from the end in the expansion (3x? - %)13,
and its order equals 14-10+1 = 5

9
T, from the end is Ts from the begining T5 = 13C,(3x?2)° (%)4 = 13 X3 Sl

24
ﬂ Try to solve
@ In the expansion of (2x - 31?)“ , find the fourth term from the end:

Rule
1) G +8) +(x -a) =2(Tp+Ty+Tstus)

2) (x + a)11 -(x - a)11 =2(Ty+Ty+Tg+...), from expansion of (x + a)"

Example
5 Find in the simplest form (x +2)® + (x -2)°

©» Solution
(X = 2)6 + (X —2)6 = 2 (Tl +T3 +T5 +T7)
=2 (x6+6C2x4>< 22 +6C4x2 x 24 +20) = 2 (x8 + 60x4 + 240 x2 + 64)
ﬂTry to solve
@ Find in the simplest form (1 + ¢/x ) - (1 - ¥'x )°.

Example
6 In the expansion (3 +x)!! - “Cl (3 +x)10(1 - 2x) +“C2 (3 +x)? (12xP~.wm=(l = 2x)H

find the fifth term, according to the ascending power of x .

©» Solution

The expression represents the expansion of [(3 + x) - (1 - 2x)]1 = (2 + 3x)H

Algebra and Analytic Solid Geometry - Algebra 7



Unit One: Binomial theorem

then:
Ts=11C42)7 Bx)* = 330 x 27 x 3%x* = 3421440 x*

ﬂ Try to solve
@ In the expansion (1 - x)8 + 24 x (1 -x)7 +252x2 (1 -x)% .. ... +6561x83  find the numerical

value of the sixth term when x = 2
."i Example

7 IF(l+cx) = 1+20x+ax2+a,x3+...+a, 1 x"
and 16 a; = 3a, , find the value of n, c wherec # 0

©)» solution
(L+ex)*= 1+ 11C] exF HCZ cx?+ an e .
n 20
s Cre=120 S e=20) g
1 nc c== @
n 2 n 3 L
L 16x"Cy =3 x" Gy e S 16x1C,=3x"Cyec  (2)
Substituting from @ in @ co16 " Cy,=3x ' G x 2
n n
-0
S 16n=3x —3 %20 S 1ef=3x 22 20 =10
1C, .4
P . v 20 _
Substituting equatmn@ Oy 2

ﬂ Try to solve
@ In the expansion of (I + Kx)1, if the coefficient of the third term equals 180, and the

coefficient of the fifth term equals 210, find the values of K and x where K is a positive

integer.

Example

8 )la’ Prove that = i

11—lcr_1

b If the ratio between Ty in the expansion of (x + L )15 and Ts in the expansion of
X

n
I

(x- —):2—)14 equals % find the value of x

{» Solution
ncr+n—lcr_]: |L % |I'—1 | n-l-rl = n|n—1 |I'—1 = L
[t [nr n-1 r|rl [nl I
T. of (x +_L 15 150, x10 ¢ 1 s
. R i L2 (=7 _ 8
e, il 9
T of G-t ek
. aed_ B8 3 _ B . x= 2
.3x_9 S X0 = a5 na X =g

8 Third Form Secondary - Student Book



Binomial theorem for positive integer power 1 «71

The middle term in the expansion of (x + a)"
In the expansion of (x + a)n,we find that the number of terms of the expansion = n + 1
First: If n 1s an even number , then the number of terms of the expansion is an odd number and

the expansion has one middle term of order ™ ;2 = ( % +1)
Second: If n is odd number , then the number of terms of the expansion is an even number, and
n+1 n+3

the expansion has two middle terms of order

2 2
Example
9 Find the middle term in the expansion of (2x + % 12
X

©» Solution

The order of middle term = 12—2 +1 =7

1 = 2
T'? _ l?.C6 (2X)6( 2)1(2 )6 - ]2c6 (2)6 (E)ﬁ XG 1% 12c6 x 6
Try to solve
@ Find the middle term in the expansion of (x* + ZL)]U . If the value of this term = % ;
X

find the value of x
Example
e 2
10/ Find the two middle terms of the expansion of (XT + i)IS

X

f‘ Solution

The orders of the two middle terms are 152+ L 152+ 3 then the middle terms: Tg, Ty

X2 \8 T Q. B 1
Tg = 1507(7) (%) = 15C, x 38+7 x x16-7 = 150, « Txg _ 21452
2 . _
Tg 2 ISCS(XT)T(i)S L ISCS x 38-7 y x14-8 _ ISC8 % 3 x0 = 19305x6
X

ﬂ Try to solve

If the two middle terms of the expansion of (3x + 2y)'? are equal, prove that X - %
Y

Algebra and Analytic Solid Geometry - Algebra 9



Unit One: Binomial theorem

Example

11 Find the middle term in the expansion of (3 + 2::()8 + (3 - 2::()8

€ Solution
The expansion = 2 (T; + T3 + T5 + T7 +Ty)

.". The middle term = 2 T4

Te = 8, G (22)% + 3¢ B3)% (- 25)°

= 2 x 8C, (3)4(2x)4 = 181440 x4
Try to solve

@ Find the middle term in the expansion of (21/? e 21}_ )10 + (25 = 21}_ )10
X X

Exercises 1 -1

Choose the correct answer:

@ If the orders of the two middle terms of the expansion of (x + y)* are 7 and 8, then n equals:
a 13 bl 15 c 16 d 56

2 =1 3 x2 x1
a2y 1 b)2 cl10 d 3

@ Ifl+5x+ 1 55 x2 + ) Mo % x3+ __+x° = 1024, then the value of x equals:

@ Sum of the coefficients of terms of the expansion of (x2 - L)F" equals:
X
a2’ b 25 A d’ zero
@ The coefficient of the fifth term in the expansion of (1 + 2x)10 is
a) 16 10C; b) L 10c, ) 16 1°C, d) L 10c,

6
@ In the expansion of a binomial theorem, if the general term is lzCr x24 41 then the term
containing x 12 is:
a)T, b/T, c)Ts d | Does not exist
2n+ 1
@ If the two middle terms of the expansion of (a + 2b) " are equal , then:

@t -1 bla = 4b c)a=8b da=2b
b 2
8n
@ If the middle term of the expansion of (2_3—a + iz) is the ninth term , then n equals:
a

a)l b2 c)3 d 4

1 0 Third Form Secondary - Student Book



Binomial theorem for positive integer power 1 «71

In the expansion of (1 + bx)?, the coefficient of the sixth term is:
a QCS b QCG c 9c5 b3 d 9c6 bo

@ In the expansion of a binomial , we have 7 positive terms and 6 negative terms , then the

term i1s in the form of:
a) (a-b)2 b) (a-b)B3 e) (a + byL2 d) (a- D)3
Second : Answer the following:
If1+8x+ BCZ x2+  +x8 = 256, find the value of x
@ Find the value of x which satisfies (1 + 43 )0 - (1 - 43 )° = 480 43 x
@ Use the expansion of : ( 1 +x)10 = 1 +10C; x + 19C, x2 + _+x1? to prove that:

@ Write the expansion for each of :

a) (2+ Xy b) (x - 1)5
X 2 X
c) (x+/2 )+ x-42) d) (W3 +2x)°- W3 -2x)°

@ In the expansion of (1 + x)* according to the ascending powers of x, if T; = 28x?
Ts = 1120, find the value of n and x

@ In the expansion of (1 +x)", if the coefficient of the sixth term equals the coefficient of the
tenth term, find the value of n.

@ In the expansion of (ax +b)!? according to the descending powers of x, if the coefficient of

Ty & %,provethatZab =1

@ In the expansion of (2x2% + 21_)()]2 , find the middle term.

@ In the expansion of ( XTz < %)11 Jfind the two middle terms.

@ In the expansion of x* (x - %)9 according to the descending powers of x, find the fourth term
from the end.

@ If the middle term of the expansion of (x2 + %)10 equals % , find the value of x.

@ Find the ratio between the middle term and the fifth term in the expansion of (23_X + Zi)w ,
%

then find the numerical value of the ratio when x = 3
@ If the ratio between the fifth term in the expansion of (x + L)H and the fourth term in the
%

expansion of (x - %)14 equals -16 : 15, find the value of x.
X

Algebra and Analytic Solid Geometry - Algebra 1 1



Unit One

1-2

You will learn

» Using the general term
to find the term contain-
ing x* and term free of
X.

» Finding the coefficient of
the term containing xk.

» Finding the highest coef-
ficient of the expansion.

Key terms

» General term

» Term free of x

» Heightest power
» Coefficient

Materials

» Scientific calculator

Finding the term containing xX in

the expansion of binomial

Think and discuss

R X

We studied in the previous lesson that :
(XZ _ i)i’.ﬂ . (XZ)ZO _ ZUC](XZ)IQ (é) % ZOCZ(XZ)IS (i)z _ 20c3 (XZ)IT

T i3 -1 520
(K) £ st (K)

24

Isit easy to find the term containing x1° or x2*4 or term free of x without

writing the terms of the expansion?

We notice that it is a difficult method to find the term containing x¥ by

writing all the terms of the expansion , so we follow the next :

1- Suppose that this term is the general term T, .1, we find this term

in terms of .

2- Find the sum of the powers of x in the general term in terms of r and
place this sum to be equal to the required power k then find r which
satisfies the inclusion of this term on the required power k and we have

a [fre N, then r+ 1 1is the required term.
b ' If r ¢ N then there is no term containing the required power in

this expansion.
To find the term free of x, we put the sum of powers of x in the general

term =0

@ Example

) In the expansion of( + %)H , find the coefficient of x in this
X
expansion.
€» Solution
3X 2
T = l] -r T
i1 (—3X )

Compairing the powers x11-71 = xl

11 -2r=1 r =5
Required term 1s the sixth term coefficient of T = ”CS ( )6 ( )5 693

1 2 Third Form Secondary - Student Book



Finding the term containing XX in the expansion of binomial 1 =72

ﬂ Try to solve
® Find the coefficient of x° in the expansion of (T S i
X

Example

2 In the expansion of (2x - %)9, find :
2x
a | The coefficient of x> b | The term free of x

¢ | Prove that the term does not contain x2

©» Solution
T :Qc 2X9-r -1 r:9c 1)r 29—2rX9—3r
1= °C (207 (1) = C D @)

Comparing the powers

a | To find the coefficient of x>
SR 9 - 313 =

the third term contains x>

the coefficient of Ty = °C, x 2% = 36 x 32=1152

b | To find the term free of x 9312 0 &G
Required term 1s T4 = 9C3 -1 (2 =-672
¢)Put9-3r =2 -7 =31 re o @
.. This expansion does not contain x2
ﬂ Tryto solve
@ a | Find the term free of x in the expansion of (2x2 - L)”
%
2

b Find the coefficient of x!° in the expansion of (XT : Lz)ls
X

¢ | In the expansion of (ax + L) 10 according to the descending power of x , if the term free

bx
of x equals the coefficient of the seventh term, Prove that 6 ab = 5

Example

3 If n 1s a positive integer, prove that there is no term free of x in the expansion of (XS + Lz)n
except if n1s a multiple of 7 , then find this term in the case of n =7 X

Algebra and Analytic Solid Geometry - Algebra 1 3



Unit One: Binomial theorem

©» Solution
Tr+l — 11cr (XS)n—r (Lz)r — ncr X511 Tr
X

gkl B o g8 ST o =0 £ = %
i’_nerhen n is a multiple of 7 whenn = 7

T = 3 the term free of x1s T

Te2 1Cs= 21

B Try to solve
@ In the expansion of (x2 + %) 30 find

a | The coefficient of the term which contains x>®

b/ If n = 6, find the ratio between the coefficient of the term containing x3% and the

coefficient of the middle term
Example
4 In the expansion of (2 + %)9, find the value of x which makes the two middle terms equal.

> Solution

The order of the two middle terms % and the consecutive 1.e. T5, T}
5 B o .9 5(XVW _ 9 4(X
- Ts=Tg - 9C4(2) (?)4 = 9C4(2) (?)5

2:1 .'.X:6
3

Exercises 1 -2

Choose the correct answer:
@ The term containing x* in the expansion of (1 + 2x)!? equals:
a) 15C, b) - 10C, c) 16 10, d) 32 10C;

@ In the expansion of ( x +L)10 , the term free of x 1s:
%

a)T, b Ts
c) T d ) not found

@ In the expansion of x? (1 +x)7 , the coefficient of the term containing x* is:
B) Cy b 7C, e) ’C; d) 21

1 4 Third Form Secondary - Student Book



Finding the term containing XX in the expansion of binomial 1 =72

@ In the expansion of (x2 + %)6 , the term free of x 1s

a  Third. b | Fourth.
¢ | Fifth. d  not found

@ In the expansion of (ax? + %)“ if the coefficients of x% and x” are equal , then a =
a)l b -1 c)+l ) 12

@ If the term free of x in the expansion of (x + %)“ 18 Ty thenn S

a6 b’ 10 c12 d 8
@ In the expansion of (x2 + al_x)s , if the coefficient of the middle term equals the coefficient of
x’ thena = ..ccoooovoin...
a 4 b ol c =3 d 2
5 5 4 4

In the expansion of (ax + %)10 according to the descending powers of x, if the term free of

x equals the coefficient of the seventh term, then:

_6 b) b3 _36 D - 25
a ab = 5 ab_6 c ab_25 ab_36
@The term free of x in the expansion of (2x +%)8
a 35 b 140 c 70 d’ 56

@ In the expansion of (1 + ax)’ according to the ascending powers of x, if the coefficient of
Ts =560, thena = ...............

a)l b 4 c)t2 d)+4

Answer the following questions :
@ In the expansion of ( 4x2 + 21_){)12 , find the term free of x

2
@ Find the coefficient of x!2 in the expansion of x?2 (X? + %)15
X
@ If the sixth term of the expansion (2 x - 1—3)“ according to the descending powers of x is free
X
of x, find the value of n. Then investigate if any of these terms of this expansion contains x

or not?
@ In the expansion of (2 x - %)9 :
X
first: find the coefficient of x> second : find the term free of x

third: Prove that this expansion does not contain a term containing x2

Algebra and Analytic Solid Geometry - Algebra 1 5



Unit One: Binomial theorem

@ Prove that "C_: "~ 1Cr = 2 and if the ratio between the coefficient of T, 1n the expansion
T
of (1 + x2)" and the coefficient of Ty 1n the expansion of (1 - y)t1 equals -3 : 2, find the

value of n.

@ Find the coefficient of (i)4 in the expansion of (3 + ZL)]O
¥ ¥ X

@ Find the coefficient of x® in the expansion of (1 + x)** | then prove that it is equal to twice

the coefficient of x® in the expansion of (1 +x)2-1

@ In the expansion of ( x + %)2“ , prove that the term free of x is the middle term, then find the

value of this term when n = 8
@ In the expansion of (x¥ + %)6 where k is a positive integer , find :
First: The value of k which makes the expansion have a term free of x
Second: The ratio between the term free of x and the coefficient of the middle term at the
highest value of k you have got from First.
In the expansion of (x% + L)lz , if the ratio between the term free of x and the coefficient
ax
of x® in this expansion equals 5: 16, find the value of a , then find the value of the middle

term when x = 2.

@ In the expansion of (2x?2 +i_3)10 _if the coefficient of x° equals the coefficient of x13  find
the value of a. =

@ In the expansion of (x2 + SL)B according to the descending power of X :
X
First: Prove that there is no term free of x Second: If T,=T;;, find the value of x
@ In the expansion of (x + Lz)g find:
X

First: The order and the value of the term free of x
Second: The value of x which makes the sum of the two middle terms in the expansion

equal to zero.

Find the value of the term free of x in the expansion of (9x2 + 31_X)9, then find the value of x
which makes the two middle terms equal.

@ In the expansion of (x2 + %)3“ , prove that the term free of x equals the coefficient of the
term containing x3" if n = 6, find the ratio between the term free of x and the coefficient of
the middle term.
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Unit One

Ratio between two consecutive
terms in a binomial expansion

. L .
In the expansion of (x + a) and the two consecutive termsare T, , ;, Tr

T n -1 r
el = S0l ) You will learn
Tr IICI__1 (X)n -r+l(a )r—l
» Find the ratio between
_"c, oA _ o » llnr+l o two consecutive terms.
iC, 1 X L |n-r [ x » Find the ratio between
the two coefficients of
= -1 (n-r+1)0-1 % i two consecutive terms
rlel o X
Teg = RoDE | . 2
i r X
coefficient of T, ; n-r+1 coefficient of a
and : i MR X
coefficient of T, r coefficient of x
@ Example Key terms
1) In the expansion of (3 + 2y)12 find each of : » Consecutive terms
2 I3 p ) coefficient of T,
T, coefficient of Tg
c) Te g coefficient of Tg
Ty coefficient of Tg
f“' Solution
a&:—lz_z-l—l x(zy zﬁx 2y :L
T, 2 X 2 % X
p) coefficientof T, _ 7 L -1
coefficientof Tg ~ 12-7+1 2 12
c E = E % E - Materials
Ly Ts Ty » Scientific calculator
12-5+1 2 12-4+1 , 2
AR e £ =)
5 X 4 X
8 2y 2y 72 y?
e X = X —
5 X 4 X 5x2
g coefficientof Tg _  coefficient of Tg . coefficient of T-
coefficient of Tg ~  coefficient of T, coefficient of T
I 1 e . g )
T e T G e |
7 1 6 1
=B ol
=3 X I % 5 X 7= 4
Algebra and Analytic Solid Geometry - Algebra 1 7



Unit One: Binomial theorem

B Try to solve
® In the expansion of (x% + %)3
First: Find the ratio between the fifth and the sixth terms. If this ratio equals 8 : 25, find the
value of x

Second: Prove that this expansion does not have a term free of x

Example

2 In the expansion of (x +y)8 if 2 Ts = T, + T¢ , find % numerically.

> Solution
Tq+Tg=2T5 by dividing by Ts I
Ts Ts
8-i+1 (%)+8_§+1 (_XL):Z ;1_;( +§'_i = % by multiplying by 5x y
4x% +4y? = 10xy 4x2 - 10xy +4y? = 0 + 2
2x%-5xy+ 2yt = (2x-y)(x-2y) =0
2% = W X =2y
x -1 or K
y 2 y 1

ﬂ Try to solve

@ In the expansion of (¥/X + %)8, If T4, Tg, 25T; and Ty are proportional , find the value of x.

Example

3 If the coefficients of three consecutive terms of the expansion of (1 + x)* are 35, 21, 7
according to the ascending power of x , find the value for each of n and the orders of these

three terms.

©» Solution
Letithie termis T, Ty Tin

coefficientof T.;, _ n-r+1 _ 21 n-r+1l 3
coefficientof T, r ~ 35 r -5
5n-5r+5 =3r 5n-8r = -5 (1)
coefficientof T,., _ n-(@+1)+1 _ 7 n-r il
coefficient of T, r+.1 21 r+1 3
3n-3r =r+1 3n-4r=1 (2)
By solving the two equations: (1)and(2) .. n=7,r=5

ﬂ Try to solve
@ If the third, fourth and fifth terms of the expansion (x +y)" are 112, 448 | 1120 respectively,
find the values of each of n, y, x

1 8 Third Form Secondary - Student Book



Ratio between two consecutive terms in a binomial expansion 1-3

“) Example _ |
- i Finding the greatest term

4 Find the greatest term in the expansion of (x +y)!® when x=2,y=3

©» Solution

Ty - IBH1E .3 R T
e I 2 7 r 2 2r
First: 332‘1_31" >1  7.35-3c 20 . 51 <33 o1 < 6.6
From this, we deduce that T, > Ty > Ts > ... 2Ly
Secand: 332‘1_31" €T £33k 533 LT 66

From this, we deduce that T;; <T;( <Ty <Tg<T,
.. T+ is the greatest term in the expansion of (x + y)!?

ST, =100, x 2436 - T, = 2449440

Algebra and Analytic Solid Geometry - Algebra 1 9



Unit One: Binomial theorem

Exercises 1-3

Choose the correct answer from the given answers:

® In the expansion of (x +y)!? | the ninth term : the eighth term equals ...

a) 3Y
8x

3x

8y
c) 8

3x

8x
3y
@ In the expansion of (1 - x)!2 the coefficient of sixth term : the coefficient of fifth term . ...

d

=3
U’léo ool wnjoo

a) =3
8

@ In the expansion of (x +y)? , then the ratio T6 _

T
25y? 4

a
16x2

25x?2

16yz

b

c)l

2

Y
o X

@ In the expansion of (3a - 2b)!1 if the ratio between the two middle terms respectively equals
% ,thena:b= .. ...
a'9:4
b'4:9
c)l

d -1

20 Third Form Secondary - Student Book



Ratio between two consecutive terms in a binomial expansion 1-3

Second : Answer the following questions:

@ In the expansion of ( 2 x2 +%)11 + find each of:

a) 13 b) 14

| TZ TS

B Ts g coefficient of T,
Tg coefficient of Ty

@ In the expansion of (1 + x N2 if Tee 2lsdimdiiesalng oF Bowmmsmsmmsmassmsan
@ In the expansion of (a +b)* if T, = 240, T3 = 720, T, = 1080, find the value of each of a, b,n

@ If T, : T; 1n the expansion of (a + b)" equals the ratio T, : T, in the expansion of (a + b)" 3,

find the value of n
T4

@ In the expansion of(1 + mx)" 1f 4T =TTy, T = % when x = 1, find the value of m, n

6
@ Find numerically the value of the greatest term in the expansion of (3 - 5x)1° when x = %
@ In the expansion of (x +y)" according to the descending power of x, if the second term is the

arithmetic mean between the first and the third terms when x = 2y, find the value of n.
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Unit introduction

Jean-Robert Argand is one of the most popular mathematicians. He had been the first to study the complex numbers

in details and had used them to prove that all the algebraic equations have roots whether these roots are true or

imaginary. The complex numbers are represented by the Argand's Diagram to honor the French Scientist Argand

either by point (x, y) where x is a real number on x-axis and y represents the imaginary number on y-axis or vector

of amagintude I +y? and direction tan’! -% in this unit, you are going to identify the cubic roots of unity and

solve applications on the complex numbers such as electricity, dynamics, theorem of relativity and the physical

different fields. These numbers are flexiable to help to geta final result satisfactorily

Unit objectives

BY THE END OF THIS UNIT AND DOING ALL THE ACTIVITIES INCLUDED, THE STUDENT SHOULD BE ABLE TO:

e

L A

22

Represent the complex number and its conjugate
graphically by points (ordered pairs) in the cartesian
plane.

Determine the modulus and the amplitude of the
complex number.

Identify the principle amplitnde of a complex nnmber
Identify the trigponometric from ofa complex number
Identify De Moivre’s theorem and its applications
Deduce the 1! roots of any complex number

Express sin i, cos ni interms of the powers of sini, cosi
Identify the expansion of sini , cosi, as series

Deduce the Eular’s rule from the series

Identify and apply the methods to convert the different
forms of the complex number.

Third form secondary -student book

e
e

i

£+

Identify the cubic roots of unity.

Identify the modulus and the amplitude of the product
and quotient of two complex numbers.

Perform the basic operations on the complex numbers
in the trigonometric form

Solve Application problems on the cubic roots of unity
Use the complex numbers in solving Mathematical
problems.

Use computer programs in  solving
mathematical problems including complex numbers

some

Deduce the properties of addition and multiplication
operations on the complex numbers.

Deduce the propetties of two conjugate numbers
Deduce the propetties of the cubic roots of unity.



Key terms

= Argand plane z Trigonmetric = cubicroot
= conjugate = DeMo.ierls thearem = Unitcircle
= Modulus = root = Polar
= principle amplitude = square root
Materials Unit Lessons
Stk e cibian Lesson (2-1): The trigonometric form of a
complex number
Lesson (2-2): De Moivre’s theorem
Lesson (2-3): The cubic roots of unity
Unit chart
'_ Complex numbers
Th ; ( funi . The trigonometric form of
e cubic TDtS of unity De Moivre's theorem a complex number
s
; -r 1 = Argand plane
The properties of For any positive rational For any positive 5
the cubic roots of integer : i
unity Il Graphical representation
J. The roots of the complex number f 1 1
Representing the J' _ Modulus of com- Amplitude of
cubic roots of unity Eepr%en:mr? plex number complex number
geometrically theroots ofthe L J‘
complex number
on Argand 1
diagram Modulus and amplitude

adding, subtracting, multi-
plying and quotient of two
complex numbers
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Unit two

2-1

i You will learn

» The graphical represen-

tation of the complex
number and its conju-
gatein Argand's plane
» Graphical representa-
tion of the sum of two
complex numbers

» Modulus of the complex

number
» Amplitude of the com-
plex number

» Principle amplitude of
the complex number

» The trigonometric form
of the complex number

» The modulus and the
amplitude of the prod-
uct and quotient of two
complex numbers.

Key terms
» Argand's plane
» Conjugate
» Modulus
» Principle amplitude
» Trigonmetric form

Materials

» Scientific calculator

You have studied the complex numbers and known that a complex

number can be written in the form z =x +y 1 (Algebraic form), where x
, y are real numbers, i2= _ 1. In this lesson, we will identify another form

to write the complex number and how to represent it graphically .

Polar and cartesian coordinates:
The opposite figure represents a circle with radius length 1, A ( x , y)

lies on the circle and opposite to an angle of

YA

measure O .

% ax.y)
T e sinf = L ¢ y

r r
x=r1cos0 y =1 sinf = fl x X
where r = 4 x2+y*  tan O = 2

X

ie :O=tan! . if we meditate the cartesian Y

X
plane as a polar plane where the polar axis coincides on the positive part of

x-axis, then we can change polar coordinates to Cartesian and vise versa.
Converting polar co-ordinates to cartisian co-

ordinates

If the point A in polar coordinates is A( 1, ), then the Cartesian coordinate
of A is ( X, y) where :

x=r1cosf ,y=rsinf

Then: (x,y)=(rcos@, rsinb)

Argand's plane

The mathematician Argand had represented the complex number z
eraphically on the orthogonal Cartesian coordinates such that the axis
‘x_x" represents the real part of the complex number and the axis F
represents the imaginary part of the complex number. so the point

(x , y)represents the complex number x +1y

h
) Example YZ'
T y Zl=2H1
@ In the opposite Argand's diagram, we 1
notice that the two points representing |y* 3 {2 1L o 1 ¢ 3x
z , - z are symmetric about the pointof | ~q=-f-! : ZE21i
origin (O). v ¥

Third form secondary -student book
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Trigonometric form of a complex number 2-1

‘We also notice that the two points representing the two conjugate number z, 7 are symm etric

b M — i
about X X- axis

E Try to solve
@ Represent on Argend's diagram each of the numbers:
z=3+4 |, ; o A 1 + z
Critical thinking: What do all complex number with real part equals 2 represent on Argand's
diagram ?

i%”‘% Learn | Y4

z(x.y)
The modulus and the amplitude (argument) of a
complex number y

If z=x+y1 i1sacomplex number represented by the point 6

z(x , y) in Argand's plane. Then the modulusis its distance from

the origin and denoted by |zl orr and 6 is called amplitude of the

complex number:

=4 x%+y? , tan@= 3 thus Q:tan_l-L
X

X
Where =2 < tan' (L) < %
X

2
The trigonometric (polar) form of a complex number o Notic that

If z=x+yi1s acomplex number with modulusr and principle amplitude g - y=0,

0 where O €] -7 77 ], then it is written as z =1 (cos @ +1isin 0) and the  hen O = 0

measure of 6 is determined according to the following: x<0,y=0,
@) x>0, y >0 6 liesin the first quadrant 6= tan 1 (2_) then 6 = 7
* x=0 vy >0
b) x<0,y>0 Oliesin the second quadrant 6 = 77 + tan ! () then B=2
X 2
(¢) x<0, y <0 Oliesin the third quadrant@= 7 +tan’ (2) x=0,y<0
B : X then 6 = %
d x>0,y<0 O liesin the fourth quadrant & = tan (L)
X
) Example
!{’,2:br Find the modulus and the principle amplitude of each of the following complex numbers:
a z; = _ﬁ + 1 b Zo = 1-1

Solution z, (_E, 1)
*." The form of the complex numberis: z=x +1y, then :
". z; liesin the second quadrant /3 ci A
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Unit two: Complex numbers

r=f 2y (= /T =2

0 = ﬂ+taﬂ'l(i) =JI —L: 5_7{
3 6 6
.b_:x:-l,y:-l

". Z, lies in third quadrant

r=f eyt =4 12+ Py

9:—2'I+t:—.u:1'1(i):_2'I+£:‘3_7r
-1 4 4

o ommmx

@ Find the modulus and the principle amplitude of each of the following:

Y

r—, - : o rad
@)z, = 4T + {7 i bz, = 1-43i e
_ o 180° 7
Clz;=-431 dlz, =5 This rule is used to
convert from degree
The properties of the modulus and the amplitude of a measure into radian
measure and vise
complex number

versa
For each complex number z = x + y 1 with argument 6 :

1 1zZ>0

2) The amplitude of the complex number takes an infinite number of values by adding the
multiple of 27. Thus the amplitude of the complex numberis 6 + 2 7f n where n€ Z.

3) 1zl =1 7| =1l2 = | 7 | where 2 is the conjugate of z.

4) - 7 = 172

Critical thinking: If the principle amplitude of Z is 0, find the principle amplitude of -Z , # , %

g} Write each of the following complex numbers in a trigonometric form:
@z,=2-751i ®2z,=-4 E2z-= ﬁ @Dz, =-2

©» Solution
*." The form of the complex numberis: Z=x +1y , then:
alx =2 | y = -243
.".Z; lies 1n the fourth quadrant
f y
r=1Z) =4 x+y2 = J@2+(C2/3) = 416 = 4
T T LR 5
6 = tan 5 )= 3

. Zy=1(cos O +1isin 0)

= 4 (cos(4-) +1 sin(-4-)
26 Third form secondary -student book




Trigonometric form of a complex number | 2-1

‘b %l X:O ; y:—4 Y

.. Z, lies on y- axis

r=1Z)= 4 X2 +y2 = JOF + (47 = 4 ) oy -
. - id, R |
6 = 5 Zy = 4(cos( 5 )+1sm(2 )) L
s v2
.c'-23— ﬁ-ﬁ-ix ﬂ—l —‘ﬁ-ﬁ-l
x==- 43 ,y=l .. Zy lies in the second quadrant
f= |yl = B+ =¢yAFT =2 _
-1 _ A7
G = +tan-t( ﬁ)_ Z
. ST, .o ST
Zy =2 (cos ¢ +isin 6)
@ x=-3,5y=0 .. Z4 lies on x-axis

t = |12 = 3P+ (0% =3 R b
& = e Zy = 3(cos & + i8N} 0

d1l=cos0+isin0
ﬂTryto solve

d-1=cosw+isina

\a)Z, =8 b) Z, = 5i ©)Z,= 33 di=cos 2+1s1n 5

O-i=cos? + isint
2 2

@ Write each of the following in a trigonometric form:

Example

{E Find the modulus and the principle amplitude for each of the following numbers:

(a)Z, = - 8 (cos 45" + isin45°) o
b)7Z, = 2(sin %7 - icosdm)

3 3 cos 6 -isin O
> solution = cos (-0) +1 sin(-0)
(a)Z, = - 8(cos45° + isin45)
= 8(- cos45° -1s1n45°)
a0, oy .. Zj lies in the third quadrant y
" -cos45® = cos(180° + 45°) |, -sind45" = sin(180° + 45°)
. Z; = 8(cos225° + 1s1n225°) = 8(cos (-135°) + 1sin (- 135%))
". Z, =8, principle amplitude @ = -135° = -3 %

Zy
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Unit two: Complex numbers

b Z,=2 (sin % -1 cos%ﬁ) e

Yx> 0, y<0
4 17 sin(% + 6)= cos 6
g'i’r—cos( +Tﬁ)_cosTﬁ—cos( I
cos(T+9)=-sin9
—cosiﬁ = sin 3—"'T+—2’I)_sm( ﬁ):sin(—
3 2 6 o3I 6) = 9
s s sm(2 + @)= - cos
% 28 = 2(cos — 3 +1 sin 6 =)

Cos(gTﬂJrQ): sin 6

|z,l = 2, principle amplitude T

ﬂ Try to solve
@ Find the modulus and the principle argument for each of the following complex numbers:

(a) Z, =2 (cosZ—- i sin 25 (b) Z, = —=(sin 45° - i sin 457)

% Learn

multiplying and dividing complex numbers using the trigonometric form
IfZ; = 1(cos 6; +1isin6,) , Z, = ry(cos O, + isin 6,) then

1
V2

1) 2,Z, = 11, (cos 6; + isin 6;) (cos O, + isin O)
= 115 (cos(B; + 6,) + isin(B; + 6,)) (1)
Thus. |ZIZZ| = I, = |Zl||ZZ|

Arg (Z1Zy) = 6, + 0,

Z -
2) SL=—Lx S Op+isi Oy 0 i@, . ) cbdiid, <05 @
2 T cosB,+isin0, T2
Z r |Zl| Z
then|=-= - = ——  Arg(—=-) = 6,-60
o Z, L. 1Z, e Zy ) F R

Ask your teacher to prove the relations (1) and (2)

Example

f\”) Express 3 (cos—+1 51115—jrr ><4(cos—+1sm—) in the form of X +y 1

12 12
> solution
3 (0055—‘/rrr + 1sin —) P 4(cos— + 1sin )
12 12

=3 % d((cos -+ Ly isinE L)

= 12(005% + isjn%) = S w1 (l)) = 12a
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Trigonometric form of a complex number

| 2.1

ﬂ Try to solve
@ Express 2(cos 15 18 73) % 3(cos 5 i SIHT)) in the form of

_ 1
X+1iy

@t Example

i;q:;‘ ItZ,, Z, are two complex numbers represented on Argend's plane

as in the opposite figure, find in the form of x + y 1the number ;—i
> Solution

From the graph [Z;| = 2, argof Z; =90° + 10* = 100° y

. Zy = 2(cos 100° + isin 100°) o

Z,) = 4, argZ, = -20° =

(]l =cos0O+isin0
(d-1=cos7l+isin7l
Qi=cosZ+isint
2 2

. e -
[d-i=cos—+1isin—=—
2 2

10°
. Zy = 4(cos(-20°) + isin(-20°)) e 30)° <
. L _ 4 cos(-20°) + isin(-20°) 1\121\4\
4 T2 (cos100° + isinl00°)
Z

= 2 [cos(- 20°- 100°) + 1 sin(- 20° - 100°)]

= 2 (cos(- 120°) + 1sin (- 120%))

= 2(-%-1 x *’ZT) = = L4

ﬂ Try to solve 7
@ Use the opposite Argand's diagram to find —% in the form x + yi

Z]_ -
Results: x
1) IfZ = 1(cos © + 1sin 0) then ¥
(a) % :lr (cos (-8) + 1 sin (-0)) ) 7% = Xcos26 + isin26)

2) We can generalize the product of finite number of complex numbers if 2y, 2y, ... L are

complex numbers and if:

n

Zy=r1i(cos Oy +isin 0;), Zy=1y(cos O, +isinB,), . ... Z = r(cosB, + isinB,)
then: 2,7, . 7Z, = 1515 ...1(cos(0; + O+ .. +0) +isin(6; + 6, + ...+ 6))
in a special case when Z; = Z, = ... =Z, = 1(cos O + isin 0) then:

ZM =r™cosné+1sinnob)

) Example

5:?‘3 Put the number 1-1i in the trigonometric form, then find (1 - i)8
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Unit two: Complex numbers

©» Solution

el . =l r:,/x2+y2:J12+(-1)2:ﬁ
x>0, y<0 .. Z lies 1n the fourth quadrant

6=t '(sH ==L - 1-i= /T (cos+ isindh

(-0 = (V2P (eos(gE ) + isin ()
= 16(cos (- 271 ) + 1sin (- 277))
= 16(cos0 +1smn0 ) = 16

ﬂTry'lo solve
(7)1 Z; = 2(cos 10° +isin 10°), Z, = 3(cos 40° + i sin 40°)

Find Z“'l1 Z% in the form x + y i

Exponential form of a complex number (Euler form)

1)

2

Any function of X can be expressed as a series from the power of x called (Taylor series)

Here are Taylor expansion for some functions that we are going to study in this unit.

The sine function y = sinx

: X x> X2 gl
Sin X = - - = e T )l X s
L 13 L5 |2 n+1
(Sine function is an odd function because sin(-x) = - sin x so the expansion contains the odd

power of x )

The cosine function y = cosx

2 4 20
X + (- D x %

(cosine function is an even function because cos(- x) = cos x so the expansion contains even

cosx = I- b e

powers of x)

3) exponential function y = e*
- X x? R x"
e =1 + + + I + .
L 2. 3 | n
Notice that
ix 1x i2x?2 x3 I Ixy
e =1+ + + o+ + .
L 2. 3 |_n
ix x2 ix3
=14 - - + .
L T B _
x2 x4 sy K x> -
= (e + ey 5 T F o) Euler equation
2. 4 _ e 120
el* = cosx + 18In X it conects the most

i.e. The complex number Z = x +1y = r(cos 6 +1i sin 6) can be written 5 famoula carsfants
: in Euler form
in the form :

6 should be in

Z =re 01 it called Euler form where O is in radian measure. radian measure




Trigonometric form of a complex number 2-1

) Example

@3 ‘Write each of the following complex numbers in the exponential form (Euler's form):

@z, =1+1i ®2z,=143i @z,=3"61 (@z,=-2i

©» Solution
..'\a.321:1+i el o, g2l
ro=1Zy = J Q2 + AP = ¥2_
x>0, y>0 . Z; lies 1n the first quadrant
: A
0=tan 1(})=% o Zy=refi= Y7 e
)z, = 1+43 i iy B o] .y =43
r=4 (1P+E3 )2 =2
x<0 , y>0 .. Z, lies mn the second quadrant
: 2.
% 16 = yb w10 1/3_):%?{ ZzzreQ‘ZZegﬁ‘
%, . I
-.?_..23:e3+6‘:e3><66‘ r:|23|:e3 , amngz?

d)--Z, = -2i Sx=0 , y=-2 cr= JOR + (27 = ¥F =2

v =20 ., ypaeld .. Z4lies on y-axis
=88
.6 =L o lg= D L
ﬂTryio solve
IfZ:‘/? L write Z in the exponential form.
i

Multiplying and dividing the complex numbers using the exponential

form.
; 0,i
Ilezrleell, Zy = Ip € g
. . (6, + O
Then z,z, = 1'11'26611 x ¢ & = 11y 1 2k,
0 i :
Z_ = i % eelf = ! 6(91_62}1
2 I € g Iy

) Example

@ Find the result for each of the following in the exponential form :

(a) 2(cos 25° + isin 25°) x 2( sin 158" - i sin 158°) ®) ( 11 Ly
-1

Algebra and analytic solid geometry

31



Unit two: Complex numbers

©» Solution
/a Convert Z, to the standard trigonometric form as follows:
"."(sin 158° - icos 158°) = sin (90" + 68°) -1cos(90° + 68°) = cos 68° + 1sin 68°
. 3(cos25” +181mm25°%) x 2(cos68° + 1s1n68°)
= 6 (cos (25 + 68") + isin (25" + 68%))... sin 25" ) x2 ( cos 68".....
6 (cos 93° + isin 93°) = 6 ¢l62

B 1+ i = 7 cos s +iginds o

L-i= 472 (cos(-45") + isin(45) gt o
kK 11 +11 ) = cos(45° + 45°) + isin (45° + 45°) 180° 7

= c0s 90" +isin90° = cos & + isinZ- 1.629d=%xﬁ
B K 11 J_rii ) = (cos% + isin%)”f " COS'?TJ’I . isinp%r 6 ~ 162

- -
—_1
2

- A R | R
_cos(—2)+131n(—2) =
ﬂ Try to solve

@ IfZ;, = 1-43 i, Zy = 1 + 1, find each of the following in the trigonometrical form:

@ z,2, ) 2 (&) @y°
Z)

) Example

o
@Express Z = 42 €74 'in the algebraic form x + yiwherex, y€R
> Solution
: 5 _ 2 oa _ _ 3
< A —ﬁe"l ..I'—|Z|—ﬁ , Q—T
OETX

2.2 = {2 (cos 3Tﬂ + 1sin %)
cos3—7r = cos 135°

=2 g 7T
=-1+1 s
ﬂ smT_smlB
Try to solve = —
J2

L.,
@ExpressZ: 8 e 6 'in the algebraic form x + y1wherex, ye R
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Complete the following
@ The number Z = 3 - 4iisrepresented on Argand's diagram by the point A where

@ If the point A represents the complex number Z on Argand's plane and point B represents the

number ? on Argand's plane, then B is the image of A by reflectionin . .
@ The modulus of the complex number Z = -51equals .. .

@i1z=2=L thenlZl = ...
2 +1i

@ If O is the principle argument of the complex number Z, then the principle arg of 3 .

OFZ=—— thenlZl = ...
Z

@ The exponential form of the number - 1 + 11s

IfZ = 1 + 43 i, then the principle amplitude of (1 + ¢3 )¥is
@ The trigonometric form of the number Z = 2-2 4 31is ...

@ If Z is a complex number and arg (z) = 6 , then arg 2Z1s ...

Choose the correct answer from the given:

@ IfZ = 42 (sin30° + icos30"), then the principle amplitude of Zis ...
a)30° b) 60° c) 90" (d) 120°

@ IfZ = (1 + 43 1) and IZ| = 8 then the principle amplitude of Z is ...
a X b L OF~ dr

@ IfZ; = ry(cos B +isin6;),Z, = 1r,(cos G, + isinG,) andif 6, + O, = 7T, thenZ; Z, = ...

ﬂ 11y \ b -II, .C. I']I'zi I- d -IIy 1

@ The amplitude of the complex numberZ = -3 1s . .

alo° b)90° ©) 180° d) 270°
GEHZ=-1+4F , thenlzl= ...
(@) -1-43i by ) (-2
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Unit two: Complex numbers

@ If Z, = - 1 -1, then the exponential form of Z1s ...

a)e 4! ble ! c)Jf2e 4! d) /S e251
U7, 22 42475 | By BaBf3 thigtiats 4 o s
(a) 60" (b) 240° @ a0 d) 300°
fx+yi= 22D thenx?+y?
(a) a2+ 12 (b) a2 - 12 (e)2a b (@1
@ The opposite figure represents the complex number . y

(&) 3(cos 30°+1 sin 30°)
(b 3(cos 60°+1 sin 60°)

f 1

(e) 3(cos 120°+ i sin 120°)

Aff—
8 |

'd) 3(cos 150°+ i sin 150°)
@ If Z is a complex number whose principle argument is 6, then the arg of %
alg bl -0 Oz -0 d) -7 +6

Answer the following:

@ Write each of the following complex numbers in the trigonometric form:

a ’ (b) "} (¢ :
5+71
4
g %
d)Z;=-3+4 8 Zs=4(cos 40" -1sin 40°)

@ Find the modulus and the principle argument for each of the following complex numbers:

@ z,=-1+i
s . 4
b7, = =

(c) Zy = -2(cos 45° +1sin 45%)

(d) Z4= 1+i tan 20°
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Trigonometric form of a complex number 2-1

23) If Z, = cos 114° +isin 66°, Z, = cos 42° +1 sin 138°
217,
3

@ IfZ,=2(cos75°+1sin75"), Z, =4 (cos 15° +1isin 15°), find the exponential form of: Z,Z,

Zy =sn 24° +1sin 114°, find the algebraic form of the number:

Zy
Zy
2 , y
@ In the opposite figure, find the exponential form of: =L
2 1
2 10°
@ Write each of the following numbers in the algebraic form: 12 5
a Zl —e3 Z
3
b 22: 2 A
€)3e 6!
@ If Z="72(cos —+1 sin —) prove that _: %

If Z= {3 +1i, find the algebraic form of Z°

@ HZ= (a+ by 1 (a-b) , find Z in the simplest form then find |Z] where a, b €R
(a-b)-i(a+Db)

of the number; Zl + Z2
@ If arg Z;= % , arg Zy= % arg Z3= i, find:

ajarg(z3 22)  (blarg(27,.7Z,) () arg( 222) (d) arg (26)
3

@ Creative thinking: Prove that cos 6 = 3 ( 0i,e0i) sin O = '—21 (e9i-e 01
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Unit two

2 -2

, i ) Think and discuss
— You will learn o
. D?moiw.e'.s th.eor gt f_l_ ) I the complex number Z whose modulus r and argument 6, then
with positive integer _
power find:
* L} 3
» De Moivre's theorem 1) The modulus of the number Z
with positive rational 2 3
power ) The argument of the number Z
P . .. . 3.
: mergots orcomplex b ) If Z is complex number and the principle amplitude of Z" is O, then
numoer

o Bigrasanti i oot thesprmigple splitide ol Z 18 s

of the complex number

in Argend's plane ﬁﬁ Learn

De moivre's theorem with positive integer power
Keyterms - “  Ifnisa positive integer number

» De Moivre's thearem Then (cos@ + isin 6)* = cosnB +1 sin nf

» root
@ Example

(D Express cos 3 6 in terms of cos 6
©» solution
“." (cos @ +1isin 9)3 = cos3 O+1isin? O (1) De Moivre's theorem.

also (cos O + isin 9)3 = cos30 + 3Cycos? O (isin O).

+3C, cos O (i sin 9)2 + (isin 9)3 (binomial theorem).
3
—cos B +31 cos’6 sinB -3 cosB sin?O -isin® O 2)
From (1), (2) equating the real parts.
“sin?0 +cos?0 =1 . sin20 =1-cos? 0

. cos30 = cos’6 -3 cosB sin?6
= cos O -3 cos O (l-cos? 0)
=cos® O -3 cosO +3cos® 6
=4 cos® O -3 cos 6.

ﬂ Try to solve
@ Express sin 3 6 in terms of sin 6

36 Third form secondary -student book
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Demoivre's Theorem 2-2

De moivre's theorem with positive rational power
We know that cos @ + isin6 = cos (6 + 2r /1) +isin (6 + 217r): where r is an integer.

k
If Kis a positive number , then (cos® + isin 8) = cos M + isin M
L

k
i.e (cos@ + isin0) takes several values according to values of r, the number of this values equals
Kby putting r=_,-2, -1, 0, 1, 2.... which makes the amplitude:

ﬂ included between -7 7T

“) Example

{g; Find in C the trigonometric and exponential forms the roots of the equation Z4 = 8( 1- 43 1),

then write the solution set.

@Solmion
wiZ4=8-8 43 i S XEBY=-8 43
1= 4@+ 843 )2 =16 ,tanO= 'Sgﬁ == 5
x>0, y<0 .~.Z* lies in the fourth quadrant

O=tan1(- y3)=- &
L Z4=16 (cos L) +isin ()

‘) Z:2(cos% (-%um)nsml (_£+m r))

4
_3’5
when 1=0, then Z;=2 (cos( 12)+13111( 12)) —2 el
5_?3.
when 1=1 then z,=2 (cos( ﬁ) +1 sin ( )) =2¢ 12!
.
when 1=-1, then =) (cos( ) +1 sm( )) g 121
117
. _ ll.fI 117z T2 i
when 1=2, then =2 (cos( ) +1 sin ( )) =
e 3 Sl g

SS.={2e12i  2¢121 2¢T13 i, 2¢ }

ﬂ Try to solve
(2) Find in C the solution set of Z4= 2 +2 43 i

) Example

@ Find the roots of the equation Z3 = 1, then represent the roots on Argend's plane.

@b Solution
Z¥=]
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Unit two: Complex numbers

= cos0” +1 sm0°
. Z=(cos0" +1sin0°P

= cos L (2177) +1 sin 1l (2171)
3 3 2, 1
whenr =0, then Z;=cos0" +15sin0" =1
whenr =1, then Z,= coszTﬁ+i sin ZTE
-1
whenr=-1, then Z; = cos _%ﬁ +1sn %
We notice that the roots divide the circle whose center is the 2]
origin , and radius length is the unity into 3 equal arcs and

the measure of each is 120°(the coordinates of the points

form the vertices of an equilateral triangle).

ﬂ Try to solve
@ Find the roots of the equation Z* = 1, then represent the roots on the Argand's plane.

The ntt roots 4

n
The equation x" = a where a 1s complex number has n roots in the form of x =a .

We can calculate them by finding the trigonometric form of a, then apply De Movre's theorem.
1.
All roots lie on Argend's plane on a circle whose center is the origin and its radius length is jain

to form a regular polygon of n vertices.

5 Example

(The fifth roots of - 32)
*é Represent in Argand's diagram the fifth roots of - 32

©» solution
The fifth roots of - 32 are the roots of the equation Z25=.32

Convert the number - 32 into a trigonometric form.
.23 =32 (cos 7L +1i sinfr)
1 1
. Z =325 (cost +1sinZ)?
= 2 (cos £ (/0 + 207) +i sin % (L + 2070)).

The first root whenr =0

- Z =2 (cos %nsin %): 2 (cos 36 +1i sin36")

Thus, the measure of the angle between each two successive roots is 360" _ 7o

5
Z,=2(cos (36" +72°) +1s1n (36" +72°)) = 2 (cos 108" +1 sin 108°)

Zy=2(cos( 36" +2x72°) +1s1n (36" +2 x72°)) = 2 (cos 180" + 1 sin 180°)
L= 2 e0s (36" 43 x72) +1 sin. (36 + 3% T2)) =72 (eos 252 #1580 252")




Demoivre's Theorem 2-2

=2 (cos(- 108°) +1sm (- 108%))
Zs=2(cos (36" +4x72") +1sin (36" +4x72°)) =2 (cos324 +1isin324")
=2 (cos 36" +1sm -367)

ﬂ Try to solve
@ Represent on Argand's diagram the sixth roots of 1

Example

{é:} Find the square roots of 3+4 1

€» Solution
Let (3+ 41)% =X +y 1 by squaring both sides
e B Memn®ovt Yoy

by equating the true part with the true part and the imaginary part with the imaginary part

L xFeyie3—— () 2xy=4 —(2) by squaring (1), (2) and adding
Lx-2xryt eyt 4x2yl=9+16 S K 2%yt eyt =25
i ey’ 235 c&Z+y)=503)

By adding (1), 3) 2x% =8 .. x==%2

when x = 2 by substituting in (2) y =1
whenx=-2 y=-1

.". the first root = 2 +1 .". the secondroot=-2 -1

ﬂ Try to solve
@ Find the square roots of the number 7 - 24 1

@ Example

(6) Find in C the solution set of the equation (1 -1)x2-(6-4i)x+9-7i=0

©» Solution
The equation can be in the form of:
x2 - 6&‘ X + 91'_7;‘ -0 %2 (5+i) x+8+i=0

Use the general rule to solve the quadratic equation:

bt/ D2-4c OB+ G+i2-4x1(8+1)
2a - 2

_ 5+ 424101 324

2
_ O+ E4 g6
2

X

X
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Unit two: Complex numbers
leta+bi= m by squaring both sides
ak=b?+2a bi==8+6i
at-hr el ) 2ab=6 (2)
al+b2=10 (3) from (1). (3) a2=1 E =l S et

.a+bi=*(1+31)

S5+ix(+3i0)
R

E Try to solve
@ Find in C the solution set of the equation x2 + (1 +i) x - 6 + 3i=0

x=3+21 or X=2 -

Exercises 2 - 2

@ Use De moivre's theorem to prove each of the following identities:
‘a) cosd46=8cos? 0 -8cos?O + 1 b sin 50 = 16 sin°0 - 20sin*0 + 5 sinf
@ Find in C the solution set in each of the following equations; write the roots in the form
X+yi
(a)74=16 ()73 +8=0 () 72 +8i=0
@ Find the solution set of the equation Z> + 243 = 0 where Z € C
@ Find the solution set of the equation of Z* =2+ 2473 iin the exponintial form .
@ Find the square roots for each of the following:
®2-243i (b)1-i (e) 8i d)3+4i  (5-12i
@ Find the cubic roots of 8§, then represent them on Argand's plane.

@ Find the fourth roots of - 1, then represent them on Argand's plane.

: 3
@1 a4 b, find the value of (Y 5 +a 1)

4+1

@ Put the number 2 42 (1 + 1) in the trigonometric form, then find its square roots in the

exponintial form.

3
10) IfZ=8- 61, find Z* in the algebraic form.

@ Creative thinking: prove that cos 40= % (cos46 +4cos(20) +3)




Co-operation work :

Use De Moivre's theorem to find the solution set of the equation 73 = 1
Find the previous roots in algebraic form.

Find the sum of the 3 roots. What do you notice?

Bl;g Learn

Cubic roots of unity

Use De Moivre's theorem we to find that the solution set of Z3 = 11s:

1 V3. -1 43 .
2 2 2

Also we notice that the square of one of the complex roots equals the
other complex root, thus we can assume the cubic roots in the form of:
1, w,w?

—

where @ = - i, w:=-+F

ey
2

3=
|
|
=)

Can you find the cubic roots of one using the algebraic form of the

complex number ?

Properties of cubic roots of one:

If1, @, @? are the cubic roots of one, then

1- 1 + @+ @? = 0 (the sum of the roots = 0)
(lvw =-@%, l+0*=-w, ® +w*=-1)

2- =
1 , 1
w w
3- The cubic roots of one lies on a circle \\20

whose center is the origin, it's radius

\d

length 1s 1 and form vertices of an - 120°

: ; 2
equilateral triangle. @

4- (0 -oH=+y3 i, (@*-w)=*43 i

Unit‘:1_:wo

. You will learn

» The cubic roots of unity

» Properties of cubic roots
of unity

» Representing the cubic
roots of one geometri-
cally

» Congugate ofa +(0,
ai+@

Key terms

» Root

» Square root
» Cubic root
» Unit circle

» Conjugate

Materials

» Scientific calculator
» Graphical programs
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@ ) Example

{:im‘ If1, @, w?, are the cubic roots of one, find the value of :

(a)5 + 50 + 5w? ®qa - L iz) (3 + 5w + 5w
@
©» Solution
a The expression = 5 ( 1 +@ + @? ) by taking 5 a common factor
=5x0=0
b The expression = (1 - — - —2) (3 + 5w + 5w*) by substituting — = @*, — =
a () a )

=(1-20"-2w)B +50 + 50)=(1 - 2(@* + @) (3 + 5@ + w?)
=l -2¢-1)(3 +5¢1)=1+2)3 -5=-6

ﬂ Try to solve

@ If 1, @, @? are the cubic roots of one, find the value of:
1

— : 1
@Qe+5w+20% bl (@ + —P (@ + —)?
w w
- 2
(2) Prove that[2 3@~ 2 70 g
Sw -3 2m° -7
©» Solution
2 2 3
The expression = [ 530" _2-7® _ (3030 207wy
Sw -3 20°-7 5w -3 200°-7
1 05w -3) @ Q2w* -7) e [twP=[+ T il =9
50 -3 2w°-7
ﬂTry'losolve
@Provethat:[ at+wb+ @’  c¢iaw bw B=8l
@*a+ b+ cw wec + b + a
{5} Prove thatx = _1+ Y-3 5 one of the roots of the equationx!® + x> + 1 = 0
©» solution
"x:—_1+ y-3 :—‘1+‘/_3i :—l+gi
' 2 2 2 2
1.e. X represents one of the complex roots of one
when x = @ ,thena)10+a)5+1:a)1+a)2+1:0

when x = x2 then @* + W%+ 1=w?+@w+1=0




ﬂ Try to solve
@ Form the quadratic equation whose roots are (1 + @ - (1)2)3 , (1 - o+ (1)2)3

If1 @ ,@? are the cubic roots of one :

Complete the following:
D +5w+20Y2= ..

@(a) 7 ol o — T
1 1
@ (a) + 5)2 (w? + R)2 =S,

@ Ifx= # thenx8+x4=

E(——)a + o - %):

w~+1

6)1+30+30? = .

Difa =20 -3a%, b =3+ 50 thena + b2 =

Choose the correct Answer from the given:

@ Theicomugaten, 18w
(al @ b) @? @ d -

@@ 0Ly

w
(@) 2 b0 ©-3 @-s

W@+ bw + acd) (@ + ba? + awh=

o
~~
)
]
o
—
(3%
o
o
2
]
Y]
(=)

(@)1 (5)a-b
1 ]

1 +20° + — W1 + 2@ + — )=

B0 207 Z 200 F)=

a0 (b) 1 ) -1 (d)2

a-dmw

aw?-d

(a) 3i (b) + /73 i (e) -3 (d)3

@ If(1 + W) =a + b® where a and b are real numbers, then (a, b)= . .. ... ...

@@, -1 )1, 1) o, 1 d)1, -1
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@ If(1 + @*)®* = (1 + )", then the least value of the positive integer nis ...

(@) 2 (b)3
OF or
@ 14 @0+ 0%+ 0 + .. + @O = s
(a)o OF
el (d) -w?
@ IG# = PHTEL] B8 sesesmsasmsamnesanss WHETE R IS E PO Ve S FGE
all b w
(o) x (d) a2
0 r
r=1
@0 oOF
@1 d1+o

@ Prove each of the following identities:

(@l -+ o)l -a*+ aoMA - @+ ¥ - @b + %) = 2

2 2 -10
b (1)) ) + 1 + 2 )2:_(02
(1+2aJ ( w2 3
c 1 _ a)+é ]8_16

1 + @i 1 + @4
2
d[5-3a) 2-27(1) Doy g
5w -3 20" .~ 7

-0+ + 1+ a0+ oM = 4o
Find value of each of the following:
(a)5 + 3w + 3 w?

(b) (1+w+2m0H% + (1 + 2w + @)}

@ o’ - D - 1)
T Qo+ (@ +2)

G - 1
1 + 3 w? 1 +3w
@ + = +iXl +—5 + 1)
) w?
44 Third form secondary -student book
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Cubic roots of unity 2-3

@Ifx = % ,prove thatx% + 6x + 15x* + 20x3 + 15x2 + 6x=0.

@ If ! , ! 5 are the two roots of a quadratic equation, find the equation .
1 + w 1 +w

@ IfZ = 2 (@ + 1) (@? + 1), find all different forms of the number Z. and the square roots of
Z in the trigonometric form.

g: Find value of n which makes 2 +5 @+ 2 @?* = (2 + 2 @+ 50"

10 .2
b)) ¥ 1+ +0h

I = zZem
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Unit introduction

Geometry is the scince of studying the various types of shapes and describing them. It studies the relation of the shapes,
angles and distances with each other. Besides, it is divided into two parts: The plane geometry which is specialized in
studying the geometric shapes of 2-D only and the solid geometry which is specialized in studying the solids of 3-D
(length - width- height). It deals with spaces such as cuboids, cylindric solids, spherical and conical bodies.

Greek had been the first to use geometry. Thales had discovered proofs for some theorems, then Euclid had assembled
all the geometric corollaries and organized them in a book called "the principles". Later , this type of geometry have
been developed into the analytic geometery, geometry of triangles, Minkowski geometry (4-D) and the non-Euclidean
geometry and so on. In this unit, you learn the vectors to study the straight lines, planes and the relation among them

in3-D
Unit objectives
By the end of this unit and doing all activities included, the student should be able to:

£ Recognize the coordinate system in three dimensions ~ © Recognize the properties of the scalar product and

and resolve the vector in space. vector product in plane and space.

# Find the distance between two points in space and & Recognize the angle between two vectors in space.
the coordinate of the midpoint of a line segment in =
space . £

# Recognize the vectors in space through:

Recognize the perpendicularity of two vectors in space

Identify the direction angles and direction cosines of
any vector in space.

# Use the scalar product to find the algebraic and
vector companents of avector in direction of another

» Representing the vector by triple ordered.

46

» The fundamental unit vectors in space 3 =(1,0,0),
j =(0,1,0), « =(0,0,1).

» Expressing any vector interims of i , j

» Expressing directing line segment in terms of its

’ k

ends in space.

# Recognize the scalar product and vector product of

two vectors in plane and space.

vector

Recognize the geometrical meaning of the norm of
the vector product.

Recognize the scalar triple product and its
geometrical meaning.
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Key terms

o space g plane < scalar triple product
S 3n < scalar product < position vector
= projection $ vector product $  unit vector
& right hand Rule : component < the norm of vector
< 3D—vector Z work
Materials Unit Lessons
< Scientific calculator Lesson (3 - 1): The 3D orthogonal coordinate
System.

Lesson (3 - 2): vectors in the space.

Lesson (3 - 3): Vector multiplication.

Unit chart

Geometry and measurment in two and three dimensions
l

3D- orthogonal coordinate system

{ | 1

Operations on vectors Vectors Position of a body or
| | point in space
& =1 ( | W
Vector Vector  Multiply a vector o . "
B Projection Unit
multiplication addition by a real number com;ionent ol orior P\(?;’E[l;)rn
r I 1 a vector
Scalar Vector product f 1
product
L J Midpoint distance
/\ of a line between
segment two
Properties of Geometrical meaning joining points in
multiplying vectors of multiplying vectors between two space
points in
space
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Unit Three

3-1

_ i ) Think and discuss
—1 You will learn |
» Determine the position | ' To determine the position of a body on Bod
of a point in 3D-coordi- . . . oy
astraightline, we should know the distance ~«—e——————o—>
nate system _ _ 0 — x —1 A
» Identify the coordinates between the body and a fixed (arbitrary)
of a midpoint of a line point on it called the origin (O)
segment joining be- o TR, |
tween 2 points in space
» Find the distance
between 2 points in the : wo ; Y4
e # To determine the position of a body in
plane, you should know its projection on &
two dimensional orthognal axis. I
A=(xy) € R? i
# How can you determine the position of O}—Xr— X
a body in space?
Key terms
» Space
»3D ﬁ Learn
» Projection
» Right hand rule The three - dimensional 2 x'
Pl orthogonal coordinate system R3 0, 0, z ' D
The coordinates of a point A in space Vs
z o,
are identified with respect to 3 mutually . A4A
orthogonal axes intersect at a point by < y X s
Materials | o finding the projection of this point on 4 X.'/ D
» Scientific calculator each axis . Q? N "
&¥x | B
7

Think: In the previous 3 D coordinate system, find the coordinates of
the points B, C, D,
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The three- dimensional orthogonal coordinate system | 3

I
=

basic definitions:

1- The right hand rule

when the 3-dimensional orthogonal coordinate system is formed, we i

should follow the right hand rule. y
where the curved fingers refer from the +ve direction of x-axis towards the A
positive direction of y-axis, your thumb points at the direction of positive

Z-axis.

2- Cartisian planes
~ All points in space with coordinates (x, y, 0) are

located in x y plane whose equationis Z =0

» All points in space with coordinates (x, 0, z) are

located in x z plane whose equationis y=0

» All points in space with coordinates (0, y, z) are

located in y z plane whose equationis x =0

Example

@ (Identifying the position of a point in space)

@ Identify the position of each of the following points using 3D-orthogonal coordinate system:

(a) A (-2,3,2) b B@3, -1,5 (e)C @ 0, -1)

ZA

&v Solution 41
(a) To identify  the point .

A (-2, 3, 2), we identify the
point (-2, 3) in the x y plane,

R

2
> = ~

then move 2 units in the +ve e
direction of z-axis to get —=
point A (-2, 3, 2)

(b) To identify  the  point B
B (3, -1, 5), we identify the
point (3, -1) in xy plane

then move 5 units in the +ve

e e s e e

direction of Z-axis to get

point B.
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Unit Three: Geometry and Measurement in two and three dimensions

c To identify the  pont 4
C(4,0,-1), we identify point
(4, 0) on x-axis, then move

one unitin the -ve direction of

Z-axis.

E Try to solve

@ a Identify the position of each of the following points using 3-dimensional orthogonal

coordinate system:

A(3,2.3) B(-1,4,3) C(,0,4)

/b Complete:
1- The distance between pointA (-1, 2, 3) and the Cartesian xy-plane= ... . unitlength.
2- The distance between point B (4, -2, 1) and the cartesian yz-plane = ... unitlength.

% Learn

The distance between two points in space
IfA(xy, v1, z1), B(xy, y5, z,) are two points in space, then the distance between A and B 1s
given by the relation

AB=4 Ko-X 2+Fz-y)?+ (2 -7

Z R
2y [
Z
= \-"“*-\_\ B (xj_; ¥2, Z3)
\.\.-.<] ). %)
% 1 ¥1r 21 C
Y1 Vi
P x §
X A é:
LN B | x_—l,v .
x/  Dnnb

") Example
@ Prove that the triangle ABC where A (2, -1, 3) , B(-4, 4, 2) and C (-2, 5, 1) is right angled at C.
©» Solution
AB=4 (- x)+(y, -y 2 + (25 -7,)? the distance rule
= Q+AR+(1-42+3 -2 =462
BC= ¢ (4+2)2+(4-5%+2-17% =46
AC= @+ +(1-52+B-12 = /35
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" (AB)?=(v62)2=62, (BO? + (AC) = (4 6)2+ (4/65)* =6+ 56 =062
. (AB)?2 = (BC)? + (AC)? s.m( C)=90°

B Try to solve
@ Prove that the points A(4, 4, 0), B(4, 0, 4), C(0, 4, 4) are the vertices of an equilateral triangle

and find 1its area.

g&ﬂﬁ Learn

The coordinates of a midpoint of a line segment
If A(xq, v, 27), B(xy, 5, Z,) are two points in space, then the coordinates of point C which lies

at the midpoint of AB is:

R ShR.Y) Yyity ) T2 )
C_( 2 g 2 : 2

(3) IfA(1,-3,2), B (4, -1, 4), find the coordinates of the midpoint of AB

€» Solution
+ + +
The coordinates of the midpoint = ( il 5 X2 , 1 5 Y2 , ‘1 5 i )
_ ( 1+4 3-1 2+4 )
0 I PR )
2 .
=(3.23)

ﬂ Try to solve
(3) Find the coordinates of the midpoint of CD where C (0, 4, -2), D(-6, 3, 4)

Critical thinking: If C (2, 2, 6) is the midpoint of AB where A (1, -4 ,0), find coordinates of
the point B
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Exercises 3 - 1

Complete the following:
@ If point (x,y, z) liesin xy - plane, then z= ...

@ The two straight lines xx> and zz> form the coordinate plane ... whose

equationis ...

@ The opposite figure represents a cuboid in an orthogonal coordinate

system. One of it's vertices 1s the origion O(0, 0, 0) ,then o

“y

the coordinates of the pomtBis ... ... . A© 42]C

Coordmates of the point Ci8 . . A

(4) IfA(1,-1,4), B(0,-3,2), then the coordinates of the midpoint of ABis . .

Choose the correct answer from the following:
® The distance between point (3, -1, 2) and the Cartesian xz plane is ... unit length
(2)3 b) -1 (e)2 d) 1

@ The length of the perpendicular drawn from point (-2, 3, 4) to the x-axisis ... unit
length.

(a)2 (b) 3 (c)5 d) 4
@ The coordinates of the midpoint of the line segment whose terminals (-3, 2, 4), (5, 1, 8) is
(2) (1%, 6) ® @, -1, 4 (©) @ 1,4 (@ (1, %,2)

Answer the following questions :

Find the distance between the two points A and B in each of the following :
a)A(7,0, 4),B(,0, 0 bIA(4,1,9), B2, 1, 6)
(A1, 1, 7), B(2, 3,7

@ Prove that the triangle whose vertices are the given pointsis a right angled triangle and find

its Area:
al(-2,5,2,0,0,2),0, 4, 0) b) (4,4, 1),@2,-1,2),¢2,5, 0
z A
@ The opposite figure represents a cube
whose volume is 27 cubic unit and one of its vertices is the origin,
find coordinates of the other vertices . v 2 y
2 |
X
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@ If the points (7, 1,3) , (5, 3, k), (3, 5, 3) are the vertices of a triangle , prove that this triangle
is isosceles, then find the value (values) of k which make (s) the triangle equilateral

@ Find the coordinates of the midpoint of AB in each of the following:
(@) AGB,-1,4), B(2,0,-1) (b) A(3,5,5), B(6,4,8)

43) If C (-1, 4, 0) is the midpoint of AB where B (4, -2, 1), find coordinates of point A

4a) Creative thinking:
If A € x -axis, B € y -axis, C € z-axis and if point(1, -1, 0) is the midpoint of E and point
(0, -1, 2) 1s the midpoint of ﬁ , find the coordinates of the midpoint of E

@ Writing in math: If all the points in the space in the form of (x, y, 0) lie in x y-plane whose
equation z = 0, find the equation of the plane in which all of its points in the form (x, y, 2)

46) Discover the error: If point B (-1, 4, 2) is the midpoint of AC where A(1 , 0, 2), find C

Ashraf's solution Zeiad's solution
_(( X1t X Y1 +Xp 21+ 12y letC (x,y,2)
C_(( 2 )( 2 )( 2 ))
o] 4 o4 i s =l —— e
=) .
2 2 2 0+y
= 4 —? N = 8
=(0,2,2) 22
;Z =2 — z=2
Seltd 8 2)
Which answer is correct? Why?
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Unit Three

3-2

—i You will learn :

» Representing the vector
by three components

» Position vector in space

» Fundamental unit
vectors in space

» Express the vector
interms t of he unit
vectors

» Expressing the directed
line segment in space in
terms of its terminals

» Equality of two vectors
in space

» The norm of a vector in
space

» Unit vector in the
direction of a vector in
space

» Adding vector in space

» Multiply a vector by a
' real number

Key terms | o

» Position vector in space
» The norm vector

» Unit vector

» Scalar product

» Vector product

54

Introduction:

You have previously studied the scalar quantities and vector quantities
and have known that the vector is represented by a directed segment
determined by a magnitude [norm of the vector ] and a direction. We
will learn in this lesson the vectors in space ( a-three dimensional
coordinate system ).

% Learn

Position vector in space

The position vector of point A (A,, Ay A,) with respect to the origin O
(0, 0, 0) 1s defined as the directed ine segment whose starting point is

O and end point is A.

»  The position vector of point A is denoted by Aie A= (Ag Ay, A5)
~ A, i1s called the component of K‘ 1n direction of x axis.

V4 Ay is called the component of z_ﬁr in direction of y axis.

A A, 1s called the component of A in direction of z axis .

The norm of a vector

It1s the length of the directed line segment which represents the vector.

If 7;; =A Ay, A,), then from the distance between two points rule

1A= d A+ (A + (A,

@ Example

(DIA =231, B=(04-3)then
#  The component of the vector A in the direction of x-axis is 2

»  The component of the vector ﬁb m the direction of Z-axis is -3
1A =22+ P+@? =417
1B =02+ @r+3R =5

The vector f; lies in the y z -plane (the component of the vector Tﬁf

vanishes in the direction of x-axis)

Third Form secondary - Student Book



Vectors in space | 3-2

] iy to soive
(DA =(1,42), B =(3,1,0), find
(@) A, +B, ®)IAN+ITBI
Adding Vectors in space
If A = (AcAy,A,), B = (B, By, B,), then:

— —

C =7 +B =(Ay+By Ay By, A B) = (Cy Gy, C)

X) tX3

) Example x ¥

QA =(231),B =0, 2 4), then:
A+ B =(2.3, 1)+(0, -2, 4) = (:240,3+(-2), 1+4)= (-2, 1, 5)
ETry'Io solve

Q)IEA=440,B=(152find A +B

Properties of addmg vectors in space
For any two vectors A and B € R3? | then:

e

1- Closure property: A + T?; ecR?

’

lr

2- Commutative property: A + T? = T?; + K‘
3- Associative property: (A + B yiaal & T\-

4- Identity element over addition (zero vector): 8 = (0, 0, 0) 1s the neutral element of
addition in R

— o o e

ie: A+O0O=0+A=A
5- The additive inverse: for every vector K = (A, Ay, A)e R3 there is
R =(Ay Ay, -A)eRPsuchthat A +(- A)=(-A)+A =0

Multiplying a vector by a scalar (a real number)
If A =(Ag Ay A) e RPand K€ R, then:

KA =K, A, A)=(KA, KA, KAy eR
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For example: 3(12,-1,4) = (6,3,12)
1 = 9
3 4,9,6) = (2, > 3)
2(1,-3,-4) = (-2,6,8)

Properties of multiplying vectors by a real numbers

A B eRandK LeR then

1. Distributive property

¥ K(A +B)=KRA+KA ¥ K+L)A=KA+L7A

2. Associative property
# KLA)=LEKA)=(KL A

Example

(3R =(1,52), B =@&-1,3), then
1. 2A -3B =2(-1,5,2) 3(4,-1,3)
= (-2,10,4) +(-12, 3, -9)
~ (-14, 13, -5)

—

2. Find the vector C where 2_(? +3T3C = 2?3.-

— — — —
‘"2C +3A=2B by adding -3 A for both sides
2T =28 -3A
2T =24,-1,3)3(-1,5,2)
=80 GYIE =15, <B)
~ (11, -17, 0) by multiplying by }
il 11 =17
. C =301,17,00=& 2L, 0)

ﬂTry'Io solve
G)IET=(2-31),D=(02-2)
(a)find 5C -2D

B If3A-4D=TC find %
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Equality of vectors in the space
=t i
If A =(Au Ay A, B = (B, By, By, then:
A =T ifand onlyif: A, = B, , A, y » Ay

) Exa mple

Flnd the values of L, m , n which make the two vectors 7;; = (L -4, m? - 3, D),
= (5, 1, n%) equal

&-Sollﬂlon
A=B
A, =B, — L-4 =5 —  L=9
Ay =B, — m?-3=1 — m’=4 — m=1%2
A =B —— 2 =1 — n=z+1

E Try to solve

(@Ir@Ex+1,5, k+4)=(-1, y*-4, x +1), find the valuc of x, y and kIl

The unit vector

The unit vector is a vector whose norm equals the unit length

For example :

s
13131

ﬂ Try to solve

N =~i_ ] 3\ 4w 129 _
A= 3)ls a unit vector because: ||A||_j(13) +(13) + 13) =1

@ Show which of the following vectors represents a unit vector

~-d 22 B-d 4 A5,

A_(3’3’3) B_(S 5§
Fundamental unitvectors(1, j, k) "
It is a directed segments whose starting point is the origin point and
its norm 1s the unit length and its direction is the positive direction k
of x, y and z axes respectively: ;
{{:(1,0,0),3 :(0,1,0),£ =40,.0,.1) 3 y
Express the vectors (-1, 0, 0) , (0, -1, 0), (0, 0, -1) interms of the "
fundamental unit vectors.
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Expressing a vector in space in terms of the fundmental unit vectors
If 7;; A, Ay, A) e R3 , then the vector T—C can be written 1n the form
A =(A0,00 + (0,A, 0 + (0,04,
=A(1,0,0) + Ay(O, 1,00 + A,0,0,1)

= 1 +ij +Azk

G)¥A=21-3]+k B=-1-2j find

)
o=

a 2A -3B b) 1A + BI,IAI+IBI Whatdo you noticel
©» Solution

(@2A 3B =221 -3]+k)3C1i-27)
:4? —63+2£ +3?+6}
S 2A 3B =71 +2k

B A-+B =01 =37 +k3+e? =2 §)
=1-5 3 +k
A + Bl =12+ (52 +12 = 27
AT+ 1B =422+ (3)2+12 4 J(1)2 + (27
= JTA+/5 we notice that | A + Bl 1A NI +1ITB

ﬂ Try to solve
OFEA=37-k+51  B=2k +31 find
\aJ/3A -5B b A -BI
Expressing a directed line segment in the space in terms of the coordinates of
its terminals

let A and B be two points in space and their position vectors with respect to the origin be O_K
i
and OB respectively. z A

—

OA + AB =OB

—n

AB = OB -OA

e — —
” AB=TB - A
58 Third Form secondary - Student Book



Vectors in space | 3-2

/ 1 Example
IfA(-2,3,1),B&,0,2) , then

2B =B-A
4,0,2)-(2,3,1)=(6,-3,1)

BA =A-3B
= {00 3 T8, 0, 5= 166,9, ~1)

Notice that: A_ﬁ =- B_E

E Try to solve

D@ 1A -3,0.B( 4.1 find AB
b IfA(1,1,-2), AB “4,-1,2) , find coordinates of point B

The unit vector in a direction of a given vector
If A = (A, A A € R3 | then the unit vector in the direction of the vector A is denoted by

UA and given by the relation :

Example

—

(7)IEA =(2,21), B =@, 1,-2), find the unit vector in the direction of A, B , AB

€ Solution
T __A _ 2D (2 2 )
A T = “\3 73
R ARl A2
T = B O_GLD (3 1 i)
1Bl 9 +1+4 14 414 414
AB =B-A
=3, 1,-2)-(2,2,1)=(5,-1,3)
. Uas __AB
I ABI

= (5-L8) 5 =S _3)
1/25+1+9 J_,/_
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ﬂ Try to solve

Find the unit vector in the direction of each of the following vectors:

A

@Aa=-¢848 @B=1-27-k% @ C-37 -4k

Direction angles and direction cosines of a vector in space

If T\‘ = (A,, Ay, A,)isavectorin space and (6, Qy, 0,) are the measures  z 4
of the angles made by the vector with the +ve directions of x, y, z axes =
respectively, then:
— — — Az
A _=IlAllcosO, , Ay:||A|| cos@y , A,=Il'Allcos B,
— — ~ — A . A oz
" A =lAllcosOg i +IlAllcos€; j +IIAllcosO, k
— ~ N A oxf /oy AY
=ITAll(cos Oy i +cosOy j +cosO, k) A - /;
(O, Qy, 6, are called the direction angles of vector E-
X

- - - é
cos B, cos 9y, cos O, are called the direction cosines of vector A

N e ~
Notice that: cos O, i +cos Qy j +cos 6, k represent the unit vector in the direction of the

— )
vector A 1.e.

2 2 2 —_
cos” Oy + cos” Oy +cos” 0, = 1

) Example 7

=T
@ The opposite figure represents a vector A whose norm is 10 units

o)) el ; . o) =
.a ) Express the vector A 1in algebraic form (Cartesian components) ‘ﬁ / y

(b) Find the measure of the direction angles of 7;; ‘

©» Solution 2

.
First resolve E‘ into two components; the first in the direction of OZ with magnitude

A, =l ll cos 6, = 10 cos 40 = 7.66

The second in xy-plane
Agy=1ITAllsin 0, =10 sin 40 = 6.428

Now, resolve the component A, ; into two components; the first is in the direction of O_}‘(.
with magnitude
Ag=Ayycos70=06.428 cos 70 =2.199

the second is in the direction of ﬁ with magnitude
Ay=Ayysin70 = 6428 sin 70 = 6.04
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—
So, the Cartesian form of the vector A is

T{:AA +Ay3 +Z£

x 1

50199 § +60+ 7 <186 %

Second : to find the measures of the direction angles, we get the unit vector in the direction

of E\
- A _Lloio9 ) re0e | <766 b
A= =gl 1 bl g +166 k)
IIA
=0.2199 1 +0604 ; +0766 k
Seesll, = 02199 , then 0, = cos1(0.2199) =773
cos 9y = 0.604 , then Qy = cos1(0.604) =52.84
cos O, = 0.766 , then 0, = cos!(0.766) =40°

E Try to solve i
Z

@ The opposite figure represents the force _1? with a magnitude 200 Newtons

a Express the force _1? 1n an algebraic form.

A — F m
b Find the measures of the direction angles of the force F . 3 :Im Y-,-
Exercises 3 - 1
Complete the following:
(DA =(3,4,2), thenll A= ..
@UEA=17-27+3k ., B=31i-k . henA-B=_... ...
(3) The unit vector in the direction of AB where A (-1,2,0),B(3,-1,2)is ...
@ The vector JAE =3 ? # 3 -2 ﬂ makes an angle of measure ... with the +ve
direction of x-axis.
® Thevector B = 1 +2 3 makes an angle of measure ..................... with the +ve direction
of z-axis.
Choose the correct answer from the following:
I A =(2k DandlAll=3unit, thenk= . )
a4 b4 () +2 4 Y17
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@ If30 , 70°, 6 are the direction angles of a vector, then one of the valuesof 6= ... .

._a___. 100° ._b, 80° ¢ 260° d 68.61°
ONUN =152, B=0G 1L Dadif A+B+C=1,then C=
@ 1 +6_] Xk @ -i 63 v k
® i 4 -3k @ & 45 <k
@ The direction cosines of the vector T\- =271 :2) 1§
(a) (- b (2 l 2 & 3 (d) (.
@) (2,1,2) b) (2 ©) 35,3 @) (1,1, 1)

Answer the following :

= = =
IA =231 , B=@-20 , T =(60,3), find each of the following vectors:

— L L

(A +B (b) 3 A -
ADIEA =21 -3] +5k ,B=4) -2k, C=41 +5) -6k |, find each of the

following vectors :
i =

(@)2A + B b

@ Flnd the norm of each of the followmg vectors:
@2a=02-10 ®B=022 @T:=; d D=1 -4j

— Al — M
A3)If A =(k0,0), i =(1,0,0), prove that I A ll = ki Il i I

@ If the tension force in a stringe equals 21 newtons , fine the D
i
algebraic components of the force F in the directions of

the Cartesian axes

of the vector A 1f the vector A 1s parallel to y z-plane ? x '\ B

@ Open question: If 7;; and ﬁh are two vectors in R3. Is IIJA- - _E?II = IIJAHII - IIfS-II‘? Which

side is greater if both sides are unequal O

@ Creative thinking: Find the Algebric form of the vector A if its norm is 5 units and makes

equal angles with the +ve directions of the Cartesian axes .
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You have learned earlier how to make some operations on the vectors
such as adding and multiplying a vector by scaler but you might ask
yourself. Is it possible to multiply vectors? The answer is yes. There
are two types of multiplying vectors; scalar product and vector product
between two vectors. In thislesson, we will study the two types and their
Algebraic and geometrical properties and their physical Applications to
help you study mechanics.

Scalar product of two vectors (Dot product)

@ Think and discuss

— — B
If A and B are two vectors and 6 is the measure

>}

angle between them, find: 0

1- the component of A in the direction of B . B
i

A 1n

.
r

2- the product of the norm of vector _E? and the component of

. . A
the direction of vector B .

From Think and discuss, we conclude that:
1- The component of the vector A in the
direction of vector ?3- =] JAHII cosf

2-

The product of the norm of vector _E? and the

— —

component of vector A in the direction of B
i [ o i

vector B equals!l B Il Il A Il cos6

The absolute value of this quantity represents the area of a rectangle

Il Allcos®

=
whose dimensions are the norm of the vector B and the component
i

—
of vector A 1n the direction of vector B .

¥

S

The scalar product of two vectors (Dot product)

Learn

i i
If A and B are two vectors and the measure of the angle between
them is @, then the area of the rectangle whose dimensions are the norm
of one of them and the component of the other vector on it is known as

=T

the scaler product of the two vectors denoted by 7;; * B

Analytic solid geometry - Algebra and analytic solid geometry

Unit Three

3-3

. You will learn

» Scalar product of two
vectors in a plane and
space

» Parallel and
perpendicular vectors.

» The angle between two
vectors

» The component of a
vector in the direction of
another vector

» The projection of a
vector in the direction of
another vector

» The cross product of two
vectors in a plane and
space

» The geometrical
meaning of the cross
product

» The right hand system of
unit vectors

» The scaler triple product

» The geometrical
meaning of scalar triple
product

Key terms

» Scalar product

» vector product

» Component

» Unit vector

» Work

» Right hand rule

» Scalar triple product

» Scala product of two
vectors. <2

A

=
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Unit Three: Geometry and Measurement in two and three dimensions

A8 =Rl IBlcesb

i.e.

~ ) Example

@ If A and B two vectors of the angle between them 60° and |l Al=21Bl= 8, find 2B

©» solution
IAN=21BN=8 — IAN=8,IBl=4
from the definition of the scaler product

—

A+B =IANIIBcosb
=8 x4 xcos60°=16

E Try to solve

@ If K‘ and T3h are two vectors and the measure of the angle between them 1s 135° | |l T\hll =6,
IAlI=10,find A + B

Critical thinking: What are the cases at which the value of the scaler product is equal to zero?

Important notes
1- To identify the angle between two vectors, the two vectors must be both getting in or out of

the common point.

2- The measure of the angle between the two vectors € [0, 7]

-

43) Example

@If ? , 3 , ﬂ are the unit vectors of a right hand system, find ? . ? , 3 . 3 , ﬁ . ﬂ

O'Soluiion
i =il Il'illcosO" 0 Remember

=1lxIx1=1 The norm of the unit

A ~

similar j ¢+ j =1, ﬂ . ﬂ =1 vector equals one.

ﬂ Try to solve

@If ? , 3 , ﬂ are the unit vectors of a right hand system, find ? . 3 , 3 . ﬂ ﬂ . ?
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Properties of the scaler product
From the previous example, we can conclude the properties of the scaler product:

1- JA- . T?; = T; . Tﬂc Commutative property
2- A-A=IAIR
3- f\- 5 T; =0 If and only if ﬁ-, Téh are perpendicular (condition

of perpendicularity)
=
* C distributive property

'T;) K is a real number

a s« D b AB BC ° AB « CA ”
@Solullon

AB DC are parallel and on the same direction
". the angle between them is = zero®
. AB + DC =!ABI IIDCI cos 0°
=10x10x1=100

(b) AB, BC are perpendicular the measure of the angle between them is 90°
. AB + BC =zero
~— — —
W) AB, CA do not start at the same point
. extend CA so the measure of the angle between them 1s 135° ,"'
B — . —_— —_— ¥l
AB+* CA =IABIIIICAll cos 135° A~
=10x 10472 x=L =-100
. "y
Another solution (¢ )
AB+« CA = AB(-AC)
- -AB » AC ¢
= I ABI I CA Il cos 45
—10x104/72 x_L_=_100
J2
E Try to solve
@ ABC is an equlateral triangle with side length 8 cm, find each of:
@ AB-AC ) AB-BC  (cJ2AC)-(3TB)
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% Learn

The scalar product of two vectors in an orthogonal coordindte system

It A =(Ai +A, } <A, k),B=(B,i +B, ] +B, k)then

A, == (A + Ay 3 + A, k ) (B i By 3 + B, k ) using the distribution

property
=A;By1 1 JrAXBy i3 +A,B, 1k

B>

+A B j + 1 +A/By j ¢ j +AyB, j -

2>

+A,B.k+ i +A,B k+j +AB k- k

If JA- = (Ax. 4y), T3h — (B By) in the coordinates plane,
—
then st B AxBx +AyBY
<)) Example

@IiA=27+3]+4k , B=-1-2j +k .fidA+B
@Solu‘lion

ACB =23,4:(121)
= 2x-1+3x(-2)+4x1
=-2-6+4=-4
ﬂTry'Iosolve
@Fl]ld A B in each of the fo]lowring:
-.__ﬂ' A =(1,3,2), B 4 1 —ZJ +5k What do you deduce?

~ =i

@A=27-5.B=5 -3%

66 Third Form secondary - Student Book



Vectors multiplication | 3-3

E‘g Learn
The angle between two vectors 2
You know that AB=IAIITBcosO
where 6 1is the measure of angle between two non zero vectors f N
AL B,0°<H<I80" .
c.cos = %
ITAININBI
Speical cases:
1- If cosO= 1 , then A , B are parallel and in the same direction.
2- If cos6=-1 , then Kﬁ T%- are parallel and in the opposite direction.
3- If cosB= 0 , then T;C T?; are perpendicular.
") Example
@ Find measure of the angle between the two vectors
A=47+3] +7k, B=21 +57 +4k.
€» Solution
ANl =f2+32+72= 474
1Bl = YT+ 52 47= 445
cos® = A-B - 4.8 Hres5Y,  B-102E ol
- 31 — el _ o
.€0S™" (—=—==)=cos " (0.8838)=27.9
ETry to solve
@ Find 6 in each of the following:
AZ
y A 2
1 —y
A /’i 2
'l : 2
o] 1 4x %
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% Learn

The componont ( projection) of a vector in the direction of another vector.

é a é . . . . é .
If A and B are vectors, then the component of vector A 1sin the direction B (denoted Ag) 1s

—_— ol

A+B

Ap=I"A 1l cos 6= 21
B

a . . . . A A
the component of vector A isin the direction A g (denoted A g ) by

m-_T
I B Il
@ Example

@:} Find the component of the force _1:: =2 ; -3 3 % 9 ﬂ in the direction AB where
A(l, 4,0), B(-1, 2, 3)

©» Solution
AB =B -A
=(-1,2,3)-(1,4,0)=(-2,-2,3)
= . .- TF.AB
The component of the force F in the direction of AB = ———
I ABII

(2,3,5)+(-2,-2,3) 17
= = =417
VFrF+3 417
ﬂ Try to solve wd

@ The opposite figure represents a cube with side ) b
s
length 2 length unit, find the projection of OA
[
on the vector CB

Critical thinking: when does the component of a

vector 1n a direction of another vector vanish?
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% Learn

Vector product of two vectors (cross product)

i — e
If A and B are two vectors in a plane enclosing an angle of measure 6 and C is a unit vector
o i =T =
perpendicular to the plane which contains A and B , then the cross productof A and B is

given by the relation
AxB=0AIIBIsin0 T

The direction of the unit vector T? is defined ( up or down) According to the right hand rule
where the curved fingers of the right hand show the direction of the relation from the vector A

— —
to the vector B , then the thump shows the direction of the vector C

Important notes

)
X
>l
=
3

1- 1¢ T;C P ﬁ 1s in the direction of T? , then
directionof—?? soz_i.XT?:—T?XK.
2- By applying the right hand rule on the right set of orthogonal unit

vectors then

1
i x ,J\ = % i % k=i T~
k ¥ 121 ‘
o~ o~ o~ S ~ ~ f} @ ~
i X ==y d %g ==3 Jt/k
3 X ; :—ﬁ T
— — — — — 25,
3- for any vector A , A x A = O Where O is the zero vector. -
@ Example
@ 75; and ?3.- Are two vectors in a plane and the measure of angle between them 1s 70°.
I A =15, 1Bl =175, find thenorm of A x B
€» Solution
A xB =WAIIBIsn T
A x BlI=IAN Bl sin@=15x17.5 x sin 70 = 246.67
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ﬂ Try to solve

(DA «B =-65C andlIAll=5, Bl =26, find the measure of the angle between

P -

A and B

The cross production in Cartisian coordinates

Ir K‘ = (A, Ay, Ay, f%h = (B, By, B;) two vectors, then

AxB = A1 +Ayj +Azk)  x (B i + Byj + Byk)
:AXBX?X? +AxBy€ X 3 + AXBZ? X ﬂ
+AyBx3x? +AyBy3 X 3 + AyBZE x k
+AzB k x i + AzB k x j + AzBykx k

wllem?XEZEXE:£X£:8
ix7=%,7xk=1,%kx1=] then

AxB =0+AB k +A,By(-])
+A B (k)+0+A;By (1)
+AzB (§)+AzB,(-1)+0
= (AyBz-AzB) i +(AzB,-A.Bp) j +(A B, -A;BYk

The last form can be written 1in a form of determinant of order 3 x 3 as follows:

=

- i
AxB=|A, A
B, B,

UU?W)-

o]

Spiecial case

ItA = (A, Ay, B =(B,, By inthe xy-planc, then

AxB =|, A o =@B-AB)E
B, B, 0
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Y Example

i

- — — —
@ If A=(¢231),B=(,24find A x B, then deduce the unit vector perpendicular to
—r

the plane which contains the two vectors 7;; and B

©» Solution A A A
e 1 ] k
AxB =l 4 3

1 2 4

=(Bx4-2x1) 1 -(2x4-1x1) ] +(2x2-3x1) k

ity § b § Tk

e - S =
The perpendicular unit vector on the planeof A, B = i - E_
A < Bl
— 1 A - 7 ~ ”~ A
o101 +9) 7k:101+9j—7k
S 102192072 4230 ¥230 V230
HTry'Io solve
—_ . ) ) —_ 2 22 i1 .
If Il A Il = 6 and the direction cosines of the vector A are 333 respectively and

= = —
B =(2,3,5),fmd A x B

Properties of the vector product of two vectors

If 73; and T; are two vectors, 0 is the measure of the angle between them, then:

1- JAE X T3h = —T?; X K‘ (the cross product is not commutative)
2- AxA=BxB=0

3- If K‘ X T; = 6- , then either K‘ /! TSH or one of them or both is equal to _6

4- A x (ﬁh + 6-) = (JA- X T3-) + (K‘ x ??) distribution property
5- (kT‘r) xB = Ax (kT;) = k(? X Té") where k is a real number

Parallelism of two vectors

We saw in the properties of the cross multiplication that 1_5? and T? are parallel if and only if:

—_— i e

AxB=0
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So (A,Bz-AzB) i +(AzB,-A.Bp j +(A.By-A;B) k = O
So AyBz=AzB, . ABz=AzB, , A/B,=A/B,
So Ay — A , Ax — As Ax — A)"

B,
So e N
B, B,

let any of the rations = K, then
Ax:ka,Ay:kBy ,A,=kB,
TBT:Ax i+Ay j +A; k

"o Pk Bl B

# When k > 0, the two vectors are parallel and in the same direction and when k < 0, the two

vectors are parallel and in opposite directions.

@IfthevectorKZZ? —3} +m£ isparalleltovectorf?z ? +k3 +8£,
find value of m, k

©» Solution
“RAUB D oy B
B, B, B
.23 m . _1><—3_£ _2><8_
T %3 o 5 —z,m—1—16

ﬂ Try to solve

(KA =(2-3), B/A andifIBlI=34T3,find B.

The Geometrical meaning of the vector product of two vectors =

We know that I A x Bli=IIA T Il sin O

—IBIxL

where L= IIKII sin 6

= The area of the parallelogram in which ?3‘ and K‘ are two adjacent sides

= double the area of triangle in which ﬁh and K‘ are two adjacent sides
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¢ ) Example

- — — — —
@0)If A =(-3,1,2), B =(3,4,-1), find the area of the parallelogram in which A and B

are two adjacent sides.

o
AxB  =(3,1,2)x3.4,-1)
i)k o
2le w3 ~(9) 1 +37 =15k
3 4
IA xBlIl = J92+3)R+(152 =335

.". the area of the parallelogram = 34/35 unit area.
ﬂ Try to solve

= — — =
W IA=(1,2,4,B =(0,5,-1), find the area of the triangle in which A", B’ are two

sides.

% Learn

The scalar triple product

— it — —

If A, B, C arevectors, then the expression A * B x Eh isknown as the scalar triple product

which has a lot of applications in the statices filed)

( notice that the expression has no brackets where doing the scalar product first is meaningless)

let A =(AyA,A), B =(ByB,B), T =(C,Cy, C)
then 7—( . _E? X JCE A A A
5 . e
=(Axi Ay ] AR | g
6 @ B,

—(Axi +A, ] +A,k)*[(B,C,-B,C) i - (B,C,-B,Cy j
+ (B, Cy-B, G k]
A, (B, € B JAABC,~ By CRI4ANBE, - B, &)

A Ay A
| By B, B,
€ @ W
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The properties of the scalat triple product
1- The value of scalar triple product does not change if the vectors are permuted in such a way

that they are still read 1 the same cyclic order.
— — — — — — — — —
A*(BxC)=B+*(CxA)=C-+*(A xB)
notice the cyclic order of TS'C i T; § T?‘,.
2- If the vectors K‘ T? T? in the same plane, then the scalar triple product vanishes

So A (B xT)=0

The geometrical meaning of the scalar triple product

— e

I By By Tf are 3 vectors forming 3-non parallel
sides of a parallelepiped, then the volume of the parallel

piped = the absolute value of the scalar triple product.

Thus the volume of the parallelepiped = IT{ . _E? x ??I

) Example

fﬁ} Find the volume of the parallelepiped in which three adjacent sides are represented by the
vectors A =(2,1,3), B =(1,3.2) C=(.1,-2)

©» Solution
The volume of the parallelepiped = A B = Cl (1)

e Ax A)’ AZ
*“A*BxC = B, B, .
¢ C G
213
=|_.1 3 2 |=-28 then the volume of the parallelepiped= |-28/ = 28 unit
1 1 -2 volume

ﬂ Try to solve

@ Find the volume of the parallelepiped in which three- non parallel edges are represented by
thevectors A =3, 4, 1), B=(0,2,3),C=03,2 2
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Exercises 3 -3

I

Complete the following: If ; o ﬁ form a right hand system of unit vectors :

O NI I T
@ § k=

@ It 7;; =2l T_S;" = (3, -4), then the component of 7;; in the direction of f? equals

>
o
:

@ It 7;: , ﬁ are non zero vectors and E‘ . T? =0, the
@ It 7;; ; T3h are non zero vectors and 7;; x B = 6- , then JA- T3h G s

@ The measure of the angle between the two vectors3 1 - j ,-4 1 +6 j equals........

Choose the correct answer from the following:

O RN

a0
b0
@

@ x

If T&h and T; are two perpendicular unit vectors, then (T—C - 2?3‘) . (37;; +5§-) =
(a) -8
() 7
(© 24
@0
@ It _‘A- and f&h are unit vectors, then 1_;; . T? ettt
a0, 1
®) 11,1
(e)[-1,1]
d) R*

@ The measure of the angle between the two vectors (2,-2,2), (1, 1,Hi1s ...
(a) 57.02°
(b)3526°
() 134.37°
@ o
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@ It thevectors (2 k,-3), (4. 6,-6) dre parallel, thent k= s
a6
b 3
c ! 3
d |

Answer the following:

@ Find A + B in each of the following:
(@A=(5.1,2,B=4,43)
®

~ —

-37 =2 =k, B=61 +4] +2%

=)

I

@%-1.8-25 -}

@ Find the measure of the angle between the two vectors in each of the following:
(@G, 1,2, 0.1, -1 b)(7,2,-10), 2,6, 4
)@, 1,4),1,-20

@Flndz_ﬁrx B in each of the following:
=(2,3,1), B=(, -4)
=1 85 Besl -5k

OFy
) A
©) Al =6, I'B Il = 8 the angle between them is 60°

@ ABCD is a square with side length 12cm. ?: 1s the unit vector perpendicular to its plane,

find:

a) AB* AC \b) AB x CA ¢ BC * AD
e o T oo N =
(d) BD x AC le. AB* B £ ) AB x BC

@ Find the unit vector perpendicular to the plane which contains the two vectors.
e

A=23 35 +#k ,Bo=1+23 3%

@ Calculate the area of the triangle DEF in each of the following:
(@ D5, 1, -2) , E@4, 4, 3) , F@2,4,0
..,b_..D(4,0,2) ., E@2,1,5) . F(1,0,-D

Calculate the area of the parallelogram LMNE in each of the following :
'fﬁa.__:? L(l, 1), M(2, 3), N5, 4
()L, 1,3), M(1, 4,5, N2, 5, 3)
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@ Find volume of the parallelepiped in which T;C ; T; ; T‘f are three adjacent edges:

_‘A-:(l,l,3) ; §:(2,1,4) ; T?:(S,l,—Z)

@ In each of the following, show whether the two given vectors are parallel or perpendicular

or otherwise:

a) A =(0,22) B=(3,0,-4
®E=107+407 ., TF=3j+8k
c?:-2f{+3-2£ 328?—4{]}+8£

77
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Straight Lines and

planes in space

Unit introduction

In the previous unit , you learned how to identify a point in space and the position vectors and
how to find their norms. These topics are fundamental in this unit since they are complementaries
to what you learned in the previous unit and to what you learned last year. In this unit, you are
going to learn the equation of the straight line in space and the equation of a plane in its different
forms. The examples and how to solve them have been varied in order to fulfill the cognitive and
skillful objectives which help the student learn the other concepts and knowledge related to the

solid geometry in the next educational stages.
Unit obects
By the end of this unit and doing all activities included , the student should be able to:

t+ Find the direction vector of a straight line in space £ Conclude the condition of parallelism of two

t+ Find the parametric equations and the vector planes in space
equation of a straight line in space £ Find the equation of the intersection line of two
£+ Find the cartesian equation of a straight line in planes in space
space £+ Find the distance between a point and a straight
£+ Find the general equation of a plane in space line in space
£+ Find the standard form of the equation of a plane  Find the distance between a point and a plane
in space using the scalar product and the cartesian form

# Recognize the angle between two planes in space £+ Identify the distance between two parallel planes

# Conclude the condition of perpendicularity
of two planes in space
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Key terms

> Direction vector

= Direction angles

= Direction cosines

= Direction ratios

= Vector equation

> Parametric equations
= Cartesian equation

= General equation

Materials

= Scientific calculator

> Computer 3D-program.

(

straight line in space
L

e UG \ e
—2 N > "
" ~ s
> Proportional > Standard form
> Parallel straight Lines = Parallel planes
> Perpendicular straight > Perpendicular planes

Lines > Intersecting planes
> Intersecting straight Lines = Angle
> Skew straight Lines
> Perpendicular distance
> plane
Unit Lessons
Lesson (4 - 1): The equation of a straight line in space.
Lesson (4 - 2): The equation of a plane in space.
Unit chart

Straight lines and planes in space

)

plane in space

[

Equation of a

the relation between the distance between
straight line in space two straight lines in

J_ |
equation of a
a point and a straight plane in space

)

1

distance between a
point and a straight

space line in space line in space
1
f J- distance between
vector cartesian veotor gen eral two planes in
form form . form space
parametric axes intercepts form
form | I
angle between perpendicular sti}nfiard Relation between two
two straight lines straight lines in space Lo palnes in space
parallel straight lines f 1
in space
perpendicular  parallel intersecting
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— You will learn ——o

» Direction vector of a
straight line

» Different forms of the
equation of a straight
line

» The angle between two
straight lines

» The distance between a
point and a straight line
» Parallel straight lines

» perpendicular straight
lines

-  Keyterms +—o

» Direction vector

» Direction ratio

» Direction angles

» Cartesian equation
» Parametric equation

—  Materials —o

» Scientific calculator
» Computer 3-D program

You learned in the previous years the straight line in a plane and how
to find the different forms of the equation of the straight line in a plane
(vector -parametric-general) forms. In this lesson, we learn the straight
line in space and how to get the equation of the straight line in space
in different forms because it 1s much important in geometrical fields,

architectural design and applications of space science.

=

- u
G- Learn

Direction vector of a straight Line in space
If6,, Qy, 0, are the directed angles of a straight

line in space, then cos O, cos Qy, cos O, are

directed cosines of these straight lines and

they are usually denoted by #, m , n.

¢{=cosf,m= cosey, n = cosf,

so ¢2+m?2+nl=1

so the vector _1.11‘: / ; + m 3 +1n k 1s the unit vector in the
direction of the straight line. .

And any vector parallel to the unit vector u 1is called the direction
vector of the straight line and 1s denoted by _ci.

e

i.e. d :k(e’{ +mj +nk )=(a,b,c)
where a, b, c are proportional to ¢/, m ,n , keR"

a, b, care called direction ratio.
for example: if (% % ; % ) are the direction cosines of the straight line.
.

d

then the vector (§ ; % c % ) represents a direction vector

of the straight line where k # 0

(2, 1, 2)

—
put k=3 — d
put k=-6 — _ci‘ = (-4, -2, -4)

i.e the straight line has infinite number of parallel direction vectors each

is parallel to the straight line.
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¢ ) Example

@ Find a direction vector of the straight line passing through A (-2 ,3,1) ,B (0,4 ,-2)

©» Solution N
A direction vector of the straight line =AB=B - A =(0,4,-2)-(2,3,1

i

d =2,1, -3)
ﬂ Try to solve
@ Find a direction vector for each of the following straight lines:

ﬂ The straight line passing through the origin point and point (-1, 2, -2)

(b The straight line passing through points C (0, 2 ,3)and D (1,1, -1)
Critical thinking: N
1- What can you say about the straight line with direction vector d =(a,b,0)?
2- Find a direction vector for each of the cartesian axes.

=t Learn
\t &

Vector form of the equation of a straight Line_il'l space

If Lis a straight line in space whose direction vectoris d =(a, b, ¢)

e
and passes through the pointA whose positionvectoris A =(Xy, 1, Z1)
and if point B is any point on the straight line whose position vector is A (xy. ¥y, Zy)
T = (x, y, z), then

From the figure:

but AB/d (AB =t

—1'_"" :_"A"' 2 t_(i- — vector form of the equation of straight line.
% Example

@ Find the vector form of the equation of the straight line passing through point (3, -1, 0) and

the vector (-2, 4 , 3) 1s a direction vector for it.

€» Solution
(3, -1,0) representsa point on the straight line ... A =(3, -1, 0)

(-2, 4, 3) represents the direction vector of the straightline .. d =(-2, 4, 3)
the equation of the straight line is _1:1- :TQT +td

_1?- =@3,-1,00+t(-2, 4, 3) ——vector form of the equation of straight line.
Note: t 1s a real number does not express a unique constant number but it takes different real
values and it is called a parameter and for each value of this parameter(t), we can find a point on
the straight line.
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for example: when t =1 , then _1?- =(1,3,3) represents the position

vector of a point on the straight line .

and when t=2, tllEll_;- = (-1, 7, 6) represents the position vector of another point on the
straight line.
ﬂ Try to solve

@ Find the vector form of the equation of the straight lmme passing through point
(4, -2 ,5) and its direction vectoris (1 , -2, 2), then find another point on this straight line.

<t Learn
\t &

Parametric equations of a straight Line in in space

From the vector equatlon of the straight lme _1:‘ = A +t d

and by substituting for r _(x, y, Z), A =(x;,¥1.,27), d =(a,b,c)
then (X ¥ 2l &Y Z ) e be)

(x=x;+at,y=y;+bt,z=2;+ct) —— the parametric equations of the straight line

@ Example

@ Find the parametric equations for the straight line passing through point (2 , -1 , 3) and its
direction vector is (4, -2 , 5).

©)» Solution
_1?- =(2,-1,3)+t(4,-2,5) —— vector form of the equation of the straight
line
L (x,y, 2 =(2,-1,3)+t@4,-2,5)

wx=2+4t , y=-1-2t ; z=3+5¢

ﬂ Try to solve
@ Find the parametric equations for the straight line passing through the origin point and its
direction vectoris (-2 , 3, 1).

= Learn
\1 &

The cartesian equation of a straight Line in space

From the parametric equations of the straight line

Xx=x;+ta,y=y;+th,z=12 +tc

X-X, _ y-yy _ -7

a b c

> the cartesian form of the equation of the straight line.

Where each of a, b, ¢ not equal to zero.
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Note:
1- In the case a = 0 (say), then the cartesian form of the equation of the straight line takes the
_ 7.2
form of x = x;, Y=Y o !
b c

2- You learned in the previous years that the equation of the straight line in a plane is
ax +by +c=0and some people think that the equation of the straight line in space will be
ax+by+cz+d=0 and that's a common mistake where the last equation represents the

equation of a plane in space as we will see in the next lessons.

3- Since the direction ratios a, b, c are proportion to the direction cosine ¢, m, n, then we can
write the cartesian form of the equation of the straight line in the form
A28 .. ¥ . 2N
! m n

Find all the different forms of the equation of the straight line passing through the points
(2,-1,5and (-3,1,4).

Example

& Solution
The direction vector of the straight line Tlh =8 dyy Bl 1o BYES 2 l)
The vector form of the equation of the straight line _; =2,-1,5+t(-5,2,-1)
The parametric equations X=2-5t, y=-1+2t, z=5-1
Xl y+1 Z.5

The Cartesian form = =
-3 2 -1

H Try to solve
@ Find all the different forms of the equation of the straight line passing through point (3,2, 0)
and (-1,3.4)

) Example
" - -z
@ Find all the different forms of the equation of the straight line Axhd 5 | = 53
€ Solution
. -z
let 3x+1 _ .y | _ 5 =t
2 2 3 ¢ "
kg _then X =3 + 3t The parametric
2
y-1 _ N _ 5t form of the
2 : L y = ' equation of the
>-2 =t . then z = 5§ _ 3t straight line
3

from the parametric equation, we can write the equation
G v =g o Ly Byee(S 2, )
? ,l,5)+t(%, 2, -3) vector form

=i

ie

UJIi—-

Notice that: the direction ratios of the straight line are (% , 2, 3or (2, 6,9
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ﬂ Try to solve
E s
@ Find all the different forms of the equation of the straight line x4 . ), 4

3 2 4
, then find a point belongs to the straight line.
Jta
Learn
\11S
The angle between two straight lines in space
If L; , L, are two straight lines in space whose direction vectors are L, Jr
i i
d; =(aj;,by,cy)and dy =(ay, by, cy), then the smallest angle between L
the two straight lines L;, L, is given by the relation: 0
1T, G
cosf = 1 - e sk
[ — 2
Il dy 1111 dy Il
and if (¢, m;, n;), (¢, m,, n,) are the direction cosines for the two \

straight lines, then:

cos6 = 1¢; ¢y + m; m, + n; 0yl

) Example

il

@ Find the measure of the angle between the two straightlines 1; =(2,-1,3)+t;(-2,0,2)

andx=1, =4 . %o
3 3
€ Solution
From the equation of the first straight line d; =(2,0,2)
From the equations of the second straight line T; 203, )
_'_0059: |ddl.'iz;| _ |(—2LOL2).(0L3L—3)|
I hd ¥ (2 +02+ 22407 +32+(3)
-0 -1 6= 60"
/8 418 2

ETry to solve
@ Find the measure of the angle between the two straight lines
. z
Lo: 220 Sty 1 -6, 228 adp, Ly s 50t e 279 o

3 4 2

@ Find the measure of the angle between the two straight lines whose direction cosines are
5 -12 1 -3 4 |

‘o B T S sy T
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€» Solution

5 -12 1
(¢4, my,ny) = (

B/T BT 71

".cosO =l¢y¢y + mymy+ nynyl

3 4 1
542 542 Y7

)

(£9, my, my) = (

5 3 12 4 1 1
=| * + x + % |
1342 542 1342 542 y2 47
o 15 . 48 o & y_al
- 130 130 2 - 65

1
w8 eyl g RPT 6
ETry to solve

Flnd the measure of the angle between the two straight lines with direction cosines

_2 1
(% 1) (—— . 0)
3 V3 F o
%% Learn
ParaIIeI Imes in space
It dl = (a; , i Bk dz =(ap, by, cy) are the direction vectors of the two straight lines

L,and L, , then LINLZ if and only if E;- 1 E; . This condition can be satisfied by several forms

—

9=y =k Ty - L 3-; x dy = 0

1- If the two straight lines are parallel and there is a point on one of them satisfying the

equation of the other, then the two straight lines are coincident .

2- If d; isnotparallel to d, ,thenL;and L, are either intersect or skew.

) Example

Prove that the two straight lines r; = 3 +t ( ; +2 3 - T:)

ity

T, =(1+] + k )+t(21 -2])

intersect at a point, then find their intersection point.

©» Solution
d =(1,2,-1), dy =(2,-2,0)
1L
3_1:%:_2 ; i :%:—1 i#b_l
2y b, a by

The two straight lines are not parallel to prove that the two straight lines intersect at a point,
—n e
look for a value for t;, and t, which make 1, = 1,
3 +1; ( ; +2 3 - k)= ; + 3 + k4t (-2 ; -2 3 ) by equating the cofficients
tj=1-2t , then t; +2t, =1 (1)
2t1 = —2t2 i then tl = tz =0 (2)

Analytic solid geometry - Algebra and analytic solid geometry 85




Unit Four: Straight Lines and planes in space

A= 1 , then ty=-1 3)

by substitution from (3) in (1) el

This values satisfy equation (2)

Thses two straight lines intersect at a point and the position vector of the point of
the intersection 1s

Tz dodfd B ] o kdeed o4 + ) e BT

H Try to solve

Prove that the two straight lines Tr =(3,-3,5+t(0,-5,5)

T =(2,3,1) +,(5,-1,-1)

are perpendicular and intersect at a point, find the coordinates of their intersection point.

i Learn
\1 &

Perpendicular lines in space

If?l- = (ay; by ) E; = (ay, by, cy) are the direction vectors of the two straight lines L; and
L, , then

L, LL,ifandonlyif d; *+ dp =0

Prove that the two lines Tr: 124+ 2,-1, D& ?; =(1,1,D+t(-2,7,11) are
orthogonal, then show that they are skew.

©» Solution
E‘; =(2,-1,1) —— direction vector of the first straight line
E; =(-2,7,11) —— direction vector of the second straight line

T, 0d, =(2,-1,1)+(2,7,11)
— 2 () + (D xT+1x 11

=-4-7+11
=0 .". the two straight lines are perpendicular
To prove that the two straight lines are skew, we prove that there are not any values for t;, t,
make T; = T;
re. (1,2, 4+4@2, -1, H)=(1, 1, 1)+ty,(-2, 7, 11) by equating the coefficients
I = 24 =l = 25 ,then  t;  + =0 (1)
2 -t =1+ T4 ,then -t - 7t =-1 (2)
4 +t =1 + 1l ythem ¢ - 11ty =3 3)
By solving the two equations 1 and 2, we get t, :% ty = % and these values do not satisfy the

third equation

.". the two straight lines are skew
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ﬂ Try to solve
@ Prove that the two straight lines

T =0G,-1,0+44,1,3), T, =0,4,-1)+t,(1,-1,2) are skew
¢~ Example

Find the cqua_ti_?n of the straight line passing through the point (2, -1, 3) and intersects the
straightline r; =(1, -1, 2)+t(2, 2, -1) orthogonally.

> Solution
Let C be the point of intersection of the two straight lines

L,

C € straight line L; (given straight line)
C can be written in the form
C(+2t, -1+2t, 2-1)
the direction vector of L, (required straight line) is
i, =AC=C-A
q =@t-1,2t,¢-1)

dy =222, 1)

The two straight lines are perpendicular Jely ¥ dip =0
(2,2,-D(2t-1,2t,t-1)=0

4t-2+4t+t+1=0

9t=1 then t=+

L, =L 2, A0y-(7 2. 10

2 =5 5 5=(7.2,-10)

the equation of L, is_1:" = (2=l o 8) #1505 25:-10)

ﬂ Try to solve

@ Find the equation of the straight line passing through the origion point and intersects the
straight line _1'."' =3, 1, 4)+t(2, 1, 3)orthogonally.

) Example
\ - d (distance between a point and a straight line in space)

@ Find the perpendicular distance from point (3 , -1, 7) to the straight line passing through the
two points (2,2 ,-1)and (0,3, 5)

©» Solution
LetA(2,2,-1),B(©0,3,5,C3,-1,7)
BC=C-B=3,-1,7-00,3,5=03,4,2)
The direction vector of the straight line ? :B_R :Ta:'
S d=@2,-1,6

87
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| - o S | BO « BAI
B D is the absolute value of the projection BC on the straight line AB = —
IIBAI

_ B4 (2-1-6) _ 2
224(-1)2+(-6) V41

but |l BC I — o 324 (42422 =429

.". The perpendicular distance CD = -/ (B C)% - (DB )

BD

s 4. . 1185 :
“/29—H _j I ~ 53 unit length
ﬂ Try to solve

@ Find the length of the perpendicular drawn from point (2 , 1 , -4) to the straight line

T o=(,-1,2)+t(2,3,-2)

Critical thinking: Can you prove the following relation which 1dentifies the distance trom point
Critical thinking: Can you p the following relati hich identifies the di f: poi
B to the straight line T = T + t T the perpendicular distance = I AE::: dl

Il d Il

Exercises 4 - 1

Complete:
@ The vector equation of the straight line passing through point (2 , -1 , 3) and the vector

(-1,4,2)1sa direction vector of 1t1S ...
@ The measure of the angle between the two straight lines 2x = 3y = -z and 6x = -y = -4z equals

@ The measure of the angle between the two straight lines whose direction ratios are (1, 1, 2)
and( ¢33 -1,-43 -1, 4)equals ... ...

@ If 6, is the angle made by the straight line passing through point (3, -1, 1) and the origin

point with the +ve direction of z axis, then cos 92 = S

® A direction vector of the straight line passing through the two points (7, -5 , 4)and
(5,3,3)1s. ..

Answer the following:

@ Find the direction cosines of the straight line with its direction ratios
@-1,2,3 bl1,1,1

@ Find all the different forms of the equation of the straight line.
ﬂ ) Passes through point (4 , -2 , 5) and the vector _d:h =(2,1,-1)1sa direction vector of
it.
(b Passes through point (3 , -1 , 5) and parallel to the vector ﬁ
where AB = (4,2,2)
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c Passes through the two points (3 ,-2 ,0) and (0,4, 1)

d Passes through point (3 , 2 , 5) and makes equal angles with the +ve directions of the
coordinated axes.

y+2  2-z

Find the vector form of the equation of the straight line x - 3 = 5

(@1 OA=i -2j+k ,O0B=-1i 3]
OC=3i+j -2k , OD=81i +] +4k .
Find the vector equation for each of the following straight lines
' a | Passes through the two points A, B
'-'.:._b ) Passes thorough point D and parallel to BC
€ Passes through point C and intersects AB orthogonally
@ Find the measure of the angles between the two straight lines
(a) L, : passing through the two points (-3, 2,4)and (2, 5, -2)
L, : passing through the two points (1, -2,2) and (4,2, 3)

@7 =219+ 46l 4,2
Lo =l 3, 10 a5dl 1 B)

C L,:2x=3y=4z

@ State the necessary condition(s) to make the two straight lines
Lirx=xy+a3t , y=y;+bity, z=2; + 1ty
Lz X = X2+azt2 i y:y2+b2t2 , L= 22+Czt2
a) parallel b) perpendicular ¢ intersect at a point
@ Find the vector equation of the straight line passing through pointA (1, -1, 0) and parallel to

the straight line passing through the two points B (-3 ,2,1),C(2, 1, 0), then show that point
D (-14 , 2, 3) belongs to the straight line.

43) Find the value of n which makes the two straightlines L,: 1, =(3,-1,n)+t (4, 1,3)
_y-4 Z+1]

Lo % = — intersect at a point, then find the point of their intersection
a9 Discover the error:

\ ﬂ The sum of the squares of direction ratios for any straight line equals 1
(b ) The direction cosines of the straight line passing through the two points (x;, y;, zj),
Xy, Y2, 29)18(Xy-Xy, ¥3-¥1, Z3-7)

C If (a;, by, cy) and (ay, by, c,) are the direction ratios of the two straight lines L; and
L, , then the measure of the angle between them is given by the relation
cosf = laja, + byb,+ ¢;c,
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Hﬂj ﬁﬁ;%bf a /pﬂlan

Think and discuss i

et

1- If 7;: and B two orthogonal vectors,then A « B= . .

2- The direction vector of the straight line passing through the two
points (X1, y1, z;) and (X, y5, Z5) 1S . g
3- The z -coordinate for all the points lylng on X y-plane equals

4

kA
qu Learn

The vector form of the equation of a plane in space
If point A (x;, y;, z;) belongs to the
plane and its position vector 18 T&: and
the normal direction vector to the plane
1S T; =(a, b, c) and B (x, y, z) any point
on the plane its position vector is ?
then :

2 AB=0

2B-A)=0 (B=T)

—n e —

n*1r=mn"*A — thevector form of the equation of the
plane

i.e: to find the vector equation of the plane, we must know a point on

the plane and the perpendicular direction vector to the plane.

) Example
:1\ Find the vector form of the equation of the plane that has normal
vector T;T = 1+ J] + k and containspoint (0, 1,1).
©» solution

— _“"'b —
Thevectorequaﬂon ne*r=-—mn-* A where A =0,1,1

(1.1, )T =(,1,1)+0,1,1)
(1,1, 1) 7 =2
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ﬂ Try to solve
@ Find the vector form of the equation of the plane passing through point (2 , -3 , 1) and the

vector _1; =(1,-2,3)i1snormal to the plane.

<L Learn
\t &

The standard form and general form of the equation of a plane in space

From the vector form of the equation of the plane

o (T -A)=0
where n =@,b,c), 1 =x,y,2), A =1, ¥, 7

c.(@, b, ) (x-%X,y-y1,2-2)=0
ax-x))+b(y-y;) +c(z-z))=0— thestandard form for the equation
of the plane
by expanding
. ax+by+cz+(-ax;-by;-cz)=0
consuming -ax; -by;-cz;=d, then

ax+by+cz+d=0 —— the general form of the equation of the plane

Example

@ Find the standard form and the general form of the equation of the plane passing through
point (3 , -5, 2) and the vector n = (2, 1, 1) is normal to the plane.

€ Solution
The standard form a(x-x;)+b(y-y;)+tc(z-2z)=0
2(x-3)+(y+5+(@-2)=0 — the standard form
Expand and collect the like terms

2x+y+z-3=0 — general form

E Try to solve
@ Find all the_@fferent forms of the equation of the plane passing through point (-3 , 4, 2) and

the vector n = (1, -1, 3) 1s normal to the plane.

0 E |
’“‘E" - (Equation of a plane passing through three non-colinear

points)
@ Findthedifferentformsofthe equationof the plane passing through points(3,-1,0),(2,1,4)and
(0 ,3,3).

€ Solution
First : we must make sure that the points are non-colinear
AssumingA (3,-1,0),B(2,1,4),C(0,3,3)

] ]

AB=B-A=(124, AC=C-A=(3.4.3)
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a] 1 e . ,
3 o= 2 . AB 1 AC .". the points are non-colinear
To find the equation of the plane, we need the normal vector to the plane by getting the
vector product of the two vectors AB, AC. —
A A A n
N —Tn — 1 _] k A A A
n =ABx AC = 1 2 A =10 1 =9 j +2 k
-3 -+ 3

The vector form of the equation of the plane T
i i iy =

n *r =mn"*A
-10,-9,2)* T =(-10,-9,2)+ (3, -1,0)
-10,-9,2)« T =-21

The equation of

the plane passing
through the three
points (xq, yq, Zy),

(Xz, Y2r Zz)r (X3, YS! 13)
So-10(x-3)-9(y+1)+22z=0 1

X=Xy ¥y-¥. 2=

The standard form of the equation of the plane
a(x-x))+b(y-yp)+c(z-2;) =0

The general form of the equation of the plane wonown mea =0
(-10, 9, 2)+(x, vy, z)=-21
So-10x-9y+2z+21=0
ﬂ Try to solve
@ Find all the different forms of the equation of the plane passmg through points (1, 0, 0),

(0,2,0)and (0,0, 3).

X3=%  Ys~h L3~y

) Example : . g
- (a plane contains two straight lines)
Prove that the two straightlines?:@ ; + 3 - 12 )+t ( ; +2 3 +3 ]; )
B =0 45 Jebtd =] +E)

are intersecting , then find the equation of the plane containing them.
©» solution
If the two straight lines intersect, thenr; =1,
B3 5 =k Yliss] +8k J=81 485 5 li =f #k }
by equating the coefficients ,we find

3+t =2+t ythen  t; - tp =-1 (1)
1 +2t1 =5-4 ,them  2t; + t, =4 2)
-1+ 3t =ty ythen  3t; - tp =1 3
by solving 1, 2 tiE dy Mys 2

by substituting with these values in the equation (3), we find it satisfies the equation
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The two straight lines intersect.

.
the normal vector to the plane is n where

; ‘; f( A A A
n=d; xd=l1 2 3 |=51+27j -3k
1 -1 1
The vector equationoftheplane?-?: ?-JA-

5,2, BT =(5,2, 3)(3.1,-1)
(5.2, 3)e 1 =20

The general form
(5,2,3)'(x,y,2)=20
5x +2y-3z=20
ﬂTry to solve
@ Prove that the two straight lines L; : 2x =3y =4 z, L,: 3x = 2y = 5z are intersecting, then

find the equation of the plane containing the two straight lines .

Example

@ Find the point of intersection of the straight line 2x = 3y -1 = z -4 with the plane
3x+y-2z=5

0' Solution
From the equation of the plane
y=5+2z-3x
by substituting in the straight line equation
2x=14 + 6z - 9
—z-4

llx-6z=14 (1)

S5z+9%x=18 (2)
by solving the equations (1), (2), we get

x=-38 z=-72
by substituting in the plane equation
Soy=-25

.". the point of intersection 1s (-38 , -25, -72)
ﬂ Try to solve

(5) Find the intersection point of the straightline T = (1,4, 2) +t (3, 2, 2) with the plane
(3,2,2).T =2
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2 Learn
119

the angle between two planes

The measure of the angle between two planes is the measure of the

. . i —
angle between their two normal vectors ie. n, and p, are the
two normal vectors on the two planes, then the measure of the angle

between the two planes is given by the relation

—,

cosf = |:l. n | where 0< 6 <90°
Il g 111 Dl
) Example

@ Find the measure of the angle between the two planes Py: (2, -1, 4) J1--' =5and
Py:3x-y+2z=4

©» Solution
The normal vector to the first plane ;T =2, -1,4
the normal vector to the second plane F‘; =3,-1,2)

.". The measure angle between the two planes is & where
e =

'y npl _ 1Q2c-1c4)e@c-102) _ 15

cos B = - .
Ian o 2P (AT BT 2T TAE
15
0  =cos!(—2) = 285§
746

ﬂ Try to solve
@ Find the measure of the angle between the two planesx -3y +2z=0and 2x +y -z=3

Parallel planes and perpendicular planes

If ET and E are the normal vectors to the two planes, then
1- The two planes are parallel if FT 1 ;; 1.6 [—mp e

2- the planes are perpendicular if FT . F; =0 1e (ajag +byby + ¢y ) =0

(7) If the plane 2x - y +kz = 5 is parallel to the plane x + Ly + 4z = 1, find the value of k, L.

©» Solution
The two plane are parallel

.4 _ b ¢
.az b, )

l—i:L £ :i =
T =1 7 Iy 2,k8

ﬂ Try to solve
@ If the plane x - 3y + z = 4 1s perpendicular to the plane a x + 2y + 3z = 2, find the value of a
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Example
@ _P (The equation of the line of intersection of two planes)
Find the equation of the line of intersection of the two planesx +2y -2z=1,

2x+y-3z=5
€ Solution

by eliminating x from the two equations by multiplying the first equation by -2 and

adding to the second
3y+z=3 , then

z=3y+3 1)

by eliminating y from the two equations by multiplying the second equation by -2 and

adding to the first

3x+4z=-9 , then
3x-9  3y+3  z
4 1 T
Another solution:
x + 2y -2z =1 (1)
2x  + y -3z = 2)
By + z =3 3)
letz=k
k-3 : 9 +4k
@ y=—— , @)x= v

3x -9
4

Zio=

the equation of the line of intersection

by eleminating x

the parametric equations of the line of intersection are

x:3+%k , y:-l+%k

Third solution:

z=k

— —

The line of intersection is perpendicular to the two normal vectors n; , n,

=
The direction vector of the intersection line d can be calculated using the vector

—r —
product of the two vectors n; , n,

d =mn " =| ) L = 3 =3k
2 | -3

To find a point on the intersection line, put X1
By substituting in the equation of the first plane 2y - 2z=0 (1)
By substituting in the equation of the second plane y -3z=3 2)
By solving equations (1), (2), we get = % , Y =- %

The point (1 , —% s %) lies on the line of intersection .

; ; T 3 3
The equation of the intersection line =(1,- ) Y+t (-4,-1,-3)
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ﬂ Try to solve
Find the equation of the intersection line of the two planes 3x -y +2z =3 and x - 2y + 5z = 2

=t Learn
\1 S

the length of the perpendicular drawn from a point to a plane

If A(xy,y;,2;)1s apoint outside the plane x and B 1s a point on =

the plane _1.1‘ is the normal vector to the plane, then the distance ZA

L

from the point A to the plane equals the length of the projection of
BA o0 B

BA <%

—
ol

=

@ Find the length of the perpendicular drawn from the point (1 , -1 , 3) to the plane whose
equationis T .(2,2,-1)=5

©)» Solution
We must get a point on the plane and the normal vector to the plane _1:‘ ;2,5 =2

then 7 =(2,2,-1)
To find a point on the plane, we assume that the plane cuts z-axis at the pointz (0, 0, z)
0©,0,2)2,2,-)=5 ,then z=-5

The point B (0, 0, -5) lies on the plane

BA=A -B =(,1,8) where A(1,-1,3)
the length of the perpendicular (L)—| BA » ol _1d.-1:8)+ (22D _ % units

Il Y2427+ (1)
ﬂ Try to solve

@ Find the distance between point (-2, 1, 4) and the plane whose equation
T, 43, D=4

Cartisian form of the perpendicular length drawn from a point and a plane
You notice that the perpendicular length from point A (xy, y; , z;) to the plane passing through

point b (x,, ¥y, zy) and o= (a, b, c)isthe normal vector to the plane is given by the relation

—i =
oty
Il nll
f e (X -Xp ¢ Y1 -Yp:Z1-Zy). (ach <)

¥ alblec?
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lax; + by, +c z; +(-aXy- by, - cZ))l
¢ al+b2+c?

point B (x5, y5 , zy) lies on the planeax +by +cz +d=0

-axy-byy-cz,=d

lax; + by, +cz; +dl

J aZ+ b2 + 2

Ts

the Cartesian form of the length of the perpendicular

@ Example
Find the length of the perpendicular drawn from point (1 , 5, -4) to the plane whose equation
3x-y+2z=6
€ Solution
[ o |aXl+byl+021+d|
¥ a?+b2+c?
_BM-BG+2(4-6l _ 16

e L J1z
ﬂ Try to solve

@ Find the length of the perpendicular drawn from point (-1, 4, 0) to the plane with equation
x-2y-z=4

unit length

E |
xa'_“p ¢ (The distance between two parallel planes)

@ Prove that the two planesx + 3y -4z=3, 2x + 6y - 8z = 4 are parallel, then find the distance
between them.

€» Solution
To prove that the palanes are parallel, we prove that their normal vectors are parallel.
m=0,3, 4, 5,=2,6,-98
. | L T = N |
a, 2 b, 6 2 c, 8 2

R = e N W .". The two planes are parallel
y b o

To find the distance between them, we find a point on one of them, then we find the distance
between this point and the other plane.

To get a point on the first plane, we assume x =0, y=0

by substituting in the first plane equation

)
!
point (0, O, %) lies on the first plane

W Z

Then the perpendicular length from this point to the second plane is
|2(0)+6(0)-8(%)-4| J2%6
V256248 14

unit length
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ﬂ Try to solve
@ Prove that the two planes 3x + 6y + 6z =4 , x + 2y + 2z = | are parallel and find the distance
between them.

2 Learn
\1 1S

Equation of a plane using the intercepted parts from the coordinate axes
If a plane cuts the coordinates axes at points (x; ,0,0),(0,y;,0)(0, 0, z;), then the equation

of the plane is in the form

z
X eI " = —the equation of the plane interms of the intercepted parts

X z
y H . from the coordinate axes

Ask your teacher to prove the previous form of the plane equation.

") Example

@ Find the equation of the plane which intercepts the coordinate axes x, y, z the parts 2, -3, 0

respectively.
©» Solution
z
The equation of the plane is L (e
L
z
i.e. Rl
2 3 5

E Try to solve
@ Find the intercepted parts made by the plane 2x + 3y - z = 6 with the coordinate axes.

respectively, find the area of the triangle AB C

Exercises 4 - 2

Choose the correct answer :
@ Which of the following points belongs to the plane2x+3y -z=5
fal(1,1,]) (b)(1,2,0) c)©.2.1 @a,2,-n

@ The plane 3x - 2y +4z = 12 intercepts from x -axis a part of length
@3 ® 4 (c)4 (d)6

@ If the intercepted parts from the coordinate axes by the plane x + 5y -6z=30area, b, c,
thena +b+c= = ;
(a) 0 (bJ 30 (e 31 () 41
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@ The equation of the plane which passes through the point (1 , 2 , 3) and parallel to the
coordinate axes X , y 1S : _
(a)x+y=3 (b)z=3 (e)x=1 (@)y=2

@ Then equation of the plane passing through points (2,3 ,5),(-1,3, 1),
(4 3,-2)1s
(a)x + ¥zl (b)x=-1 ) y=3 (d)z=-2

@ The equation of the plane passing through point (1 , -2, 5) and the vector
(2,1,3) is perpendicular to it is

(a) 2x +y+3z=1 (b)2x+y+3z=15
(e)x-2y+52=15 (dix+y+z=4
Answer the following:

@ Find all the different forms of the equation of the plane passing through point (1 , -1, 4) and its
normal vector is _IT =(2, -3, 4), then show the following:
alls point (2, 2, l) lying on the plane?
b Is the vector u =(3,-5,-2) parallel to the plane?

. Find three points in space belonging to each of the following planes:
(a)x=3 bly=2 (e)x+3y=5 (d)2x-y+3z=4
@ Find the general equation of the plane passing through the origin point and the vector
T: ; +2 3 - 12 1snormal to it.
@ Find all the different forms of the equatlon of the plane passing through point (2 , -1, 0)

and the vector n =4 1 +10 J = k 1s normal to it.

@ Find all the different forms of the equation of the plane passing through the three points a
2,-1,0b(-1,3,4,¢c3,0, 2

@ Prove that the straight line T o= k +t (2 1 +3 jJ +4 k )is perpendicular to the plane

x+%y+2225

43) Prove that point A (2,3, 1) & the straightline L: T =(3 1 +] 3 k)+t(i-2]+2k)
lying on the plane whose equation is Jr- (21-k)=3

@ Find the equation of the plane passing through point (2, 1 , 4) and satisfies the following condition:
(a) Parallel to the plane 2x + 3y + 5z= 1
b Perpendicular to the straight line passing through the two points (3,2 ,5) ,(1 ,6,4)
C Perpendicular to each of the planes 7x +y +2z= 6 , 3x+ 5y -6z= 8

@ Find the coordinates of the point of intersection of the straight line
?: f( +t(2 ; + 3 + f{ )withtheplane_; . ; =4
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Unit Four: Straight Lines and planes in space

@ Find all the different forms of the equation of the plane that intercepts 2 , 4, 5 from the coordinate
axes X,y , Z respectively.

@ Environment: In the opposite figure, find
the equation for each of:

‘a’ The floor plane.

(b) The cieling plane.
) The lateral walls planes.

Find the equation of the plane which contains the straight line
Li _1:‘ =(0,3,-5) +t;(6,-2,-1) and parallel to the straight line
L: 5 =, 7, Aanl,5.3)

@ Find the measure of the angle between the following pairs of planes:

O) Py 2x y+z_5 , Py:3x +2y -2z=1
b P;: r.(g el )i , Pz:_;--(3,-2,0):7
©) Pi:y=4 : Py:x-3y+5z=1

Questions of multi-requirements
. If the points A, B, C, Darein space W whose position vectors are - J + k 2 1 - J +3 k
— _“"'h. _“"'h —
e x -2y+2z,7x -4y +2 z respectively
‘a) Find the normal vector to the plane ABC
b Show that the length of the perpendicular from D to the plane A B C equals 24/ 6
(€ Show that the two planes AB C, D B C are orthogonal.

.d. Find the equation of the line of the intersection of the two planesA B C, O D B

@ If the plane X contains points A (1 4 2) B (l 0 5) C(0,8,-1)and the plane Y contains

pomt D(2,2,3) and the vector = J +2 J +2 k is perpendicular to it, find:

‘a ) The cartisian equation of X

b) The cartisian equation of the plane Y
¢ What is the values of t , f if point (t, 0, f) belongs to each of the two planes X , Y?
d Find the vector equation of the line of intersection of the two planes X , Y
e

1t point ( 1 , 1, p ) equidistant from the two planes X , Y, find all possible values of p.
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Pre- requisites for differential and integral calculugss .

T

Pre- requisites for differential and
integral calculus

%ﬂ Learn

1 - Derivative of cotangent function
Ify=cotxwherex e R,x#n/ ,nez

d
dx

Notice that :

2

then: (cotx)=-csc“x

dy _ d 1 )= d [ cosx

dx dx tanx Cdx  sinx

sin X < (- sin X) - COS X % COS X

= = - = =icseT %

(sin x)? (sinx)?

2- Derivative of the secant function

If y = sec x where :

xeR,x;ﬁM,neZ

then:

di (secx )=secx tanx (check)
X

3- Derivative of cosecant function:

If y = csc x where
xeR x#n7 ,ne”Z

Then : % (cscX)=-csc X cotx check

102 Pure Mathematics - Differential and integral Calculus
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y=secx
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Example

(1) Find g_y for each of the following:
.. =

aly=3x>+4cotx
3

2

C y=x>cscx
©» solution

a g—y = 3x5x4+4 (-cse?x) = 15x% - 4 osclx
X

b g—y = 3(secxtanx)—SSeczx = secx [3 tanx - 5 sec x]
X

c. g—y — 3x2cscx + x5 (-osex cotx) = X
X

Integrd of Tigonometric Functions:

csc X [3 - x cotx]

b y=3secx-5tanx

fsinx dx= -cosx +c

fcosx dx —sinx +¢

fseczx dx =tanx +c¢

s 2n+ 1 .
2

ez

fcsczx dx=-cotx+c

% e

fsecxtanxdx: secX+ ¢

- 2n+ 1 I
2

nez

ICSCX cotx dx=-cscx+c

XNy ners
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| Uy
Differentiation and”™ |

its Applications

— ——

Unit introduction

In your previous study to the functions, you have identified explicit functions in one variable in the
form y = f (x) and the operations on these functions and their formations. You have also investigated
the differentiability of the continuous function on a domain and you could find the first derivative of the
algebraic functions and some trigonometric functions.

In this unit, you are going to complete the study of differentiating the trigonometric functions and identify
the other functions which their variables cannot be separated where the variables relate with an implicit
relation or by its definition throughout the parametric variable. This requires to learn different patterns
of differentiation such as implicit differentiation and parametric differentiation which depend on the
derivative of the composite function (chain rule) to differentiate the function. You will also investigate
the existence of the second derivative of the function in regard to learning the higher derivatives of the
function in regard to learning the higher derivatives of the function which give a hand to learn several
life applications.

This unitinterests in some necessary applications of the differentiation in various domains of mathematics,
physics, economy and the biological sciences throughout learning the two equations of the tangent and
normal on a tangent of a curve and the related time rates to help you model and solve some daily life
problems.

By the end of the unit and carrying out the related activities, the student should be able to:

#Find the differentiation of implicit functions % Model and solve life and economic problems.
(explicit, implicit and parametric) # Find the derivatives of the exponential
% Find the higher derivatives (second and third) of functions y = €* , y = a®, and the derivative

different functions and identify how to express them.

; y y - y of the logarithmic function Yy = In X,
# Find the related time rates including the physical

L application y= loga X

g



Key terms

~
I Differentiation T HigherDerivatives
I First Derivative I Rate
S Explicit Function I Pelated Rates
I Implicit function
S Parameter
I Implicit Defferentiation
< Parametric Defferentiation
o

Materials

Graphical calculator

Geogebra and graph computer

P

Differentiation

Implicit differentiation

= Logarithmic deafferentation

' Unit lessons

7 &
Lesson (1 -1): Implicit and parametric differentiation
Lesson (1 -2): Heigher deivatives of the function
Lesson (1 -3): Derivative of the exponential and

logarithmic function.
Lesson (1 -4): Related time rates
\ V.
Unit planning guide ~

Differentiation and its application

Applications of differentiation

—» Higher differentiation

Related time rates

—» Consecutive derivatives

—# Exponential deafferentation

Applications
l
Biological Physical Geometrical

B, NN




& You will learn |

& Key terms |

IR TN

Fall Tl A 3

implicit differentiation

Parametric differentiation

Relation
Explicit function
Implicit function

Parameter

& Materials

)
~

Scientific calculator

Implicit Defferentiation
You have previously found a defined function in the form y = f(x); it is
an explicit function of the independent variable x where it determines the

value of y directly whenever the value of x is known such as :
x+1
x-1
andy'=12x2-5, y'=2cos(2x+3), ¥'=

y=4x3-5x+2 , y=sin(2x+3),y=
Butif y is related to the variable x with an equation containing x and y
together such as:

xy+y-4=0(1), x2+y2-9=0(2)

then each equation defining an implicit relation between x , y expresses

the relation between the two coordinates of point (x, y) lying on its

graphical curve .

Notice that:
1- the equationx y +y - 4 = 0 can be written in the form:
y(x+1)=4 .'.yziwherex#—l
x+1
in this case, the implicit relation 1s defined as an explicit function.
2- The set of points (x , y) which vd 4
satisfies the equation x2 + y2= 9 T L (xky)
draws a circle whose center is the / \
origin point and its radius length e ( 2
; : ’ - 3\ O J 3 X
is 3 units. From testing the \ /
vertical line, we notice the ‘\____ J/’
relation x2 + y2 = 9 doesnot v ¥
representa function but y? = 9 - x*
Vol -2
The implicit relation ¥t 2
x% +y% =9 can be defined as two G‘X) L/oT)
licit functi o
exp 1.c1 unctions Qj’/ i e
the firsty =4/ 0 _x2 / \
itsdomainis[-3,3]rangeis[0,3] | R
and it is differentiable for each | ’ o 71X
xe]3,3l Yy
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UnitOne: Differentiation and its Applications

The second: y=-4 9 _x2 v4
its domain [ -3, 3] range [-3, 0] » =
and it is differentiable for each x€ 13 , 3] = - kS
in many equations in the form f(x , y) = 0 it is difficult \ /

. . . . Nl Tay
to express y in terms of x directly since the variable y 7 ?

doesnot represent an explicit function with respect to X. (fix) = -4 9. x2 )

This function is called the implicit function. Y

The process of differentiating the implicit function

(implicit differentiation) requires to differentiate both sides of the equation with respect to one

of the two variables x or y according to the chain rule to get g_y or g_x respectively.
X y
.ﬁ Example
0 i W
g FES
W) x> y2oTxw Sy=8 N |

©» solution
| | | o ([ Q ) Remember
a | Notice that the equation doesnot give y explicity in terms of

x. To find g_y , we differentiate the two sides of the equation Ify is a function in x

X and is differentiable
with respect to X taking into consideration that y is a function  tjep.
to the variable x and it 1s differentiable then : d oy
&Y

N
3x2+2yg—i—7+53—i:0 ~nynt gL

W Bys 5= 752 o
dx

b) ' 3xy+y:=x2-7 by differentiating the two sides of the equation with respect to x.
.'.i(3xy)+ Zyd_y:2x
dx dx

3xd_y+y><3+2yd_y:2x
dx dx

d—y[3X+2y]:2X_3y d_)’: 2X—3y
dx dx 3x + 2y
Trytosolve
(1) Find 3 if.
dx
8)x’-5xy+y =dx b)x?y+y?x=25
«*) Example
2) Find 2L if
dx
a sin2y=ycos3x b)tan2xX + coty=xy

Third secondary - Student Book 107



1 -1 Implicit and Parametric Differentiation

©» Solution
.a ) By differentiating both sides of the equation with respect to x

.'.i(SiHZy): d (y cos 3 x)
dx dx

cosZyXZd_y:y[—sin3x><3]+cos3x[d_y]
dx dx

dy 3ysin3x
"dx  cos3x-2cos2y

g—y[ZCOSZY—COS3X]:—3ysi]13X
X

b By differentiating both sides of the equation with respect to x

d d d
P 2 + = t 4
= (tan 2 x) = (coty) = xy)

ZSeCZZX—csczyd_y:xd_y+ y
dx dx

dy 2.7 — 2 .dy  2sec?2x-y

— [ x + csc®y] = 2sec* 2 x - kN

dx [ vl 4 dx X+ cscly
ﬂTry'Io solve
@) Find Wi,

dx
@) xcosy+ycosx=1 (b)3y=sinxcos2y

Notice: The final formula of the derivative g_}’ in the implicit differentiation contains both x and
X

y. This makes the process of calculating it over difficult at one of the values of x because we
need first to know the corresponding value of y which is so difficult to be determined from the

implicit relation.

Parametric Defferentiation

If the x-coordinate and y- coordinate of point (x , y) can be expressed as a function in a third
variable t (it is called the parameter) by the two equations:

x=1f(t)and y = g(t)where f and g have the same domain.

the two equation together represent an equation to one curve expressed in the parametric form

@&F Learn

For the curve given in the parametric form x = f(t) , y = g(t)
dy_dyxdt_dy_ dx

—=— x—=_——+_— where f and g are two differentiable functions with respect to t
dx dt dx dt dt

.} Example

{z} Find g—i for the following curves at the given values:

@lx=5t+3,y=16+9, t=5 .'_b.l-x:3c0529,y:4sin39,9:%
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UnitOne: Differentiation and its Applications

©» Solution
a)x=5t+3 *_s, y=16t2+9 9y _ 354
dt dt
._d_y:d_yxﬁzﬂ aﬂd[d_y]t:5:32
dx dt dx 5 dx

b/ x=3cos26 %:3X—sm29><2:—6sin29

y=4sin30 %—4xcos39><3—1200539
o dy dy x@: 12cos36 -2cos3 6

Tdx d9 dx -6sin20  sin20

. —ZCongﬁ i
at@=2"L then Y& -—""- - 2x_ 1 —J7
4 ix sin% v 2

ﬂ Try to solve

@ Find g—y for the following curves at the given values
X

alx=(t+7)(t-2) |, vl P (-2) =L

b)x=sec?0-1, y=tanh, :_3T73 C)x=43t-2 , y=+44t+1, t=2
Critical thinking: find the value of the parameter z at which the curve
% =97 - 54% - 4 +12 y = 222 + z -4 has a horizontal tangent and another vertical

tangent.

Example
4 Find the derivative of (4 x3 - 9x2 + 5) with respect to (3x2 + 7)

©» solution
Putting y =4x3 -9x2+5, z=3x2+7 theny = f(x), z= g(x)
the two function f, g are differentiable with respect to x considering x is parameter for each

of the two variables y and z

.". from the parametric differentiation , we find that:

dy _ y' _ 12x%-18x —2x-3

: d
5 - 453 - 9x2 4+ 5] = 2x -3
iz 7 6x Sy E s ral=dn

ﬂ Try to solve
@ Use the parametric differentiation to find:

a) derivative x2 + 1 with respect to 4 x> - |

b | derivativey 8 + x with respect to atx =1
X+

¢/ derivative X - sin X with respectto 1 -cosx atx = %
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1 -1 Implicit and Parametric Differentiation

Exercises 1 -1

First : choose the correct answer:

® Ifx% +y2=1, then d_y equals:
dx
f,.fﬂ__._.'i X b L3
y
e)-X @ -3
-3 -
, S 3 dy .
@ k=49 = 2% 8 thend_equals.
X
a -1 (d) o

@Ify2—2Jx =0, then%equals:

al = Py x
x
y
@Ifx:2t2+3, y=4 8, n=1 |, thenj_yequals:
X
] 2 b2
a ] 2/ 1
()2 (d)6

® the slope of the tangent to the curve x y2 = 3 at point (3 , 1) equals:

@ - ®@-1
a -3 & -
@1 @2

Second: find % for each of the following:

(&) x?-4y2+7=0
D x4+3y4-2=0
@ x2-2xy=5-y
(@ x3+6xy=4y+3
O X iL=1

y X
@xy+siny:5
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UnitOne: Differentiation and its Applications

@xsiny+ycosx:0

@xcscy:ycotx

@xzsiny—yzsinx:9

@sﬁﬂxcosZy:%

Third: find %for the following curves at the given values:
@ x=13-2t,y=4t2- 4T, t=4
@x:sin2:r’39, y=cos2 76, 9:%
x:5+sec239, y=1-tan3 6, 9:%

@ Find the slope of the tangent to the curve cos ¢ 7;y =3 x+ 1 at point (- % , %)

Find the derivative of —— : withrespectto 4 2x+1 atx=4

x-1
@ Find the value of parameter t at which the curve x =263 - 5t*+ 4t- 9y = 2t* + n - 5 has:

a/ avertical tangent. b ) a horizontal tangent.
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& You will learn |

Finding the higher order
derivatives ofa function

Order

Derivative

@ Materials |

Scientific calculator

Think and discuss

if y = f(x) where y = x*+ 5x3 - 2x +3 find the derivative of function f,
Can you repeat the process of differentiation with respect to x? why?

Does the process of differentiation end up? Explain.

B&ﬂ Learn

Higher - Order Derivative

2 Ify ={(x) where f is a differentiable function with respect to
X, then its first derivative is y' = g_y ={'(x) and it represents
X

a new function.

< If the first derivative is differentiable with respect to x, then

its denvative di (g_y) 1s called the second denvative of the
X dx

function f and it represents another function. Itis denoted by

2
the symbol y" = gy, f"(x)
dx?

< By repeating the process of differentiation , we get the third
derivative of the function f and it is denoted by the symbol
d’y
—~2 ,and so on.
dx?
The derivatives of a function starting from the second derivative are
called the higher derivatives and the derivative 1s written from the order

n as follows:

il
y® = L f® (x)  where nis a positive integer number

dx®
Notice that :
2

1- d_); is read d two y by dx squared

dx

. . d? dy \2 .
2- There is a difference between d_yz and (%) , the first refers to the
X

second derivative of the function whereas the second refers to the

square of the first derivative.

Example

@ Find the second derivative for each of the following:

@y=24+3x-5 @& y- ’; 11
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UnitOne: Differentiation and its Applications

c/y=sin(3x-2) dy=y3x-2
©» solution
2
B oy=2:%435-5 xmeR Y g3 4 gy
dx d x?
b) - - :x+1,“£1 ﬂ :x—l—(x+1): -2 w21
A dx x-1)? 1)
d?y d 2 4
e He— [22 [X-]117F] 2 SXEE]
dx?  dx 5 MBS
€/ y=sn(3x-2),xeR ﬂ :3cos(3x—2),ﬁ:—9sin(3x—2)
dx dx?
- d 3 2
d =4 3x-2 X/l g -3 x>2
y ; i
) 3 & 24/3x2 2
dy _ d [1(3 _2)-%]: 9 ,x>l
dx2 dx 2 44 Gx 27 3

ﬂ Try to solve
@ Find the third derivative for each of the following:
B y=x*. 0x2+5 b)z=2n-1)*

¢) f(x) = cos (2 x + 7T) d) f(x)= _*

x-1
Critical thinking: if y = sin a x, investigate the consecutive differentiation pattern and find y >

Example

- 2
() Iyl 2xy28, prove that : (x +y) % +2 % + (%)2 = Zero

©» Solution

a). y:+2xy=8, by differentiating both sides with respect to x
oy 0@ o0 Byilbeiding hya
dx dx
(x+y) % +y=0 by differentiating both sides with respect to x

: dy  dy dyy, dy _
..(x+y)ﬁ+&(l+a)+g_0

dy ,dy, (dyy_
and(x+y)§+ 2&+ (&) = Zero
ﬂTryto solve
@ a)Ifx?+y2=9 ,  prove that: yﬁ+(£)2+1:0
dx?  dx
B TEy = , a5 _ 2
y = tan X ,  prove that: E_Zy(1+y )

Third secondary - Student Book 113



1 - 2 Higher Derivatives of a Function

Parametric equations:

2
() Ifx=2%-5, y=6n2+1 find Y  atn=1
dx?

©» solution
By differentiating each of x and y with respect to parameter n
g Y120
dn dn
Ll d
Cdx dn dx
nSe I g melp
dx  6n?
2
and$Y = 94 [op1=_gp-2x A0
dx? dx dx
2,1 -1 540
n 6n% 3n?
2
atn=1 ﬂ -1
dx? 3
ﬂ Try to solve
@Ifx—zz—Zz,y:zz \ Ay
3
Flndﬂ,%atz—Z \
g: the opposite figure shows a graphical \ i
> P N
, ; b
representation to the curves of the functions f(x), B \ ‘-'(\_) .
f' (x), f" (x) where f(x) is polynomial . Determine the curve -
of each function. / G' \ \\
h J

Activity

Use the geogebra program or any other program to graph the following functions and their first
and second derivatives, then record your observations.

ﬂ fx)=x3-4x*+12 b g(x)= i x2+4

Do your observations match with your decision in critical thinking?
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UnitOne: Differentiation and its Applications

Exercises 1 -2

Find the third derivative for each of the following:

@y—x %3453
G)y=sin2x-7)

®y:sinxcosx

Answer the following:
@If3x2+5:2xy

@) Ifx2+y2=4

(9) Ify=3cos2x+1)
40) If x y = sinx cos x
@) Ify=xsnx

42 Ify = secx

@y_ x+1
@)y:cos(ﬂ—?)x)

®v-=

dy
dx

2
prove that: x &y, 2 =3

dX2
2
prove that: y3 Q ~4=0
dX2

Yy _
prove that: e +4y=0

2
provethat:xﬂ+2£+4xy:0
2 dx

provethat:xﬂ+xd_+2y 0
3 dx

th dz}’ dy \2 2 2
rove that: y — + (—/)“ = Jye -2
P Y ( ] Y=y Gy )

2
@Ifdy—2x—3 Lox1, fmddY  ax=2
dx dz?
2
@Ifx:3n2—l,y:n3+2, find:d_y atn=4
dx®
@B 1fx= =2l g & atz=2
z+ 1 X
@Ifx:secz,dy:tanz, prove that: dy_
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& You will learn |

e—1+L+L+L+ o= ¥ T
< Derivatives of exponential B Il_ Il Ii ...... B n=0 IL

functions .
ﬁ Learn

Derivatives of logarithmic functions.

Logarithmic differentiation. The natural exponential function

Higher derivatives of exponential

PR

LAY LAY

- Itis an exponential function whose base is e
and logarithmic functions.

S Modeling the problems . f(X) = ex 2 XER
Notice that
1) The domain of the function f where 13 ¥ \J
& Key terms | f(x) = e* is K anditsrangeis ] 0, o [ ™ '/
I 2) The curve of the function passes - e
PR through p().llltS O, 1), (1, e | @
- 3) f(x) = €% is One-to-Onefunction I X |
< First Derivative i T 4 %
. that accepts the existance of an inverse A ]
< Logarithmic Differentiation . . . lim . S
function called the natural logarithmic <om
function.
. . lim il
4) The symbol exp (x) is used in any X— 0
graphic program to graph the function
2 3 00 n
B) e =1 + T + T + T + . 0 = e
= TR PR S 2o

The natural logarithmic function

Itis a logarithmic function whose baseise , f(x)=Inx , xR’

@ Materials |

i Notice that: Ay
< Scientific calculator. : ;
1) The domain of the function f yies ‘7/ 7
where f(x) =lnx isE" and / o
itsrange is £ 3 ,{ 1
s 2 5 £
2) The curve of the function : Rl . __,a(\:"::;:t
passes through points (1 , 0) - m‘" \...J_;
and (e, 1) T2 ) 3
3) it is an mverse function for %// e f
the function y = &* ot
4) The symbol In(x) is used in lim Inx=oo,
X— 0o

any graphic program to graph lim px= -

the function. X5 0
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UnitOne: Differentiation and its Applications

5) To find the value of In 10 for example, press the following buttons:

Start — @@@

We find thatIn 10 = 2.302585093 to the nearest 9 decimals.

Some properties of the natural logarithm NERIRE Ssssicans

The natural logarithm has the same logarithms properties E
which you have previously learned. ; . P"::er -,
IfxeR', yeR, ae K - {1} than: ‘:L i logarithm i
1) The form Inx = y is equivalent to the form e¥ = x L 4 ;

x=g y = log,
2) JNX = X 3) me=1 i

Lisaumes Base e s-siees
4) In1 =0 5) ok lln_x (the property of changing the base)
% na
Foreachxand y e3" and ne X
6) Inxy =lnx + lny 7) hX =Inx -Iny
y

8) Inx" = nlnx 9) logx x loge = 1

Derivative of the natural exponential function

if f(x)=¢e* then f'(x)=e*

Differentiating both sides with respect to x

d (ef")——1 +2—X+—3X2+ 00

S VSR R I
o g il B,
= I]__ Il ......

d

_— (e®Yz=eX

dx()

“ ) Example
= Derivative of the natural exponential function

1) Find the first derivative for each of:

a)y=x2+3c* b)y=x3c* c)y=
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3 -1 Derivatives of Exponential and Logarithmic functi_q,ns, -t

- -

©» Solution
@By 8 et 3 ) Fatra it
dx dx

dy d d
b = x¥¢® 2= x (€M) + & — (X
¥ dx dx € dx %
=x3e* + 3x2e*=x2eX(x + 3)
1)L 29200 8 w1y
@ y= 28 Ly K Dg &Y e
" il dx (x+1)? (x+1)2
ﬂ Try to solve
@ Find g—y for each of the following:
X
(8)y = 2e*+ cos 2x by = e*sinx &y = .
tan X

thinking: Whatis the relation between the slope of the tangent to the curve y = €* at any

point on it and the y - coordinate of this pomnt? Explain

Chain rule

d dz
If Z is a differentiable function of x , f(z) = ¢ 2 then: e (&%) =cis =
) Example
@ Find the first derivative for each _of:
ay - e3x2 +5 b y= JeSeC X c = (e3x " e—2x)5
©» solution
2 d 2 2
U0 s o 3745 L0y 3xf4+s5 o d 2 » 3x“+5
al'y =e ..E_e xdx(3x + 35) = bxe
(B : : _ . dy _ d _ sec x
B ¢y = 3e%eX co—L = 365X x —(secx) = 3e * secx tan x
dx dx
- RETTC A Y- B i - kS
X
ﬂ Try to solve
@ Find g—y for each of the following:
%
(a)y = 2x + eb% (b)y= % &g (e)y = (e2*+ 2%
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UnitOne: Differentiation and its Applications

Learn

Derivative of exponential function to the base a

If f(x) = a* thanf'(x) = a*lna

Notice that a = ¢ (from the logarithm properties)

oAt = [elna]x: exlna l

d xy - d (.xlnay _ .xla —. &% =
and Py (a)_dx(e ) = ¢ xIna = a* xIlna | y=ha
1 . i ZYy — qoZ . E
in general: = (a®) = a% Ina =
) Example
’ The derivative of the exponential function
(3) Find g_y for each of the following:

X
a y:5><6x b.y:3(3x2—5x+2} 'c y:eSinXXZ'SX
©» solution

2) .y =5 x 6% S _ 59 (659 = 5% 65In6

dx dx
b -- y = 33x2-5x+2 :_y = (6x - 5)x 3(3x2—5x+2} % 1n 3
X
i - ; . dy inx d (9 - 5x) d s
c)- :esmx>(25x o) = esix 0 5x+2(5x}_esmx
¥ dx dx ( ) dx
= ¢ SIX [_§ % 25X [ 2] 4 2°5% [¢SiX oo x]
=2 gsinx [|n 2-5 4 cosx]
ﬂTry to solve
@ Find g_yfor each of the following:
X
a y:5x2+2x b yzzseczx c y:eb( axz—S
oy _ Learn

Derivative of natural logarithm function

iff(x)=lnx, x>0 then f'(x)=-L
X
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3 -1 Derivatives of Exponential and Logarithmic functiqae .

T,

Notice that the logarithmic function is an inverse function of the exponential function

Ify =lnx then x = ¢ 1)
by differentiating both sides of relation (1) with respectx  .-. 1 = ¢ j_y 2)
X
From (1)and (2): we de deduce that dy _ l ILe: d (Inx)= l
dx X dx X

") Example

Derivative of natural logarithm function
@ Find the first derivative for each of the following:

— — Inx-1
)y =3x+nx (b)y=(2x°-3)Inx \C]y=
Inx+1
@Soluﬁon
B y=9x+nx i B g g L
dx dx P
d
by — 5 - 9y 5_ 2y d A gm 5,
Sy = 3k 3)Inx Pri (2x 3)dx(lnx) + (Inx) i (2x° - 3)
= (2x° - 3) x 1 . 10x4Inx
X
= Lex5 - 3) « 105 x]
X
1 1
— o e f e (lnx+1)(;) —(lnx-l)x; . ;
Y T kel ik lnx+ 1y “x(nx+ 1)
BTry'losolvo
@ Find g_y for each of the following:
X 1 - 2Inx
\8)y = 5-3nx b)y = x2Inx cly = ————
In x

Critical thinking: What is the relation between the slope of tangent to the curve y =In x at any
point on it and the x-coordinate to the tangent point? Explain.

Chain rule
1 , dz

< If z1s a differentiable function with respect to x and f(z) hags-i Mzl =
" dx T dx

=lnz

@ Ifx<0, tllen:i[ln(—x)]:Lx- 1=1
dx X X
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< In dl [ln x| ] = l for eachx # 0
general * z
; Cii_x [lnlzl ]= Z?I where z 1s a differentiable function at x.
.f% Example

5 ) Find di for each of the following:
: X
2

a)y=1In(2x3 +9) bly=x%Inx3 c/y=In %
x+7
©» solution
g — 3 dy _ d 3 B 6x
a)y=In(2x" + 9) ..E_mx&(h +9)_m
By = x4 Inx? .'.d_y:x4i(lnx3)+ lnx3i(x4)
dx dx dx
= 58 5 b w3 i 4B
3
=3x3 + 48°1lnx® = X33 + 4Inx3]
o) d (]n x2 )_ x+7 x+7(2x) -x2x1  x+14
dx X+7 x* x + 7)? xx+7)
HTrytosolve
@ Find :_y for each of the following:
%
a)y =In(7x - 3) by = 2x2Inx3 ey = X
In x
“ Learn

Derivative of logarithmic function to the base a

1
X lna

If f(x) = log x , then f'(x) =
a
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3 -1 Derivatives of Exponential and Logarithmic functiqae .

W i, g

ame

: d -4
Notice pes (logx) = ae

In x
oo [N NN < 3 -1,
lnal —dx[lnx] X

Ina Ina
q From the properties
and T (logx) = %loge of logarithms
¢ : Inx
d 1z log™ =
in general dx (loi 2 zlpa dx a Ina
log® x log® =1
¢ a
Derivative of the logarithmic function
") Example
@ Find g_)’ for each of the following:
X
a)y = log x bly = log 3x - 2) (c)y=1log (2x - 3)?
3 5
€» Solution
ﬂy: logx __d_y: LX 1 = 1
3 dx X In3 xln 3
dy 3
b)-:y = log(3x -2 R [P S—
y §( ) ix  (x_-2)s
&) . y = 2logI2x - 3l 9 & ¥4 e i

dX  "2x - 3)In10  (2x - 3)In 10

El Try to solve
@ Fi]_ld the slope of the tangent for each of the fo_]l_owring curves at the given values of x:

ay = log 5x s e 2 bly=4log@Bx + 1), x =1

. 2 —

&)y = Jlog(2x? - 3)r, x=1 (d)y = 3 (logx)? L x =3
2

ii} Geometric applications: If AB is a tangent to the curve y = In % at point C (1 , y) and

intersects x - axis at point A and y-axis at point B, find the length of AB

©» solution . length of :um'?n; =
To find the length of AB , follow the opposite graph: AB AB
The slope of the tangent at any point: d_y = Lx2 o L= 1 F
dx X 2 X y A
* AB tut)uches1 the curve at any point C (1, y) A ///
then y :lni = -n2 1.e C(l, -1n2), at which . = - X=
p— C
g_y = 1, and the equation of the tangent AB at Cis: B ////_
X _ A X yv=lin (Eh
y+Hn2 =x -1 J Y[ 7.7
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lE—T
.~ AB intersects X -axis at point A DA +In2, 0)
and vy - axis at point B .B(O, -1 -In2)

Then (AB)?2 = (1 +1n2)2 + (1 +In2? .. AB=4Z2Z(l +102)

Try to solve

@ If the normal to the curve y =In 2x at point A (1 ,In 2) intersects x-axis at point B, find the
length of E to the nearest three decimals.

Mathematical Application

Logarithmic differentiation
The relation among the variables can be expressed in a logarithmic form by taking off the natural
logarithm of its both sides and using the properties of logarithms to simplify the relation before
doing the differentiation operations.

Example
8 ) Find g_y for each of the following:
X

aly = (x3 + 5 D)y = [sin x]2ex

©» Solution

a)-. y=x3+5% By taking the natural logarithm of both
sides of the relation
S.Iny=xIn(x® + 5) By differentiating both sides of the relation

with respect to x

L 8Y (x3+5) + — x 3x2 by multiplying both sides x y = (3 + 5)*
y dx \ x>+ 5
Y B S Inx3+ 5]
dx x2+5
B oy = [sinx]Pe By taking the natural logarithm of both

sides of the relation
Iny = tanx In sin x By differentiating both sides of the relation

with respect to x

ld_y: tan x x i(lnsin::i) +Insinx x l(tam()
y dx dx dx
sin X 1 . 2
= X — x cosx + Insmx x sec’x
CoOsX  sinx
= 1 + sec’x logsin x by multiplying both sides x y = [sin x]**"¥
(=]
o B

[sinx]t2% (1 + sec2x In sin x)
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ﬂ Try to solve

Find g_y for each of the following
\a) y = x% \b)y = (sinx)* (c)
y?. — 3% x 27

__Sgti;;f{}gingﬂgmlg;i‘gmlfy:e"‘ “/ 11+: where -1 <x <1 , prove that: (1 —xz)y':xzy

©» Solution
s @S 11+_: By taking the logarithm of both sides to base e
. 1 l+x
“lny=Ine* + =In
¥ 2 1.~ X

Iny = -x + %[111(1 +x) -ln(l - x)]

By differentiating both sides of the relation with respect to x

o yemlienedf e A fiodes o o =1
yxy "2l Tx
vy [1 x+1+x]
y
P 1 Al RRET
g 2 1°X l_xzz 2
A= 1-x9)y'=x
= (1-x%y y
ﬂTry'losolvo
b
(@Ify:aex ,prove that: xyy" +2yy' -xy2=0

Exercises 1-3

Choose the correct answer
(D Iff(x) = &%, then f'(x) equals:

a g (b) 3¢3x (c) 9¢3x (d) 3¢2
(2 Iff(x) = ac® , then f'(-2) equals:
(@) -1(2) ®)-1'2) (e)-1(-2) (d) £(-2)
@ The curve of the function f: f(x) =1 + In (x - 2) is the same curve of the function g: g (x)=Inx
by translation:
@, 2 ), -2) @2, 1 di@,

@ The ratio between the slope of the tangent to the curve y =In 3¢ x + 1 and the slope of the
tangent to the cure y =In 54/ x + 1 whenx=a s

al3:5 (b)5:3 ©)1:1 (d)n3:In5
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UnitOne: Differentiation and its Applications

Find the first cgerivative for each of Ehe following:
@ y = eSx ©y: PRERS ®y: (3x—l)—2

@ yzzes"z‘3 @yzln(Zx—?) @y ]ﬂ(%X2+X)
(1) y :ln% @y: x21n x @y
@ y = e (@y:seceX @y

log (4x +9)?
3

2e3% - 510g£
2 5

Find the slope of the tangent for each of the following curves at the given

values:
@y: X - 2% x = +
! 4
y:x2—3]nx Cmo=D
_L?.x_ —L
@y_4e 2Inx X = 3

Find % for each of the following:
é‘) YCX:e:‘" @xlny:SS @yzxsinx
&) y=c )y = &° &)y = xx

Find Y | Y for each of the following:
ax | o

x=¢e® |, y=n
@ x=6lnn, y=n?

Answer the following:
If y

)
@Ify = %,provetﬁhat(x“ -Dy'+ 2xy =0

. d3y
x2In X find —_ whenx = 4
a dx3

@ Find the values of x at which the tangent of the curvey = 9x* - 8ln x is parallel to x-axis.

@ Find the equation of the normal to the curve y = 3e* ata point lying on it and its x-coordinate
equals -1

Third secondary - Student Book 125



& You will learn |

The concept of the related time rates
Methods of solvingthe equations of
the related time rates

Modeling and solving mathematical

. physical and life problems

& Key terms |

PR

N

Rate

Related Rates

@ Materials |

Scientific calculator

Computer graphics

Identifying and

naming the variables

{I.Graphing the 'mcom;;\;

¥

( Find the relation )

(" Differentating the
relation with respect

\_ to time J

’Srubstituﬁng the values)
to find the required
rate _)

.

@ Think and discuss

‘When a circular lamina is exposed to a heat source for a period of time

(t) second

- Doesitsradiuslength (r) change over time (t)?

- Does the surface area (A) of the lamina change
over time (t)?

- Does the surface area (A) of the lamina change

as its radius length(r) changes? Explain.

Note that :
1- The two variables a and r change overtime (a function of time) and

they are related by the relation

A=7x1? Le: A=1{)

2 - The differentiation of both sides of the relation above with respect
to the time leads to a new equation relating between the related
time rate of each variable and it is known as the equation of the
related rates
Where: i ' (r) x g

dt d
3 - The time rate is positive if the variable increases by the time

increasing and it is negative if the variable decreases by the time

increasing.

Oral expression : Which of the following rates is positive?
(expansion - shrinking - approaching - diverge- molding- leaking -
melting - accumulation - decreasing- increasing)

) Example
_ Inflating the balloon
O When inflating a spherical balloon with gas, the rate of increase in

its volume was 87 cm?/sec when its radius length was 4cm. Find at

this moment :
(@) The rate of increasing the radius length.

(b The rate of increasing the surface area.
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€ Solution
Let the volume of the balloon v, the radius length (r) and the surface area of the ballon (A)
be differentiable functions at t.

a/V= II r* by differentiating both sides of the equation with respect to the time

d_vziﬂx3r2£:4ﬁr2£ {1}
dt 3 dt dt
g ?1_‘; = 8 71 cm?/sec , r = 4cm by substituting in the equation
87 =4map ie dT - L om/sec
dt dt 8
b/ A=4712 by differentiating both sides of the equation with respect to the time
2_473 2r _—SEE )
dt dt dt
: % = % cm/sec , r = 4em by substituting in the equation
= % =871 x4 x— 477 em?/sec

Try to solve
@ Volume: A cube extends by heat so its edge length increases at a rate of 0,02 cm/min, and
its surface area increases at a rate of 0,72 cm?/min, at a moment . Find the cube edge length

at this moment and the rate of the increase in 1ts volume at this time .

Example Ladder motion

2 A 250cm ladder is leaning against a vertical wall . If the top of
the ladder slid down at a rate of 10cm/sec when the base of the
ladder is 70cm from the wall . Find:

a | The rate of sliding the base of the ladder.

b | The rate of change of the measure of the angle between the ladder and the ground.

a | ety be the distance between the top of the ladder and the
ground and x the distance between the base of the ladder

and the vertical wall,

From pythagorean theorem x2 + y% = (250)2 1)

By differentiating both sides of the equation with respect to time

2xd_x+2ydy:0 % .7 &5 2)
dt dt dt x dt

*." The top of the ladder slides down , then y decreases

% ?1_y: - 10 cm /sec

when x = 70 cm from equation (1) we find that: y = 240 cm

By substituting in equation (2) we deduce that: % =- 2%0 -10= 2#0 cm/sec
i.e the base of the ladder slides away from the wall at a rate of io cm /sec
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‘b Let 6 be the measure of the angle of inclination of the ladder on the ground
y

sin 6 = T by differentiating both sides with respect to t
.'.cos@ﬁ:L 4y butd_y:— 10 cm/sec  whenx =70 cm
250 “q¢ dt
70  dO _ 1 . dB _ 1
350 < qT _250x—10 ..T_—7rad/sec
i.e. The measure of the angle decreases at a rate of% radian /sec
ﬂTry to solve

@ ladder motion: The base of a ladder is placed on horizontal ground and its top is leaning
against a vertical wall. If the base of the ladder slid away from the wall at a rate of 30cm/
sec , find the rate of sliding the top of the ladder when the measure of the angle between the
ladder and the ground equals %

Critical thinking: A 15 ton rocket is launched and it emits the fuel at a constant rate 200 kg/s.
What is the mass of the rocket after 30 second of the launching moment?

Important note: If x, is the initial value of variable x ( when t=0), % is the rate of change of

. . . . . dx
x with respect to time and x is the value of the vanable after tme t, | .. o — .

dt

1n the previous “critical thinking” use the relation k=k. + d_)t( % t to check your answer.

) Ex 1
g amp’e Area

,:3:* In aright - angled triangle, the lengths of the legs of the right angle are 12em , 1 6cm. If the
length of the first leg increases at a rate of 2 cm/s and the length of the second leg decreases
at arate of 1 cm/s.

a ) Find the rate of change of the triangle area after 2 seconds A
'b) When is the triangle isosceles?

©» Solution y.=16cm

a Letx andy be the lengths of the legs after t second.
the area of the triangle at this time where x, y and a ﬂ e
are functions in the time: dt

Lx=12+2t , y=16-t %

A:%xxy:%(12+2n)(l6—t) B C
x.=12cm
A= (6+1) (16 - t) by differentiating both sides of

the equation with respect to time

.'.%:(6+t)><—l+(16—t): 10- 2t cm¥s

> 2 /
—_—=2CIn/S
dt

whent=12s .. The rate of change of the triangle area= 10 - 2 (2) = 6 cm?/s
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b Whenx=ythen12+ t=16-t t:%sec
i.e. after% seconds, the right angled - triangle becomes isosceles triangle
ﬂ Try to solve
@ Volume: A metal object in the form of a cuboid whose base 1s squared shape of side length
increases at a rate of 1 cm/min and its height decreases at a rate of 2cm/min. Find the rate

of increasing its volume when its base side length is 5 cm and its height is 20 cm. After how
many minutes does the volume of the cuboid stop increasing?

Exampls Length of shadow

4 A'l.8 meterman walks in a straight line approaching the base of alamppostatarate of 1.2 m/s

if the height of the lamppost is 5.4 m on the ground , find :
a / The rate of change of the length of the man’s shadow.
b The rate of change of the man’s head from the lamp when the man is 4.8 m from the
lamppost.

> Solution
Modeling the problem: in the opposite figure E
represents the lamppost, pointAisthelamp DE represents
the man and point C is the end of the man’s shadow , then :
x = EB the distance between the man and the base of the
lamppost.
y = EC the length of the man’s shadow:
M =AD the distance between the man’s head and the lamp.

First: "AABCA~DEC
AB BC 54  =x+y

DE EC 18 y
and 2y =x by differentiating both sides of the equation

with respect to time

2d_y: dx Le dy =212 0.6 meter/s
dt dt dt 2
Second: in the right angled - triangle A D O at (O)
M2 = x2 + (3.6)2 by differentiating both sides of the equation with respect to time
oMM _px 9% ax=48A f=6m
dt dt
6 %: 4.8x-12 ie. SM _ _0.96 meter/sec

ﬂ Try to solve

@ Constructions : A 5 -meter water pipe with two ends A and B is leaning with its end A on
a horizontal ground and with one of its points D against a 3-meter vertical wall. If end A
slides away from the wall at a rate of % meters/m, find the rate of sliding end B when the
pipe reaches the edge of the wall.
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Area

5} Two sides in a triangle, the length of both increases at a rate of 0.1cm/sec and the measure of
d
the included angle increases at a rate of% “%/sec. At which rate does the area of the triangle

change at the moment the length of each side of the triangle is 10cm?

©» Solution
Modeling the problem: at a certain moment t, let a
side length of the triangle a the other side length b The
measure of the included angle C™d and A the area of
triangle ABC be differentiable functions at t
where A = % ab sin6 by differentiating both sides

g a - s

with respect to t
& : 1 ' T3 =0.1 cm /sec
—~==ab_—[sinc]+=sinfB—J[ab
TR dt Ll 2 dt [ab]
da _ 1 de 1 db da
—~=—=abcosc—+ =sinfa +b 1
dat 2 at 2 [ dt dt] e
bu tﬁ:ﬂ: I ,ﬁ 1
dt  dt dt 5

when the length of each side of the triangle is 10cm, the triangle is equilateral
thenm( 0) = % ,cosO = % by substituting in equation (1)

. dA Lol L.43 L
o 2X19X10x2x5+2x [2><10><10]
=5+ ~ 5866 cm? /s

i.e. the area of the triangle increases at this moment at a rate of 5.866 cm? /sec

ﬂ Try to solve
@ Area: A B C is aright-angled triangle at C and its area is constant and equals 24cm?, if the

rate of change of b equals 1cm/sec find the rate of change for each of a andm (A) at the
moment in which b equals 8 cm.
Critical thinking: If x (the radian measure of an angle) increases at a constant time rate, explain

why:

@) The sine and the tangent increase at the same rate when Xz
b The tangent increases at the rate equals 8 times the increase of sine when x = %
¢ | The cosine decreases at a rate of % times the increase of the tangent when x = %

) Example
; Physics

“g’}‘ In a closed electric circuit, if v is the potential difference (volt), I is the current intensity
(Ampere) R is the resistance (ohm). If the potential difference increases at a rate of 1 volt/s
and the current intensity decreases at a rate of% Ampere/s, find the rate of the resistance at

the moment which v= 12 volt and I = 2 Amperes.
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©» solution
You know that V=1xR by differentiating both sides with respect to time
V-
. dv dR dl
So—=I__+R— | 1
dt dt dt | |
%: 1 volt/ sec , % = —%Amperes /sec @
. _ _ p_ V _12_
.. When v= 12 volts, I = 2 Amperes then: R = =g 6 ohm '\NXU\;
a11d1:2><E+6><—l .'.EZZOhm;’sec
dt 2 dt

i.e the rate of the resistance at this moment is 2 ohm /s

EJ ey to sotve
@ in the previous example , calculate the rate of the resistance if the current increases at a rate

of % ampere / Sec.
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Exercises 1-4

Choose the correct answer :

@ If the radius length of a circle increases at a rate of A cm/sec, then the circumference

increases at this moment at the rate 4
(a) i cm/s b cm/s ( C L cm/s ' d 8 em/s
7 8
@ A cube of ice melts preserving its shape at a rate of lem?/sec, then the rate of change of the
cube edge length when its volume is 8 cm3is:............cm/s
B 1 L @. L D L
12 “ 12 © 0 ~ 06
2 13 . dx 1 ; _ dy ;
@Abody moves on the curve y* = x ,1fF_5umt;’sec when y = - 1, thend—atthls
X
momentequals ... unit/s
(@) -3 (b) -2 @3 @32
4 = 8 4 =2

@ If the slope of the tangent to the curve y = f(x) at a point = % and the x-coordinate of this

point decreases at a rate of 3 units / sec then the rate of change of its y-coordinates equals

. umit(s) / sec
i (b) .3 )L
&% -3 -

Answer the folowing:

(d) 3
o

@ A point moves on a curve whose equationis x2+ y2 -4 x + 8y - 6= 0. If the rate of change
of its x-coordinate with respect to time at point (3, 1) equals 4 units / sec, find the rate of

change of its y-coordinate with respect to time t .

@ A stone fell in a motionless lake and a circular wave was generated. If its radius length
increases at a rate of 4cm/s, find the rate of increasing the swrface area of the wave at the end

of five seconds.

@ A regular hexagonal - like lamina shrinks by cold. if the rate of change of its side length is

0.1 cm/sec, find the rate of change in the area of the lamina when its side length is 10cm.

A known mass of gas with a constant temperature whose volume decreases at a constant rate
of 2cm?/sec. If the pressure is inversely proportional to the volume and the pressure equals
1000 gm.wt /em? when the volume is 250cm?, find the rate of change of the pressure with
respect to time when the volume of gas is100cm?.

@ If the gas leaks from a spherical balloon at a rate of 20cm?/sec, find the
rate of change of the balloon radius length at the moment which the radius

length is 10cm and find the rate of change of the balloon external surface

area at the same moment.
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@ A 5-meter ladder is leaning against a vertical wall by its top and on a horizontal ground by its
base. If the base of the ladder slides away from the wall at a rate of 4cm/min when the top of the
ladder 1s 4 meter high of the ground , find the rate of sliding the top of the ladder , then find the

rate of change of the measure of the angle between the ladder and the ground at this moment.

@ A ballon nises vertically from point A on the ground surface. An apparatus
1s placed to follow up the motion of the balloon at point B at the same

horizontal plane of point A and distant 200 meters from it. A moment, the
apparatus observed the elevation angle of the balloon to find it ‘;I and it
increases at a rate of 0.12 rad/min, find the rate of the balloon elevation at iﬁ*’ S

this moment.

@ A 180 cm man moves far from the base of a 3-meter lamppost at
arate of 1.2m/s, find the rate of change of the length of the man’s
shadow. If the straight line passing through the highest point of
the man’s head and the top of the lamp inclines on the ground

with an angle of measure 674 when the man is far from the base

of the lamppost for a distance x meter, prove that x = % cot O,

then find the rate of change of @ when the man is 3.6m from the base of the lamppost .
@ An isosceles triangle whose base length is 2043 cm . If the length of the two equal legs

decreases at a rate of 3 cm/h |, find the rate of decreasing the triangle surface area at the

moment which the length of the two equal legs is equal to the base length .

@ Industry: If the daily production of a factory during a certain period of time t (day) is
identified by the relation y =400 (1 - e%3%)t units, find the rate of change in the number of

the produced units with respect to time on the tenth day.

@ Life application: If the production of a beehive
is given by the relation: y = (n + 100)1n (t + 5)

grams in terms of the number of days t, find the

rate of change of the beehive production when t
= 5, t =151t = 20. Does the production of the
beehive increase or decrease?

ABCD is a Trapezium in which AR // DC .Its
height equals 3 cm, DC= 5 em, The point M move

on the ray ﬁ with speed 4.8 cm/sec. starting
from the point B. Find the rate of change of the
area of Triangle MNB at the instant in which

MB=1cm D
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Through reading the graph to a curve of a function , you can determine monotonic intervals [increasing-
decreasing -constancy]. You can also know the maximum and minimum values of the function and
identify some properties of the function. You can use computer graphics to graph and study the behavior
of the function. But it is not usually available. In this unit, you will identify more techniques to graph the
curve of the function through differentiation using the function derivatives (first derivative and second
derivative) to determine the interval of increasing or decreasing the function. You can also determine

the maximum and minimum values related to the values of x (the maximum values and local minimum
values ) and the absolute maximum and minimum values of a function continuous on a limited interval
[a, b]. You can also determine the convexity direction to the curve of the function (upward or downward)
you will learn some applications to find the maximum and minimum values to help you model and solve
mathematical physical and life problems.

@ Unit objectives\

By the end of the unit and carrying out the involved activities, the students should be able to:

£+ Use the first derivative to study the increase and £+ Find the relation between the curve of the
decrease of the differentiable function. function and the first derivative

£+ Identify the local minimum and maximum £ Leamn the behavior of the function in regard to
values of the differentiable function the monotony. maximum values and minimum

£+ Identify and find the absolute minimum and values throughout the first derivative

absolute maximum values of a function in a € Sketch the curves of the polynomial functions
closed interval - up to the third degree only.




Key terms

Increasing Function Local Minimum value Convexity

Dereasing Functicn Local Maximum value Convex Upward

SN £IN £IN
FA T LAY
LA S AN AN

Maximum and minimum Absolute Extrema value Convex Downward

Inflection Point

N

values

Exterma

Critical Point

Lessons of the uniﬂ \ @ Materials w

Lesson (2- 1): Increasing and decreasing the functions.

. . Scientific calculator
Lesson (2 - 2): maximum and minimum values

AN AN

. Computer graphics
Lesson (2 -3): Curve sketching

Lesson (2 -4): Applications on maximum and minimum values

Unit planning guide )

Application of differentiation

!

Behavior ofthe  First derivative test Curve sketching
function l

Second‘d::ivative =P e convexity
e

: 4
increasing and decreasing the l
functions Inflection point

}

Local maximum and
minimum values

v

absolute maximum and \
minmum values
-.'“_;._,. — + e =
&, A

pplications = e - B

e

e ;‘(k"_*‘_:‘? ——!'"_‘7 -

Physical Geometrical




You will learn

-
=

Using the first
derivative to
determine the
increasing or
decreasing intervals of

a function.

Py

Daily life applications
on the increasing and
decreasing intervals of

the functiuons

Key terms

Increasing Function

-
=
-
=

Decreasing Function

Materials

Scientific calculator

-
~
2
-

Computer graphics

J

Investigating monotony

of a function

Find f' (x)

|
solve equation

f (x) =

mvtstlgatr. the sign of

i (‘!ﬂ

P
't < 0 f'(x) >0
I I
f f
decreasing increasing

136

Think and discuss

The opposite figures show the two curves

of the functions f , g where

fx)=x2-2x -1,

g(x) = x? - 3x

2 Determine the increasing  and
decreasing intervals of the function f

2 Find the derivative of function f and

i

4

RN
Yy
i 2

I\ 1 3 4
=9

. (f(_x‘)\: x2-2x - 1)

investigate the sign of f' (x) for the different values of x which

belong to the increasing interval

< Investigate the sign of f' (x) for the different values of x which

belong to the decreasing interval

Repeat the steps above to determine the sign
of g' (x) in the increasing and decreasing
mtervals of the function g What do you
mfer? what kind of angles does the tangent
of the curve make at the different values
of x in the increasing intervals with the
positive direction of x-axis?

% Learn

I 3

rg(x) = x3-3x

First derivative test for the monotonic functions

Theorem

Let f be a differentiable function on the interval Ja, b [:
1- I £'(x) > 0 for all the valuesofx < ] a, b[

then f is increasing on the interval Ja, b [

2- Iff'(x) < 0 for all the values of xc]a,b ]|

then f is inc1 easing on the interval Ja, b [

Pure Mathematics - Differential and integral -

Calculus



Unit Two: Behavior of the Function and Curve Sketching

sﬁ*« Example

Determining the increasing and decreasing intervals

1\‘ Determine the increasing and decreasing intervals of the function f where f (x) = x3 - 3x + 2

©» Solution

. f(x) = x* - 3x + 21is a continuous and differentiable function on R

aaPx) =8%r - 3 = 32 - 1)
By putting f'(x) = 0
o' (x) = Owhenx = -land x = 1

then:3(x2 - 1) =3@x- D+ 1) =0

we investigate the sign of ' (x) in each of these intervals as in the opposite table of changes

we find that :

f is increasing on the interval | -oo -1 [

fis decreasing on the interval | -1 |, 1]

fis increasing on the interval | 1 | oo [
Note that:

X

-0

-1

signf'(x) 0

+

behavior of

f (%)

1) When we sketch the curve of the function using a

graphical program (opposite figure) we find that the

behavior of the function curve is congruent to what we

inferred in the table of changes.

2) The tangent to the curve makes an acute angle with the

positive direction of x-axis in the increasing intervals

and an obtuse angle with the positive direction of x-axis

in the decreasing intervals.

~x3-3x+2)

2 l f(x)

A8

A

) J

3) The values x which separate the increasing and decreasing intervals of the function are the

values at which the first derivative of the function equals zero or is not existed

Try to solve

@ Determine the increasing and decreasing intervals for each of the following :

(@) f(x)= x3 - 92 + 15x

e

) Example

Trigonometric functions

b g(x) =

x2+1

;2 Determine the increasing and decreasing intervals for the functions f wheref (x) = x + 2sin x

0<x<27m

©» Solution

f1s continuous and differentiable on ] 0, 277 |

SE'x) =1 + 2cosx

investigating the sign of f'(x)

o |—

when 1 + 2cosx = 0 Y. COS X = =

s xe10,2 x| oot o M e o T
3 3

x  |= & A
3 3
signof f'(x) [ + o = I =

behavior of

f (x)

e

™

s

47

Third secondary - Student Book

13




2 -1 Increasing and Decreasing Functions

Note that:

when x = % f'x) =1>0 .". fisincreasing on ]O,ZTK[
when x = 7T f'x)=-1<0 . f1s decreasing 011]273 437[ [
when x = STE f'x)=1>0 .". fisincreasing on ]4773, 2 7

ﬂ Try to solve
Determine the increasing and decreasing intervals of the function f where f(x) = x - 2 cos x,

O=x<2X
s Y] |
ritical thinking: The opposite figure shows the curve of {'(x) for the p (o) |
functlon f where f (x) is polynomial. P Y |
~ Y EEEEE S
'-..,.5!.,-5 Determine the increasing and decreasing intervals of the function f / NEA i
e / = \
b} Find the solution set of the inequality f'' (x) > 0 /J 2 \

Example

@ Determine the increasing and decreasing intervals of the function h where h (x) = 2lnx - x?
H T
o i‘(’):l)“i:t:l'i.fferentiable for eachx € I* : XI 0 1' z
o - 2ox = M R e e
X x f)
investigating the sign of h' (x)
whenh'(x) = 0 Fox = Lorx = <lg BF
whenx < 1 . h'(x) > 0 and hisincreasing on ]0, 1]
when x > 1 . h'(x) < 0 and h 1s decreasing on ]I , oof
ﬂ Try to solve
@ Determine the increasing and decreasing intervals of the function f where f (x) = x - &*

using the geogebra program sketch the curve of the function f and check your answer.
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Unit Two: Behavior of the Function and Curve Sketching

Exercises 2 -1

Determine the increasing and decreasing intervals of the function f for each of

the following:

(D fx) = x2-4x @ fx) = (x3)?

(@) f(x) = 9x-x3 G f(x) = x4+4x
@ f(x) = 1-% @ fk) = ;i
40 f(x) = x +Inx A)f(x) = 3-Inx’

Answer the following:

G)fx) = B-6x2+5

4
()fx) = 2-3(x-2)7
@f(x): ¥ x-1

X

@fx) = 5-2¢=

@ Prove that the function f where f (x) = tan x - X 1s increasing on the interval ] 0, % [

@ Determine the increasing and decreasing intervals of the function f where:

flx) = 1-sinx,0<x <27

@ If f and h are two differentiable functions and f' (x) < h'(x) for each x € £, prove that the
function z where z (x) = f (x) - h(x) 1s decreasing for each x € K.

Third secondary - Student Book 13
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" Youwill learn

The concept of the
critical point

The concept the

local maximum and
minimum of a function
First derivative test for
the local maximum and
minimum values
Finding the maximum
values of a function on a

closed interval

Key terms

Critical point
Local Maximum
Local Minimum
Absolute Extrema

Materials

Scientific calculator

Computer graphics

J

Y cai_uLmLJumJn

value

[~

|

4
./

B loc:fl minimym
LN
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Think and discuss

The opposite figure shows the curve of the continuous function f on
[a, b]
1- Determine the increasing and decreasing intervals of the function f
2- What is the value of f' (c;) when [y # | T 11
x = c;? Describe the change of f (v=fx) ) \
X7\

. / /
the greatest value of f in this /

on the interval Ja, ¢, [. Isf (c))

mterval?

3- Whatis the value of f' (cy) when
X = ¢y 7 Describe the change of
f on the interval ] ¢y, c3[. Is f(cy)
the minimum value of f in this interval ?

4- Can you find the value of f' (c;)? Explain.
Describe the change of f on the interval Jey, b [ Is f (c3) the
maximum value of fin this interval?

=

oA

q C C: C b

L=l

h 4

The Critical Point

The continuous function f on the interval ] a, b [has a cnitical
point (¢, f(c))

Ifcela,b[and f'(c) = 0 or the function f'(c)1s undefined
or the function f is not differentiable at x = ¢ when x = c.

Definition

In the previous figure, we deduce that:

thereisacritical point whenx = c;andx = ¢y sincef '(c;) = f '(cy) = 0. Itis
sometimes called stationary point. thereis also another critical point when
X = cy since f 1s continuous when x = c¢ 3 and is not differentiable (the
right derivative # the left derivative).

_E Local Maximum and Minimum values
E If f is a continuous function whose domain is [ and ¢ € I, then
E the function f has:
a local maximum value when x = ¢ if an open interval is
found ] a, b [C I containing ¢ where f(x) < f (¢) for each
x€la,b]
a local minimum value when x = c if an open interval is

found | a, b [C I containing ¢ where f (x) > f (c) for each
x€la,b|

Pure Mathematics - Differential and integral - Calculus



Unit Two: Behavior of the Function and Curve Sketching

Note that :
In think and discuss: there are local maximum values when x = ¢y and x = c3 whereas there

1sa local mimimum value whenx = ¢,

First Derivative Test of the local maximum and minimum values

l}% Learn
If (e, f(c)) is a critical point of the continuous function f at ¢ and an open interval is found
around ¢ where:

1- f'(x) >0 whenx<c, f'(x)<0 whenx >c, thenf (c)isalocal maximum value

2- f'(x) <0 whenx <c, f'(x)>0 whenx >c, thenf(c)isalocal minimum value

Y I % ‘\ “ Y
fl C) = 0 1 i }'I’
il ' (x) <4 9 / Fmp>o0
f' (x). ! [\ fay<o 2] 0
f al rwr
f 1 Ho)
4/ Oy s x= - Oy g X
f (c) is a local maximum value at ¢ f (c) 1s a local minimum value at ¢

3- If the sign of ' (x) on the two sides of ¢ doesnot change, then the function f doesont have
local maximum or local minimum values at c.

If fis a differentiable function on Ja , b [ and the function has a local maximum
value or local minimum value atc e Ja, b[

then f' (¢) = 0 or f' (c) is not existed.

Theorem

First derivative test

Example

%1 Iff(x) = x3 + 3x% - 9x - 7, find the local maximum values or the local minimum values

of the function
©» Solution

1) Determining the critical points : f is continuous and differentiable
BV =8t 4 B 9
=R (A 42K <3Y = 3K #3) (&1
whenf'(x) = 0

Determine Investigate __, | _,
“x =3 orx = |

- local maximum

o ) the critical — the sign of
we have two critical points

(3 :£6:3)) (L (2D
1.e. the two points : (-3 ,20), (1 ,-12)

points f'(x) — - = 4+ local minimum

Third secondary - Student Book 141



2 - 2 Maxima and Minima (Extrema)

2) The first derivative test at each critical point and the following table of changes shows it

3) In the neighborhood of x = -3 X -0 _|3 Il 0
the sign of {' (x) changes from positive (before | sign of f' (x) i 0 _ 0 4
X = -3) to negative (afterx = -3) behavior of /?O e 1|2/
f %) 1

HaE3Y= 20 1s a local maximum value.
in the neighborhood of x = 1 the sign of f' (x) changes from negative (beforex = 1) to
positive (afterx = 1)

.. (1) = -12isalocal minimum value.

ﬂ Try to solve

@ Iff(x) = %xg -9x + 3, find the local maximum and minimum values of the function f

The first derivative is not existed

2
@ Find the local maximum and minimum values of the function fif f (x) = x3 (2x - 5)

©» Solution
The domain of the function f 1s K. and it is continuous for each x € &
1) Determining the critical points: 4y ,
1 2 3
flx) = 2x7 (2x - 5) + 2 1 Gw)
1 Y
_ 22x-543x] _ 10®-D) ] / X
3Vx il R 1 2 / 3
*." f1s continuous when x = 0 and{f'(0)1s not existed ~ /
.. One critical point is found which is (0, f (0))1.e. (0, 0) / /
when f'(x) = 0 .".x =1 and therefore, /3
) 4
there is a critical point which is
(1,f(1))1.e. (1,-3)asshown in the opposite figure .
2) The first derivative test at each critical point X -0 _|1 ]I 0
and the following table of changes shows it. sign of f' (x) > ex‘:;;d _ 0 4

3) Whenx = 0 behavior of /" -|\_3|/"
|

there 1s a local maximum value =0 f (x)

when x = 1 there is a local minimum value = -3
) Try to solve
@ Prove that the function f where f (x) = ¥x? has a local minimum value .

1: Does the function f where f (x) = x? + 3x -4 have local maximum and
minimum values? Explain.
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Unit Two: Behavior of the Function and Curve Sketching

) Example .. tional functions

3\ Find the local maximum and minimum values of the function f where f(x) = x + i and
X

show its type.
©» Solution
The domainof f = & - {0} 5

1) Determining the critical points: f' (x) = 1 -4x?2 = )
points which are (2, f(2)) , (-2, (-2)) ie. 2,4),(-2, -4).

the function has two critical

2) The first derivative test at each critical point which the opposite table of the

function changes shows ' A )
X o0 -2 2 00
(note thatx = 0 is excluded from the :
. sign of + = = 4
domain of f). £ ()
3) Whenx= -2 thereisalocal maximum
T behavior of 4 \ /
T f(x 4
whenx = 2 thereisalocal minimum i / \ '
value = 4 Yah‘\ i pr
Note that: the local maximum value of the function may be less 5T\ /{,"
than the local minimum value Ll
YA G
Technology: the opposite figure shows the curve of the function f. <y ¥ £
: 2" -p - - 2 4 68
Use a graphic program to compare between the table of the function 712
changes and its curve? what do you notice? ;’/'
7
ﬂ Try to solve Rdi ’
2
and show

@ Find the local maximum and mimimum values of the function f where f(x) = lx

its type

“‘?ﬁ Learn

The Absalute maximum values of a Function on a Closed Interval
Definition of maximnm values: if f function is defined on the closed interval [a, bl and ¢ € [a, b]

1) f (¢) is the minimum value on the interval [ a ,b] when
f(c) < f(x) foreach x €[a, b]
2) f (c) is a maximum value on the interval [a , b] when
f(c) > f(x) for each x € [a, b]
2 The minimum value and maximum value of a function on an
interval are called the extrema of thes function on this interval.
2 The maximum value can be occured at an interior point of the

interval or at the boundries of the function once it occurs at the
boundries of the interval | it is called the end point extrema

Theorem

(

Y4 | @,5)
B .
| absolyte maximum
pi §
- /(f(x) =x2+1
j -
2
absolute
J"1 LT mingmum | X
A% 123 4

Third secondary - Student Book

maximum value and absolute minimum value on the interval [ a , b].

143

If function f is continuous on the interval [a , b], then the function f has an absolute



2 - 2 Maxima and Minima (Extrema)

f is continuous function has critical

To find the absolute maximum values of the on|[a, b] points at ¢ and d

function f on the closed interval [a, b] we follow ¢_I_l
up the opposite diagram as follows:

f(a) f(b) fc) f(d)
< Calculate f (a) , f (b) , and the value of the ¥ v
function at each critical point. Compare'
< Compare between the values above; the
maximum value is the absolute maximum The absolute e abwolute
value and the minimum value is the absolute maximum value minimum value

minimum value.

Find the absolute maximum values of the function f where f (x) = x3-12x+ 12 ,x€[-3,3]

©» Solution
i ) e Tl 12,x € [8 3]
s (3= (3P~ 12(3)+ 12= 21 1)
d03) = 3¥ -1208) 3 12=3 2)

PR = B a10 =3 (B 0)iR-2)
to determine the critical point, put f'(x) = 0
ox= 2e[3 , 3orx =-2€ 3 ,3]
when x = 2 there is a critical point and: f (2) = 4 3)
when x = -2 there is a critical point and: f (-2) = 28 “4)
By comparing the valuesof 1 , 2,3 and 4 we find that:

The function f has an absolute maximum value = 28 and an absolute minimum value = - 4

L} Try to solve
@ Find the absolute extrema values of the function f

a)f(x) = 10x¢-%, x€[0,4] (b) f(x) = —;Lf—l,xe -1, 3]
X

Note that:
b f
y.‘) (2,\5) Yb _no @}mluie
maximum
) HENNET
haximum feo=x2+1 J
3 / f)=x2+ 1 _ 2 / L xc[-1,2]
21 7/ | xel1,21-0 absoldte f
i pé e maxim 1 . lute
I o, 1) minimuym
" 1% 1 2 3 bk

tig (2)
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Unit Two: Behavior of the Function and Curve Sketching

Exercises 2 - 2

Determine the local maximum and minimum values (if existed) of the function f
in the following figures and show their types:

@ T @ W/ @ )
Z 3 / ]
1 X ~ X
B 1 2 > B i X Y10 -
¥ B h9 h o b _ﬂ\\_
A A ; '
: P I
¥ / iy 'y

Find the local maximum and minimum values (if existed) of the function f for
each of the following and show their types:

@fx) =3+ 3x2 + 2 G fx) = x* - 2x?
) f(x) = 4x - x3 G f(x) = 3x° - 5%
f(x):3—x% @f(x):(x+2)31
@f(x):x+;42. Wfw=x+
@) = x%z B =4de
1 f(x) = eX(3 - x) G)f(x) = eX + ¢°X
@) f (x) = x -In x @) fx = 8lnx - x?

Find the absolute maximum values of the function f on the given interval:

@ = x3-3x+1, xe[-2, 1]
X =vx-1 ,xe2, 5]
f(x) = sinx+cosx, xe [0, 27]
D f(x) =xe*, xe[0, 2]

Answer the following:

@ Critical thinking: Find the value of each fora, b, ¢ and d where the curve of
f(x)= ax® +bx? + ¢ x + d satisfies the following conditions together:

allt passes through the origin point. b Ithasa critical point whenx = 1

\ .C_ ! The equation of the tangent to the curve at point (2 , f (2)) on itis 9x +y = 20.

Third secondary - Student Book 1
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E Explore Y I
~  Youwill learn S T i
- The opposite figure shows the curve of the () =1 %3
Determining the convex ] 3 «
intervals of the curve of fll]lCth]ll f where: ‘}f
the function upward and f(x) = r) & JXER —H“ 7
F ¥
downwand, Notice that the function f is increasing on J3. %
Finding the inflection - >
why? (9)

points to the curve of . . . 7,

) Does the direction of the curve convexity in i
the function, _ _ _ _

. the interval ]-oo | O[ differ from the direction |77 /
Using the second "
defivative test it find of its convexity in the interval | 0, oo [? /
the local maximum and | whatis thelocation of the curve of the function l
minimum values m the interval ]-oe , O] with respect to all its I !

Curve sketching tangents? Does the slope of the tangent f' (x)

mcrease or decrease by the increase of the value of x?

what 1s the location of the curve of the function in the interval
10, oo[ with respect to all its tangent? Does the slope of the tangent

Convexity
Convex upward
Convex downward ' (x) mncrease or decrease by the increase of the value of x?

fECHOm PRt Convexity of a curves

c
© Letfbea differentiable function on the interval] a, b[, the curve
—
‘C  of the function f is convex downward If f' is increasing on this
U=
8 interval and is convex upward if f' is decreasing on this interval.
g Materials
¢ Scientific calculator. y A y 4 ;
¢ Computer graphics
P, o -
Pl /E) »

:’, O
» —-'A 6y
Oy f X ¥
The curve is convex
downward

L J

The curve is convex upward

f' is decreasing and its
derivative is negative

ref" (x)<0

f' is increasing and its
derivative is positive
re. f'" (x)>0

Pure Mathematics - Differential and integral - Calculus
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Unit Two: Behavior of the Function and Curve Sketching

If the function f has a non-zero second derivative , it can be used to study the increasing and

decreasing of the first derivative f' and to identify the intervals of convex upwards and convex
downward to the curve of the function f.

The Second Derivative Test for Convexity of curves

Let f be a differentiable function twice on the interval Ja , b[
1- Iff'' (x) > O for all the valuesof x € Ja, b[, then the curve of f is convex downwards

Theorem

on the interval]a, b[
2- Iff'' (x) < 0 for all the values of x € ]a, b[, then the curve of fis convex upwards
on the interval ]a, b[

~») Example
P Determining the intervals of polynomial convexity
( JIff(x) = 2-3x2-x?, determine the intervals at which the curve of the function f is convex

upwards and the intervals it 1s convex downwards.

©» Solution I Y
f is continuous and differentiable for each x € X where: 3
f () = - bx-3%%; TUE)= 6-6% = -6( 14 \ :\\ "
when f'' (x) = 0 R T s 2 io 5T
The intervals of convexity: ” & o] 0 -
the opposite table shows the Sen ol & 6 B 2y

sign of f''and the intervals of

convex convex
convexity of SN = = -

_ down upward
the convexity of the curve of Seraehr ward :

the function f upwards and
downwards, i.e: The curve of the function is convex downwards in the interval ]-co | -1[ and

convex upwards in the interval ]-1 , o[

EI Try to solve
@ Determine the intervals of convexity upward and downward for each of the following curves:
a)f(x)=x2-4x+ 2 b g(x) = x4 - 4x3
Technology: use a graphic program to sketch the curve of the two function f , h where
2
h(x) = ¥X , f(x) = x3 , then determine the intervals of the convexity upwards and downwards

and check your answer using the second derivative test .

Notice that: The direction of the convexity of the curve of the continuous function may change
from upwards to downwards or vice versa at a point the second derivative of the function gets

vanished or 1s not existed .
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2 -3 Study Curves
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The inflection point

If f is a continuous function on the open interval Ja, b[, c € ] a, b[ and the curve of the
function has a tangent at point (c, f (c)), then this point is called the inflection point to
the curve of the function f if the convexity of the curve of the function changes at this
point from being convex downward to convex upwards or vice versa.

There are inflection points to the curves 1, 2 and 3 There are not inflection
to change the direction of the curve convexity and the points due to the absence

existance of a tangent to 1t at C of a tangent at C
Notice that:

1- The tangent at the inflection point intersects the curve of the function since the curve at one

side of this point lies under the tangent and lies on the tangent in the other side.

2- In the opposite figure the curve of the function f has \ ;ﬁ“ y = f(x) l
two 1nflection points at origin point O (0, 0) and the \ “*I
other at point B (2, f(2)). \ 1o

o = N — 7
) Example 2 10 2 3 i X
Convexity and inflection point 16
x2-4 when x < -2 y /

x3 - 3x + 2 whenx >-2

(2) If f(x) = { “1 %.\ J

Determine the convexity intervals of the curve of f upwards and downwards and find the
inflection points and the equation of the tangent to the function if existed .

©» Solution

The function f is piece -wise function, its domain 1s R and 1s continuous when x = -2 since

f(-2) = f(—2)+ =1{(-2)=0

pr(ay < lim f(-2+hh)-f(-2)
' 240)2-4-0 i
_hm R ‘)h = im o h-4=4
i f(-2+h)-f(2
f! (_2+): lllrlnqol ( + h) ( )
2 lim  CZHRP-32+W42-0 W | (2 6h499=9
h
INERD) # £ .". The function is not differentiable when x = -2
2x when x < -2
f'x)=1 3x2-3 when x > - 2
1s not existed whenx = -2 [f' (-27) # £'(-2%)]
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f"(x) =
6x

Unit Two: Behavior of the Function and Curve Sketching
when x < -2

whenx > -2

The following table shows the sign of f'' and the intervals of convexity of the curve upwards

and downward. ‘ y 3
x |= 7 1 -
) o is not \ i
Sign of f Tl ocivted RS + \ / 3 l
Convexity of ~ P \ I 2 /

curve of f 1 ¥
Intervals of convexity: the curve of fisconvex downwards [* b I \ . *
in the interval ]-o , -2[ and the interval ] 0 0 [ and it is & Y T

convex upwards in the interval ]-2, 0[

Inflection points

< Pomnt ( -2, f(-2)) re.

(-2, 0) 1s not an inflection point to the curve of f although the

changes of the direction of its convexity is changes around it due to the absence of the

tangent to the curve of the function at this point (f'(x) is not found)

= Point (0, £(0)) i.e (0,

2) is the inflection point to the curve of f due to the change of its

convexity around it . The tangent to the curve of the function is existed at this point and

intersects it at this point, its slope f'(x) = -3 and its equationis: y - 2 = -3 x (as in the graph)

ﬂ Try to solve

@ Ifx) = {

Determine the intervals of the convexity upwards and downwards
to the curve of the function f and find the inflection points and the
equation of tangent of the curve at it.

Critical thinking : The

f'' (x) on the mterval ] -2, 5[ of the continuous function f.

< Find the convexity of

the curve of the function f if found . k4

3x2-x3 whenx = -1 y A

(x + 3)? when x < -1

Ly=f"

F 3
. Bsl

opposite figure represents the curve of

-£

the intervals upwards and downwards to

-3

< Are there inflection points to the curve of function f in this interval? Explain.

Second derivative test of the local maximum or minmum values

&

O 1) I ©)<0
§ 2) I (0)>0
F 3) e (0)=0

Let fbe a differentiable function twice on an open interval containing ¢ where f'(c)=0

then f(c) is a local maximum value.
then f(c) is a local minimum value.
then the second derivative test cannot determine the type

of point(c, f(c)) whether it is local maximum or minimum.
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2 -3 Study Curves

A y F y "
" () >0 e i
S [ e
- Lot P IRl (L =0 N
_|fl(d) =0 x.; _ x.;
O q Oy ¢
f(c) local minimum value f(c) local maximum value

} Example

@ Use the second derivative test to find the local maximum and minimum values of the function
f where : f(x) = x* - 8x2 + 10

©» Solution
f(x) 1s polynomial, so it is continuous and its domain is L&
f'(x) = 4x3 - 16x = 4x(x% - 4), f'x) = 12x%-16

The function has critical points when f'(x) =4x (x2-4)=0 iewhenx=0,x=2 x=-2

The second denivative test for existance of the local maximum and minimum values:

whenx = 0 f"(0) = -16 <0 .. f(0) =10 local maximum value
whenx = 2 f"2) = 32 >0 .. f(2) = -6 local minimum value
whenx = -2 f"(-2) =32 >0 .. f(-2) = -6 local minimum value

[] Try to solve
@ Use the second derivative test to find the local maximum and minimum values of function f

where f(x) = x? - 3x2 - 9x and check your answer using the graphical calculator or graphic
programs.

Domain of {
Curve Sketching for Polynomials '[ ¥

; G : x) — "
Differentiation is used for sketching the curves of the 2;:: ;-::2;5 i f‘) =5

functions. It depends on tracing the behavior of f(x) Crifical points  Convexity and

of function f when the value of x changes at a certain ¢  inflection points

interval and representing the ordered pairs (x , y) in Increasing and s d‘;m

the perpendicular coordinate plane where y = f(x). In decreasing '“‘:"’“" with axes

our study, we will focus on sketching the curves of N

the functions on the polynomial functions of the third minimum values

degree and less in the form of f(x)=ax3 +bx% +cx +d - Curveofthe
function

to sketch the curve of function f where y = f(x), follow

the opposite diagram as follows :

1- If the function is even, its curve is symmetrical about y-axis and symmetrical about the
origin point if f is odd.

2- Studying the changes of the function and determining the convexity intervals and the inflection
points if found and the local maximum and minimum values if found.

3- Doing the increasing , decreasing and convexity table in order to know the curve sketching
and the critical points.

4- Finding the intersection points of the curve of the function with the two axes of coordinates
if possible.

5- Sketching the curve of the function and you can use some additional points to improve your sketching.
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Unit Two: Behavior of the Function and Curve Sketching

¢ Example

. Sketching the curve of the function
4\‘ Sketch the curve of the function f where y = f(x) =x3 - 3x% + 4

©» Solution
1- The function f is polynomial , its domain 1s R , and it is neither even nor odd.
2- f'(x)=3x2-6x=3x(x-2) f'"(x)=6x-6=6(x-1)

the function has critical points at f' (x) =0
the function isincreasing at theinterval ] -co , O and at the interval ] 2 o0 [ and it is decreasing
at the interval ] 0, 2[

f'"(x) = Owhenx=1

t.ewhenx=0,x=2

f''(x) < 0 at the interval ] -o0 | 1[ so the curve is convex upwards at this interval,

f'" (x) > 0 at the interval | 1, oo [ so the curve 1s convex downwards at this interval
Point (1, f(1))1.e. (1, 2) is an inflection point.
3- Increasing, decreasing and convexity table

= = % e
Signof I : § L
Behavior of f / \ /
Sign of £"' - 0 +
Convexity of f| R P
f f f A
y 4 2 0 :
Local maximum Inflection Local minimum [
value point value
4- Intersection points with coordinate axes: (0, 4), (2, 0) 1

5- Curve sketching of the function f

Additional points : (-1 ,f(-1))ie. (-1,0) (3 ,f3))ie (3,4)

ﬂ Try to solve

i

Y

@ Sketch the curve of function f wherey = f(x) = 12x -x3

of"h Example

f5,r Sketch the curve of the function f wherey = f(x) if you know the following:

Curve sketching of the function

1- fisa continuous function whose domain is [1, 7], f(1)= -2, f(5) = 4

2- f' (5 =0,f (x)>0whenx <5,f' (x) <<0whenx >5

3- f* (x)<Owhenl <x<7
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©» Solution
From (1): we graph the two perpendicular from (2): when x = 5 the tangent // x-axis and f is
coordinate axes. increasing on the interval ] 1, 5[ and decreasing
the two points (1, -2) and (5, 4) in the on the interval ] 5, 7[
domain [ 1, 7]. from (3): the curve is convex upwards on | 1, 7[
y & y &
4 1 1 4 1 i
3 i [ 3 1 // \\:
s | AT
1 i X i/ i X
i 343634° 1/1 344964
; ; Y :
! : ! :

] []
L4 o

i [
L4 o

Y L 4

L} Try to solve

@ Sketch the curve of the function f wherey = f(x) if you know the following :
1- fis continuous whose domain is [ 0, o[ , f(4)=3 , f(0) = 1
2- f'(x) > 0whenx >0
3- f"x)>0whenx<4,f"@4) = 0,f"(x) <0whenx >4

@ Example
- Solving the equations

If point (1, 12) is the inflection point to the curve of the function f where f(x) = ax? + b x2,
find the real values of a and b.

©» Solution 4
*.* Point (1 , 12) is an inflection point to the curve of f 1. 12)
S0 5  Kl=l2 2)
frix)=3 ax®+ 2% i =t axd 2b
from (1): 6a+2b=0 Sb=-3a
from (2):a+b=12 .a-3a=12 anda=-6,b=18

L} Try to solve

@ If point (2, 2) is the inflection point to the curve of the function f where f(x) = x> + ax? + bx,
find the real values of a and b.
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Unit Two: Behavior of the Function and Curve Sketching

Technology: it is difficult to graph the curves of some functions. You can use geogebra program

or any other graphic program to graph the curve of the function and to study its properties.

The opposite figure shows the curve of the function f where v A fo) = &t 12
2
f(x) = (x+1) _ X241
%2+ ] vertical asy o | L
Notice: —_— X
1) The critical points: the cwrve has critical points when 4 109 1] 2 3] 4 i

x =<1 x=l
whenx = -1 f(-1) = 0 local minimum value, whenx = 1 f(1) = 2 local
maximum value .

2) Convexity intervals: upwards: ]-0, -¢/3 [, ]0, ¥3 [ , anddownwards:]-¥/3 , 0[,
W3, oo

3) Inflection point: when x = /3 , there is a tangent intersects the curve of f and when
x = 43, there is a tangent intersects the curve of f

4) Curve sketching: the two ends to the curve of the function approach the straight line y = 1

and it is called the vertical asymptote to the curve of the function and its equationisy = a

where: a = lim fx)= lim (x+1)? 1
Xl Xl 5o x2+1

Application: Graph the two curves of the two functions using a graph program then study the
properties for each of them:
4x2 RE.

f(x) = (x)=
X2 +3 . x2-4x +3
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Exercises 2 -3

@ The opposite figure shows the curve of the function f where y = f(x),
complete: Ay

(a) The domain of f = ... ’ /
(b) £ (x) = Owhenx€ ... 6 |
C f"(x)>0whenx € ..o b I
d,; The curve is convex upwards whenx € ................ : I

(e The inflection poritof the Curve 18 s \:2

f The function has a local minimum value when -

M)

w

1

%]

=

%

P .
. Ba

] 1 1
[ 55 I S I

"9 The function has absolute maximum value equals

Investigate the convexity intervals of the function f, find the coordinates of the
inflection points (if found) for each of the following:

@ f(x) = 4-6x-3x2 G f(x) = x3-3x2+ 1
(@ fx) = 155+ 6x2- 53 G) fix) = x*-8x%+ 16
6 x2-1
f(x) = f(x) =
© 1) = —— QFOER
(x -2)* whenx < 4 x3 -3x whenx < 0
() fx) = (@ f(x) =
20 -x2 whenx >4 4x - x> whenx >0

@ Prove that the measure of the angle of inclination of the tangent at the inflection poimnt to the

curve of the function f where f(x) = —

7T
: equalsZ

X
@ If the curve of the function f where f(x) = x ( x - 3)? has a local maximum value at xj and

- . . . . X, +X
a local minimum value at X, , prove that x-coordinate of the inflection point = —L__2

@ Find a , b where the curve x2y + ay + b x% = 0 has an inflection point at point (1 , -1).

Sketch the curve of the continuous function f which has the given properties
for each of the following:

@f(O):4f(3):4,f'(x)<0foreachx<2,f'(x)>0foreachx>2,f"(x)>0

@f(l):f(S)ZO,f'(x)<0foreachx<3,f'(x)>0foreachx>3,f"(x)<0foreachx7é3
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Unit Two: Behavior of the Function and Curve Sketching

@f(—l)sz(O):4, f(H=0, f'(H)=£'(-H)=1,f"(x) < 0foreachx <0, £f"(x) > 0 for
eachx > 0

@f(3):4,whenx<3thenf'(x)>0,f"(x)>Owhenx>3thenf'(x)<0,f"(x)>0

Study the changes of the function f and sketch its curve for each of the following:

@) f(x) = x2-6x+5 ) f(x) = 3 - x2

49 f(x) = x3-3x2+3 ) x) = $x3-x+2
Wix) = £x*-3x+ 1 82) f(x) = -x (x -3)?

23) f(x) = 2-x%) (x +1)? 2 f(x) = £ (x+4) (x -2)

x3 -3x% whenx > 0
25) f(x) = 26) f(x) = xIx - 4l

x% - 2x when x <0
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Mathematical Modeling
You will learn The process of taking a scientific decision to solve a problem gets
through several stages as follows:
Mathematical Modeling | 4. Determining the problem (aim and abilities).
2- Pautting an ideational model or conceive the dimensions of the
problem. Problem
3- Finding a proper scientific model. . !
4- Solving the model and taking a decision. .-;:. :
mathematical modeling 1S t0 requiredandgivendaia Conslraints
model a problem in regard to "
mathematical relations called the

mathematical model this model can . lormulatingthe

Determining unknowns

Kevy terms . . . mathematical model
X be summarized in the opposite v
: i3 . solving the model
Mathematical Modeling diagram where it includes: :
1- Determining the ends and Sy HereniTand

components of the problem Ky the SRS A0v8)
investigated (better profit - less cost- bigger area)

2- Determining the problem unknowns which their values should be
found to reach the required end.

3~ Showing the relations among unknowns ( equations - inequalities).

4- Modeling a mathematical model; representing the problem
mathematically to be solved.

5- Solving the mathematical model and interpreting its results in
regard to the problem nature .

Materials 6- Determining the available alternatives if the problem has more than
Scientific calculator a solution.
Computer graphics Differentiation helps to solve the mathematical model for most of the

_/ practical life problems when the aim is to get the greatest value or

least value of a variable in regard to the local maximum values and the
absolute extrema value as in the next examples.

) Example

First derivative test

‘Fi} Find the two dimensions of a rectangle which has the biggest area
and it can be drawn inside a triangle whose base length is 16cm
and 1its height is 12 cm such that one of its sides lies on the base of
the triangle and the two vertices of the opposite side lie on the two
other sides of the triangle .
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Unit Two: Behavior of the Function and Curve Sketching

©» Solution
1- To calculate the biggest area, we model the problem according to the given data and
constraints.

2- Determine the variables (unknowns) by letting the rectangle width = x cm, its length=y cm

and area = A cm?

3- The relations among the variables (mathematical model) 2
Area of rectangle A=x xy
4- Putting the mathematical model in one variable 12 - x
if possible . T D
y _AD _12-x P
TTa T (from similarity) ¥
y:%(IZ—x),xe [0, 12] D | "
4 «— y —»
Area of rectangle A = 3 X (12-x) i 16 >JI
ie: A= f(x) = 16x- % x? Q)

5- Solving the mathematical model : by differentiating both sides of relation (2) with respect to x.

f'(x):16-§ % PRy = %

When ' (x) = 0 K= %: 6 and at which f'' (x) <0

*.* A has an only critical point when x = 6 , and the second derivative is always negative,
then this critical point gives the absolute maximum value .
.. The function A has an absolute maximum value whenx = 6 and y = % (12-6) = 8

i.e: the rectangle has the biggest area when its two dimensions are 6cm , 8cm

EI Try to solve

@ Find the maximum area for an isosceles triangle inscribed in a circle with radius length
12cm.

) Example

Calculating the minimum cost

;2 A semi - spherical top vertical cylinder-like silo is needed to be constructed where it holds
1087zm® of wheat to store (let the wheat be stored in the cylinderic part only but not the
top), and the cost of the surface unit area from its top is twice the cost of the unit area of
the lateral wall. What are the dimensions of the silo which make the cost minimum?

Solution r',-'

I
A=
- + e,

1- To calculate the minimum cost, graph the problem in regard to the
given data and restrictions. $mmmmmmmamn

2- Determining the variables: let the height of the cylinder = h meter, its &_/

base radius length = rmeter, the cost of the areaunit of the wall =CLE, h
the cost of the area units of the top= 2C LE and the total cost=K L.E.
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3- The relation among the variables (Modeling):
The surface area of the cylinderic surface = perimeter of the base x height = 2 7irh unit area
The area of the sem1i -spherical surface = L area of the sphere = 27712 unit area

2
the total costk = 2 Zith xc+ 2 7r®x2¢ = 27wre(h + 21)

4- Putting the mathematical model in one variable:
*.* The volume of the cylindric part= 108 7 .. 7x?h = 108 71 ieh = 1_1_02§
The total costk = 27Zrc (I—]E)g + 21)

k = f(r) = 216 we 1! + 4 7c1?

5- Solving the model: f' (1) = -216wcr? + 87er

the critical point = when ' (r) = 0 L Pe % i.e. 1 =3(unique point)
Second derivative test:

Y = WA erYes Bl S f3)>0

i.e.: When the vertical cylinder radius length 1s 3 meters , the silo has the minimum cost and
its height is % - 12m

ﬂ Try to solve
@ A closed box-like tank whose capacity is 252 cubic meters and base is squared. If we want to

coat the interior walls with an insulating material. The cost of the bootm 1s 50 LE per square
meter, the cost of cover is 20 LE per square meter and the cost of the walls is 30 LE per
square meter , find the dimensions of the box which makes the cost as minimum as possible.

o) Ex |
ampe Life applications

@ A 2-meter wall and it is 2 meters away from a house, find the minimum length of the ladder

that can be used to connect the ground and the house resting on the wall .

©» Solution
1- To calculate the minimum length of a ladder , we draw the problem in regard to the given
data and restrictions .
2- Determining the variables: let the:
ladder length = L meter, the height of the ladder top from the ground = y meter, and the
distance between the ladder base and the wall = x meter.
3- Modeling the problem:
From pythagoras:L?2 = (x + 2)2 + y2 (1)

from similarity: J - xF 2 L
2 X y
= Bt g 4! @) o)
To find the minimum length of the ladder, itis enough to get
2m X

1.2 the minimum value
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Unit Two: Behavior of the Function and Curve Sketching

4- Solving the model by differentiating both sides of the relation (1) and (2) with respect to x.

B dy dy 4
..E(I)_Z(X+2)><l+Z)JK,E_X_2

2x+4
%

.'.%(12):2(x+2)+2( )x)—(_‘;:z(x+2)(1-i)

3
X
At the critical point: cli (12) = zero

X

|
x = 2isrefused or -8 =1 - il ;

=2 x3 signof&(éz) - +

From the first derivative test of increasing and decreasing, 4 T~ 7

we notice that the sign of (&) changes from - to +

.. Whenx = 2thené is th:most minimum

By substituting in (2) = 2><§—+4 =4

By substituting in (1)

LB = (24 2% WP =132 Al = 44T

i.e.: The minimum length of the ladder connecting the ground to the house equals 4 4/ 2 meters
ﬂ Try to solve
@ In a perpendicular coordinate plane, ‘A_B. 1s drawn to pass through pomnt C (3 , 2) and

intersect the coordinate axes at point A and point B . Prove that the minimum area of triangle
AOB equals 12 squared units where O 1s the origin point (0, 0).

sy

4 A circular sector -like coin whose area is 16 cm? . Find the radius length of the sector circle

Example

Circular sector

which makes its perimeter as minimum as possible. What is the measure of its angle then?

©» Solution
Let the arc length of the sector be I cm , and the radius length of the sector circle = r cm
.". Perimeter of the sector P= 21+ 1 1)
*." Area of the sector = %Er =16 Fu b E 2
I
By substituting in (1) SoP= 21 + % 2)
by differentiating both sides of the relation (2) with respect tor
y g 2) sp . o i
P _ , 32 a2p _ 64
dr T o 5
dP d<p
When.—. = 0 =4, >0
en T r 2
.. When r = 4 the perimeter of the sector is as minimum as possible
d 16 <2
-+ Arenobiheseclor= 220" S B = = Drad
2 4x4

ﬂ Try to solve
If the perimeter of a circular sector = 12cm, find the angle measure of the sector which

makes its area as maximum as possible.
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Exercises 2 -4

@ The sum of two numbers is 30 and their product is as maximum as possible, find the two
numbers.

@ The sum of two positive integer numbers is 5 and the sum of the cube of the smaller number
and double the square of the other is as minimum as possible, find the two numbers.

@ Find the positive number which if its multiplicative inverse is added to it, the sum 1s as
minimum as possible.

@ Find the maximum area of a rectangle -like piece of land that can be surrounded by a
120-meter fence.

@ If the perimeter of a circular sector1s 30 cm and its area is as maximum as possible , find the
radius length of its circle.

@ A cuboid -like box whose base is in the form of square. If the sum of all its edges equals
240cm, find the dimensions of the box that will maximize its volume.

@ If the hypotenuse length of a right-angled triangle equals 10cm, find the lengths of the two
legs of the right angle when the area of the triangle 1s as maximum as possible.

An open field is bounded by a straight river from one of its sides. Determine how to place
a fence around the other sides of the rectangle -like piece of land to surround as maximum
area as possible by a 800 -meter fence. What is the area of the land then?

@ A closed cylindaric -like boxes are made to can beverages. The capacity of each box is k of
volume units with minimum amount of the material. Find the ratio of the height (h) of the
box to the radius length (1) of its base

@ A rectangle - like playground ends in two semi-circles. If the perimeter of the playground is
420 m, find the maximum area of the playground.

@ A right -angled triangle whose hypotenuse length is 30cm. Find the length of the two legs of
the right angle if the length of the altitude drawn from the right angle on the hypotenuse is
as maximum as possible .

@ A rectangle -like piece of cardboard paper whose two dimensions are 15cm and 24 cm.
Congruent squares of side length 000 are cut from its four corners, then the projected parts
are folded upward to form a box without a cover, calculate the dimension of the box when
its volume 1s as maximum as possible.

@ An open tank of squared base, vertical sides and holds a certain amount of water, prove that
the cost of coating the tank from interior by a regular insulating material is as mimmumn as
possible if its depth equals half the side length of the base.

160 Pure Mathematics - Differential and integral - Calculus



Unit Two: Behavior of the Function and Curve Sketching

@ Find the nearest point to point (0, 5) and lies on the curve y = % x2-4.

@ Find the shortest distance between the straight line x - 2y + 10 = 0 and the cuve
2.
ye = 4x.

@ A B Cisatrangle where a, b. are constants, find the measure of the angle included between

them which makes the area of the triangle as maximum as possible .

@ The current intensity I (Ampere) in a circuit for the alternating curent at any moment t
(second) is given by the relation I = 2 cos t+ 2 sint. What i1s the maximum value of the
current in this circuit?

The volume of a bacterial culture placed in a food medium grows in regard to the relation

f(n) = 2000 + %— where time t 1s measured in hours, identify the maximum value of

the culture volume.
A B C Disa square whose side length is 10cm and M € BC where B M =x cm and Ne CD

where CN = % X , find the value of x which makes the area of AA M N as minimum as

possible.

@ AB i1sa diameter in a circle of a radius length 1, two tangent are drawn to the circle at A
and B from point E on the circle . Another tangent is drawn to the circle to intersect the two
previous tangents at D and C respectively, prove that the minimum area of the trapezium

ABCD equals 21% squared unit.

Third secondary - Student Book 161



o
e
E

The Definite Integral '
and its Applications

‘Unit objectives

£ Identify some methods of integration such as
integration by substitution and by parts fx e dx

£ Identify the definite integration (fundamental
theorem of calculus) and deduce some of its
properties.

o S iwdx=- 7 i) dx
¢ 2 Ml
o o " kilis kal T E
o af I £ g@)]dx
=St axt of g ) dx
ol twix S r@wdx=a S fxdx
o ol dx=2 S f(x)d x where f is an even
function.

Have you ever noticed the basket maker doing a basket? The process of getting the parallel section side
by side leads to the integration of his basket. This helped the scientists try to discover general methods to
estimate the area of any plane region by dividing any plane area into very tiny areas, then adding the area
of such tiny areas to estimate the required area. This had led to discover the science of integration and the
symbol of the integration processf it is the first letter of the word "Sum" which means summation in this
unit, you are going to know different methods to calculate the indefinite integration such as integration
by substitition and integration by parts to find the set of antiderivatives for a continuous function on a
given interval , then identify the definite integration through the fundamental theorem of calculus which
links between the definite and indefinite integration and use the definite integration to find the area of a
plane region or the volume of revolution solid. You will also identify some economic applications for the
definite integration and use the mathematical modling to solve the mathematical and life problems .

By the end of the unit and carrying out the involved activities, the students should be able to:

. J f (x) dx = 0 where f is an odd function.

# Use the definite integration to solve problem
involving finding the area.

£+ Find the area of the plane region under the curve
and on the x-axis for all the values of X in the
domain using the definite integration .

£ Use the definite integration to solve problems
involving finding the volume of a revolution
surface around x - axis .

£+ Identify integration of exponential function

# Find J £® 4x
f(x)




Key terms

Antiderivative Rule Fundamental theorem of
Indefinite Integral Exponeantial and logarithmic calculus

Differential Functions. Areas in the plane
Integration by Substitution Definite Integral Volumes of Revolution solids
Integration by Parts

-
=
-
~
-
~
-
&
F
=

-~ Lessons of the unit Materials

Lesson (3 - 1): Integrals of Exponential and logarithmic function.
Lesson (3 - 2):  Methods of integration.

Lesson (3 - 3):  Definite integration.

Lesson (3 - 4):  Applications on definite integral. < Internet).

Seientific calculator - Computer
graphics.

Chart of the unit
Integration
Indefinite integrati Definite integration
[ ( ndefinite integration ) ( g ]
-t {Integrationforms ) L

!

|— Methods of integration —|

By substitution Algebraic function By parts

| Exponential function |

Lograithmic function

- B
i L

¥ b 4

dentifying the constant of ( Properties of definite integration ]
integration | -

Applications General theorem of

| integration
- - } S
Geometric / Areas Volumes

A
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}'_|.n Integralslof Exponential

and Logarlthmlc Function

Integration of
expouential and
logarithmic functions.
Geometric applications.
Physical applications.

& Key terms |

Antiderivative

Integration
Indefinite integral
Arbitrary constant

@ Materials |

Scientific calculator.

Computer graphics.

whenc =5
%E’é Explore I_'h(x) =44
From your previous learning to antiderivatives of

differentiation, you knew that the function [ pyx) = ex 4 ¢ 4 [h (x)]
the derivative of the function c Constant  dx

h with respect to x where

h(x) = & + 5 is h'(x) = & Fix)ix

If we denote the function - hix) == f(X)
f '(x) by the symbol f(x), derivative of function

then we can use an inverse
operation (indefinite integration) to find an indefinite number of other
functions(F(x) + c¢) the denvative of each equals f(x) and called the set
of antiderivatives of the function f one of them equals h(x) where:
ff(x) dx = KX) + ¢ where c is an arbitrary
Explore the set of the antlderlvatlves for each of:
f(x) = 5¢>* g(x) = 86 . g(x) =

Indefinite integrals of exponential function

1

X

If K is a real number where k # 0
Then: fexdx: ec+c
; f efxdx = % ek* + ¢ where c is an arbitrary constant

164

1) Find . 3
(a) f e’* dx (b) f e ¥ dy e) f 8 ¢ dz
O Solutlon
(a) f ™ dx = % Ei e
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2y
et re Remember 0
8

c J8e22dz = 8Je22dz = 86tz ¢ = 4e2 1 ¢ faf(x)dxzaff(x) dx
ﬂ Try to solve
(1) Find . n -

(a) fﬁ eXdx (b f -2 dz (&) f -6e%2y dy (d) f3ﬁ e’2n dn

3
(b fe4ydy—L3 eV jp=is

.
) W|-r=~

£ Example

@ Find each of the following integrations:

— - X o 2x
a)f ok b) [ 222 &
(=

<5 Solution

af“ze & =1 S emax

S feran Remember ((Q ]
clpen _ A X
_ Fa -l S8 £ g()] dx
O =fFaxSerax =S 1) dx + J g(x) d
3 x
= 7x - e+c

L} Try to solve
& Fmd . -

(a) f= : dx ) S (x2 + 2¢%) dx o) S (x= ¢ e dx
Notice that: If f(x) 1s a differentiable function, then:

Jef®of (x)dx= @+ ¢

) Example
@ a S sin x ecosx dx b J ax exz‘l dx
©» Solution

la ) By putting f(x) = cos x S0 (x)=-smnx

fsinx B s —fec"” (-sinx)dx =-e*“®*+¢
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—

(b By putting f(x) = x2 + 1 o £ ) = 0%

Tt = 5f Y0 i = e Fg
ﬂ Try to solve
@ Find the following integrations:

P, 1 &
(a) f (cosx e¥™* + 3x?) dx

®) f(x - 3)ex6x+5 dx

Indefinite integral of logarithmic functions

You know that-- (lnx)= L wherex > 0 | . (ln-x)= 1 wherex <0
dx X dx X
In general 4 nxl = L wherex # 0
dx X
I.e the function In Ix| where x # 0 1s one of the antiderivatives of the function
S fidx:ln|x|+c where x # 0
X
Multiples of the function

6 Example

Find each of the following integrations:

@f2a ) f T _ax
X xIn3
©» Solution
(€1f1&:2fldx:21nlxl+c where x # 0
X X
{Ejf dx = 7 flax = _T_ Inlx|l + cwherex #0
xln 3 In3 % In 3

ﬂ Try to solve
@ Find:

- o
@ 22 (1=, @f =22
X

3xIn 5 xln %3
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UnitThree: The Definite Integral and its Applications

5 )

Example

@ Find each of the following integrations:

p— 132
@) f(3x2 + 3)ax b f (2 + Xydx o i
X X e 3x
@Sqlution
@) f(3x2 + 3)dx = [3x?dx + J S dx = x3 + Slnlxl + ¢
X X

— 2
-\b_.f(ze—i)dXZZedex—ifdeZZelnlxl—Z_Jrc
X e

X (= (=]

p _13? 9x? - 6x+1
@/ Y [ =T ox0+ 1
Ix 3x 3ix

3x? 1
:T—2x+§]n|x|+c wherex # 0

) Try to solve
@ Find each of the following integrations:

6x%-5 = x!-4 FY 3
La ) b - . 2 )
a)f Z 2 ax b S & e (fx R)dx
Notice that: If the function 1s differentiable and |, f 1 . (x) dx = In If(x)| + ¢
f(x) # 0, then f(x)
@ Example
@ Find each of the following integrations:
a)f_4 &« ) f 2= i (c) ftanx dx
1+2x x2+3x-2
©» Solution p .
F n + 1
@ aq+2x=2.1 dx = 2J L2 gy~ 20gll + 2%l + ¢
< 1+2x 1+2x e
b) x2+3x-2)=2x+3
2x+3

dx =Inlx? + 3x - 2l + ¢

x2+3x-2

sin X
Cc ftanxdx:f dx =-Inl cos x| + ¢ =In Isecx!| + ¢
COS X

L] Try to solve

@ Find each of the following integrations:
. 2 § 2
f x’-4 _ f(x +2)dx

xX+2x . x3+6x+1

a fcot x dx
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: the slope of the tangent to a curve at any point (x , y) on it equals

Az 2 Fmd the equatlon of the curve if known that it passes through point (e, 3e +5)
X
€ Solution
Let the equation of the curve y = f(x)
equation of
.. o dy _ 3x+2 the curve
." the slope of the tangent at any point = == ) ™ ¥ = (0 |
e
.'.y:fd—y dx:f(3+1)dx L ARG
dx & mteg'rltmn

..y = 3x +21nx +c where cis an arbitrary constant

slope of the tangent

"." The curve passes through point (¢ , 3e + 5), then it satisfies its S

% =Ti(x)

equation: i.e.
3e+5=3()+ 2Ilne + ¢ =t
The equation of the curveis: vy = 3x + 2Inx + 3
ﬂ Try to solve

@ The slope of the tangent to the curve of the function f at any point (x , y) on it equals
and f(e) = . Find f(2e)

2x -e

; applications: If the rate of change in the surface area of a lamina A (in square
centlmeters) with respect to time t (second) is identified by the relation — = e 1t and the
area of the lamina at the beginning of the change equals 80 cm?, find the Stiface area of the

lamia after 10 second.

©» Solution

Surface area of the lamina A= fd;l—Adt = fe -0.1t q¢
t

A= -10e %It 4 ¢
At the beginning of changet=0 , A =80 e = 90
The surface area of the lamina at any moment A = 90 - 10e 01t

After 10 second .". the surface area of the lamina = 90 - 10e ! cm?

ﬂ Try to solve

If the rate of change of the sales in a factory is inversely proportional to time in weeks and
the sales of the factory after 2 weeks and 4 weeks were 200 units and 300 units respectively,
find the sales of the factory after 8 weeks.
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Exercises 3 -1

Choose the correct answer:
@ I_f_f"(x) = %[ex +eX, (=1, (0):_ 0, then f(x) equals:

a) -f'(x) b f(x) © £ ) (d) f(x)
@ If the slope of the tangent to a curve at any point (x , y) equals4e?* |, £(0) =2, then f(-2)
eguels - |
a4 (b 4e4 (e ) 2e (d)2e
@ Jtan 6 46 equals
@) -Inlcos Ol +c b IncosO+c €)IncosB+c d ) IncosB +c
@ ._’_.4:& ex2 2d X equals g, : ) ] )
(a) %ex +c (b lex +¢ (e)2ex +c¢ d)4ex + ¢

Find each of the following integrations:

@fe“x dx ©I(3x2+26")dx @f(%—e‘x)dx
fel‘:"" dx @f%ez’x“‘dx @fZex(eXJrl)zdx
@f%dx @fxzex3‘1dx @f = iR

e“+1
d X sec? x
@f 4x}—(1 ®IX2+1 e ®f tanx i

@f sin X + cos X 4% f CcOos X di @f sec X tan x pe.

Sill X - COS X 1 +sinx secx-1

@f L dx @f éx dx @fﬂogx)zdx

(xlnx) (x +1)2 X

¢ f
@f;dx @fﬂdx

xIn 3x

2 32—5 x
3% dx @fx—dx @f4ex+—xezdx
1 xe”

3
< X -5x +1

Geometric applications: If the slope of the tangent to the curve of the function f at any
1
point (x , y) equals 2¢ 2~ and f(0) = 1, find f(3)
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¢ Finding the original
function of a given
function

¢ Finding the differential
of a function

¢ Calculating the
integration by
substitution

¢ Calculating the
integration by parts

@ Key terms |

Antiderivative

¢ Indefinite Integral
¢ Differential

& Materials |

Scientific calculator.

Computer graphics.

170

introduction
You have previously identified the anti

derivative or the indefinite integration. It

| et
rerter™]

is an inverse operation to the process of g 5 L]
differentiation . It is said that the function F W‘?‘ pe

is an antiderivative to the function f at the k{\ 7/;,

: o d \[\ /
interval I if; - F(x)=f(x)foreachx € I 4\ \ 3/ ’/
when we add any constant to the antiderivative -1\ . 1/ X
E (it is known as the arbitrary constant) w\ K

then the antiderivative is represented by AN o

the set of the curves y = F(x) + ¢ which are Y N

different from each other in the constant

C and the slope of the tangent for any of them is equal .As a result
these curves are parallel as shown in the opposite figure. The set of
antiderivatives has been called the indefinite integration and denoted by
the symbol: ff (x) dx, then:

Jfx)dx=F(x) +c

The indefinite integration has the next properties:

If f and g are two antiderivatives at the interval I , then:

1-Jif®@+ e lds=S fx) dx +fo(x)dx

2- fk fx)dx=k ff (x) dx where K is a constant real number
Notice that:
fx 1 x= +¢ where n# -1 and ¢ is an arbitrary constant

n+1

So

f(3x2+4x+5) dx=x3+2x?+5x +c

< The process of finding the antiderivatives requires to know the forms
of standard integrations for some functions. But the integrations are
needed to be found appear far from the standard integrations. This
means that you are to identify other methods for integration such as

the integration by substitution and integration by parts depending on
the differential of the function
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yll

Differentiations
If the function f is differentiable where y = f (x) - Lx,y+ Ay)

From the definition of the derivative: f "

dy _ ¢, — lim AY _ im f(x + Ax) - f(x) E '
P L I, R P feo O
( 1
. WhenAx — 0 , then: % — ' (x) . P4
X 1 1
1 ]
i.e.: % = V) whenAx~0, Ax#0 i i f(x)
- o OX > .
7 Ny e B R)AE (by multiplying by »x Ax) o) X  (x+Ax x =

Let function f be differentiable on an open interval containing x, A x is denoted for

Definition

the change in x where A x # 0, then
1- The differential of y (is denoted by the symboldy) = f' (x) A x
2- The differential of x (is denoted by the symboldx)= A x

So:

dy = f'(x) d x It1s a function in two variables
Ify=x3 Then: dy=

&' Example

: Differential of the funciton
(1) Find the differential for each of the following:

&= b) V= 2
vy x-1 3
__c' Vo s 8 where each of z, /¢ 1s afunction in X
©» Solution
& dy = y' dx,y = T -1+ : =T A1
p 0 | x-1
-1
dy = d
4 (x-1)? 8
y 4
\b).- dV= V'dr SdV =37 x 3r¢dr = 4712 dr

(e):dy = (z+0) dx

o) ds p_Notice (¢

=z dx+7 7 dx df="0dx

dy = zde+2dz dz=z'dx
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ﬂ Try to solve

@ Find the differential for each of :
a y=Q2x+ 5)4 b y=e 2x-3
(e)y= % where z , ¢ are functions in the variable x

Critical thinking; If x? +x%=25 find: d y in terms x ,y, d x

The fundamental integrations (standard))

There is not a general method to find the integration of the different functions similar to the
methods of finding the derivatives of these functions. Finding the integration of any function f
1s specified in searching for a function which its derivatives are the function f. This 1s closely
related to your understanding to the fundamental derivatives of the functions which you have
previously learned and we can summarize them in the following table:

Table of the fundamental derivatives of the functions and the corresponding

standard integrations

o'l
4 xm=nxr! nek Jedx=2_ cC neR-{1}
dx n+1
d . It .
— (sin X) = cos X cosxdx=snx+e
dx
i(cosx):_sinx fSiﬂXdX:—COSX+C
dx
di(tanx):seczx,xqﬁ i g/ fseczxdx:tanerc L XF = e =
X
i(es):ex fexdx:ex+c
dx
d
— (a®=a*lna a >0, a#l faxdx: a*+ ¢ At A L]
dx lna
g e x 0 Ll x 0
dx X X
The Integration by Substitntion [ Choosing the :“b“““ﬁ““ z]
[tis one of the most essential methods of integration pmmmmn- > Calculating dz |
to find the integration of the product of two - ¥
Choosing Substituti d simplifvi
functions in the form: J¥ (g (x)) g'(x)dx another ubstituting a: simplifying
If z = g (x) is a differentiable function substi‘tution . Fai the Tinction
thend z=g'(x)d x and: i sl e be integrated
; 3 \d
f fex)g'(x)dx= ff (@) dz calculating the integration
< To do the integration operation by "
substitution, we follow up the opposite Writing down the result interms
diagram: of the original variable
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D E I
" RN Integration by substitution
(2) Find
@ S x32x4-7)5 dx ® =4 _
(x? +8x)?
©» Solution
(a) By putting z=2x*-7 Sodz=8x3dx
z dz
f3@xt-79dx=3f(2x*-7)5 (83 dx )
L fsa= 1 sac
8§x6
= 2xt-TP e
(b By putting z = x + 8x
Sdz=(2x+8)dx=2(x+4)dx
x+4 1 2x+4)dx _1 1
2 + 8x) dx T 2T T8 _2123 dz
:lfz'g’dz: : zl+e
2%x-2
p— _1 + c
4(x? +8x)?
ﬂ Try to solve
(2) Find:
— — 2
'f_i!__.-f3x x2+3)4 dx ;p_':fx— i
(= - 4)°
@ Example ) N
Integration by substitution
(3) Find
‘a) Jx (x+4) dx b f(x2 +54¢x-1 dx
©» Solution
3'.§,.-Byputtingz:x+4 J.x=z4 dx=dz
f x(x+4) dx = fz7 (z-4)dz= ..r(z8 -4z dz (substitution)
= % 2. % 78 + ¢ (integration)
= % 22(2z-9)+c (sim plification)
:% x+48(2x-1) (substitution by z)
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bf By putting z2=x -1  to simplify the form of integration .. x=7"+1 ,dx=2z dz

S 5)yx 1 dx=Ji@2 1) 5] x 2% 22 d 2 (substitution)
= J1z* + 222 +6] x 222 dz
=2J(5+24 4622 dz (simplification)
=D [% z' +% 22 +27] +¢ (integration)
=2 B[524+ 1422470 + (common factor)
= % (x - 1)% [5x-1)2+14(x-1)+70] +c  (substitution by z)
L/ 1 Gx2rdxibl) e

k] Try to solve
@ Find the following integrations:

‘a) fx (2x 3" dx () f x23x+1 4%

@ Example . e
== Integration by sustitution

@ Find :

\a I }i‘& dx E’ J6xe i dx

O Solutlon
ﬂ | By puttingz=1+4 x L E sl oxslzs 12
dx=2(z-1)dz
J1+¥x ax =J x 2(z-1) dz (substitution)
X @ - 1)2
1 3
S22 dz=2 %zz +c (integration)
= % (da+¢xp +c¢ (substitution by z)
® By putting z = x? codz = 2xdx
2
T ik =% fe Pxix)
= 3f e?dz=3¢%+c (substitution and integration)
2
=3e* +c¢ (substitution by z)
L) Try to solve
@ Find :
o = 2
(a) = __ax ) 3 -x) et x dx

1-3x?
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“) Example . ST
Integration by substitution
(5) Find
L~ — In *
af B b) [ © dx
3x%-1 £
©» Solution
(a) By putting z=3x2 - 1 dz=6xdx
f ox dx = 2 f ﬂ: idez (substitution)
3x2-1 6 3x2 -1 6" z
= % Inlzl+c = %ln 13x2-1l +c (substitution and integration)
b By putting z=In x codz=1L dx
X
— 1
S A dx oy TN (l dx)] = J27dz (substitution)
X X
F
3
3
= %[ln x)]* +c (substitution and integration)
ﬂ Try to solve
(5) Find
La) S = ax () 1 _dx
e 4+ 3 x(In x)*

Critical thinking: Use the integration by substitution to prove the correctness of the following

integration rules :

- Sl P de= B L. wheten -1

n+1

2- f % dx)=Inlfx) +c where f (x)# 0

Integration by Parts
If y and z are two functions in the variable x and differentiable , then:
dy

T T
Frik A A by e

By integrating both sides with respect to x Remember 0

d _ dz dy 4
fa(yz)dx—fyadx +fzadx dz:édx
yz:fydz+fzdy q _dy

Vgt

i.e:fydz = yz—fzdy
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The previous equation is called the rule of integration by parts.
Itisused to find the integration of the product of two functions d
cach is not a derivative to another by a proper choice for each

of y and z such that the integration can be calculated by the
left side by a method easier than calculating the integration

by the nght side. The opposite diagram is to be followed up

as shown in the following example :

@ Example | )

— ntegration by parts
@ Find:

(a) fxexdx (b) fx2exdx
€» Solution

(@) To find f x exdx:

Let: y=x, dz=e*dx
S Ay=dx A z=Jexdx=e*

fydz:yz—fzdy

soJxexdx =xexfeXdx=xe*-e*tc= e*(x-D+c
Important note: Adding a constant te function z doesnot change the result (prove that)

jb To find J x? e *d x:

Let:y:xz, dz=e*dx
dy=2xdy L z=Jexdx=ex
fxzexdx :xzex—f2xexdx

=x?e*-2f xe*dx

xexdx —eX*(x-1)+c froma
A

= x2gX. 7 ex{x-1)| +e

= e *[x?-2x +2] +c
ﬂ Try to solve
@ Find :
:ﬂ Sxe ™ dx [b Jxtex3dx
Notice that:
Choosing y and dz is based on:

1- dy is simpler than y 2- d zis easier than integration
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() fxIn xdx

: dz=dx
z:fdx:x

dz=xdx
L z:fxdx:%xz

2Inx-JLlx2xldx

2 x
L2

g Fxample Integration by parts
(7) Find
(a) flnxdx
©> Solution
La) Let: y=lnx
dy=Ldx
%
Jin x dx —xlnx-JxxLldx
=xlnx-x+c=x(nx-1)+c
(b) Let: y =Inx
dy=1dx
X
Sxlnxdx = %
= 1 8
S % In x

ﬂ Try to solve
(7) Find

(a) flmx+1)dx

) Example
. Integration by parts

(8) Find:
(a) f 2 4
(x +1)?

©» Solution

- K A€ S %xz(lnx—l) +c

() fnx = yx)dx

b)) & 4x

ﬂ Notice that (x + 1)2is easier in the integration

By puttingy=x ¢ *

dy=(xe*+e%)dx

xe®

xe* f

(x+1)? x+1 x +1

dz=(x+1)2dx

x+1

xeX(x+1) dx

il Jexdx

x+1

_ xe*te¥(x+1)

x +1
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- 1
b By putting y = 4x \ dz=02x+1)3 dx
2

2 2
Ix _ T 3 3
fﬁdx = 3x (2x +1) —f4(2x+1) x4dx
2 3x3 2
350 DLl 5 2x +1)® +c

2
= 2 (2% +1)° [10x -3 (2x + )] +¢
3

2
T0(2x + 1)* (4x-T)+c

ﬂ Try to solve

Find :

7~ £3x+5 7y X
@J dx S dx

ng: can you find J 5 . d x using the integration by substitution? Explain.

Some applications of the indefinite integration

If we know that the function g gives the slope of the tangent (or the function of the profit
margin or the rate of change of a function) at any point on the curve of the function f, then
we can know the function F from the operation of the indefinite integration of the function g

where: f(x)= f g(x)dx

it is noticed that the integration does not give only one function since it contains an arbitrary

constant which can be determined from the given data.

Example
o The equation of the curve of the function

@ If the slope of the tangent to the curve of the function f atany point (x , y) lying on itis given

by the relation g (x) = % , find the equation of the curve if it passes through point
X
(1,2¢€).
©» Solution
Let the equation of the curve of the function be y = f(x) L) = f g(x)dx

e)l

L fx) = f _* _ dx = +c [from the solution of example 9 (a )]
(x+1)*

x+1
* The curve of f passes through point (1 , 2 e) it satisfies the equation
€
— _+c¢
(1+1)2

Te e*

2 c:T and f(x)=

7
+ =€
x+1 4
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ﬂ Try to solve
(9) Find the equation of the curve passing through point (0, 1) and its slope of tangent at point
(x,y)lying on it equalsx ¢ x2+1

%  Exercises 3 -2

Choose the correct answer
@ fx (x? +3)* dx equals

a)la2ispie @ 5ae3f+e @La2esyre @Llaestie
@ 1t fex +3)nxdx=yz-Jzdy, theny z equals

a)2xInx b (2x+3)Inx c'-%(2x+3)1nx d)x (x+3)nx

@Iff(Zx—l)ez"'3 dx:yz—fz dy, then J z dy

alex3 ¢ .b.ﬂ%ezx_3+c &) -eZ=+3i¢ d -%32"‘3+c

Use the proper substitution to find the following integrations:

@ Jx x-2*dx G JJxx-2Pdx (6) fx® (x2-1) dx
& Jx 477 dx @) S D1 dx (9) Sx5 (x2+3) ' dx
X X x+1

@fmdx @fx+ldx @f = dx
J_® & fxe‘xzdx fidx

@ m @ @ e—x+x
46) Jin 5x = @ Jmxp (DY

X X xIn x
Use the proper parts to find the following integrations :

2x 3 xz %
@f4xe dx @fxe dx @fezxdx
@fx3lnxdx @f]nxzdx @f(lnx)zdx

@flnxd—f @f(x+1)zezxdx @fx(lnx)zdx

Answer the following:

Find the equation of the curve passing through point A (2 , 3), and the slope of the normal
on it at any point (X , y) 1s 3- X.
@ If the slope of a tangent to a curve at point (x , y) lying on itis x4 x+ 1 , find the equation of

the curve known that the curve passes through point (0 % )

2
@ Find the equation of the cuuve y = f (x) if d Z
dx
the curve has an inflection point at point (0 , 2) and a local minimum value at point (1 , 0)
then find the local maximum value to this curve.

= ax + b where aand b are two constants and
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TheYdefinite'integral

@ You will learn|

The concept of the
definite integration.
Using the fundamental
theorem of calculus

to find the definite
integration

Some propetties of the
definite integration

@ Key terms |

=

Definite Integral

@ Materials |

LT

Scientific calculator

Graphical programs

180

Think and discuss

If y = f(x) , and the slope of the tangent at any point (X, y) on the curve
IS :

& &)= 2% 3
dx

Can you determine a definite value for each of f(3), f(5) and f(5) - f(3)?
Explain .

Notice that
1 From the definition of the indefinite integral:

y=Jf (x) dx= fx) +c

where c is an arbitrary constant which independent of x and it is
essential to keep it in the integration to be comprehensive for all the
functions whose rates of changes are f(x). As a result, the indefinite
integral doesnot give a definite result corresponding a definite value
of the varnable x .

2 If the value of the integration whenx =aisf(a)+c
and its value when x = bisf(b) + ¢

.". The difference between the two values of the integration when
x—aandx=Db

equals f(b) - f(a) itis a definite value (whatever the value

of the constant C is ) it is denoted by the symbol af'] f'(x) dx

where:

S 1 (x) dx = f(b)-f(a)

This form is called the definite integral.
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UnitThree: The Definite Integral and its Applications

Learn

The Foundamental Theorem of Calculus

If the function f is continuous on the interval [a , b] , and F is any anti
derivative to the function f on the same interval , then:

T fx) dx=F®)-F(a

Notes:
i afb f(x) d x is called the definite integral and read as the definite integral of f(x) with respect
to x from a to b, it is a real number whose value 1s based on:
a/ The upper and lower terms of the definite integration i.e. on the two numbers a and b
respectively
b ) The rule of the function f

The symbol of the variable x can be replaced by another symbol without affecting the
amount of the integration, i.¢:
b b b
S iwdx=T1yyay=J f»dz...
2 F(b) - Fa) is expressed in the form [Fx)]© or F(x) 1"

3 You can get the definite integral by finding the indefinite integral with disregarding the
constant of the integration. Why? then , you can substitute the variable by the two terms of
the integration.

4  All the rules of the indefinite integrations and the table of the standard integrations are to be
applied to find the value of the definite integration of a continuous function , if f and g are
two continuous functions on the interval [a, b]

Then: . " %
» Sl +gmldx=_J fxdx+ J gx)dx
v S ximdx=k J fx)dx where k & [
am Example

Calculating the value of the definite integral

/:1;‘ Find the definite integration to the function f from x = -2 to x = 4 where f(x) = 3x? - 2
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©» Solution

The function f 1s a continuous polynomial on J=.

woof ey ax =1 -
= [(4)? - 2(H] - [(-2)* - (-4)]
=64-8+8-4=060€ i
ﬂ Try to solve
@ Find the value for each of the following:

— 2 — 3 — J
@ J (x+3)dx ONS —~—dn (e) 4 JPc0s0d0

m If function fis continuous on the interval [a, b], then it is integrable on this interval.

Critical thinki

What is the difference between the definite and indefinite integration? Explain.

Properties of definite integral

If the function f is continuous on the interval [a, b], ¢ €] a, b [, then:
. Sfwdx = Sixdx

2 [ix)dx =0

3. afbf(x)dx :afcf(x)dx+cfbf(x)dx

@ ExaElple properties of the definite integral
. . . _ 3 3 _ 5
@ If the function f is continuous on £ and 1f fx)dx=6, sf f(x) = -14, find lf fx)dx

©» Solution
f is continuous on [ and x = 3 divides the interval [1, 5]

o P ixydx = Liwdxe, L fwdx property (3)
= 1f3 fx)dx- ng f(x)dx property (1)
= 6-(-14)=20

ﬂ Try to solve
1
(2) If the function f is contimuous on F.and S f(x) dx = 255, ,J f(x) dx = 15, find:
2.rdf(x) dx
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UnitThree: The Definite Integral and its Applications

Example

P Calculating the value of the definite integration
(3) Find S Ix -31dx

Soluti
©» Solution -(x-3) whenx <3

From the definition of the modulus function , we find that|x - 3/ =

f 1s continuous when x = 3
x -3 when x >3

el

[~

-

3 5
Jx-3idx = Lix-3idxs, S x-30dx

: 5 W ECEEDN
= S B -xdx+ S x-3)dx N
. x2.3 x2 5 £ \
—[BX—T]0+[T—3X]3 |
:(9‘3“(%‘15‘%*9):% L1234 5 6x
Notice that the colored
area equals % square
ﬂ Try to solve —"
(3) Find:
— 2 —~ 3
a) S ix+1dx b) S x4dx

Example

Calculating the value of the definite integration by substitution

: 3
fﬂ} Find the value of uf x4 2+3 dx
©> Solution

You can get the definite integration by finding the indefinite integration first, then you can
substitute the variable x using the two terms of the integration :

First:
to find Jxd 2+3 dx putz=x2+3 SadeEdwidx
Jxy =243 dax= lf«/ x+3 (2% dx):%fﬁdz (substitution)
R g f z dz = % X % 2F+c (integration)
= %4 x+3) +c (substitution by z)
Second:

f x2+3 :[%J(x2+3)3]z
T o -yer] =3
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ﬂ Try to solve
(4) Find:
gj’tofsx“ 25-x* dx 3':_5,'}_2."2)(3 x}+3 dx

Notice that

1. Example no 4 can be solved directly by finding the values of z corresponding to the values

of the two terms of the integration (x =0, x = 3)

whenx =0 N~ (R whenx =3 z=12
3 12 1
Jxfx+3 dx = 3.[ zldx =

1
2
= % (V123 -¥3R]1=T4/3

0

2. Intry to solve4 b: f(x) = x> 4 x2+3 an odd function

In try to solve 3b: f(x) = Ix? - 4| an even function

The odd and even functions in the definite integration have the following properties:

1- If function fis continuous and odd on the interval [-a, a], then:
haja f(x) d x = zero

2. If function fis continuous and even on the interval [-a , a], then:

T fxyax=2 S fx)dx

Use the properties above to check your answer in try to solve 3 and 4

(7 Example . : .
— The definite integration of odd and even function
@ Find:
= <

2 -3 — 3
@, =" a ® e dx

x2+1 =3
©» Solution
(("“"1_: B ) .
la ] fisa continuous function on R

x) -3(- 2-3
o f(x) = (-x)” -3(-x) _ X’ -3x - )

(x2+1 xh+]

.". Tis an odd function and :
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UnitThree: The Definite Integral and its Applications

b f isa continuous polynomial function on Jz.
ARy = (x)%- 1 =x2- l=dx)
*. f1s an even function and: _3f3 G2 =1)d% =2 fS (x2-1)dx
2[ X —x]30:2><6_ 12
ﬂ Try to solve

(5) Find

‘a

3 x

dx b Efﬂ (4 +7C cos 2x) d x
1+x? h
Critical thinking
5
1 What is the value of 3 f f(x) d x 1if the function f is continuous and odd on the interval
5
[-3,5],, f(x)dx=9?

-2
2  what is the value of 74f f(x) d x if the function f is continuous and even on the interval

[-4,4],_4ff(x)dx: 20 and DJ-zf()()d)(:6 ?

Exercises 3 -3

Choose the correct answer
3 5
D1 J fx)dx=12, _sz(x) d x =16, then , J” f(x) d x equals:
(a) 28 (b) 4 (e)4 (d) 28

@) If £(x) = x|, then , " f(x) d x equals:
1:8__. -1 b Zero £)?2 d)4

Find the value for each of :

; : 3
@_1f3x3dx @113(3x2-2)dx ®Df(2x+1)1dx
2
®©.J A @S xer-3rax @S e
@ Fix-1dx © I x x+ap dx @, Fx {x+1 ax
@DIlZSinﬂz dz @Oﬁtanzseczzdz @0f3(2x—76x)dx
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3 - 3 The definite integral

Answer the following :

5 5
G)If S fix)dx=10and ,J g(x) dx = -2, calculate the value of

a) J I g6 dx (b) 116 [f(x) - e(x)] d x ®.J '8 i

@ If function f 1s continuous on the interval [-4 , 4] and Df' f(x) d x =3, find the value of

(@ ' i) +21dx ®) [fxydx,fodd (&) S fx)dx feven

2 whenx <2 .
) If f(x) = find S f(0) dx

X when x < 2
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'- "Application definite
| lintegral

Think and discuss (You will learn %
¢ Identify the arcaas a
First: Area in a plane definite intogration
1. Calculate the colored area in each figure of the following geometric | - Find the area bounded
figures. by the curve of a
y J,J__u\ ¥ BET : function and x-axis on
5 T T : = \f\(x) = Tx 49 .
( f(x) = 3 ] a closed interval
¢ 1Y N : ¢ Find a revolution
- 3 P
volume generated b
2 2 C aenemiee Y
revolving a region
1 1 1
o il la o | | = o bounded by the curve
v 1 %2 3% 4 5% v 13 34X Y 1 34 5 6x of the function and the
figure (1) figure 2) f'lgllre 3) X- axis

2. In each of the figures above, calculate afb f(x) d x where f(x) is the
equation of the curve and the two straight linesx = a , x = b bound
the colored area.

Key terms

3. Compare the area in each figure and the result of its definite %
integration. What do you infer?
: Are

a

The area of a region bounded by the curve of the
function f and x-axis in the interval [a, b]

:  Square vnit
Axis of Revolution
:  Solid of Revolution

il

If function f is continuous on the interval [a, b] and
f (x) = 0 1n this interval, A is the area of the region bounded

by the curve of the function f, x-axis and the two straight
_ Materials %
lines x=a , x=b, t]:tl)en: T
t tor.
A:af ‘f(x)|dx 1entirc calculator.

[

AR ILY

Computer graphics.

) Example

. The area under the curve /f(’_\\

_ 2
@ The opposite figure shows the Ys l - Sisiliee S
curve of the function f where 3 /
f(x) = 1 + 4x - x% Find the area of 7 / \
the region bounded by the curve of f’ =
the function , x-axis and the two % T 7 3 4\ T3

straight linesx =1, x=4
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©» Solution
f 1s continuous on the interval [1, 4] and f(x) > 0 for each x € [1, 4]

- A= Jx) dx = S axoxd) dx
_ 2_1.314  _ 64 1
—[X+2X —gX]I —[4+32—?]—[1+2—§]
:36—2—4—3+%:125quareunit
] Try to solve

@ Find the area of the region bounded by the curve of function f, x-axis and the two striaight
linesx = -1 and x = 2 where f(x) = 3x% + 1

) Example
- The area under the curve and above e x-axis

@ Find the area of the region bounded by the curve of the function f: f(x) = ¥ 2x+2 and the

straight line x = 3 and on the x-axis.

©» Solution
Find the zeroes of the function by putting f(x) = 0 5 e 1 co
Y 2xt2 200 deix=-l signoff 0 u

foo <0 f) >0
3
.". the required area A = I f(x) dx

3 L 4
_ 3 _ 3 I3
= I @ex+2) dx=[ 2o (x+2P P,
4 4
:%[83-0]:%(23)3:6squareunits

ﬂ Try to solve

@ Find the area of the region above x-axis bounded by the curve of the function f: f(x) =

xr+1
and the straight line x = 4 .
) Example .
i The area bounded by a curve and x-axi$ v 4
4 x=3
@ If f: ]-o0, 3] = R where f(x) =x?-4x, find the area of the / 3 N _/\
region above x-axis bounded by the curve of the function [ ‘
mj 5
and x-axis. |
= e
©» Solution 1U\ P 3x
-1
Find the intersection points of the curve of the function 'I =2 \ /I
with x-axis (zeroes of the function) d />"—-—-—.
1oy = x@
fx)=x*-4x=x(x?-4)=x(x-2)(x+2) "'&\ ;
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UnitThree: The Definite Integral and its Applications

when f(x) =0 5320 er x= 2 or 2 - -2 0 2 >
e R K
By studying the sign of the function f, we find of§
f(x) = 0 on the interval [-2, 0] and on the interval [2, 3]
3
cAraA=A A, =0 @ rax dx, S (53 4x) dx
- ix“ -2x2]°, + [i £4-2921%
=(0-(-4)+(2L- 18- (-4)
= % square units
Important note
To identify the area bounded by the curve of the function, 4 V2 4
4
x-axis and the two straight lines x = -2 and x = 1 as shown in 4
the graph opposite. /
.{ml, ‘
We find that: ‘ .
f(x) >0 whenx €[-2,0], f(x) <0 whenx € [0, 1] ! 10\‘ P 3 X
i i b
ArecaA =A;+A, ’ =2 /I
0 o] =3
= - ax)dx 1 (3 - 4x) dx | =
40 - ¥ 4

1 1
= % x4 2::(2][}_2 - |Z %2 2x2]10|

:4+|(%—2)—0|:4+|—%|:%Squareunits.

ﬂ Try to solve
@ Find the area of the plane region bounded by the curve y = 3 + 2x - x% and x-axis.

Critical thinking
Find the area of the plane region bounded by the curve y = 3 + 2x - x? and the two straight lines
x=-1,x=4and y=0

¢ Example 4
: Architectural applications of the area

jlr:‘ An architect has designed an arc -like enteryway of a hotel whose equationy = - ; (x-1)(x-7)
where x in meters. How much does the glass cost if this entryway 1s covered by the glass

which costs 1500 LE per square meter?

Solution
Modeling the problem:
The cost of the glass of the hotel entryway = area of the glass in square meters = cost of a

Square meter
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Let the total cost be k and the area of the glass be A square meter

k= 1500 A O

Finding the area of the glass:

Suppose the horizontal plane is the x-axis whose equation

y = 0 and the equation of the arc of the hotel entryway

y = f(x) where:

dmu-lhm%

fx)=-2x-1)(x-7)

F
—
b
Lo
L
o
]

}

. When f(x)=0then:x=1 or x=7
Then f(x) >0 for eachx € [1, 7]
Area A:If—%(x—l)(x—?’)dx: If?(—%x2+4x—%)dx

:[_%X3+2X2_%X]Tl:i—9_(_%):]8 @ from@,@

..k =1500 x 18 = 27000
i.e.: The cost of covering the hotel entryway by glass equals 27000 LE

I] Try to solve

@ If the cost of a squared meter of granite to cover the floor of a hotel corridors is 400 LE and
five corridors have been already covered with granite and the area of each is bounded by the

curve of the function f and the two straight lines x =0 andy =0

where f(x)= 12 - %xz, find the cost of covering the five corridors.
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Second:Voelumeslofifrevolutionfsolids)

Think and discuss

Have you ever watched the pottery maker while he changes
the dust into cooking utensils by blending the Aswani mud
with water, cutting it and putting it around an axis of
revolution. The pottery maker can shape this mud using his
fingers and tools to produce very attractive solids. What are
these solids named?

» Plastic containers for packing soft drinks, juice and
oil are designed in different volumes and in several capacities.

How can their volumes and capacities be calculated as they are
being manufactured?

Solid of Revolution

The solid of revolution is generated due to revolving a
plane area a complete revolution about a fixed straight line
in its plane called «axis of revolution».

The following figures shows some examples for solids of
revolution drawn by the area A as they revalve a complete
revolution about the straight line L

QA QU1

o

Right cone Right cylinder sphere
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Volumes of revolution

The volume of the solid generated by revolving a plane region about x - axis.

If f is a continuous function on the interval [a , b], f(x) = 0 for x € [a, b], then the
solid generated by revolving the area bounded by the curve y = f(x), x-axis and the two

straight lines x = a and x = b a complete revolution about x-axisis: V=17 afb [f(x)]* dx

.} Example " :
. Revolution about x-axis y
@ Find the volume of the solid generated by revolving |
the plane region bounded by the curve of the function ,
f , x-axis and the two straight lines x = -landx =1a \/
complete revolution about x-axis known that f(x) = x? + 1 ».
©» Solution:
The function f is polynomial and continuous on the
interval [-1, 1],
f(x) > 0 for each x € [a, b]
Let the volume of the solid generated by revolving = V

1
wV=z J @+1)7dx

1
=z xtvox?e1)dx

s ] .8 . 2 1 _ 56 : :
= 2 4 + o
VA [5 X 3 X x] BT 7T cubic unit

L} Try to solve

@ Find the volume of the solid generated by revolving the plane region bounded by the curve
of function f , x-axis and the two straight line x = 0 and x = 3 a complete revolution about
x-axis given that f(x) = x . what is the name of the generated solid? Show how you can check
your answer geometrically.

Example ——
- Applications of volumes

Use the integration to prove that the volume of the right circular cone equals % 12 h where
1 18 the radius length of its base and h 1sits height.

©> solution:
The right circular cone is generated by
revolving the right - angled triangle such that

¥

one leg of the right angle lies on the x-axisa =
complete revolution about x-axis.
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Find the relation between x and y = f(x)

tanO= 2 (1) Sy = x tan 6= f(x)

X

'.'V:;’rafb [£(x)?] dxzﬁofhxz tan? 6 d x

= Exan?0])' = L a6 ()

from (1) tan 6= 2 = _~
X

b
2
cotan? O =
]12
2
By substituting in (2) SV = % % whve= 73—3 2%

E Try to solve
Remeber 0

@ Use the integration to prove that:

@ Example

The equation of the

e 4
a’ Volume of sphere = 3 U circle whose center is

( ris the radius length of the sphere) the origin point (0, 0)
— ) ) ) and its radius length
b Volume of the right circular cylinder = 7 1> h (1) is:

( r1s the radius length of the cylinder base and h is its height) ot F g di=

Revolution about x-axis

@ Find the volume of the solid generated by revolving the region bounded by the curve

2 2

X_z - y_z =1 and x-axis where a and b are two constants a complete revolution about x-axis.
a b
©» Solution: )

“." Revolution around x-axis = L X_z)

a

Limits of integration:

y:0 Sox2=ga? e X=-a,x—a
V:ﬁ_asz(l—x—z)dXZZHbzﬁf (I—X_z)dx (why?)
a a
- 2 _X3 a _ 2 _L
=27 b [x Q]D—ZE’D [a 3a]
—47b2a cubic units.

3

£ Try to solve

@ Find the volume of the solid generated by revolving the region bounded by the curve

y = 2x - x* and x-axis a complete revolution about x-axis.
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@’ Exercises 3 -4 @

Write down the difinite integration which gives the colored area in rach of the following
and calculate its value.

OIS Ny @ by
SLGEHER] )|
T e
I o -
L \[ 17
1 \*|/

) Oy * ? T4r 2 1|0 1 2 K:

OJER @[T [ Jr

e Cy=x3
| I i 7 P . —
Y_ﬁ(
TP T
’ %
F4
i e 1
= Of 12 3 4 3 “TO[ 1444 &
Y

Choose the correct answer.

@ The area of the region bounded by the straight lines y =x,x =2 and y =0 : equals:

L

@ b1

L2 |~

() d4

@ The area of the region bounded by the curve y = x> and the straight lines y = 0 and x = 2 equals
(a)g (b) 4
(e)2 @1

@ The volume of the solid generated by revolving a region bound by the curve y = 2¢/x
y =0 and x = 1 a complete revolution about x-axis equals.
OF; b0
) @2z

The volume of the solid generated by revolving the region bounded by the curve
y=4 x+1 and thestraightlimesy=0,x= -1 and x = | equals

OF: @) 3%
3 b) =
(chrn d) %
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For each of the following, calculate the area of the plane region bounded by:

@ The curve y = 5 - x? | x-axis and the two straight lines x = -2 and x = |
@Thestraightlines:x+2y:9,x: L.x=3 =0

@The cuvey = 4 x+4 and the straightlines x =0, x=5, y=0

@ The curve y = 3 - 2x - x? and x-axis

@The curvey:%andthe straightlinesx=1,x=4,y=0

The curve of the function f: f(x) = (3 - x) (x - 1)* and the two coordinate axes where f(x) >0

@ The curve of the function f: f(x) = (x - 1) (x - 2) (x - 3) and the two straight linesx =4,y =0
where f(x) >0

Find the volume of the solid generated by revolving the region bounded by the
given curves and straight lines a complete revolution about x-axis for each of
the following:

@y:x,x:3,y:0 @y:3—x,x:0,y:0

y:i,le,x:4,y:0 @yzlxl,x:—Z,x:4,y:0
X

Find the volume of the solid generated by revolving the region bounded by the
given curves and straight lines a complete revolution about y-axis for each of
the following:

@y:x,y:l,xzo @y:xz,xzo,yzo,y:fi
@y:4—X2,X:0,y:0 @y:x3,x:0,y:0,y:8
@x+2y:0,x:0,y:0 Wy =3
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