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Introduction
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We are pleased to introduce this book to show the philosophy on which the academic content

has been prepared. This philosophy aims at:

1

2

o b

6

Developing and integrating the knowledgeable unit in Math, combining the concepts and relating

all the school mathematical curricula to each other.
Providing learners with the data, concepts, and plans to solve problems.

Consolidate the national criteria and the educational levels in Egypt through:
A) Determining what the learner should learn and why.

B) Determining the learning outcomes accurately. Outcomes have seriously focused on the fol-
lowing: leaming Math remains an endless objective that the learners do their best to learn it all
their lifetime. Learners should like to learn Math. Learners are to be able to work individually
or in teamwork. Learners should be active, patient, assiduous and innovative. Learners should
finally be able to communicate mathematically.

Suggesting new methodologies for teaching through (teacher guide).
Suggesting various activities that suit the content to help the learner choose the most proper activi-
ties for him/her.

Considering Math and the human contributions internationally and nationally and identifying the

contributions of the achievements of Arab, Muslim and foreign scientists.

In the light of what previously mentioned, the following details have been considered:

* This book contains three domains: algebra, relations and functions, calculus and trigonometry. The

book has been divided into related and integrated units. Each unit has an introduction illustrating
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is
divided into lessons where each lesson shows the objective of learning it through the title You will
learn. Each lesson starts with the main idea of the lesson content. It is taken into consideration
to introduce the content gradually from easy to hard. The lesson includes some activities, which
relate Math to other school subjects and the practical life. These activities suit the students’ dif-
ferent abilities, consider the individual differences throughout Discover the error to correct some
common mistakes of the students, confirm the principle of working together and integrate with
the topic. Furthermore, this book contains some issues related to the surrounding environment

and how to deal with.
Each lesson contains examples starting gradually from easy to hard and containing various levels
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises

that contain various problems related to the concepts and skills that the students learned through
the lesson.

Last but not least. We wish we had done our best to accomplish this work for the
benefits of our dear youngsters and our dearest Egypt.
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Unit introduction

b ot

The swiss scientist Leonard Euler (1707 - 1783) is considered one of the most prominent of the eighteenth
century in mathematics and physics. He had been credited with using the symbol y = f(x) to express the
function. He had considered that the function is a correlation between the elements of two sets with a
relation that allows to calculate a variable value of dependent variable Y for another independent X

which we choose freely. In such a way, he identified the function but not the curve. This contributed in
converting the geometry into arithmetic relations. He had converted all the trigonometric ratios which
ancient Egyptians, Babylonians and Arabs had excelled into trigonometric functions. Leonard Euler
had inserted the constant number e ~ 2.71828 (Euler’s number) as the base of the natural logarithm.

Furthermore, he discovered the mathematical relation ¢ + 1= 0 relating among the most important five
constants in Mathematics. He had also related among the trigonometric functions, exponential functions

and the composite numbers. In this unit, you are going to learn different forms of the real functions,

their behaviour and their graphical representation using the geometrical transformations and graphical

programs and to use the real functions in solving life and mathematical problems in different fields.

Unit objectives

.By the end of this unit, the student should be able to:

&

&

# # & &

# &

Identify the concept of the real
function.

Determine the domain, co-domain
and range of the real functions.
Identify a simplified idea about the
operations on the real functions
(compositions of functions).
Identify some properties of the
real functions.

Identify theevenand odd functions
and differentiate between them.
Identify the one-to-one function.
Deduce the monotony of the real
functions(increasing, decreasing
and constant functions).

Identify polynomial functions.
Graph the curves of (quadratic
function - modulus functions -

cubic function - rational function)
and deduce the properties of each.
Deduce the effect of the following
transformations: f{x + a) + b and
a flx £ b) = C on the previous
functions.

Apply the previous transformation
on graphing the curves of the real
functions.

Solve equations in the form of :
laX + bl = ¢, lax + bl =Id X + ¢l ,
laX + bl =cX +d.

Solve inequalities in the form of:
lax + bl < ¢ and lax + bl < ¢,
lax + bl > cand lax+bl>c

Use the real functions to solve
math and life problems in different

fields.

Relate what they learned about
the effect of the previous
transformations on the trigonometric
functions in the form of activities.

Investigate the graphical
representation of the real functions
which have been previously
learned and the effect of the
previous transformation uvsing the
“Geogebra” program.

Use the graphical calculator to
represent some functions that
are hard to be represented by the
common methods, then learn the
properties of these functions.

2 Pure mathematics - Second form secondary - Scientific



‘ Key terms

¢ Real Function ¢ 0Odd Fuaction ¢ Rational Function

¢ Domain ¢ One-to-One Function ¢ Asymptote

¢ Co-domain ¢ Monotony ofa Function ¢ Transformation

¢ Range ¢ Increasing Function ¢ Translation

¢ Vertical Line ¢ Decreasing Function ¢ Reflection

¢ Piecewise-Defind Function ¢ Coastant Function ¢ Stretching

¢ Composite Function ¢ polynomial Function ¢ Graphical Solution

:  Even Function :  Absolute Value Function

Lessons of the unit A Chart of the unit

“ asen

Lesson (1 - 1): The real functions.

Lesson (1 -2): Some properties of functions. Real functions and tracing graphs

Lesson (1 - 3): Monotony of function The domain of function
Lesson (1 - 4): Graphical representation of TR ARt ="
functions and geometrical Real functions
transformations Operations on functions
Lesson (1 - 5): Solving Absolute Value Composition of functions
Equations and Inequalities.
Symmetry of function
Properties of
Materials functions
The one - to one function

Materials Scientific calculator;
Computer (Graph, GeoGebra)

Monotony of
function

Graphical representation of function
by geometrical transformations

Soluti f ati
olution or equations Life
applications

Solution of inequalities

Student book - first term 3



Unit one
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Real Function
A function f is called a real function if each of its domain and
co-domain is the set of real numbers IR or subset of it .

. We will learn

» Concept of real function.

» The vertical line test.

» The function of more

o
®
a
=
=
o
=

than one rule.

» Identify the domain and

range of real function.

» Operations on functions. :{é‘l‘a, Learn 1
Y& v
] . . 2 2
ﬂ Key - term The vertical line test , il
: . . X
» Function If the vertical line at each \ / > u >
; _ R i B . 1 3 3
¥ Doz element of the domain -1 -1 o
» Co-domain =7 -2
rnge passes  through  only 5 ¥
one point of the points Function Not function

» Arrow Diagram ; .
g representing the relation,

» Cartesian Diagram : : ;
d then the relation 1s a function from X — > 'Y

» Vertical Line

» Piecewise Function

Example |qantify the Relations Representing a Function
Q:, 1; In each of the following graphs, show whether y represents a
function in x or not.
Y A L
- Matrials P 5
» Computer program for \

graph 1 \

» Scientific calculator.

f |

=)
L

A
)
O
L]
.

Fig (1) Fig (2)
Y
Remember 0 ; 4 ~

L Remenver T TR
IftX__.Y 1 \\‘ < = - I
thenf: % ---;. m 2 B3 X
{xy):x€ X, 2 4 ke st
YE Y ,y=/f®} L] y

Fig (3) Fig (4)
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Real Functions 1 - 1

N\ /.

©» Solution
Fig (1) represents a function.
Fig (2) doesn't represent a function because the vertical line passing through the point (1, 0)

intersects the curve at infinite number of points.

Fig (3) represents a function.
Fig (4) doesn't represent a function because there is a vertical line intersects the curve at more

than a point.

ﬂ Try to solve
@ Show which of the following relations represent a function from X —— Y and give reason.

\ VA l Y A Y A A vy A I
é‘ 0 X: ,{""—"‘"‘"\\ 5 5 I
2 y ¥ i ’ 1]
\ Ll 2 el | Xl | X
- Ce\n°l 12 2| 2 9] 1 MY SR EEN
3 -1 1 -1
NV /
Yy vy vy \ J { Yy
Fig (1) Fig (2) Fig (3) Fig (4)
§2) Example |gantifying the domain and the range
-“2 Iff:[1,5] — Rwhere f(x)=x+1
Graph the function f and deduce the range of this function Y 4
from the graph. :
©» solution Ra£§ 4
The function f is linear and its domain is [1, 5]. It is [#2®i—3
graphically represented by a line segment whose two ends 2
are (1, £(1)), (5, f(5)). i.e. the two points (1, 2) and (5, 6). X! E') X
The range of function f= [2, 6] T2 h 1234 5
Which is the y-coordinates for all points in the domain of f. Y!u Domaijn of f1} 5]

ﬁ’ 1
é Learn H

The piecewise - defined function is a real function in which each subset of its domain has a different

definition rule.

Student book - first term 5



Unit one: Functions of a real variable and drawing curves I

N
Graphing the piecewise - defined function:

?. Example

3-x when -2<x<2

@ Iffin= [

X when 2€x<5

Graph of the function fand from the graph deduce the domain and range.
b Y

[

©» solution
The function fis defined over two intervals and f{x) is

defined by two rules:

The first rule:
f,(x) =3 -x when -2 < x < 2 (i.e. oninterval [-2, 2[)
It is a linear function represented by a line segment whose e
two ends are the points (-2 , 5 ) and (2 , 1) with open circle Pyl 3% ¢
at point (2, 1) because 2 ¢ [-2, 2[ as shown in the opposite figure.

O= N W/ & v o

 ia

il

The second rule:
f, @) = x when 2 < x < 5 (i.e. oninterval [2, 5] )
It is a linear function represented by a line segment whose two ends are points (2, 2) and

(5, 5). The domain of the function = [-2, 2[ U [2, 5] = [-2, 5] mo

From the graph, we deduce: %
The domain of the function f= [-2, 5] $e /|
The range of the function f=]1, 5] range a

ﬂ Try to solve X [ s %

¥ :
x -1 when 2€x<0 eoists
@ If f(x) — In the graph
x+ 1 when x>0 representing the
function, the domain

of the function =[a, b]
; th f the func-
range of the function. tiot;r:x[::g:a 3] e e

@ For each of the following graphs, deduce the domain and the range

of the function.

Graph the function fand from the graph, deduce the domain and the

a) YA ‘b Y 4
4 3
3 2
<2 > e x |
; X 0 X
X 0 X 3 2 4 1 2 3
B RN 1 2 3 .
1 3 B
1 -2 >
Y'y Y'y

6 Pure mathematics - Second form secondary - Scientific



Real Functions 1 = ]_

N
c Y & 'd Y&
3 / 3 /
n/ /
4 .{\
1 ——1
- o X Xl lo X
B ¥l 1 2 3 " WERE;
P -
Pt 5|
2 21—
Y'¥ Y'y T

Identifying the Domain of the Real Functions and Operations on them
The domain of the function is determined from its graph or from its definition rule.

Example |dentifying Domains of the function

‘-[ Determine the domain of each real functions defined by the following Remember 0

rules:

_Xx+3 : _ The  domain  of

af(x)= b) f,(x)=+¥x-3
Hh x2_9 A polynomial function is
) 3 the set of real numbers

[ = 1# =
f:"(x) x-3 unless it is defined on a
subset of it.

©» Solution
@ ' The function f, is not defined when the denominator = 0, so we put X G=
1e. x=13 then the domain of the function f, 1s R-{3, 3}

b The domain of the function f, is all the values of x jg; ) . .
which make the quantity under the square root is non - > 3 ¥
negative, 1.e. the values of x which make x -3 > 0.

Fix=3 20 Lx2 3 .. the domain of £, = [3, o [.

€ The domain of f;(x) = ¥x-5 is Rbecause the index of the root is an odd number.

Notice:
Iffix) =Y g(x) €Z" n>1and g (x)ispolynomial
First: If n is an odd number, then the domain of the function fis R.

Second: If n is an even number, then the domain of the function f is the values of x which

satisfy g(x) >0

ﬂ Try to solve
@ Determine the domain of each of the real functions defined by the following rules:-

a fl(x):% b) £,(x) = yXZ-16 c)f,(x)=¥x-5
Critical thinking:
If the domain of the function f where f{x) :2; isR-{3}, find the value of k.
xc-o6x+k

Student book - first term 7



\Unitone: Functions of a real variable and drawing curves I
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| Operations on Functions

If f, and f, are two functions whose domains are D, and D, respectively, then :

1 (i 1) () =f; (x) £ fo(x) : the domain of (f, *+ f,) 1s D,MN D,
2 (f, 1) &) =1 &x). f,(x) , the domain of (f;. f,) 1s D, D,
3 (j:_:) ) :}% f 0 £0 the domain of (;_:) is (0,N D, -Z (f,)

where Z (f,) 1s the set of zeros of f,

We notice that, for all previous cases, the domain of the new function equals the intersection of

the two domains f and f, except the values which make f,(x) = 0 in the division operation.

Example
G)Iffm=x2-4¢, g®=4x72 ., z(0)=44-x,

first: Find the rule and the domain for each of the following functions:

8) (f+8 & (z-2)
) (f.2) d) ()
f
second: Evaluate the numerical value (if possible) for each of the following :
2 (g-2)(1) bJ(f.2)(5) &J (£ 3)

7
f{'}“ Solution
first: The domain of f= D, = R, the domain of g = D,=[-2,0[
and the domain of z= D, = |-, 4]

D ; D
a (f+g) x)=fx)+ g et 1 >3 w
=t <dx sz . i‘ D, .
The domain of the function (f+ g) is '2L D, ND, >
RN[-20[=[2,0[ ! ”
b) (g-2) (¥)=gx) -z (x) o ! Dy "
= Jx+2 - 44-x 2 Dy I -
The domain of (g - —[2.0[N]-o, 4] =[2,4]" : 4} 3
e domain of (g - ) (¥) = [-2 00 [ N - , 4] = [-2, 4] 1m0yt )
¢ (f. 2) (x) = fix).z(x)
D
=(x?-4x)¥T-x -0 €—€ = L —>
yl 2 N
The domain of (f. z) =R M ] -0, 4] =] -0 , 4] ‘°°: . P ®
Dy N Dy

8 Pure mathematics - Second form secondary - Scientific



Real Functions 1 = ]_

N /

d) (Z)(x)= Z0) 44X o € “ >
S J) x2 - 4x VA D, . s
The set of zeros of the function fis {0, 4} &———o—»

D; nDy -Z{F)O
The domainof(%): ]-,4]NR-{0,4}=]-0, 4[- {0}

Second : Numerical values:

a) (g-20(x)= ¥x+2- /4-xforall xe[-2,4]

1 e[-2,4] (g (=43 -¥3 =0
b)) (f. D) ()= (2 -4x)fF _xforallxe] -o, 4]
,5¢ ]-00, 4] S (f. 2)(5) not defined
c)-(Z)(x)= ¥4-X forall x € J-oo, 4] - {0}
f ¥l
- oo - - (L —44-3 :_l
,3e]-,4[ - {0} ..(f)(3) =3

ﬂ Try to solve

@ If fand g are two real functions, where:
fx)=xr-4,g(x)= ¥x-1 find:

.8 The domain for each of the functions: (f+ g), (f. g), (i) . (%)
g

b | The numerical value for each (if possible):
Ff+8) OB, a2, (%) ) . (%) (-2)

i 1 co- i :
")/ Co-operative learn ” Composition of Functions

A factory exports a part of its production. This parts is given by the relation f{x) = it where X 1S

the number of produced units in the first year. and the number of exported units in the next year
is given by the relation g(f) = f+ 1500 where x is the number of exported units in the first year
search (with a classmate) how many units exported in the second year if the production of the
factory in the first year is:

a | 20000 units b ) 80000 units

Check your results using the following diagram:

:/"g\

0
x = 20000

f
f:\

2(flx))

exported 1n 1% year
exported in 2" year production of 1% year

\(\ ) /

Student book - first term 9



\Unitone: Functions of a real variable and drawing curves I

iﬁ% Learn \i
If the intersection of the range of the function fand the domain of the function g # J then we can

get anew function z composed of the two previous functions| Z=gof !
itis read as g composed f or g after fwhere the function fis applied first then the function g.
thus z(x) = (g o /) (x)

= g (i)

from the previous diagram, we find :

a) 7(20000 ) = g [{20000)] b) z(80000)= mo

= ¢(5000) 1
_ £20000) =L x 20000
— 5000 + 1500 = 6500 units o

Think: Is the composition of functions a commutative operation?

» to search for the answer, find (fo g ) (x), (g o f) (x) Where fix) = 4x% g(x)=2x
L] Ty to soive
(6)if fx)=x2+ 6, g(x)=3x

First: find (fo g) (3)

Second: Determine the values of x which make (f o g) (x) = 42

Exercises (1-1)

Choose the right answer:
@ The relation shown in the following graphs and doesnot represent a function is:

Y & \’J AY YA
3 2

3
L T
T

B2 p 5 13 -2/-1 1 \2_3 2 1 '
vy | vy - Y'Y r’( Vi
(a) (b) (c) (d)

¥

Ld b3

F
[,
2
F ¥
=
w
(]

-

@ In all the following relations y is a function of x except:
_ﬂ._v:3x+l b..'y:x2_4

.'C_j.x:_vz—Z d)y=sinx

1 0 Pure mathematics - Second form secondary - Scientific



Real Functions 1 = 1
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Answer the following:
x-1 when 2 x4

@ Determine the domain of the function f where flx) =
-1 when -2<gLxg?2

then graph the function and deduce its range from the graph.

@ Graph the function f where :

x+3 when x > 2
.y

and from the eraph, deduce its range.
2x-1 when x 2 =R &

2x+3 when -2<x<0

G) If fix) = {

l-x when 0<x<4

Graph the function fand deduce its range from the graph.

4x+3 when x<3
OIffw={ -¥  when 3< x<8

3x2+1 when x- 8

Find:
a) f2) b) 73) (e) f10)
@ Mechanics: If the velocity v(t) of a motorcycle is given by
8t when 0t 10
v(it)= ¢ 80 when 10 <t <200

-4t + 880 when 200 <t < 220
where t 1s time 1n second and v 1s1n cm/sec. Find:

alv(10) b v(150) ¢ v(210)

Trade: The function f, where:

%x when 0 < x < 5000

SIx) =¥ 2x+ 2500 when 5000 < x < 15000
%x + 10000 when 15000 < x < 60000

represents the amount of money charged by a company to distribute an electrical appliance in
L.E where x represents the number of distributed appliances, find :

a | f(5000) b £10000) ¢/ f(50000)

Student book - first term 1 1



mm— Unitone: Functions of a real variable and drawing curves J

@ Determine the domain for each of the real functions defined by the following rules:

( _ x+3 (b) o XA L

&) fx) = xXL-5x+6 ) fix) = 2+1

) fx) = #x-2 d)fx) = V4_22

109 - 2 @) =L+ L
[ 1 X X

@Iffl:R—>R where f(x)=3x-1 andfz:[—2,3]—>R where f, (x)=2x+ 4

find : (f, + f,) ¥) , (f; - f,) (x) and deduce the domain of each function.

@ If /,(x) = x + 2 and the domain of f, =[-3,4], f,(x) = x% + 2x and the domain of f=11,3],

Find: (f, + /) ) , (f, - /) (), (j;l) (x), (j;z) (x) and deduce the domain of each function.
2 i

@If)‘(x):3x+ I, glx)y=a® -5 and h(x) =
Find:

al(f-9)(2) b)(g - ) (-3) c)(g-h)(1) D) (- (-2)

@Iff(x):L1r Ca()=x+3

Find: (fo 2) (x) , (g o f)(x) and deduce the domain of each function.
@I fy=x-3 W =vx2

Find: (f o g) (x) in the simplest form then find (fo g) (3)

1 2 Pure mathematics - Second form secondary - Scientific
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Unit one

/1 -2

The graph of the function f where y = f{x) may be characterized by some
geometrical properties that can be noticed easily from the graph. These
properties can be used in studying the functions and their applications.

The most common properties are the symmetry about y-axis or about

the origin point.

Introduction
You have studied the symmetry about a straight line where the curve

can be folded about this straight line completely. You have also studied
the symmetry about the origin point .

F 3 h
Ya f Yaj .!
—'-—2 —*-—— oy l1
-X,Y) }{XY} 4 ,‘ X, Y)
J NS . o)’
] » ]
s ke | Ve | x B 2 L 2| X
-1 ‘:I
=7 =2
Y (X, Y] .‘
, -3
3
Symmetry about y-axis Symmetry about origin point
figure (1) figure (2)
In Figure (1):

The point (-x , v) lying on the curve is the image of the point (x,y) lying

on the curve by reflection in y-axis.

In Figure (2):
The point (-x , -y) lying on the graph of the curve is the image of the

point (x, y) lying on the same curve by reflection in origin point.

B Try to solve

@ In the following figures, show which curve is symmetric about

y-axis and which is symmetric about the origin point.

i We will learn
» Symmetry of function

curves.
» Even functions
» Odd functions

» One-to- one functions

ﬂ' Key - term

» Symmetry

» Even function

» Odd function

» One - to - one function

» Horizontal line

_ Matrials

» Scientific calculator

» Computer programs for

graph.

Student book - first term 1 3



\Unitone: Functions of a real variable and drawing curves I

Y A L Y A Yn\
1 t 1 \‘\,._
> » <k s < =
3 l2 1? 1 2 X 3 42 1? ! X __"3--'2\1? 1 % X
] 1 =1
SR /TN X
y ¥ ‘\r
(A) (B) ©)
Critical thinking:

Are curves of all functions symmetric about y — axis or about the origin point only? Explain.

Even functions and odd functions

i@ﬁg Learn [
The even function: the function f: X —— Y issaid to be even if f{- x) = f(x) , forall -x, x € X.

The curve of the even function is symmetric about y-axis.

The odd function: the function f: X —— Y is said to be odd if f(-x) = - f(x) forall -x ,x € X.
The curve of the odd function is symmetric about the origin point.

Notice : A lot of functions are neither even nor odd
when we investigate whether the function is even or odd, the two elements x, -x must belong to

the domain of the function. If this condition is not satisfied, then the function is neither even nor

odd without getting f{-x)

1 Show the type for each of the following functions (even — odd ).
al flx) = x? b) fix)= "c-j(x): Jx+3 d)flx)=cosx
©» Solution
a) f(x)=x?, domain of f=R
for each xand -xeR, then fl-x)= (-x)? = x%

Le.: fl-x) = fix) then fis even function
b fix)= *, domain of f=R

for each xand -x e R, then: f{-x) = (-x)* = - x>

Le.: fl-x)= -fix) then f isodd function

Important remark:
The function f: R— R, fix) = ax® where a# 0 ,n € Z* is called the power function.

The function 1s even when n 1s an even number and i1t 1s odd when n 1s an odd number.

1 4 Pure mathematics - Second form secondary - Scientific
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Some Properties of Functions

N
(c fix)= ¥x+3 , the domain of f= [-3 00 [ ATO— 0
notice 4 € [-3 oo [ while -4 g [-3, o]
then f1is neither even nor odd sin (-x) =- sin x

cos (-x) =cos x

d) fix) = cosx , the domain of f=R tan (=t) = - tan x
for each x and -x € R then :

fl-x) =cos (-x) = cos x

then : f{-x) = flx) then fisan even function

ﬂ Try to solve

@ Determine the type for each of the following functions whether even , odd or otherwise.

a) f(x) = sin x b) f(x) = x2 + cosx (©) fix)= 2 - sinx

d fix)=x% cos x 8 ) =2 sinx ) fix)=x% cos x

8 fix) =24 2 -._h_f(x):sinx+ COS X _.i ! fix) = sin x cos x

What did you deduce?
important properties.:
If each of : f| and f, is an even function and each of g,and g, is an odd function, then :
1) f, +, 1s an even function 2) g,+ g, 1s an odd function
3) f, *f, 1s an even function 4) g, X g, 1s an even function
5) f, * g, 1s an odd function 6) f, + g, 1s neither odd nor even

Using these properties, verify your answers in try to solve (2)

) Example

:2“«<, Each graph of the following graphs shows the curve of the functions f, Determine which

functions is even, odd or otherwise. Verify your answer algebrically.

. ¥ : \BY /
fix) =x3 +x fix)=2-x2

/ 1
P X 12 3

.
el

b

i

b
jrem ]

=

-

S

I

-
]

L]

s

-
"Ill.....

| Ao

i

A
[ %]
_\O - [ 3]
A
o,
Q
——
| et
o]

I
' i
W b

—

[ i
W
il
-
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\Unitone: Functions of a real variable and drawing curves I

©» Solution

.a ) From the graph of the function f (x) = x* + x, we notice that the domain of f= R:

the curve of fis symmetric about the origin point, so the function is odd.

forallx, xe R S f(x)=(-xP + (-%)
sim plifying : TR e o
take off (-1) a common factor fex)== (P '+x)
flx)=-f(x) .. fisodd.

b From the graph of the function f{x) = 2 - x> , we notice that the domain of f= [-2, 2]

the curve of fis symmetric about y - axis, so the function is even .

oforall, x, xe[-2,2] C - W T
sim plify ing let) = Lo
f(x)=f(x) .. fiseven

¢ ) From the graph of £ (x) = x? - 4x , we notice that the domain of f= R the curve is neither

symmetric about y-axis nor about the origin point, so the function is neither even nor odd:

P e ) 2l d La)
simplifying i) = di¥ Hix) .. fisnot even
but Sfm) =-xt4Ax
then flex)  #-fix) .. fisnot odd

*. 1.e. the function 1s neither even nor odd.

E Try to solve
@ Show the type for each of the functions represented by the following graphs (even - odd -

otherwise)
a b (c d
Y A& YJ\ Y & Y &
A 1A )IL AEEEE :
3 3 2 o
- N i 1 /N
5 \ § / 0 0 X L& ,/ 0 \ X,
¥ o x| |x o X | 8 2 ) 3 8/02 1 | 1 A3
2 N 1 3 R 2 | ) - < ) N
=2 4
Y' ¢ Y'y \-(j‘u \-(J‘wr

1 6 Pure mathematics - Second form secondary - Scientific




Some Properties of Functions 1 - 2

—

(1]

-ty
@

=5

Y #

e

-
Lppa |
-
H
el
-

| i
A

[y

M~
/“

—
e
A

[¥%]

(3]
]

—
/

—

D=+ N W

3

>

_/!'i—""-

0= N
"'\’O-..__

L

Y

>

e

0 = N
L

I
|
I
y
[
=y

1

SR
.
L

i
N

=<

:EU [
<y

=]

Y'“

ﬂ Try to solve

x+2 where x>-2
@ Represent graphically the function f where f(x) =

-x-2 where x<-2

then show whether the function is even, odd or otherwise. Verify your answer algebraically.
One - to - One Function (Injective Function)

the function f X ——Y is called one- to - one function if :
forall a,beX , f(a)=f(b) them a=>b

or foralla#b then f(a) # f(b)

& ) Example

f§; Each figure shows the curve of the function f: X —— Y. Prove that fis one - to - one function.

a) ty b | N
0 =x2_ : \
x) =x+
’ \
1 4 \--.....
% = —d]
a9 12 B Y AN =323
1 \
1
= - 0] X
: 1 112 3 4 5 b
-1
> Solution Y

\a) fix)=x+ 2, the domain of f= R
foralla,b € Rthen f@=a+2, f(b)=b+2
letf(a)=f(b) ..a+2=b+2

eleminate 2 from both sides ..a=Db then fis one - to - one function

Student book - first term 1 7



\Unitone: Functions of a real variable and drawing curves I

b )= 3-"_‘25 , the domain of f= R - { 2}

X
foralla,beR - {2} then f(a):3a-25 fb) = 3bb-25
a- -

: 34-5 _ 3b-5
l t = b el =
et f (a) =f (b) = A Lh
By cross multiplying, weget 3ab-6a-5b+10=3ab-6b-5a+ 10
by eleminating and simplifying .. a=b .. fis one- to - one function

¥
L W 2
(.__-ﬁj Learn i The horizontal line test

The function f : X —Y 1s one — to — one function if the horizontal line ( parallel to x — axis) at
each element of the range elements of the function intersects the curve of the function at one point.

ﬂ Try to solve
@ In try to solve (3) page (16) show which figures represent one-to one function.
@ Prove that f : X — Y 1is one-to - one function where:

@) f)=2x-3 B ge=3x3

&) Example
\ﬂ:} Show that the function f: X —— Y where f(x) = x* is not one-to-one function.

by
VI, L,
©» solution s
f@)=4,/(-2)=4 . f(-2)=f2)=4

1-g1--1--

; - N\ |/

-2 # 2 then fis not one-to-one : 9 :

We see that the horizontal line at y = 4 corresponds two E 1 E X

unequal values for the variable x which are -2 and 2. R Qq T 23 >
y

@ Determine the symmetry for each of the following curves (symmetric about x-axis, y-axis or

origin point). Explain.

ol Z i Z Z
pad SN L1
1 1
TRk B D249 12 34X | ASO ) 3 4 5 6X T2 ) X

-1 V4 1
\\. o L — ™ =2
3 Y h‘-‘-""‘"-- 3

Figure (1) Figure (2) Figure (3)
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Some Properties of Functions 1 - 2

—

N
@ Find the range for each of the following functions and mention its type (even, odd or
otherwise).
Yf AY =g Ay
20 - 4 4
1 27 2
¥ e - T » -— \\ §
5 b 1? BE 5 12 1}3 T2 | 5 pE AT 1? R
< — 4 =
k 4 F L Y
Figure (1) Figure (2) Figure (3)
AY PY Ay /
= i 2 FE'——‘/ 3 = d\ %
a8 219 1 2 3 4 8 2 19 #7 3 N 12 3
-4" -‘l-J I -.c“
Figure (4) Figure (5) Figure (6)

@ Investigate the type for each of the following functions (even - odd - otherwise).

Al fi)=xtt -1 b f()=3x-423 o) f=2-L

d.-j(x):xz—3x (e Flx) = "i_+32 (r ' fix) = xcos x

9)fix)=4 x*+6 h fx) = le W fx) = (% +1)?
+ X

@ It f,,f, and f, are three real functions where f,(x) = xs,fz(x) = sinx, f(x) = 52,
then determine which of the following functions is even, odd or otherwise.

alfi+f, b fi+ £ c) f, xf, D f, <1,

@ If fand g are two real functions where fix) = (3 - x)?, g(x) = (3 + x)?
then determine which of the following functions is even, odd or otherwise.

alfrg bif-g c/f g - é

Student book - first term
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mm— Unitone: Functions of a real variable and drawing curves J

@ Use the following figures to answer the following:

-

“ J\Y

\

- N

/l

T AR A P X EEEEERL
Figure (1) Figure (2)
JLY
- \ b Yi
\ 4 b
2 4
i e \2\1 0 % 2 N
2] O 17 ¢ 3 & F b x|
& Y
} 4
Figure (4)

Figure (3)

First: Complete the curve in figures (1) and (3) in your notebook to get an even function
over its domain.
Second: Complete the curve in figures(2) and (4) in your notebook to get an odd function

over its domain.

Third: Determine the domain and range of the function in each case, then show which graph

represents one-to-one function.

@ In each of the following, determine whether the function is one-to-one or not. Give reason.

@) fix)=3x+ 1 b f(x)= 2:_*; e =241
c GO, By o) =ate 2% 1
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Unit one

temperature (c)

3 Think and discuss

4o ‘ﬂ

The opposite graph shows the

temperatures recorded in Cairo

; T
L = ;.%,

on a day. Observe the change of

—
""'h-..-_“-

4 4l
temperatures according to time, ::\\
then find from the graph: '3 A
‘a) The periods when the :

temperature decreases. 2

b) The periods when the

f 2 4 6 81012141618202224

temperature increases.

(c) The periods when the temperature is constant.

time (t)

The curves help usknow the behaviour of the function fand identify the

intervals of increasing, intervals of decreasing or intervals of constant

which is called monotony of the function.

"

@%’ Learn

Increasing function Ay
The function fis said to be increasing on the :
interval Ja , b[ /:
F
forallx,, x,€]a, b T
e wl :
when: x, >x, “T L L% b XT
then f(x,) > f(x,)
Decreasing function Ay
The function f1is said to be decreasing on the :\
interval Jc, d[ ' \\
forallx;, x,e]c,d| 1 -
when: x, > x, _ ]
" Xy d XT
then f(x,) <f(x,) 1y %
Constant function Y

the function f is said to be constant on the
interval: ]¢ , m]

€]l , m[

where x, > x,

then f (x,) = f (x;)

if:x;, x,

f

Wy ey e

L

Student book - first term

/1-3

. We will learn

» Monotony of functions.

» Using graphing
programs (GeoGebra)
to graph the function

curve.

W

» Monotony

Key -term

» Increasing function
» Decreasing function

» Constant function

Matrials

» Scientific calculator

» Graphic programs

21



\Unitone: Functions of a real variable and drawing curves I
o \ AY
I:LF‘ Example 4 )
il < _ 3
(1) Discuss the monotony of the function represented by the \ /

f 3
el
- b
N

opposite figure.

©» Solution 2ol g3 ops X
» the function is decreasing on the interval ]-co, 0[
» the function is increasing on the interval ]0, 2[
» the function is constant on the interval ]2, [
Y&
] Try to solve I EEEANE
@ In the opposite graph: Discuss the monotony of the function. / 2 \
e &
<) Example 4 \
 J

xﬁzﬁ Each of the following figures shows the graph of a function
f: X — Y where Y = f{x). Deduce the domain , range and the monotony of the function.

= _b'_' &

b Y Ay ,TY
4 =
3.' %

[

- b

CIS

A
N

A
[ o]
—
—
.
NS
L
e
Ln

A 2 {1 2 3/4 3 X' \ | x
A 4 -« >
B8 2 f 1 2 3
// 4 =2 o =1
s = Bl 2l v !
yY ¥ ¥
©» Solution

‘a ) The domain of f=RR=1]-00 oo [ range of f=]-00 00| the function increases on ]-co , oo[

b | The domain of f=1]-00,6 2] U] 2,00 [ =]-00 00[, range of f= R
the function mcreases on ]-90, 2[ , and also increaseson | 2 ;o [

€ The domain of f=]-00 , [[U] 2,00 [, range of f=] - o0, 4]

the function 1s constant on ] -o0 |, 1[ , and decreaseson | 2 o0 [
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ﬂ Try to solve

Monotonyot Functions 1 - 3

@ In each of the following graphs, deduce the domain , range and monotony of the function:

&y A Y &Yy
x| X i ’
- ) ( - e 3
1 A LA \ ¢—3
7 x| '\ X N
e / T2l 2 3/4 N
=3 =1 N iy X i X
= =2 i B - -
" Y! ¥ Y -3 -2 -1 ‘ryl1 ¥ 3

Critical _thinking: Which of the previous figures represents one-to-one function?

explain your answer.

Using the graphing programs to study the properties of functions
(there are alot of graphical programs to represent the functions. The most famousis free GeoGebra

for tablet or computer)

q?‘-**’f_" Activity

1 Use the GeoGebra program in graphing the geometric
transformation for functions.

ClALLolofaNed=] ]

 Algebra [#) | ~ Graphics

LB c-

Use GeoGebra to represnt graphically the
function f where flx)=x>-3x + 2, then find:

(a) The domain and the range of the function f.

L]

4

Sraphica.b@

b Discuss the monotony and the type (even -

odd - otherwise):

1- Open algebraic window , graphing (GeoGebra)

choose to

then press ¥ Graphics

reach the shown window in Fig (1).

Fig(1) |7

2- In the algebraic window, write the rule of
function f{x) = x*> - 3x + 2 in the input bar

DEERECHENCE0

4
(] | = Graghics

as follows: 18 - LIk

—start D OO0

press -l the curve of the function appears in

Lo i) =n?=3x+2

graphical window and the rule of the function in

algebraic window as shown in Fig (2)

Fig (2)

[}
3 E) r i o 1 )

Student book - first term



\Unitone: Functions of a real variable and drawing curves

3-To determine points on the curve of the

from the tool bar
37
and a new point from the menu. Move the

function, choose .A

pointer until it reaches the point determined
on the curve. Press left click on the mouse
so the point will appear on the curve in the
graphical window and the coordinate of the
point appears in the algebraic window as

shown in Fig (3).

From the graph:

B & 5% S o) [«] PN T E

'+ Aigebra ®

= Function

2 f(x)=x"—3x+2
= Point
@ A={1.4)

2 B=(1,0)

Fig (3)

a | The domain of f=]- o, [, the range of f= ] - oo, oof

b The function is increasing on ]- oo , -1[ , decreasing on

]-1, 1[ , increasing on ]1 , oof
The function is neither even nor odd.
Note:

The point (0, 2) 1s the point of symmetry of the curve and the

function 1s not one to one.
Drill on the activity

Use Geogebra to draw f f{x) = 3x - x* and from the graph check

~ Graphics

W~ o~ 2o~

[N -

M
-

il

[

3 2 q

X

S N
ﬁmcreasmg*‘ de;eam‘l - | | e

the monotony of the function and its type even , odd or otherwise .

@ The following graphs represent the graph of some functions, deduce the range and discuss

the monotony from the graph:

-9

Y4 ,

H

— r,l [ #%.

A

—

[
N

]
e

F: §
| TN
Ea " \--—-
= Ta B 2] 3 4X
1
3 Figure (2)
3 21 |s1 2 3
» X i '
/,: 4 B 25N 2 3 4
a r4b ~N
” r/ =2 \\
-4
/ s

.h.

=L

——
"
B
[
o

4

/
/
/

r

Figure (1)

24

Figure (3)

Figure (4)
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Monotonyot Functions 1 - 3

N

—

@ Using the following graphs, deduce the domain , range and the monotony of each function.

a b £
J\Y JlY J\Y
3 6 %
2 > 4 2 o
2 X X
% ; X X' ‘\ “ X h -5/ 42 | 2 4\(. -
R A 2 3 EEXAFEEN ‘
e | F4 =
YI
=2 = -0
yY Y' 4 v
d e f
JIY
3 \ Ay ‘lly
_j =&
2 ~ 3
F 4 P ]
xl 1 x £l y
T F 4
- > X'
B2 1\ x|\ % 1 .
4 — N EHIEE X -2
5 e | 1 23 4

j
Ll Ll
W M
 J
Ll L]
N -

X i
-4 ¥ Y
Y'y \

Gif f:[-2, 6] —R
4-x when x<1

Jx) =

1 when 1<x<6

ﬂ Graph of the function fand from the graph, deduce the range of the function and its monotony.

b) Is the function one -to one . Explain .

@...Creativ.e thinking

Can the function which is increasing or decreasing continuously on its domain be one - to - one?
Explain.
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Unit One

Graphicalliepresentationton

/

transfiOLmMations

1-4

. We will learn

» The polymial func-
tions (liner - quadratic
- cubic).

» Modulus function (abso-
lute value)

» Rational function

» Using the geometric
transformation of the
function to graph the
curves,
y=fix)+a
y=flx+a)
y=fix+a)+b
y=-9
y =afix)
y=aflx+b)+c

» Transformation of

some trigonometric
functions.

ﬂ Key - term

» Transformation
» Translation

» Reflection

» Vertical

» Horizontal

» Asymptotes

- Matrials

» Scientific calculator

» Graph program

The Polynomial functions
You have studied the polynomial function whose rule isin the form:

j(x):au+alx+a2x2+agx3+ ........ +a x

where: a,, a,, a,, a,,..., 3, €R,a #0, neN

and you knew that the domain and the co-domain are the set of the

real numbers R (or a subset of it). As a result, these functions are

called polynomial functions of n degree (n is the highest power of the

mdependent variable x).

Notice :

1-If fix)= a,,a,# 0then fis called a constant polynomial function.

2- Polynomial functions of the first degree are called linear functions,
second degree are called quadratic functions and the third degree
are called Cubic functions.

3- Adding or subtracting different power functions and constant, we
get a polynomial function.

4- Zeros of the polynomial function are the x —coordinates of the point (s)
of intersection of the curve with x —axis.

5- Two polynomial functions fand g are equal if they have the same

degree and the coefficients of corresponding power of x are equal.

Example

1 If fand g are two polynomial functions where fix) = (a x + 5)?,
g(x)= 9%+ 30x+c-4,andif fix)=g), finda,c.

€» solution.
Ka)=law+ 5P =t a%+ 10ax+ 25
" fix) = g(x) then corresponding coefficients of x are equal
Comparing the coefficientsof x .".10a=30a=3
Comparing the absolute term: ¢ - 4 = 25 then ¢ = 29

ﬂTryto solve
) IEf=(a+2b)P-cx+4 , gx)=73+5x+(a-b)
find the values of a, b and ¢ which make f(x) = g(x)

26 Pure mathematics - Second form secondary - Scientific



Graphical representation of functions and geometrical transformations 1 - 4

N\ /.

Graphing the curves of functions

Polynomial Functions

ig%’ Learn ||

The following is a graphical representation of some polynomial functions:

Y
1 Ax)=x 3T
the function f joins the number by itself and is represented 2
graphically by straight line passing with origin point (0, 0), X' 1 X
and its slope = 1 IR 12 3
(check : its range = R, f is odd and fis increasing on R ) -
-:." ¥
2) fix)=x* \ ;‘ ' ,
the function fjoins the number by its square and is represented 4
graphically by an upward open curve and symmetrical about \ 31 /
y-axis , and its vertex is (0, 0) 2
(check: itsrange = IR fis even , and fis decreasing on ]-c0 , 0], X' 1 X
and increasing on ]0,% [) S5 A 1 7 3 *
-I\r
3) fix)=x
the function f joins the number by its cubic and is represented 3T Y I
graphically by a curve its point of symmetry is (0, 0) 2 I
( check : itsrange =R, fis odd and increasing on R) 7 1 -
“TE T34
" Example ;
2 Graph the function f where: ll -3“ v
x?  when <2
fx) =
4  when x>2 \ Iy
@@ Solution 4 }-g
1) whenx <2, fix)=x? \ f /
we graph flx) = x? foreach x € J-o0 | 2[ f
with putting an open circle at point (2, 4) as in Fig (1) :f‘[ x:
B3 211123 43
Fig (1)

Student book - first term 2 7



\UnitOne: Functions of a real variable and drawing curves I

2) whenx > 2. fix)=4 \ Ay

we graph the constant function f{x) = 4 for each

S ]

&
gy
4

x € ]2, oo[ on the same diagram fig (2)
Notice that the domain of /=R - {2} , the range of

—
w
[y

2
=la = X : X
ﬂTry to solve IR v 123 43 i
@ Graph the function f where: Fig (2)

2 wh <0
flx)= [ rowae then , deduce the range of the function and its monotony.

x when x >0

_;é’ Learn i The Absolute Value Function

the simplest form for absolute value functionis fix) = Ixlx € R

and 1t 1s defined as follows :
x when x > 0 Y
Six) =
-x when x < 0

- Ny W

Notice: [ -3/=31=3, 10/=0, ¥(-2)! =¥ 22 =2 _ .
ie:ld> 0, lxl=ld, ¥ =y 333 RA]T 1234803
The function fis represented graphically by two rays starting from point (0, 0) the slope of one of
them = | and the slope of the other = -1

(check : itsrange = [0 , oo , fiseven, fisincreasing on |0, oo [ and fis decreasing on -0, 0 [ )

X

ié%’ oo | The Rational Function .

the simplest form for the rational function is: )

f= < xeR-{0) 3

the function f joins the number by its multiplicative f

mverse and 1s represented graphically by a curve whose || ) I A
5 -4 -3 % O1 2 3 435

point of symmetry is (0 , 0). It consists of two parts one ]

—

of them lies on the first quadrant and the other lies on

the third quadrant. Each part approaching to the two axes

doesnot intersect them (x =0,y = 0 asymptotical line)

(check : its range =R -{0}, f is odd and is decreasing on, ]-o0, 0[ , and is decreasing on ]0,% [)

lxl  when x<0

@ Graph the function fwhere flx) =
L when x>0
X

ﬂ Try to solve [
from the graph, find the range of the function and check its monotony.
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Graphical representation of functions and geometrical transformations 1 - 4

N

Geometrical transformations of the curves of the functions

First: Vertical Translation of the function's curve

'K,_,_}} Co-operative learn \" If*&::b:w Oons Tools Window Help
S DHEEECEENSED
Work with a classmate >t ~ Graptics
1) Graph the function f: fix) = x* = e e
use the program geogebra
2) Put the pointer on the vertex of the curve and
drag the curve vertically upwards one unit .
Notice the change of the function base to Fig (1) -
express a new function whose base is

fix) = x% + 1 as in Fig (1).

3) Drag the vertex of the curve to point (0, 2) and | S Ve opsons Toole Window ek

|
(0, 3) then write down your notice each time. !QQ!D u ©, '&’" \J|

» Algebra ¥ Graphics

Function - EOa er
4) Drag the curve of fix) = x? vertically downwards | ® %=+~ r

2 units. Notice the change of the function base s

to express a new function whose base is
fix) = x% - 2 asin Fig (2)

Think : show how f{(x) = x? - 5 can be graphed using
the curve of function fix) = x*?

we can deduce that:

If Aix) =x? , g(x) =x2 + 1 and h(x) = x% - 2, then:

1) The curve of g(x) 1s the same curve of f{x) by
translation a unit in the positive direction of

y —axis

2) The curve of h(x) is the same curve of flx) by

translation 2 units in the negative direction of

y —axis
Critical thinking : using the curve of function f{x) = x* , show how the curves of each can be

graphed:

(a) gx) = 2% + 4 b)) =3-5

PE A

":Z%’ oo ‘“ Graphing the curve y=f(x) +a

For any function f, the curve of y = fix) + a 1s the same curve of y = f{x) by translation of a
magnitude of aunitsin the directionof OY whena > 0 and in the direction of OY' whena < 0

Student book - first term 2 9



\UnitOne: Functions of a real variable and drawing curves I

Example Ty h(x) = ..

3 The opposite figure shows the curves of functions f; g and I 4

=L

where each of g and h are the image of the function by

a vertical translation. Write the rule of the functions of g fx) = |
and h where f{x) = x| X' X

—

©» Solution -1

" the curve of the function g 1s the same curve of the 2 g(x) =

function fby translation of a magnitude of 3 units in the i ‘ ‘

direction of W

then g(x) = fix) -3

o flx) = I then g(x) = Ixl - 3

" the curve of the function h 1s the same curve of the function f by translation of a magnitude
of 2 units in the direction of W , then h(x) = fix) + 2

i) =l then h(x) = Ixl + 2

ﬂ Try to solve
@ The given figures show the curves of the functions f, g and h where g and h are the images
of the function f by a vertical translation. Write the rule for each of g and h in each figure.

= b £
'y
Y JY ’ ¥ v
(ﬂ.(x) = by I’ 3
i e 7 i
fix) 5 7x> I e ‘:‘.‘_}_:“\‘ P R
P~ ot W = NI
X | X o X i \_ s
2 a3 I 2 5 4 ~ Al e
I - I =1 1 ( (x) 3
i - .
@x) = I =2
3 21 =P ’
4\; Y 4" ¥ E

Second Horizontal Translation of the function curve

7 T\.\ " Y
i T :
X/ GaoReraive taae I Work with a classmate:

1) Graph the function f : fix) = Ixl using @EE\E@@@@@

b Algebra * Graphics

geogebra by writing the rule of the function Funcaon OO &~

@ flx) = |x|

in the input box as follows: abs(x), then N

3

press enter. The curve of the function will
appear in the graphical window and its rule i
f(x)=Ixl will appearin the algebraic window Fig (1)

asin Fig (1)

30 Pure mathematics - Second form secondary - Scientific



Graphical representation of functions and geometrical transformations

N

1-4

2) Drag the curve of the function horizontally in
the positive direction of x —axis for anumber
of units. Notice the change of the function
base in the algebraic window

as in Fig (2)

3) Drag the curve of the function horizontally in
the negative direction of x —axis for a number

of units. Fig (3). What do you notice?

Think: Show how the two curves of the functions
g and h can be graphed using the curve of
the function fwhere flx) = Ixl,
g(x) =lx - 5l and h(x)=

i.}a Learn 1“

Graph the curveof y = f(x+ a)

lx + 4.

Eldrolo] =] +)

L] -\lqcr.:  Graphics
ction .v
‘ fix) = |x|
® ()= k-3

R

DRZRPCENERE

b Hpgebrs /<| - Graphics
Function [ L —
® fx) = |« i
4
® g(x)=kx+2 ’
n -
™~ ,-’
~
~ ¥ -
~ ’
~ -
~ s
~ ’
~ s
~ -
1 e
~ ”
~ s
”
. ’ b}
Flg (3) 3 -2 N ] 1 2 2 a 5
e
-1

For any function f; the curve of y = flx + a) is the same curve of f{x) by translation of amagnitude
of a units in the direction of O X when a < 0 and in the direction of O X' whena > 0

Notice : In the opposite figure : fx) =Ixi:

1) The curve of the function g is the same

curve of the function f by translation of

a magnitude of 3 units in the direction of

—_—
OX. .

. g(x) = Ix - 3| and the starting point of

P N s ;)
[
N s
M, e/ ”,
\\
X' T ’I, X
"5 4 B R 1 2 3 45 6 7 8
-1
yY

the two raysis (3, 0)

2) The curve of the function h is the same curve of the function fby translation of a magnitude

of 2 units in the direction of O X'

.. h(x) = Ix + 2| and the starting point of the two raysis (-2, 0)

Example

4 Use the curve of the function fwhere f{x) = x? to represent each of the two functions g and h

where :

a) g(x) = (x-2)

b h(x)= (x+ 3)?

Student book - first term
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©» Solution

a Y4 b AY
\ LA A

\ 2 \ / / \ ‘( 9 /

\ / |
NN ) NP
BEERERER REEREYEEEN

> the curve of g(x) = (x - 2)*is » the curve of h(x) = (x + 3)% s
the same curve of flx) = x? the same curve of fix) = 1% by
by translation 2 units in the translation 3 units in the negative
positive direction of x —axis direction of x —axis and the curve
and the curve vertex point is vertex pointis (3, 0).

(2, 0).

ﬂ Try to solve

@ Use the curve of the function f{x) = x? to represent each of the two functions g and h where:
a) g(x) = (x + 4) b) h(x) = (x-3)?

@ Write the rule of the function frepresented by each of the following graphs :

™
a b, Ay ]
Ay Ay 3
4’ 2 % 2 fl
3 1o = X X' 1 X
- ReYININEE E 10 > 3
X T N N\ ,
6 -5-4-3-3 1Yy i 1 “1
-3 -3
 J \ I

H

[}
153

'
<

'
~1

-]

'
e

A

Critical thinking : If fx)= x% , show how the curve of the function g where g(x) = (x - 3)* + 2
can be graphed.

Graphing the curve ofy = fix+a)+b
From the previous we deduce that: the curve of y = fix + a) + b is the same curve of

y = flx) by a horizontal translation of a magnitude of a units.

( 1n the direction of OX when a < 0, in the direction of OX' when a > 0) , then with a
vertical translation of a magnitude of b units ( in the direction of OY whenb > 0 and in
the direction of OY' when b < 0)
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N /

ﬂ Try to solve
@ Use the curve of function f where f{x) = x? to represent each of the two functions g and h
where :

a)g(x)=(x+2)72-4 b, b)) =B

Example

5 Draw the curve of the function g where g(x) = 1

range of the function, and discuss its , monotonﬂ?:

: + 3 and from the graph, determine the

[

ky‘

l

©» solution
the curve of the function g is the same curve of
the function f where flx) = _1 by translation of

. . . ok . . —r
a magnitude of one unit in the direction of O X

i--..--..--..--..--.

1
1
1
1
1
1
1
1
1
H
—mui.p.uax
1
o b

(a=-1<0), then by translation of a magnitude

o
¥>=

4 5

. . . . — . = : :
of 3 units in the direction of OY and the point of -5 -4 -3 -2 -1

-

o

=K
= I
-
-

symmetry for the curve of the function g is the point

(1,3), Rangeof g=R- {3} and the monotony of the function g:

g is decreasing on |- o0, 1[ , and is also decreasing on ]1 , oo [
Critical thinking: Can it be said that fix) = LZ + 3 is decreasing on its domain? Explain.
x -

ﬂ Try to solve
Use the curve of the function f where f{x) = 1 , x # 0 to represent each of:
X

) glx) = 12 4 1 B h(x) = 2x '23

@ Write the rule of the function frepresented graphically by each of the following graphs :

Ay

]
[+ .
-
[+
.
o
-
..
T ————

xl

X' : X XN’ < 5
s > - » 3 it o, 2 3
A\3 2 4/] 1 2 24N 1.2 3 45 T

] =1

=2 =2 )

o s =3

-3 -3 ' .

yY yY 4
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\UnitOne: Functions of a real variable and drawing curves I

Third: Reflection of function's curve in x-axis

The given figures show the reflection of the curves of some standard functions in x-axis.

y A ] \ YA I ‘ YA

\ I / Il
\ Y=x2/ \ IY:x3 Y =y / _l

/ \ / \ / \
/ Y = 2 I Y=-X3_/ Y =-y \, Y='%
vy | ) [y T ] vy | s

What do you notice? What do you deduce?

-

‘%’ Learn i

="

Graphing the curve of y = - f(x)

For any function f, the curve y = - f{x) is the same curve of y = f{x) by reflection in x — axis.

’}Of Example |j5ing geometrical transformation in graphing the curve of the

functions
6 Use the curves of the standard functions to graph the curves of the functions g , h and z where:
a) g(x) = -(x- 3)2 b h(x)=4-Ix+ 3l
c Do
z(x) = - 3
©» Solution Ay

a | The curve of g(x) is the same curve of f{x)=x? by reflection | T (J;\

—

m X — axis, then horizontal translation of a magnitude of /

. . . . e . .
3 units in the direction O X . The curve vertex point is

N
[
-

[}
W

(3, 0) and the curve is open downwards.

H

AY
b ' The curve of h(x) is the same curve of fix) = Ixl by 5
reflection m X — axis, then horizontal translation of a ‘:
magnitude of 3 units in the direction of OX' followed h f
by vertical translation of a magnitude of 4 units in the 1
direction of OY and the starting point of the two rays is :xb —r 2 15 Ix‘:
(-3, 4) and the curve 1s open downwards . -‘l‘r v

34 Pure mathematics - Second form secondary - Scientific



Graphical representation of functions and geometrical transformations 1 - 4

—

N

Y]

¢ The curve of z(x) 1s the same curve of flx) = 1 by : }E

reflection in x-axis followed by horizontal translation of 3 :
aﬂggnitude of 3 units in the direction of a magnitude of F==F2f-1-- '“%“' g ==
OY then vertical translation of a magnitude of 2 unitsin | [ H X
the direction W and the point of symmetry is (3, 2). :_- . 01 1 ;’[ 4 5 6 >

| A8 ;

L) ey to solve
@ Graph the function g in each of the following where:
a) g()=3-(x+1)? B ()= (x- 3P
(B g(0) =3 - -5
then check your answer using a graphing program or the graphic calculator.

xample \;5ing the geometrical transformation in graphing the curves of
the functions
7 Usethesuitabletransformation to graphthe curvesof the twofunctionsg andhwhere g (x)=4-x*and
h(x) =14 - x|

€» Solution ‘ ‘ ‘ 1Y

First: graph the curve of the function g

the curve of the function g is the same curve of the function f

fix) = x? by reflection in x — axis, then vertical translation of /1\2 N
a magnitude of 4 units in the direction of OY illustrated in | X' : X
fig (1) RPEYE A3
1T N A
7] A
[ =3 L]
" 4 Yi-2 |
TR
Second: graph the curve of the function h Fig (1)
h(x) =14 - x* then h (x) = lg(x)| ‘ ‘ \‘ ‘ ‘ f X
Then y coordinate 1s positive for all the points of the curve of h(x) = [4-:2| 3 I
function where y = |g(x)l A l
2
g(x) when g(x) =0 \\ / 5 \ I
B { -g(x) when g(x) <0 SR ! | X
4 2 5 40O i
i.e the curve of functions h lies in 1% and 2"¢ quadrants, b -3 : e 8 :
¥
which means reflection for the curve of the function g for all '," -2 i
g(x) <0 in x-axis / 3 1
. . ¥ - vy |‘
as shown in fig (2). i Y 1
Fig (2)
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ﬂ Try to solve
@ The following figures show the curves of the functions f, g and h. Write the rule of the
function in each figure:

a b c
YJ\\ : \\ j“YII ] Ay H
i8) \: T
X' ! \ / X ki I > RARE %l
“ : o 3.2 4 |0 = =
2 101 B3 s o BRI ERCITEEE
-2 HE. ; .
- Y H o = o
¥ R Y y Y
Fourth: stretching of the function curve
FeScERNEER
h,-(,}/' Co-operative Iearn} Epr cn«§" mr
Graph the curve of g(x) = a f (x) l /
work with a classmate. o '
1) Graph the curve of £ fix) = x* using Geogebra EI ‘
and 1n the input box, write the rule of function g as ‘
follows: Fig (1) 7 \ / ;

—start (@)« @@ <

A new window will appear (Fig 1)

choose Create sliders

ELA I CIoTANE=I=]¢]

2) Use the indicator of a to choose other values of s | —-——1o-

awhere 1 <a N

Notice the motion of the curve with respect to the curve 7

of the function ffor each :

x€Rasin Fig (2)and when 1 > a

as in Fig (3). What do you notice? What do you deduce? Fig (2) 55 & f¢ % & 3
RIS él N ]
| | I ;Jgew 2 | » Graphics :
iu Learn ] - O

L@ gix) = 05«
Mumber

Graph the curve of y = a f(x) .
for any function f; the curve of the function y = a fix) is
a vertical stretch for the curve of y = flix), if a > 1 and a
vertical shrinking for the curve of y= f{x)ifa < 1

Fig (3)
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N

—

Graphing the curve of the function g(x) =a f(x+b)+c

Example ;5ing the geometrical transformations in graphing the curves
of the functions

82, Use the curve of the function fwhere flx) =M to represent each of the two functions g and h:

a o(x)=2lxl .'b.h(x):2|x—7|+2
©» Solution

.a_ the curve of g(x) is a vertically stretch of the curve of the function f(x) whose coefficient = 2 > 0.

then fi h (x [ o T
en foreach (x,y)ef -hy A=a k] | )

then (x,2y)eg *

b the curve h(x) 1s the same curve of N 3
g(x) l?y a honzont.al Ifranslatlu.an o.f a N[ 7w oz =2]x-7] 2
magnitude of 7 units in the direction [, \V x

ﬁ - - - .

of OX ,thenvertically translationof [~ 5 % ol 1 2 3 & % 6 7 8 9
amagnitude of 2 units in the direction B v

ol 1Y

ﬂ Try to solve

@ Use the curve of function f where f{x) = x* to represent the two functions g and h :
a) g(x) = - £22 b) h(x)=2- 7 (x- 52

Check your answer using a graphing program or the graphic calculator, then determine the

range of h and its monotony.

{57 Activity “
Applying the geometric transformations , which you have learned in the previous
algebraic functions on the sine and cosine functions

Trigonometric functions the curve of the sine function

First: Translation on X - axis

1) Use the program (GeoGebra) and set the program so that the x-axis scale is in radian by
pressing the mouse (right click) and choose the choice in the last line; then choose x-axis
and choose the staging system (x-axis) (7).

2) At the bottom of the program (input), type the command : sin (x) then click (enter) to get the
red curve of the function. You can control the color and thickness of the curve by pressing
the mouse (left-click) and press (object properties), the shown window shows the color,
thickness, and ...

Student book - first term 3 7



\UnitOne: Functions of a real variable and drawing curves

|

3) By the same way, type the command : sin (x + /), then click (enter) and color the curve in
4

a different color.

4) Compare between the two curves. What do you notice?

From the graph, we deduce:

The cwrve of the sine function is translated
horizontally to the left by a magnitude of %
units as in the real functions. We notice that the
range of the 2" functionis [ - 1 , 1]is the same
range of the function sin x , also we notice that

the function sin (x + %) 1s neither even nor odd

b Agete k=l
Furcticn
® fix) = sinjx}

La g = .'-[x-%) G

<ff*) 3

¥ ki

because its curve is not symmetric about the origin point or y-axis.

Think:

» What do you expect to be the direction of the X-translation if the rule of the second function

1s: sin (x - )?
3

Second: Translation on Y -axis

1) Graph the curve of the function f where
flx) = sin x as above.

2) Graph the curve of the function g where
g(x) = sin x + 2 in different color Compare
between the two curves. What do you notice?

From the graph, we deduce:

The curve of 2* function is the same curve of the

functions y = sin x after translated a magnitude

DEEREEREN
= s

L@ gle) = sin(x) 47

e

pd[=]

|

/:'n

Y s

of two units upwards also the range of 2" function is [1, 3] because it was translated by

a magnitude of two units in the direction of y-axis from the first function and the function

y = sin x + 2 1s neither even nor odd.
Critical thinking:

In each of the following figures:

Describe the geometric transformation of the curve of the function f which graphs the curve of

the function g then write the rule of function g, its range and its monotony.

a b

o
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N

Exercises (1-4)

. i
@ Determine the values of a , b and ¢ which make f{x) = g(x) where
oY= (BB #3852 | g =58 +fad nps'b

@ Graph the curve of the function f, then determine its range and check its monotony from the graph.

lxI when x<0 4 h <)
@ fi) = b) flx) = when x
x2  when x>0 x2  when x> -2

] 1 when x <0
d)f)= |
Xl when x>0

x when x <1
[t f(x) =
1 when x> 1

Choose the correct answer from thoes given:

@ The curve of g(x) = x% + 4 is the same curve of f{x) = x? by translation of magnitude 4 units
in the direction of:

| — — e

a) OX b) OX c) OY d oy

@ The curve of g(x) =Ix + 3| is the same curve of fx)=I|xl by translation of magnitude 3 units
in the direction of:

— - —

a) 0X b) OX c) OY d) oy

@ The curve vertex point of fix) = (2 - x)? + 3 is:
2 2;3) b (2,-3) c)(-2,3) d)(2,-3)

@ point of symmetry of the function f where fix)= 13 + 4 1s:
x

al (3, -4) b (-3, 4) c)(3,4) d) (3,4
@ The curve of the function f where fix) = x? is \ & vyl J
graphed , then translated in the directions of the \ - \ I ,l
coordinate axes x, y asin the opposite figure. '\ \\ I' 4 /
| A AT L/ /
Write the rule for each of the following 2 \
functions: A N\ JI \B
» g, hand z -5\-5 -4 -.;/-z ‘-| Y23 45 6
s f h
=
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N

The curve of the function f, where f{x) = x* is graphed, then translated in the directions of the
coordinate axes x, y as in the opposite figure

Write the rule for each of the following functions:

» g hz.
Ay |Y
@ The curve of f where fix) = Ixl B - -
a 3 T fs)
1s graphed then translated in the direction of 3
the coordinate axes x , y as in apposite figure. 9 h
1
Write the rule for each of the following < x;
f . . -6 -5 -4 -3 -2\ 2 3 4 b 6
unctions: 1
»g,h,z -2

@ The curve of the function f where flx) = 1is eraphed, then translated in the directions of the
x
Coordinate axes x, y. Write the rule of each of the following functions:

a b (c)
AX Y Ay \
1 X' X 5 \
% \ 32490 2 B 2 \
=1
2 | -z X I 0. M .\‘ x\.._
5 | —t # e
-3 T T2 3 85 b
% ' X 4 - X
it o -2
32 44%h 2 B : .
i X . Y
A4 1‘, Y
d e f
Ay Ay Ay \
3 V4 3
2 X 1 X 4 e
X X EPERAELEN [
- » = 2
BB -2 19| n I N
=1 -f s — X o X
-4 =3 -
\ - a | nle 3 4 s
3 =% -1
‘ I yY y Y
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N
@ Use the curve of the function fwhere f{x) = x* to represent each of the following graphically.
al fi(x)=x*-4 b f,(x)=x2+ 1 ¢ f,(x)= (x+ 1)
d) £,00 = (32 ® £;0= (- 1)%-2 (O f@=a+37 -1
@ Use the curve of the function f where f{x) = |xl to represent each of the following graphically:
afi(x)=Ix+1 b'fz(x):|x|—3 \&J f(x) = |x+ 2l
d fi1() =15+ 801 (x) =l 2l +1 F) f(x)=1x-31-2

» Find the coordinates of intersection points of the curves with the two axes.

@ Use the curve of the function f where f{x) = x> to represent each of the following graphically:
a) f(x)=fx) -3 b f,(x)=fix) + 1 ) ()= fx-2)
4 f®)=fix+3) &) fix)=fx-2)- 1 1) fo0) = fx+3)+ 2

» Determine the point of symmetry for each function.

@ If the function fwhere flx)= 1 , graph the function h and determine the point of symmetry
X

of the function curve:
a hix)=flx+ 1) b ) =flx-3) L€ h(x)=fix) + 2
d) hx) = fix)- 4 € h(x)=filx+2)-5 f)h(x)=fix-2)+2

@ Graph the curve of the function f in each of the following using the suitable transformations,

then check its monotony.

alf(x)= {x2+2 when x >0 b) £,(x) = { x*+1 when -4< x<0
x2-2 when x<0 -x2-1 when 0< x<4
2x
c)filx)=xlx-1 dfd(x): o1
@ Graph the curve of the function f, then determine its range if:
fix) = ¥x? -8x+16
o) A
@ Industry : An iron gate whose two sides are 3 meters high and b
its arc is in the form of a part of the curve of the function
f: fix) = a(x-2)* + 4 has been designed as shown in the T
opposite figure, find: Im
a_ Value of a b ' Maximal height of the gate .L ”
c | Width of the gate o) X
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Unit one

Selvimeg Albselie Vallue Bema-
q

|

- We will lazarn

» Solve the modulus

equations graphically.

» Solve the modulus
inequalities
algebraically.

» Solve the modulus

inequalities graphically.
» Solve the modulus in

equalities algebraically.

» Model problems

and life applications

to solve using the

modulus equations and

inequalities.

ﬂ Key - term

» Equation
» Inequality

» Graphical Solution

_ Matrials

» Graphic calculator.
» Graph paper.

» Graphic programs.

42

First: Solving equations

A

) Think and discuss

In one figure, represent the two curves of the two functions fand g
where f1is a modulus function and g is a linear function graphically.
Notice the graph , then answer:

a | How many probable intersecting points are there for the two
curves of the two functions together ?

b Do the ordered pairs satisfy the rule of each function of both
functions if the intersecting points of the two curves are found
together?

Notice :

1) At the intersecting points (if found) , fix) = g(x) , and vice versa for
each x belong to the common domain of both functions.

2) For any two functions f and g, the solution set of the equation
flx) = g(x) 1s the set of x-coordinates of the intersecting points of

their two curves as shown in the following figures:

J\Y ¢ AY |

IS ]

\ 2
N " /5’
o < VAlES
| 1 2 3a4 % 101 £ 3 &

=1 -1
¥ ¥ ‘

Solution set = ¢

<

F WY AY

3 J 3 &+

2 2

1 1 e A
e V4 5> Qla iv S
1A 23 45 1123 4
-% P -I‘r

Solution set = [a,] Solution set = {a, b}

Solve the equation : | a x - bl =

‘ Example

) Solve the equation: |x - 3| = 5 graphically and algebraically.
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Solving Absolute Value Equations and Inequalities | | = 5§

N I

©» Solution

Lerjfiey= -3l , BEI=5 Ay
1) Graph curve of the function f: fix) = Ix 3| | : 2 >

by translating the curve of fix) =[x | 3 units N 4

in the direction of OX 3 3

. TN

2) On the same figure, graph g(x) = 5 where 1 N X

g is constant function represented by line [€ h 531 |Oh 2 5 Wb 6 7 B b >

parallel to x axis and passing through point 3

(0,5)
*." the two curves intersect at two points ( -2, 5) and (8, 5)

.". then the solution set of the equation = {-2 , 8}

Algebraic solution:

L . x-3  when x>3
From the definition of the modulus function: fx) =

-x+3 when x<3

when x>3: x-3=5 then: x=8 € [3, oo
whenx <3: —x+3=5 then: x=-2€]-00, 3
then the solution setis: { -2, 8}. Thisis coincident with the graphical solution.

) 1ry to solve

@ Solve each of the following equations graphically and algebraically.
alixd-4=0 b lx+1=0 c)lx-71=5

Properties of the Absolute Value

i.é%’ Learn

1) labl=lal xIbl for example:
12x-3l=]-6l=6 12l x1-31=2%x3=6

2) la+ bl <lal+ bl
The equality holdsif a, b have the same sign:

4+ 5 =14+151=9 | |-4-5=|-4/+1-5=9
Note:
NVift=a then : x=a or x=-aforall a e R
2) If: lal = Ibl if either :a="D> or a=-bforalla,beR
3) f%=la® =a? 4)If Ixl=x, thenx e [0, [

5)If: Ixl = -x , then x € J-%0 ,0]
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Solve the equation lax+bl=cx+d

é‘i Example

2 Solve the equation : |12 x - 3| = x + 3 graphically and algebraically.

@w Solution

let fix)=12x-3|, gx)=x+3

[

P

Graphical solution:

[%; =) B I - RN -]

ﬂﬂ@ﬂm_mﬂ%p§| Q

S f)=21x- 3 5 7t

The curve of fis the same curve of 2Ix by 3 /

horizontal translation of a magnitude of % 4T N

F 3
-
K

- . - . ﬂ
units in the direction of O X

L &

1
—h

g: g(x) = x + 3 represented by a straight 4
line whose slope =1 and passes through the
point (0, 3)
" intersection points are (0, 3) and (6, 9)
Then the solution setis: {0, 6}

The algebraic solution:

%3 when x“‘-)—‘i
:wm-m:{ 2
-2x+3 when . %

.. when x > 2x-3=x+3 thenx:6e[%,oo[

ra|ws
—

=i 2X 3 = g3 thenx=0¢€ ]-00,
.". the solution set= {0, 6}

Try to solve
@ Solve each of the following equations graphically and algebraically.
8) 2x4 4= 1% B) 2%+ 5| =x-4 cllx-31=3-x

Solve the equation: lax + bl =lc x + dl

3 Solve the equation |x - 31 = [2x + 1| graphically.
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Solving Absolute Value Equations and Inequalities | | = 5§

—

N
Soluti
©» Solution \ o~ f
let f(x)=Ix-3l, g(x)=12x+ 1l 8
the curve of f: is same curve of |xl by translation 7 ’
of a magnitude of 3 units in the direction of o
2 g _ | 5
00X g.g(x)_2|x+5| >
the curve of g is same curve of 2lxl by horizontal 3 3
translation of a magnitude of% m OX', the £ :
i 1
two curves of the functions fand g intersect at :x : )f:
1 5 %5 -4-3-2- [O1 284 56
(-4 7and (7 5 Y
the solution set = {-4 | % }
ﬂ Try to solve
@ Solve each of the following equations graphically.
allx+ 7 =12x+3l b)x—2+Ix-1l=zero

) Example
M4; Find the solution set for each algebrically :

a'_ lx+ T =le=5 b)yx+6x+9=9_2x

& solution

a.h 98 g o g Sx+T7=%2(x-5) 0
A 5 (refused).

I e e

or'xE /=+x4D ie: 2x=<2 ifa, beE
cox=-1 i.e solution set={ -1} lal = [bl
satisfy: then: a=t+b

By substituting x= -1 in the two sides, we find that:
the nght side = left side = 6 i.e. the solution set={ -1}

Think:
Solve the equation above by squaring its two sides, then check your solution.

b)--Jd?-6x+9 =9_ Remember 0

cd -3 =9-2x then: Ix-31=9-2x

for any real number a:

First: when x >3 then: x-3=9 - 2x
Ja =nl
Sa0x= 12 then: x=4€[3, o]
Second : whenx <3 then: x-3=-9+ 2x
iax=b then: x=6¢]-0, 3]

.. Solution set = {4}
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\Unitone: Functions of a real variable and drawing curves I

Think: 1) Can you use other methods to solve this equation? Explain.

EI Try to solve

@ Find the solution set of each of the following equations algebraically:
a lx-11-212-x=0 b) ¥y 4x14=4

Life applications on solving equations

) Example Planning cities
5 A piece of land is included between the two curves of the two functions fand g where :
flx) =1Ix-31 -2 and g(x)=3 . Calculate its area in square units. If the unit length is 8 m, find

the area of this land in square meters.

©» Solution

By graphing the curve of fand g graphically, we find
that they intersect at A (-2, 3) and B (8, 3). The land
will be in the form of a right angled triangle ABC at C
where:

AB= 8-(-2)=10 units 2 1
CD=3-(-2)=5 units

.area ABAC=1 ABxCD

A
Y

a8
B
=~}

“>S
Ao

—t O
-
=]
[*7]
=2l
|
=~]

' i [
W
—

=5 x 10 x 5 = 25 square units
Area of land =25 (8 x 8) = 1600 square meters.

E Try to solve

@ Find in square unit the area included between the two curves of the two functions f and g
where : flx)=Ix-2l -1 and g(x)=5-Ix-2I

Solving the Inequalities

You have previously learned that the inequality is a mathematical phrase containing one of the
symbols: (<, >, <, >). The solution of the inequality is to find the value (s) of the variable
which make the inequality true.

- o , T ¥, = 0
Solving inequalities graphically
= >
; Q Y, =8 | T

The opposite figure shows the curves of the two =T/
functions fand g where : 17 ! i

X' : : X
¥, =S ), y,= g(x) and the solution set of the equation 0O ; b >
fx)=gx)is{a,b} . fo0 > g(lx) f(x) < g(x) f(x) > g(x)

then:y, =y, whenx=a or x=b
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Solving Absolute Value Equations and Inequalities | | = 5§

N /

we notice: y, <y, which f(x) < g(x) when xe ] a, b[
Yy = ¥, which f(x) > g(x) whenx € ] -0, a[ U] b, o9

7 Example
L.Fa] | T Ty v T T ]
f{x} e |.§+2| g(x) o q 5 i(x) = |x—2|
4 * L 4
g =23 / 3 < e '-;
t = > A g0 =3 |
i . flx) = [2x - 6| J )
x| | “Io X X' / "To | X ' X
543249V 123 || 65432991 || ] ¥°12345¢67
Solution set of inequality Solution set of inequality Solution set of inequality
lx+21 <2 2x+ 6l > 4 x-21< 3
1s: ] -4, 0[ 18: J- o0, 5] U [ -1 joo [ 1s: [-1, 5]
ie:R-]-5 -1
ﬂ Try to solve
@ Find the solution set of the following inequalities using the graphs in example (7):
allx+21<2 () 12x+ 61<4 g 1%-2 >3
Solving inequalities algebraically
‘._1% Learn
first:if I xI<a, a>0 then -a < x € a Remember 0
second: :if [ x| > a, a>0 thenx>aor x< -a torall ;i by
ifa<b, b<c
. Example thena < ¢
*‘3? Find the solution set of each of the following inequalities in form of o e

an interval:
a+c<b+c

a lx-31 < 4 b 4x2-2x+1 = 4 ac <bcwhen c >0

c. 1 > ac > bcwhen ¢ <0
12x - 3l
Solution if a , b are positive
(@) lx-31<4 then -4<x-3<4 adding3 toinquality il -
sl F<y—F e 3 <443 then: -1<x<7 a <b then — >

.". The solutionset =]-1, 7[
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/
(b) -y (x-1) =Ix-1 then: lx—1>4
Sx-124 1ie x>5 or x—1<-4 then x<-3
xeR-1-3, 5[ .. The solution set=]-00, -3]U[5, oof
; |2‘x1 3 =32 by taking off the multiplicative inverse of both sides
1 3
o B s =
12x -3l < 3 x# )
.- % S2x-3<s % by adding 3 to inequality
Sl S & B <4
7 +38s2x-3+3% 3 +3
><u<T by dividing by 2
%%xé% . solution set is [%, %]—{%}

ﬂ Try to solve
@ Find the solution set of each of the following inequalities in form of an interval:

@) -7 <11 (®) 3%+ 71 <8 (c) fx-6x+9 >8 (d) Bl—ﬂ 55

Critical thinking: Write in the form of an absolute value inequality:
(@) 4< x< 4 ®Blo<x<6

() x>20rx<2 d)xeR-[-2, 6]
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Solving Absolute Value Equations and Inequalities | | = 5§

—

Exercise (1 -5)

Find the solution set of each of the following equations algebraically:
(Dix-21=3 @ 13-2x1=7 G)lx+21=3x-10
@lx+21+x-2=0 G) x+lxl=2 O lx-21=3x-4

G E RS ®)12¢- 6= lx-3| () /2 -6x+9+ 2=

Find the solution set of each of the following equations graphically:
Qo) %317 RHETR RTS8 {2} (%)= Bt
@12x-41=1x+1| @ixl+x=0 B Ix+21=1x-3

Find the solution set of each of the following inequalities graphically:

de)lx-11<2 @Ix-21<3 @ 5-x1>3
4912x-31>7 2! x+31>-1 01) [ 2.x-5(22

Find the solution set of each of the following inequalities algebraically:

§D1 x-31<15 € 13x-21<4 %) 13x-71>2
®|3x+2|+5<4 @ x2-2% 1 >4 @J4x2—12‘r+9§9

_ 1 < -
88) 12x-31+ 16— 4d < 12 & = >3 0 55 >2

For more exercises, please visit the website of Ministry of Education.
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Unit introduction

The concept of logarithm was introduced to mathematics at the beginning of the Seventeenth century
on hand of the scientist Jhon Nabeer as away to simplify calculations . So the navigations, scientists,
engineers and the others can easily satisfy their calculations using the tables of logarithms , calculator
ruler . they also get use of properties of logarithms to transform the multiplication operations to addition
using the property according to the formula log_(xy)= log x+log_y, and thanks to the scientist Leonhard
Euler in the eighteenth century to join the concept of the logarithm with the concept of the exponential
function so the concept of logarithms was enlarged ,and connected with functions . The logarithmic
measure was wildly used in many fields as for example the decibel is a logarithmic unit used to measure
the sound intensity , the volt ratio , also the hydrogenous power is ( logarithmic measure ) used in
chemistry to determine the acidic of certain solution .

. Unit objectives

: By the end of this unit , the student should be able to:

# Recognize the exponential function f: x , a* where £ recognize some logarithms laws:
aeR"-{1}. P log (xy)=log x+logy,x>0,y>0
#  Recognize thegraphical representation of the exponential . )
function and deduce its properties. b log, (_T.‘) =log,x-log,y,x>0,y>0
#  recognize the laws of rational exponents. » log,x"=nlog,x,x>0,aeR*~{1},neR
#  Solve exponential equations at the forma* =b. b By R - {1}
. e : : : og (=)=-log x,x>0,aeR"-{1
#  Solve applications used exponential equation. a*=b. 8a'x 5 :
# Recognize the logarithmic functiop y = loga X or b log, x= log,x ,x>0,a,beR" - {1}
fio=log xwherea e R*- {1}, xe R". 0g,a
a : .
#  Converting from exponential form to logarithmic formand b log, b= 1 a,beR -{1}
vice versa. log,a
# Recognize the inverse function and the condition of »loga=1 aeR*-{1}
existence (horizontal line test). ’
£ recognize the graphical representation of the inverse b log, 1=0 aeR+-{1}

function as an image of the curve of the function under
reflection in the straight line y = x Like the graphical
representation of the logarithmic function in a bounded
interval as inverse function of the exponential function
and deduce its properties.

Solve logarithmic equations.
Solve problems by using the logarithms laws.

Use the scientific calculator to find logarithms .

f# £ f#

] : ) i Use the scientific calculator to solve some exponential
# recognize the relation between the exponential function equations by using logarithms.

and logarithmic function graphically.
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1 Key terms

> Exponent

= Power

Base

Radicals

Rational Exponents
Square Root

Cube Root

nth Root

Real Root

Exponential Growth

:  Exponential Decay

¢ Even

: Odd

¢ Laws of Exponents

¢ Exponential Function
¢ Exponential Equation
= Increasing Function

:  Decreasing Function
2 Symmetry

¢ Compound Interest

¢ Inverse Function

¢ Logarithm

:  Exponential Form

:  Logarithmic Form

¢ Common Logartithm
:  Natural Logarithm

¢ Logarithmic Function

¢ Logarithmic Equation

Lessons of the unit A Chart of the unit

Lesson (2 - 1):

Rational exponents.

Lesson (2 - 2): The exponential function

and its applications.

. 5 The nt" root
Lesson (2 - 3): The exponential Rational
: exponents |

Equations. = Generalization of exponential laws

Lesson (2 - 4): The inverse function.
o _ Definition of the

Lesson (2 - 5): The logarithmic function exponential function

and its graph. __ The exponential

. . function

Lesson (2 - 6): Some l?gallthlns Graphing of the exponential function

properties.

— The exponential equation
The condition of existence of
. n The inverse inverse function
, Materials function Finding the inverse function
algebraically, graphically
graph paper - scientific calculator - R P
computer - graphic programs |_Thelegaddhmb e ——
£ BB GG function Application on logarithmic
function
| prope Kok Some properties of logarithms

logarithms

{
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Unit Two

2-1

. We will learn

» Generalization of the

laws of the exponents.
» The n" root

» The laws of the rational

exponents

ﬂ Key - term
» The nth Power

» Base

» Exponent

» nth Root

+ Rational Exponent

O

For any real
number

fa? = al

» Scientific ca.

Matrials

» Excel program

&

% Rational Exponentj

@. 9 Introduction \ﬂ

Lo

You have studied before the square roots of a real non-negative number
and some properties of the square roots and the cubic roots. Also you've
studied the integer exponents and some of its properties. In this lesson
we will study the rational exponents.

The nth root

You've studied:

The equation x> = 9 has only two real roots ¥ 9 =3 and -4/ 9 =-3
=9, (3P=9

and the equation x* = 8 has only one real root

Notice that

¥'8 =2 (The other roots are complex numbers and not real)
(20 =38
In general:
neZzZ

such that a ¢ R | has n roots. We

discuss the following cases:

the equation x" = a

1) Ifnis an even numberand a > 0
then the equation x" = a has two real roots one is positive and the
otheris negative (the other roots are complex numbers and not real)
and we express these two roots as ¥ a , - ¥ a, and the n'? root of

the same sign of a is called the principle n™ roots of a

i.e.: the equatiutnzuxf4 = 16 has two real roots ¥16 =2 , - ¥16 = -2
(And the other roots are

complex not real).
Notice that (2)4=16, (-2)*= 16
2) If nis an even number and a is negative, a < 0

the equation x" = a has no real roots (all its roots are complex and
not real).
i.e.: the equation x? = -9 has no real roots (all its roots are complex

and not real).

3) If nis an odd number, a € R- {0}

then the equation x®=a has only one real root ¥ a  (and the other
roots are complex numbers)
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N Rational Exponents 2 % 1 F
i.e.: the equation x> =-32 has only one real root §32=-2 (notice that (-2)5=-32)

4) IfneZ",a=0
then the equation x" = 0 has only one solution which is x = 0 (The equation has n of the
repeated roots and each one ofit=0atn > ).

Try to solve
@ Find in R the solution set of each of the following equations:
a) x'=8l (b) x% =243 (&) x*=-16 d) 3= - 64

Critical thinking: Explain using a numerical example the difference between the sixth root of aand §a

e
Py

i@ Learn ﬂ

The Rational Exponents
We know that the square root of the non-negative real number a is the number whose square 1s

aand if a™ represents the principle square roots of a

So(@a™P= a oMy then 2m=1 m:%
l . . . l
which means that. a’is the principle square root of a Thus 4 a —a’

L. 1
Similarly a3 is the principle cubic rootofa Thus % a —a3 ingeneral ¥, — a%

1
1) (1) For any real numbera> 0,n € z*- {1} then a" = ¥ a

this statement is also true ata < 0, n odd integer number more than |

Definition

m
2) a® =( 3 ,)"= 4a® where ae R, m, ninteger numbers with no common factor

betweenthem n>1, ¥ a €R

Generalization of exponents rules

Rational exponents has the same rules of integer exponents

fo Example

1\ Find each of the following (if possible) in R.
a) (16)1 () 273 © (2039
d) (o @ 16t ® @7yt
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\ Unit Two: Exponents, Lo garithms and their Applications J

©» Solution
y 1 —
(@) (16)7= T = 2 ®) -ent=y7=3
(o) (243)} =V 28 = 3 [@)(97=y T ¢R Note yI=3i
§ e 3 A 1
e . 3_43 - f 3 ime——me —1 'ilztl)‘:l:L
) 162 =(416) =4° = 64 127 27431_ ( > ) 3 31
ﬂ Try to solve
@ Find (if possible) the value of each of:
. 1 — 2 — 2
.a, (125)3 b’ (—81)% ¢ (128)7 d)(343)3

Give reason?
1
The number (-8)3 is defined in R, ¥ 8=-2 € R , but the number (Y-8 )*is undefined in R

Properties of nt" Roots
1) vab = Va x¥D
2) E:% b#0  suchthat ¥z, ¥ eR

() Example mo

’:5:} Find in the simplest form each of:
= Y =lal if n is even
(a) -3/ 8a° b’ b) ¥ 16x'y8 ¥Ya =aifnisodd
©» solution
(a)-% 8asv® =-¥8 XY 46 x¥p? =-2a’b’
b ) 4J16x4 ys = 41/ 16 xﬂv x4 41/ }’8 = 2. |xl yz

H Try to solve

@ Find in the simplest form each of:
(a) 4 16 a1 (b) ¥x+2y)®

@ Example

{é:} Find in the simplest form each of 1 1

p b
a) (18)2 x (12)* x (24)% b (63)%
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©» Solution

_ 1 3 1 1 .2 3 33 1 3
(@) The expression = (2x32)7 x 3x2)Ix(3x23)2 =22x33x32x2" 2 x372x272

-146-3 243-1 2 g
:2 2 ><3 2 :22><3 :2><1:2
bt shesto
(b The expression e XGXZ) =3 ><13 xf
(32x7)3 33x73
1,12 1.1
32 6 3473 330,70 1x]1=1
ﬂTry'Iosolvo
@Provethat:
1
(a) (4= 3 x @@+ :% b) 125x Y& x10°% _ 95
' x 5 3
(196354 A3 % 63152

Solving exponential equationsin R

& ) Example

HTHO

\\\\\

. '] — 4 %_
a7 =128 b) (2x+ 3)7 = 81 as=a
4 2 . Thenx = am
c)x¥ -10x3+9=0 d¥Vy - V2 =6 m is an odd number
©» Solution Ifxs =a
@) x7 = 128 2 T‘_“’”:i“% "
2 2 n is an even number
x=(128)7 x=(27)7 And m, n hasn’t
x=22=4 .". solution set = { 4} common factor

— 4
b (2x+3)3=81
4
((2x + 3) 3)* = (3*)® raise both sides to the power 3

g

2x+3:i(312)% S B @S

Either 2 x + 3 =27 2x=24 5, = 12
Or2x+3=-27 2x=-30 T i

solution set = {12, -15}
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@ -135+36=0 Y 319D -32=0
2 2 5
(x3-9) (x3 -4)=0 x3-31x8-32=0
2 2
either x¥ -9=0or x3-4=0 (x2-32)(xe+1)=0
2 2 5 5
x3 =32 " x3=2 g eitherx©-32=0 |orx® +1=0
=+ (32 =+ (2%)2 5 -
& (3 4 @) x6=2° x 6=-1 refused
x¥= 27 x=18
; x= (296
solution set = {27, -27, 8 , -8}
x=64

solution set = {64}

ﬂ Try to solve

@ Find in R the solution set of each of

4

? g -5 -1 .
a)x3=81 b (x+1)2 =322 B a3y =4

Exercises 2 -1

3
Simplify & 8 x41x2°2
@ implify = o

@ Show when the relation ¥ ab = ¥a x4 b is true for all real values of a, b?.

@ Complete each if the following:

EE 2 F=r 3
a ) (8)* in the simplest form ... b (6%)2 in the simplestform ...
o, i _% 3 . d 3 i _1 - .
c (625) in the simplest form ... d/3@3 3 )*'in the simplestform ...

: 1
e ) (5% - 32)% in the simplest form ................

@ Choose the correct answer from those given:

allf5=2then25= . (10, 625, 4, 2)
' 1
bIQTZzﬂi:”mwmmmm_ 2. 2 % 3
C Ifx2=64thenx= . . (512, 16, 4, 2)
d Which of the given is not equal to (Vx_“) (@), ¥v . x% , (x%)“)
e If4x°=128 thenx= .. . 4, £2, 2, -2)
_f ) The real roots of the equation (x- 2)*=16are ... ({0}, {4} .48}, {0,4}H
9 If32=4°then9 v+ 16 (o (7, 12, 20, 25)
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(5) Eind the error:
a | .9 = (—9)EZW:MZ9
b Ifx*=81 then x =48] o WS

1
@ Geometry: If the length of the radius (1) of the sphere is given by the relation 7= (ﬁ) .
a7

where (V) is the volume of the sphere find the increase in the radius length when the volume

changes from %ﬁ to 367 cubic units.

@ Find the solution set of each of following equations:

\ 5 P
'_e-__.xi:gl—2 b) =8l
) V1) =32 (d) (x2- 5x+ 9) 3= 243
_— 2 -
@) 5-5x35+4=0 )+ 15=8J%
9) ¥ - 253 -54=0 th) (2x- 1Y%= (x+3)

3 2
If x7 = 3y¥ = 27 find the value of X + y

@ Creative thinking: Choose the correct answer:

(a 1 Ifx < 0 then: I N I (x,x,zero,-1)
b)) Ifa= ﬂj% then which of the following is rational ................ (al?, al® al® a24)

@ Activity 1

Use the calculator to evaluate the following (Approximating the answer to two decimals)

(b) 23) 7+ (0.01)3

Student book - first term 57



Unit Two

Exponential Function

2 _ 2 \_and its ApplicationsJ

We will learn

» The Exponential
function

» The graphical
representation of the
exponential function

» Properties of the

exponential function

Key - term
5 Exponténtial Function
» Exponential Growth
» Exponential Decay

Oy

Matrials

» Scientific cal.
» Computer program for

graph.

Remember that 0

The algebrail
function:

the independent
variable (x) is

the base and the
exponent t is a real
number..

The exponential
function:

The independent
variable (x) is the
exponent and the
base is a positive
real number doesn't
equal to one.

58

Bacternia cells multiply by direct division to two cells during a limited
period of time then the two cells divide into four cells, then the four
cells divide into eight cells and cell division continues that way through

the same period of time and in the same circumstances.

The following table shows the time that bacteria cells divide per

hour and the number of the producing cells.

o|1]2|3|4]5]6
No. of cells 1 2|4 | 64

1)
2)

Complete the table.

Express the number of cells in the exponential form with base 2 in
each division.

Find the expected number of cells after 8 hours.

Express in the exponential form the number of cells after x hours.

ii___f Learn ]

Exponential Function

.§ The function fsuch that fix)=a*,a >0, a# 1, x € Ris called
‘.‘E_ exponential function.
2 Example:

fix)=2 its base (2) and its power (x).

fx)= 8§21 its base (5) and its power (x+1).

fix) = (%)h its base (3) and its power (2x)

ﬂ Try to solve
@ Determine which of the following is an exponential function.

(a) fix) = x2 (b) fix) = @)
e fv) = = @) fo=23-1
@ finy = &= ) fioy = (27
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N
Graphical Representation of Exponential Function

Draw the graph of each of the two function flx) = 2¥, g(x) = (%) *wherex € [ -3, 3]

EEErETS

1
lY ' _3 § 8 ‘ “Y

L] 1 L]

i / 5 L 4 \[ ]

3 1 3
-1 = 2

3 2 \ 3

2 0 | 1 B

1

o ” 1 2 . - —
RN EEREM 2 BREIR: v 1 2 3%
2 4 L
Ax)=2% 4 L
1 g = ()

3 8 3

Properties of the exponential function fix)=a* , a>0, a#1
1) The domain of f(x)=a"1s R and its range 1s ]0,%0 |
2) Ifa>1 then the function is increasing on its domain and named by exponential growth
1f 0 < a < 1 then the function is decreasing on its, domain and it is named by exponential decay.
3) The curve of f(x) = a* passes through the point (0, 1) foralla > 0,a #1
4) flx) = a*1s One - to - One function
5) The curve of the function f{x) = a* is image of the curve fix)= (%)” by reflection in y-axis

6) a*—— oo when x — o if a>1

a*—— Owhen x — 1f() <a<]1

ﬂ Try to solve

A
@ In the opposite figure fis defined on R , Such that f{ix) = (3)* 6 L /‘
Draw on the same figure the curve of the function g which is 5
defined on R , such that g(x) = (% * then find the domain and &
the range of each function. also determine which function is *
4
increasing and which 1s decreasing and state the reason. !
- .
(3) critical Thinking; If fix) = a* where 0 < a < 1 arrange the PP Tyl ? $x
following in a ascending order A7) , A-2) , fi¥'5 ), f0).
. ) Example
i‘I:? If f (x) = 3" then complete the following:
alfi2)=.... B) R+ )= x fix) (&) ) X F(X) =

Student book - first term 59



\ Unit Two: Exponents, Lo garithms and their Applications J

©)» Solution
a)f2)=32=9 (b) fix+ 2)=3%+2=3%x32= 9 f{x)
c) flx) x f(x) =3*x3*¥=3x-x=30=]

El Try to solve

@ Write the rule of each function under its suitable graph:

a)y=3* P y=3-% ©y=-3
d..y:_3_x e y:(Sx)_l ffy:3_x—]-
g)y=31~ hly=1-3*

Ay \ Ay Ay *v

R > 3 i ¥ 2
-IZ $ 1 1
. X o L -
17y MEER' j 3 B2 412 ;£"32 3 r_;ﬁ

Graph (1) Graph (2) Graph (3) Graph (4)

Ay nvl AY Ay

&
|*~]
=3

L L

N
N
M—.
3
o
1]
| Lo

L 4 2 - L1102 L 4

“ &+ -
F 3
s
=
A
[¥%]
1o

Graph (5) Graph (6) Graph (7) Graph (8)
. Enrich 1
Applications tends to equations in the form 2*=b
Growth and Decay

In our daily life there are a lot of phenomena expressing growth and decay by time such as
the study of population, bacteria, viruses, radiation substances, electricity and temperature.
In algebra, there are two functions, representing the growth and decay which are exponential

growth function and exponential decay function.

First :Exponential growth

We can use the function f, such that f(t) = a (1 + )" to represent the exponential growth with a constant
percentage during constant intervals of time, where (t) is the time, (a) is the intial value, (r) is the
growth percentage per interval of time (Discuss your teacher to conclude the previous relation).

Example

% The compound interest: If principal P is deposited in one of the banks at interest rate r
(percentage) and compounded n times per year for a period of t years, then the accumulated
value A is given by:

A=P(l+ %) N
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f gum

Example: A man deposited a capital of 5000 L.E in one of the banks with annual compound
interest 8 %. Find the sum of the capital after 10 years in each of the following.
(a) The interest compounded annually

_. b The interest compounded quarter annually
€ The interest compounded monthly.

€ solution
Use the relation A= P (1 + % e
(a) The interest is compounded annually Seom=l
C=5000 (1+ 0.08)! = 10794.62L.E
(b) The interest is compounded quarter annually .". n=4
C=5000(1+ %)10 “4=11040.2 LE
(¢) The interest is compounded monthly Soon=12
C= 5000 (1+ %) 1012 — 11098.2 L.E
Try to solve

@ Number of breeding Bees in a bee cell increases at rate 257 weekly. If the number of bees
at the beginning 1s 60 bees. Write the exponential function that describes the number of bees

after t weeks. Then estimate this number after 6 weeks.

Second : Exponential decay
We can use the function f: f{t) = a (1 - r)* to represent the exponential decay with a constant
percentage during constant intervals of time, where t is the time, a is the intial value, r is the

decay percentage per interval of time

& ) Example

235:3 Connedted with trade: Kareem boughta car at 120000 L.E, and its price decreases at the
rate of 12% per a year.

1st: Write the exponential function which represents the price of the car after t years.

2nd: Estimate to the nearest pound the price of the car after 6 years.

€ Solution
a= 120000 | r:%: 0.12, t=6 years
1st: the exponential decay function is: f{t) = a(l - 1)* by substituting then
f(t)y=120000 (1 - 0.12) then: f{t) = 120000 (0.88)"

2nd: putt=6 in the exponential growth function

f(5) = 120000(0.88)% = 55728.4904 1
The expected price of the car after 6 years is 55728 1L.E

ﬂ Try to solve

@ Connected with medicine: A patient gets 40 milligram of a medicine. The body gets rid of
10% of this medicine every hour.

,1

v
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e Unit Two: Exponents, Logarithms and their Applications

a) Write the exponential function which represents the quantity of medicine left in the
body after t hours.

b ' Estimate this quantity of medicine left in the body after 4 hours.

Exercises 2 - 2

@ Complete each of the following:

The function fsuch that f{x) = a*is an exponential functionifa ..., x ... .
The exponential function g where g(x) =3*litsbaseis ..

The function K where K(x) = (—) x+1 jgnot exponenual because ..

allo](o)(w

! The coordinates of the point of 1ntersect10n of the curve of the functlonf(x) —a with the
straight line x = 0 is the point (..., )
_e ) The equation of the line of symmetry of the graph of the two functions f and g where,
2(0)=3% gx)= Gy¥is
@ Choose the correct answer from those given :

.8 The exponential function of base a is increasing if

(a)a >0 (b) a>1 (e)0<a<l (d)ya=1
b ' The exponential function of base a is decreasing if :

(a)a>0 (b)a<O0 (e)0<a<1 d)-1<a<0
¢ ) The exponential function f{x) = a ,a > 1 its curve approaches:

(a) the x-axis (positive direction) (b) the x-axis (negative direction)

(¢) the y-axis (positive direction) (d) the y-axis (negative direction)

d ' In the exponential function f{x) = a , a>1 then f{x) > | when:
(a)xe R (b)xe R" (e)xe R (dyxe”Z

e In the exponential function g(x) = ax, (0<a<1)then0 < a <1 whenxe

(@)]0, oof (b) ]- =, 0] ()], oof (d) J-oo, 1]
@ Show which of the following is an exponential function then determine the base and the
power of each:-

a) fir) = 23 (b) fix) =2 (57 ©) fix) =—

d) fix) = 322 - 1 &) fi)= @ t) fx) = (77
@ Represent graphically each of the following functions then find the domain and the range of

each. Also determine which isincreasing and which is decreasing:

a) fix) = 3* b) fix) = (3) dfm=-30r @fg=2""14

e) fir)= (3)**2-2 O fm=23)""1+1 (@ fm) = ¥+2
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6—3 Discover ]

\, Exponential Equations

From that table, show when 2* equals 2x:

Bl - | - 0 1
0

=2

H
-
e

1
2

‘% ﬁ) Learn ]

Exponential Equation

If the power of the equation contains the unknown "x" then it is called

exponential equation 1.e. (3* = 27) thus:
1%: if am=a",a¢ {0,1,-1} then

y Example

Q Find in R the solution set of each of

x+1_ 1 b X~
(a3 > (242)
%Sollﬂion
X+l 1 . x+1 —
) 3 27 .3 =3
W Xbelis 3 s 4

b (Zﬂ) 3 _ g i
3 (2 %) x3 — (23) x-2

o e B e

.2x 2_3x 6

e DN 0%l
By =3 x=

ﬂ Try to solve
@ Find in R the solution set of each of

m=n.

the following equations:
3 _ =8x- 2

3

*. solution set = {-4}

1
. (2 %9 2) x3 _ (23)x-2

2 30e3) — 23x2)

multiply by 2

W 3x-6x=9-12
*. solution set = {1}

the following equations :

'_'a-'123-r—L b L(32+ 5%y 1
16 68 32
2l I am-b™  abhe {01 -1} then
either: m=20
or: a=b if misanodd , a= =b if m isaneven

Student book - first term
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\ Unit Two: Exponents, Lo garithms and their Applications J

& ) Example

{2:? Find in R the solution set of each of the following equations:

(@) 9x3— 5x3 (b) 7x+1—=32x+2
©» Solution
(1) 253 = 523 S x=3=0 x=3
*. solution set = {3}
(b) 7x+1=32x+2 . 7x+1_-32x+1) . Jx+l_Qgux+l
X4 L=0 = | .". solution set = {-1}

ﬂ Try to solve
@ Find in R the solution set of each of the following equations:
(a)3x-5=72x-5 b) 4x+2-32w+4

Critical thinking: Find all possible solution of the equation x *2 = 4 %2

@ Example

(3) If fix) = 3*

(a) Prove that f{x + 2) x flx - 2) = f2x) bIIffix + 1) - fix - 1) = 72 find x
©)» Solution
(a) LH.S = flx+2) xfix-2) =3*Fix3x-2
=3 a+24x-2 =32  =f2x)= RH.S.
b)cfx+ 1) - fx-1) =72 RO LA B B )
RO S B2 P )

313y =72

% BR-lngiegs o Wil

b
I
[9¥]

ﬂ Try to solve
B I f,(0) = 8%, f,(x) = &

fiQx+ 1D+f,Bx+2)
fix-1)+f,(3x-2) B

(b Solve the equation f, (2x) + f, 3x - 1) =80

128

-.‘,a_ prove that
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N Exponential Equations 2 - 3 g

0 Example

(@) If fir) = 2¢
find x which satisfies the equation: fix) + 5-x)=12:

©» solution
By substituting in the equation f{x) + A5 -x) =12

pLES e sy
2% x 2% 4 2 3% x 2% = 12 x 2* multiply both sides by 2*
YE+E L HS-X+x_ 19 x 2% = ()
2 ¥ 12 % 2*+ 32 = 0 by factorizing trinomial
(2*-4)(2*-8)=0
either : 2= 2% thenx =2
or: 2* =23 thenx=3
LD iy to solve

@ In the previous example prove that: S+ fG-1) 18

oo T fa+D) 25

Solving Exponential Equastions Graphically

J

:'-';; Using a graph program draw in one figure the two curves of the two functions f,(x) = 2%,

f>,(x) =3 - x, then find from the graph the solution set of the equation 2* =3 - x

©» Solution Y A
Using the GeoGebra program draw the two curves of the two "
functions and from the graph we find that the point of intersection )
18 (1, 2) 1
: . . | X
So the solution set of the equation 2* =3 - x1s {1}. I T I i

ﬂ Try to solve

@ Using a graph program draw the graph of each of the two functions:

f,0)=2%f,(x)=x+ 2 in onefigure and thenfind from the graph the solution set of the equation

2% =g i
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ﬁ

Exercises 2 -3

@ Choose the correct answer:
a)If2*+*1=-8  thenx= .. .. i

(@)1 (b)2 (c)4 (d)3
(B [ 5 Lador, BB i siss
()5 (b) 1 (c)-1 (d)oO
&) (%) a'-a-2- | wherea >0, thena= . . .. .
(@)l (b)-3 (c)2 (d)3
@ Find the solution set of each of the following equations:
(@) 2++1=4 b)3~1=1 (e) 772=1
d a3 a3 e (3ﬁ)lxI:27 f) 33 322 — 162
9) 52425226 x5 h)27425%=12 UG ey edys=s

@ Find the S.S of the two equations:
3x5¥=T75 , 3¥x5% =45

@ It f,(x) = 3%, f,(x) = 9* find the value of x which satisfy f,(2x -1) + f,(x + 1) =756
® If Ax) =7 ** 1 find x which satisfy f2x - 1)+ fix - 2) = 50
@ find graphically the solution set of the equation:
(@3+2=3.x (b) 2v=2x
@ Creative thinking: If x* =y? andx**!=y*-! find the value of n ?

Numbers: If the sum of 2 + 4 + 8 + 16 + ........ + 2" is given by the relation
s,=2(2"-1)

@) Find the sum of the first ten numbers in this pattern
‘b Find the number of terms of this pattern starting from the first term to give the sum

131070
@ Solve each of the following equations
:a.' 3):2-42:(%)4: ".b' 72-x+7-x:50

@ Creative thinking:
Find the solution set of the equation:
9x+l_3x+3_3x+3 =
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C‘) Think and discuss] X Y
S rEmad o rA : ™\
The opposite figure represents relation (father) }<
between a set of fathers (x)= { Emad, Abdallah, [|Abdallah Nayera

Ossama, Atef} and aset of daughters (v)= {Amal , | Ossama Ghada

Nayera, Ghada, Gana}. using the figure : At }< Cins

1) Write the relation representing (father) from it St
X to Y. does the relation represent a function ? and if so 1s it one to
one Function?

2) Write the relation representing (daughter) from Y to X. is it a

function?

T )
i&ﬁ Learn

The Inverse Function
If the function f is (one-to-one) function from X to y then f!is an

inverse function of ffrom Y to X if :

for (x.y)ef then (y.x)ef!
X Y X . "
( ) f ( ) ( ) f-1 ( )
_‘i Example

:1; If the function fis as follows: f= { (1, 2), (2,4), (3,6), (4, 8)}.

Find the inverse function of f and represent both in one figure.

©» solution

The function f 1s one to one

L

Ho g P
—
D,
Y
-
]
N
£’y

So, 1t has an inverse
fix) ={(1,2),2,4),3,6),4, 8)} ; / I
S =42, 1), @, 2),(6,3), (8,4)} /1 s

[T
\

y , f-1
" . 4 / ’ ,.(29
We notice that the function f and the | /1.7 LA
inverse function f! are symmetric 5 //,/" /’//
about the straight line y=x : (:Z Pl

Y-

F )

Thus f! (x) is the image of fix) by T T 1T 5 ¢ 3

reflection in the straight liney = x

&
j==1

Student book - first term
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\ Unit Two: Exponents, Lo garithms and their Applications J

ﬂ Try to solve
@ Find the inverse function of the function represented by the following table:

0 2 T [
A0 7 3 1 0 -
The vertical line test The horizontal line test
If a vertical line cuts the curve at If any horizontal line cuts the curve
one point then the curve represents at a point then the curve represents a
a function. one-to-one function

\ / v ]
; / | /

- R
=
P,

-

F 3
—
_—
3

R /| 5
l A
3 . Y

If the function is not one-to-one (Doesn't satisty the horizontal line \X_,:_v_r_) 3 g

test..) then its inverse doesn't represent a function. 3

i.ey = x2 (is not one to one) then its inverse Iyl = ¥ x isnotafunction. | 3 ¢ - N1 Px
o M""h-._
Y-

Properties of the inverse function: Domain f(x)  f(x)

1) we said that fix) , g(x) each one is inverse /_\ Range (1)

function to the other if
feg)@=x and (g - fl(x)=x

2) the domain of f{x) = the range of inverse function f1(x
) Range f 1 Momain f1(x)

the range of flx) = the domain of inverse

function £ (x)

Gitical inking: ETHO

What is the domain of the function f such that f{x) = x? in which the

function f has an inverse function and find that inverse function.

to find the inverse
function, first we
exchange variables,
then we find y in

@ Find the inverse function of the function f such that fix) = 2x+ 1  termsofux.

and represent f(x) and its inverse graphically in one figure.

@ Example
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The Inverse Function 2-4

N
©» Solution

v =2x+1

x =2y+1 exchange variables

2y =x-1

o Tpmviom: G,

y =3&-1 ff)=5-1)
ii 0 -1
3 1 -1

sl _

0 2 1

Notice that The curves of the function fand its inverse function
f ! are symmetric about the straight line y = x

ﬂ Try to solve
@ Find the inverse function of the function y = x* and represent

both in one figure.

< ) Example
(3) Iffix) =3+ x 1 find
ﬂ The domain and the range of the function f.

(&) /! (x) and find its domain and its range

-]
P
e

—=
n
=

-‘T‘

1
=1 O -T)

- he W o+ 1

C Using a graph program draw the graph of each of f{x) and its inverse function f 1(x)

©» Solution

ﬂ flx) 1s defined for all values x -1> 0 1.e.x =21

.. The domain of filx)=[ 1, oo

cAdxl 20 for all values of x which belong to the domain

SoFEd R 2= 3 = filx)>3
.. The range of fix) = [3,00 [

®) . ¥ =3 Ao x-T
by exchange the variables x , y
x=3+ 4y-1 x-3=4y1 by squared both sides
(x-3)7=y-1
5y S5-8) 240 EflsE 3R

The domain of £ 1(x) = R And the range of it = [1 ,00 [

Student book - first term
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ﬂ Try to solve

G)iffR— R*  fi)=—2

P |

a Find f1(x) and determine its domain and its range

b Using a graph program draw the graph of each of fix) , f!(x)

@ Complete:
& If the function f= {(1,4), (2,-3),(3,1), (4,0)} then f'= .

b The opposite figure represents a function £ x —— Y then

FHR2) Sy

€ / The image of the point (2, 1) by reflection in the straight line
Y EHIE s

d | If fis a one to one function and f2) =6 then f 1 (6) = ...

e)Iffx—dxthenflix —— i

@ Put (¢) for the correct statement and (X) for the incorrect statement :

a | The domain of the function is the domain of its inverse function. (onnsnmisms)

b | The increasing function on its domain always has an inverse function.. (o)

¢ | The even function always has an inverse function. O,

d | The odd function always has an inverse function. (o))
@ Find the inverse function (if possible) of each of the following:

a)fix)=tx+4 (b) f(x)=4x

&) fix)= 5+4? df(x):%

e) ix)=8x3-1 ff)=¥4-x

@ fx)=2+4 3-x h) f(x)=x* where x>0

W fix)= (o= 1)%« 2 where x > 1 -.i'j(x):x2+8x+7 where x > 4

& o= 9a? where 3 sx< 0
) Rz o 92 where 0 <x <3

o
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2-4

N The Inverse Function

@ ﬂ If fix) = 5x. find f(x) and represent it graphically.
(b) The opposite figure represents the function ffrom X to Y find
F1®+2fe).

@ In each of the following figures draw in the same figure the curve of the inverse function f-1(x)

Y & YA
f (k) fx}\
3 5
2 \ 3
T 3
-« . \ 9
R 1 N3 4 £
=1 1
2 I A
i 9
v 3 12 44 ¥ 4

X-5

Wael and Rana tried to find the inverse function of the function f{x) = 5

.. L Xe)
; f(x)_—Jr Ly = xJ-FS
2 ] iie) = ﬂlx) .'.x:—):LS exchange variables
Sl =1- 5 AYX=¥-5 cross multiplication
X
= xs yx-y=-5
X
—1}=95
f'l(JC): - Y(lx ) .
= x-1

Which solution 1s correct? Why?

@ Open que

tion: Is it possible for a function f to be itself the inverse function f 12 If it's

possible give examples.
Determine the domain at which the function f has an inverse for each?

(a) fl) =2 ® fn)=» (e) fix) =

X

(S ]
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Unit Two

2 . 5 N Its Graph

We will learn .

» Definition of the loga-

rithmic function .
» The graphical represen-

tation of the logarithmic
function

» Transformation from the
exponential from to the
logarithmic form and

conversely.
» Solving simple expo-

nential equation

Key - term h

» Logarithm
» Inverse Function
» Domain

» Common Logarithm

Matrials

» Scientific Cal.

» Computer

ATI®

Log ;
S X=Visa

logarithmic form,
its corresponding

exponential form is

ay=x

12

Logarithmic Function and

- 4

Graphical representation of the inverse function of

the exponential function
{:} Discover ]

You know that the function y = 4 x is the

inverse function of y = x? for x > 0 (its

image by reflection in the line y = x)

Can you represent the inverse function of

the exponential function f such that f{x) = 2* graphically by representing
the values of x, y for the ordered pairs of the function.

X ¥ X y

- 1 1 = YA

3 2 3 5 s

) 1 1 ) n

4 411 e X

- i 1 g 32 1 2 3
: 2 2 : 1

0 1 1 0 2

1 2 2 1

2 4 4 2

3 8 8 3

We find that the mverse of y = 2% 1s x = 2¥ and the vanable y in the

2V 1s called logarithm x. and it's written as v — Log x and
a

equation x =

it's read as logarithm x to the base a

‘% Learn ]

Logarithmic Function
If ae R"-{1} then the function f: R* ——R where f{x) = 108 x is the

inverse function of the exponential function y = a*

Jix) = Log x1s called the logarithmic function
a

» Domam of logarithmic function = R*
» Range of logarithmic function = R

» Theformy= Log x is equivalent to a¥= x
a
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N Logarithmic Function and Its Graph 2-5 —

Converting to the logarithmic form:

a)24=16 equivalent Log 16=4 (b)52=25 equivalent  Log 25=2
2 5

c ( )4 = lé equivalent Lcogl L6 =4 (d)102=0.01 equivalent Log 0.01 =-2
1 10

ﬂ Try to solve
@ put each of the following in the logarithmic form

2: b 10: 4— d '3:L
a 7-=49 «2) 22 c ( ) 625 5 VE

The common logarithms of base 10.
If the base of the logarithm is 10 it is named by common logarithm and written without base such

as Log71s written Log 7, Log 127 is written log 127
10 10

Change to the exponential form:

a Log 81=4 equivalent 3%= 8l b Log 128=7 equivalent 27= 128
3 2
L . E g -2 1 o ¥ %_
€ Log 100~ 2 equivalent 10“= 100 L(égl 27_ equvalent 81" =27

ﬂTry to solve
@ Put in exponential form:
(a) Logl25=3 B rog -1=5 @ Logl=0 d) Log 1000 = 3

e 3 243 4
Evaluating the value of the logarithmic form of given base:

Example

1 Find the value of:

a | Log 0.001 b/ Log 427
3
€» Solution
(a) Putting y =Log 0.001 b) Putting y =Log 427

change to exponential form: .

Change to exponential form
10" = 0.001 3

3Y = 3% fromthe properties of exponents

10" = (%)3 from the properties of exponents 3
Yy
10 (1 0)_3 from properties in exponents Log 477 - %
y=-3 thus log 0.001 = -3 3
ﬂ Try to solve
(3) Find the value of: (@) Log 0.00001 b/log 128
B!
2

Student book - first term 73
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& ) Example

{l;;? Find in R the solution set of each of the following equations:

a) Log (2x-5)=1 b) 1oy (x+2)=2
3 x
©» solution

a) The equation 1s valid when 2x- 5> 0 1e. x> % (the equation validity domain)

converting the equation into exponential form

. 3= g5 i 2x= B
. x=4 € the equation validity domain .". solution set= {4}
_ x+2>0 x>0
b The equation is valid when x x>0 1.e. x>0
x#1 x#1

then ]0,00[ - {1} (the equation validity domain)

converting the equation into the exponential form

e MR Fo B Xnde B
o x-2)(x+1)=0 o x=2 ofx=+<]
" x=-1 ¢ the equation validity domain .". solution set= {2}

ﬂ Try to solve
@ Find in R the solution set of each of the following equations:

&) Log x= % (b Log 5x=2
81 x

i% Learn ‘]

Graphical Representation of the Logarithmic Function
The function f'such that flx) = LLog x, a # 1 isrepresented graphically as in the following figures:

whena > 1
o & The domain: R*
2 The Range: R
J 1 Intersection With x-axis: (1, 0)
P _? / T4 45 Increasing on: R*

s
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N Logarithmic Function and Its Graph 2 = 5

f gum

when 0 <a< 1

% The domain: R*
3 The Range: R
: \ Intersection With x-axis: (1, 0)
l - Decreasing on: R*

A
=]
N
b
9]
e

il
-

function? Show this.

@ Example

,;:i“% Represent the following functions graphically:

al flx) =Log x b) fix) = Logix
2 2
©» solution
(a) Notice that the base2 > 1 (b) Notice that: the base: 0 < %< 1
Ax) 1 0 2 fix) .l 0 2
(k)
(k) & 3
2 Z
1 a0
1'2'? 1 34« “Z 30 23 B,
. J/ :
¥

Using the calculator:

The scientific calculator can be used to find the values of the logarithms as follows:
1) tofind Log 4 we press the key with the following sequence:

! GCo@OO®® 2
2) to find Log 38 we press the keys with the following sequence:

G 15ngEIsT

Drill ;
Using the calculator to find
(@) Log 12 () Log 24 ®) Log % @ Log 128
3 3 3
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Exercises 2-5

@ Express each of the following in the equivalent logarithmic form:

5 ™ 2. 16 N o D a
a)32=g b)) (9= 55 &) 5= 1 W2)'=4
@ Express each of the following in the equivalent exponential form:
(@) Log100=2  (b)log4y7T =2 (c)Logl=0 (d) Log 121 =4
2 7 i
@ Find the domain of each of the following functions :
@l fin= Log @x+1)  (b)fix)=2Logx (e) )= Log (x-3)
3 (5-x)
@ Without using calculator find the value of:
‘a) Log 16 (b) Log > (e) Logl (a) Log3 43
2 ¥5 8 3
@ Find in R the solution set of each of the following equations:
@) 1o 2T=x+2 (®) Log (2x+3)=2 () Log(2x+1)=0
3 x
d) Log (Log x) =1 @) Log [13+ Log (x-1)]=2 (f) Log(4-2)=x
2 3 4 2 2

@ Represent graphically each of the following functions:

(a) fix) = Lo g X b) fix)= LO%L (x+1)
3
bl 9 | 3 | 1
fx)

@ Draw 1n one diagram the curves of each of the two functions g, f where g(x) = Log x,
2

Jx) = 6 - x, then use the graph to find the solution set of the equation Logx =6 - x.
Choose the correct answer: :
flogx=2thenx= ...

@9 b)g ©)3 OF

(9)If Log 16=4thenae . . . .

(a) {16} () {2} (© {2,-2} d) {1}
© Log125= ...
5
a)y3 ®)3 GE (@) 125
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\ Logarithmic Function and Its Graph 2 - 5

f gum

@ The domain of the function f such that f{x) = Log3 15 ...
(1-x)

a o, 0[U]0, 1[  [bJ oo, I[ c)]1, oo ) -1 1
42) Logl00= . . .. ...
al] b2 c'3 d)_1

@ If the curve of the function f where flx) = Log x passes through the point (8, 3): then

1
al b2 c) ¢ d 2
@ the opposite figure represents the function ... Y§
a'y:3x'1 b'y:3x+1 ] :
3 3 )
@ Find the value of each of the following then check the result '2‘
by using calculator:
a) Log 81 b Logy ¢) Log 343 (d) Log 0.001
3 2 7
@ Find the value of each of the following then check the result by using calculator:
a Losglx:% b LO%(Zx—S):O c) Log(x+6)=2
— 2 ' x
d Log Log Logx=10 € Log( ng):l fllogl2x+1l=1
5 2 3 E 5

@ Education: if the relation between retention of materials of a student in the first

secondary form and the number of months (t) starting from the end of study of the class is:

M) =70-4Tog (t+1)
2

find the score of the student:
first: at the end of the study of the class (t = 0)

second: after 7 months from the end of the study of the class.

Application: In a study to measure the students retain what has been studied in a certain
subject they re - examed from time to time in the same subject. If the student score follows
the relation f{(t) = 85- 25 Log (t+ 1), where tis the period after studying in monthes, f(t)

is the student score in percentage. Find:
a  The score of the student in the first exam for this subject.
b ' The score of the student after 3 months from studying this subject.

.¢ | The score of the student after one year from studying this subject.
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Unit Two

2.6 \  Logarithms  /

We will learn '

» Using properties of
logarithms

» Solving logarithmic
equations.

» Using scientific cal. in
solving exponential
equations.

» Life applications on

logarithms.

Key - term "

» Logarithmic Equations

» Richter Scale

Matrials

» Scientific Ca.

» Computer and a graph

program

/8

Some Properties of

€—3 Discover ]

Use the calculator to evaluate each of :

1) (Log4 + Log8) . Log32 2) (Log40 + Log%) , Log100
2 2 2

3) (Log27-Log9), Log3  What do you deduce?
2 3 3

i%?]’ Learn ]

e

Some Properties of Logarithms

If: aeR*-{1}1) Loga=1 2)Logl1=0

a da

Try to prove each of 1 and 2 using the definition of logarithm.
3) Multiplication property in logarithms:

Logxy = Logx+ Logy where x, y € R*
a a a

To prove this relation:

putb= Logx,c= Logy
a a

and from the definition of logarithm:

x=ab , y=a°

then xy =abxa° By gt

converting the last form into logarithmic: Logxy=Db+c
a

By Substituting the values of b and ¢, we get Logxy=Logx + Logy

Example

(;D Find the value of [ogl0 in the simplest form. If the value of
2

LogS ~ 2.3219, verify your answer using the calculator.
2
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Some Properties of Logarithms 2 - 6 f—

W
©» Solution
Logl0=Log (2 x5)
2 2
= Log2+ Log5 using the multiplication property
2 2
=1+232192~33219 using property (0 and by substituting
Logs ~2.3219

Check by using calculator: .

/70
G0 @ © @ @ O (S5

ﬂ Try to solve
@ Find the value of [og 15 in the simplest form, if Log> =~ 1.465. venfy the result using
3 3

calculator,

4) The division property in logarithms

Log% = Logx - Logy where x,y € R* (Try to prove this relation)
a a a

. 7 Example

{‘2:) Find the value of the expression: Log30 - Log3 .

©» solution
Log30 - Log 3= Log 3 = Log 10= 1

ﬂ Try to solve

@ By using the division property in logarithms prove that: Log2 =1 - Log5

5) The power property:

Logx"=n Logx wherene R , x> 0,aeR*,a #1
& ) Example
@ Find in the simplest form the value of [og 4125 mo
©» solution : ’ ; 5 3
LogSW:Logs(s)‘*: Flogs=1x1=3 #125 =935 = 5
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\ Unit Two: Exponents, Lo garithms and their Applications

i
ﬂ Try to solve
(3) Simplify
Log¥243 , Log¥343
3 7
Notice that: [ og (}?) = - Log x where x € R*
6) Base changing property:
Log x
IfxeR*and y, ae R"- {1}, prove that: [ ogx=—2—
y Logy
©» proof (not required) a4
let: z = Logx
¥
Vi=ix converting into the exponential form
z Logy = Logx by taking log_ to both sides
Log x Log x
then Z = = ie: Logx = 2
Logy y Logy
ﬂ Try to solve
@ use property 6 to find the value of: (@) Log8 b) 100243
4 9
7- The multiplicative inverse property: Logh=
a Loga
b
Critical thinking: If a, b € R* - {1} prove that [.ogh = hence find the value of:
Log7 % Log3 in simplest form. . Lo%a
3 7

Simplifying logarithmic expressions

4 ) Example

(4) Simplify: |
‘@) 2Log 25+ Log (%+ %) +2Log3 -Log30 [(b) Log49 < Log5 x Log8 x Log 9
5 8 9 7
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N Some Properties of Logarithms 2 - 6 g

©» Solution
.a ) The expression = Log 252 + Log% + Log3? - Log30 property 5
= Vi B Blg Lo s
= Log (25* x e 34 x 30) properties 3, 4
= Logl00=2

Log49 g Log5 g Log8 g Log9
Log5 Log8 Log9 Log7
_ Log49  2Log7 )

Log7 Log7

b | The expression = properties 6

ﬂTry to solve
(5 Simplify: Log0.009 - Log%Jr Log 15 % -Log 11—2

. Log729 -Logbd _
@ Prove that: 1088 Togh 3

@ If x2 + y2 = 8x y, prove that: 2 Log(x+ y)= 1+ Logx + Log y

Solving Logarithmic Equations

@ Example

\PE Find the solution set of each of the following equations In R:
a Log(x- 1)+ Log(x+ 1) = Log8 b Logx+ Log3=2
3 3 3 3 x
€ Solution

ﬂ_..' The equation isvalidx € {xx -1 >0} N {xx+ 1 > 0}
then x > 1 (equation validity domain)
Log(x-1)+ Log(x+ 1) = Log8
3 3 3

o Log(x-1) (x+1)=Log8 property 3

3 3
Za P o 1 28 B =g then = +3
x = -3 € equation validity domain .. Solution set= {3}

b The equation isvalidatx > 0, x # 1

. Logx + =2 property 7
3 Logx
(LO%x)z “+ 13: 2Log3x multiply by Logx
3
(Lo%x)z—ZLo%er 1=0 (Lo%x— L=
Logx=1 .". x = 3€ the equation validity domain
3

.. Solution set= {3}
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\ Unit Two: Exponents, Lo garithms and their Applications J

ﬂ Try to solve
Find the solution set of each of the following equations In R:

(@) Logx+ Logx+2)=1 (b) Log(8-x)+2Logy x-6 =0 (c)Logx-10gl00=1
3 3 x

Solving Exponential Equations Using Logarithms

“&y Example sing calculator to solve exponential equations

ifq} Find the value of x in each of the following (Round the result to the nearest hundredth).

:'a"_" ox+l — § b 52 — 3 x g+l
©» Solution
B) 2x+1=5 by taking log to both sides
#, Lop2®*L=Top5 . (x+ 1) Log2 = Log5
Log5 Log5
— 3 . — 0 e = ~—
x+ 1= Tog? l°e"x_LOg2 | S ¥ 132

Using the calculator:

© O ® . R N &) 13292809s

b)) 592=3 g+l by taking log to both sides
“ Tep3%= luop('3 s%d4ply % Tw0p52=Togd -+ Togde]
. (x-2)Log5=Log3 + (x+ 1) Log4 .. xLog5-2Log5=1Log3 + x Logd + Log4

. x Log5 -x Logd4 = Log3 + Log4 + 2Log5 .". x(Log5-Log4)=Log3 + Log4 + 2Log5

Log3 + Logd + 2Log5

Log5 - Logd = 25.56

X

Using the calculator:

o) DO G ) DO G) (OG0T 0B
O e )(a)(=) 255EDyss3

ﬂ Try to solve
@ Find the value of x in each of the following approximating the result to the nearest 11—0:
(8) 372 =134 @ 7= =48
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\ Some Properties of Logarifhms 2 = 6

f gum

=) Example p 5 ications on logarithmic laws
7; Geology: If the magnitude of the intensity M(I) of an earthquake on Richter scale is given

by M(I) = Log (IL)’ where I is the earthquake intensity, I. represents the smallest earth

movement that can be recorded, called the reference intensity.

‘a Find on Richter scale the magnitude of the earthquake of intensity 10° times the reference
mtensity .

'b) [n1989 An earthquake measuring 7.1 on Richter scale occurred. Determine its intensity.

©» Solution
a) M= Log(Ii) L=1001,

106
IO
-.M=Log (—7)="Logl0® =6Logl0=6

i.e. the magnitude of the earthquake on the Richter scale is 6.
(b) ~.-M=10
71 = Log( %) Ii = 1071
it L 107,
i.e. the earthquake intensity 1s 12590000 times the reference intensity.

ﬂ Try to solve
@ If the population of a city starting from 2010 is given by N = 103 (1.3)*201% \where N is the
number population , t the year

a | Find the population of this city in 2015.

b In which year the population of this city is 1.4 million people.
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\ Unit Two: Exponents, Lo garithms and their Applications J

Exercises 2 -6

@ Without using calculator find

a Log 1000 b Log 32 c) Log 16 d) Log 49
2 4 7

e ) Log 0.001 f) Log 2 9) Log 1 h)log vy
8 8 y

@ Simplify to the simplest form
\ ( Log25
a Log2 + Log5 b Log 15-Log3 c —=
5 5 Log5
d Log 3 % Log 2 e Log 54 -3 Log3 - Log2 f_._ 1+ Log3 - Log2 - Logl5
2 5
a Loga + Logb + Loge h ! L 4 S

: +
abc abc abc Log 12 Log 12 LOg 12
2 8 9
@ Ifx,yeR_,a,beR_- {1} Put(v)in front of the correct statement and (X) i front of the

incorrect statement :
a) Log(x+y)=Logx+ Logy( ) b Log(x+y) = Logxx Logy ()
a a a a a a

< Log(xy)=Logx+ Logy ( ) d| Log2x’ = 5Log2x ()

~ Logx Logx
e) Log(Z-) = Logx+ Logy™ () £ —2_=-_2 ()
%1 y ga %y Logy Logy
a b

g If x > 0 then Logx* = 4Logx E 2

@ If Log2 =x, Log3 = yfind in terms of x , y each of: Logb , Log 12
18

@ Find the value of x in each of the following approximate the result to the nearest hundredth.

@ 722=5 ) 7+1 =g (c) 1053:7 d) x 2% = 100 x

@ Find in R the solution set of each of the following equations:

(@) Togx=1-Log(x-3) () Log(x+6)=2 Logx () Log(x+8)-Log(x-1)=1
4 4 3 3

d) (Logx)?-Logx?=3 (&) (Log x)* = Log »° ) 3Logx—)Log3
9) Logx="Log3 h) Logx+Log2=2 W) Top @%=4)y+x-5=0
3 x 2 % 2
@ Use the calculator to calculate:
_ _ 2 3150 5 § 200
a Log3.15 b Lcng2 25 €/ 2log5-3Log7'd =550
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Discover the Error: Amira and Esraa solved the problem : simplify: Logx® + Log y* - Log x y*

Esraa's solution Amira's solution

the expression = log x xy4 —lug a2 )2 the expression=3logx+4logy-2logxy
Lyt

=3logx+4logy-2(logx+logy)
—log(xy)? =2logxy
=3logx+4logy-2logx-2logy

=2 (logx + log y) —logx+2logy

which answer 1s correct ? why?

@ Creative thinking: without using the calculator calculate:
Log (tan 1°) + Log (tan 2°) + Log (tan 3") + ...+ Log (tan 89")

2> General Exercises

t For more exercises, please visit the website of Ministry of Education.
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Unit eface

First ideas of calculus appeared in the works of mathematical greek ”Archimedes” who has developed
a number of laws in geometry such as volume and surface area of the sphere using some ways which
considered as a beginning to these methods that used in integration, and in yith and 1vth century A.D lots
of mathematical scientists were busy studying problems which related to calculus until each of Newton and
leibniz has discovered the basic theory of differentiation and integral calculus. Calculus is the branch of
mathematics that concerned with limits, derivative, integration and infinite series It is the science that used
to study the change in the function and analyze it . We find that the calculus related to lots of applications
in geometry and various sciences that often needed to study the behavior and the change of the function
and to solve the problems that can not be solved easily by algebra

Unit objectives

By the end of this unit , the student should be able to :

# Recognize an introduction of limits. # Finding the limits of trigonometric functions.
# Recognize some unspecified quantities like # Use the graphic calculator to verify the result
0 © w.w, oxo, .. of a limit of a function as an activity.
0 r w ’ r r ) ) ) )
# Determine a method to calculate the limit : B iecognize fic st hand limt ardltue etk

direct substitution - factorization - long hand It

R

division - multiply by the conjugate. Recognize the definition of the continuity.

# Finding a limit of a function using the law & Recognize the continuity of a function at a

lim x-ar point- continuity of a function at an interval -

=n a[‘l—]

Xsa Xx-a some types of continuous function - redefine

# Deduce the limit of a function using the law some discontinues function to be continuous.
lim x*-a* _ .. ; v

e # Recognize applications on the concepts of

X—g xm_gn
St . ; ) limits, continuity (exercise and activities).
# Finding the limit of a function at infinity. Y )
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Key terms

Unspecified quantity
Undefined

i

Right limit
Left limit

Limit of a function

AN RN CHIX AN FiN

Direct substitution

Materials

Scientific calculator - computer - graphic programs

Chart of the unit

Polynomial function

sin

Limit of a function at infinity
Trigonometric function

Limit of a trigonometric function

FIN. IV N RN

Continuity of a function

Lessons of the unit

Lesson (3 - 1): Introduction to limits of functions.

Lesson (3 - 2): Finding the limit of a function

algebraically.
Lesson (3 - 3): Limit of a function at infinity.
Lesson (3 - 4): Limits of trigonometric functions.

Lesson (3 - 5): Existance of limit of a function

at a point .

Lesson (3 - 6): Continuity.

‘Limits and continuity

Limit of function

Continuity of a function

introduction to limits Finding the limit of a Continuity of a Continuity of a function
function algebraiclly function at a point at an interval
Limit of a function Limits of Existance of limit of
at infinity trigonometric a function
Direct . e Multiply by Lim pi.gf a1 Lim 42" n aom
substitution Fecianzion Luig ehdsion the conjugate 1., ——=na o e e
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Unit three

3 -1

. You will learn

» Unspecified quantities
» Limit of a function at a

point

ﬂ Key terms

» Unspecified quantities
» Undefine

» Extended real numbers
» Right limit

» Left limit

» Value of a function

» Limit of a function

- Materials

» Scientific calculator

» Graphic programs

838

Introduction to'Limits
of Functions

0 Remember
The concept of the limit of a function at a point

is one of the basic concepts in Calculus. In this +®is a symbol
that indicates
unbounded

quantity larger

unit we will recognize the concept of the limit of
the function graphically and algebraically. But

before that, let's identify the types of quantities TN,

in the set of real numbers.

X .
%3 Think and discuss
Find the result of each of the following (if possible):

3x5 (2284 @4-9
®7+0 ®0+0 @00+3
@OQ%OO OO—OO

Unspecified quantities

i@ Learn ]

In (think and discuss) we see that some results of operations are

number that can

] be imagined.

completely determined like number 1, 2, 3 while the other operations
have no specified result.

Notice that 7 + 0 undefined (the division by zero meaningless) also
the operation 0 + 0 has no specified result because there exist infinite
number of numbers which multiplied by zero to give zero .

So the quantity % iscalled unspecified quantity, similarly the quantitics

2 w-o00, 0xow (why)?
oo

Add fo your informations

The operations on R and two symbols oo, -00 is performed as follows for
allaec R, then:

1-0+a=x 2- -0+ a=-00

oo whena > 0 [ oo when a < 0
4-—00><a:

3-00}<a:
-o0o when a <0 -0 when a >0
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@ Find (if possible) the result of each of the following operations:

(@) 4+ (b)3 - ©o-3 (d)-5:0
@oo+oo ®0+0 @SXOO @-GX-OO

©» Solution
o - @ 0 @ undefined
@ o6 @ unspecitfied @ o0 @ o0

ﬂ Try to solve
@ Find (if possible) the result of each of the following operations:

(@) 0+(-2) ®)7-0 OFRE @ w0 x0
@(‘7)X°° @(—00)+12 00+00 ®w+w

Limit of a function at a point:
Study the values of the function fwhere fix) =2 x + 1 when x close to 2 from the next

data:

21 52 19 4.8

2.01 5.02 1.99 4.98
2.001 5.002 1.999 4.998 , |
2.0001 5.0002 1.9999 4.9998 I
|_
3 5 4 ! i_
JC—>2+ f(2+)—>5 Y f(Z)_>S _‘ / i ,l_ ]
2 YO 172 s X
We see that: L # o1 | B A

when x approaches to 2 from the right and from the left then, f{x) approaches to 5. We express
that mathematically as lirr12 (2x + 1) = 5 and the graphical representation of fillustrating that.

X—

If the value of the function f{x) approaches to the real number  when x close to the real

Definition

number a, then 1M )= ]
X—q

And it is read limit f{x) when x approaches to the real number a equals [
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Q Exaﬂle Estimating the limit (The limit is equal to the value of the

function)
@ Estimate L1rr21 (2 - 3x) graphically and numerically.
X—
©> solution BT A
Algebraic: The linear function : y= 2 — 3x represented graphically \ |
as the opposite graph: - \ | L.
X
From the graph we see: * T "]
When x — 2 then fix) — -4 |
ie Lim (2._3n=4 ] l
%2 [ ]
Numerical: Form the table of the values f{x) by choosing x values =~
near to the number 2 from the right side and the left side asfollows: =~ T"_,
% 2.1 201 (2001 | — 2 «—— | 1.999 | 1.99 1.9

fix) -43 | 403 | 4003 | — 4 «— [-3.997 | -3.97 | 3.7

» From the table when x approaches to the number 2 from right and from the left, The
values of f{x) approaches to the number —4
ﬂ Try to solve

@ Estimate the following limits graphically and numerically:

(A) Lim (] _3y) (B) Lim (2_9)
G ) x=0

Q Exﬂle Estimating the limit (The limit isn't equal to the value of the
function)

@ Estimate graphically and algebrically Liﬂé %
X— X -

©» solution
Graphically: The opposite figure represents : flx) = X2 ‘24
X-
where x # 2.

From the graph we notice that when x > 2 then flx)— 4

then: Lim x2-4 4
X2 x-2

Algebrecally: form a table to the values f(x), by choosing values of x closer to 2.

X 2. 201 | 2001 | — 2 — | 1.999 | 1.99 1.9
fx) 4.1 401 | 4001 | — 4 —— [ 3.999 | 3.99 3.9
» The table shows that f{x)» 4 when x— 2 from the right and from the left.

From the previous example we notice that :
1- The hall on the graph represents unspecified quantity (%) Jatx=2

2- Itis not necessary that the function is defined at x = 2 to have a limit asx — 2
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Introduction to Limits of Functions 3 " 1

B Try to solve
@ Estimate graphically and algebrically the limit of each :

A) Lim x2-1 B) Lim x*-2x-3
52 Xkl x53 x-3

Using of technology to find the limit of a function at a point (graphic calculator)

¥ nctivity

Use the graphic calculator to draw the curve of the function f, then estimate the limit of the
function at the specific point.

1) Ax) = x3 when x — zero

2) fix) = ( 4?5-11 )- 2 when x —— 1

3) fix)= M X when x — zero
X

We can use the graphic calculator or a graphic program like (Geogebra) in a computer or in

a tablet to draw the function curve as follows: QE

1) Using the graphic calculator, represent the curve of the | |_/
function f where flx) = x3 T T 75 Tt %
From the graph Lim f{x) = zero | -

X

2) Using the graphic calculator, represent the curve [[B
of the function f where d
B-1 ' i |
fix)= (= ) =2
x-1 . . ‘ . . lx
From the graph Lim flx) =1 += TYXHE 0 / 1 2
x—1
Note the hall at the point (1, 1)) /
3) Using the graphic calculator, represent the curve of the function Y“
f where: 3
2
fx) = sin .x | |
* : : -vélc—" X
From the graph Lim _SmXx —] i | A
x-0 X

We conclude from the previous activity:

The existence of 1M f{x) doesn’t necessary mean the function be defined at x = a
X-a
Creative thinking: If the function fis defined at x = @ does it mean that 1t has a limit at a.

Explain your answer.
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Exercise on the activity: Using the graphic calculator or with a graphic program in a computer
or a tablet, estimate all of the following:

@ Lim .5
vl

@ Estimate the limit of each of the following functions as x —— 1

@ Lim

xo5-2

B8
x+2

b

Y

fz(_x)

Al

|
N

NWFM‘_

N

f_mj_f
]

X

Lim Sin3x
x-0

L
o

5
Y
A I._
L.l L
Ul N X
A N
R ] \

.

Yy |

— e
‘{ 1 | 1 ]
<

|

L |
‘I, 1
||

S I

©

f(x)

Y

@ From the opposite graph, find:

Lim fx)
X—)O
(b £0)

92
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@ From the opposite graph , find

_:a' Lim fix)
x=3

b) £3)

@ From the opposite graph , find:

a/ Lim fx)
)

b) f-2)

c. Lim fx)
x=0

dJ f0)

@ From the opposite graph , find:
a) Lim (2-x2)
x-0

(b) £0)

@ From the opposite graph , find:

a) Lim X*-4
X—)—Z X+ 2

() £-2)

From the opposite graph , find:

al £(0) b LiBn fx)
-r—)

c) F12 d Lirré fx)
X—

Introduction to Limits of Functions 3 " 1

i o
F
34 o

| 9

1 '

T3 O 1 2 3 4 5 E X

1 " ]
2
L 4

&

|2

1 £

-3-2-1/234rx
e
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J{._l

Limits and continuity y —

@ Complete the following table and deduce lim f{x) where ix)=5x+ 4

X2

1.9 1.99 1.999 | —— 2 — | 2.001 | 2.01 2.1

@ Complete the following table and deduce lim (3 x+ 1)

|

-09 | -099 | -0999 | — -1 — | -1.001| -1.01 | -1.1

@ Complete the following table and deduce lim ol
x—-1 x+1

-0.9 -0.99 | -0999 | — = | — | -1.001| -1.01 -1.1

i

@ Complete the following table and deduce lim X-2
Xesd x2-4

1.9 1.99 1999 | — 2 — | 2.001 | 2.01 2.1

@ Use the graphic calculator or a graphic program to estimate the limit of all of the following

then check your answers using guiding values.

(a) Lim (3x-4) (b) Lim (x2-4)
e T x-1

(¢) Lim % +1 d Liti 28

x>l x+l .o x-2

(e) Lim (x + Sin x) (f) Lim Sinx-x
I—-O x_.O X

(@) Lim L (h) Lim _1

ox0 A R, T &
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You have learned how to find the limit of a function graphically or
numerically by studying the values of the function near x = a. Here
are some theorems and corollaries that help in finding the limit of a

function without making a graph or studying the values of the function.

@Ac‘tivﬂy ]

Use one of the graph programs to graph each of the following function

on the same figure:

fl(x): xzx_fx_z ,fz(x):x+ 1

What do you notice?

Find: Lim f (x), Lim f (x)
x:52 x-2

What do you conclude?

i@ Learn ]

Limit of a polynomial function:

» If fix)is a polynomial ,a € R

Then: lim fx)=fla)

X—a

E 1 d ga
Q XAMP™® Direct substitution
@ Find each of the following limits:

Lim (x2-3x+ 5)

o

The function f is
called polynomial

X2 function if it is at
@ Lim (-4) the form
x-3 flal=c, tcx tcy
€ Solution e
Lim (x2-3x+ 5) where:n € N,
E 4-6+ 5=3 (directsubstitution) c,7 zero,

(b) lim (4)= 4 fx)= -4 is a constant

E-3

£y Gy G ER

function for allx e R
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You will learn i

» The limit of the polyno-
mial function.

» Some of limits theorems

» Find the limit fa function
using the long division .

» The theorem

lim =M=nan—?
¥ 7a X -
Key terms h

» Limit of a function

» Polynomial function
» Direct substitution

» Factorization

» Synthetic division

» Conjugate

Materials -

» Scientific calculator
» Graph programs com-
puter

95



ﬂ Try to solve
@ Find each of the following limits:

(@ Lim (2x-5) (b) Lim (3x2+x-4) (e} Lim (7)
x-3 x5-2 x--2
> If lim filx)=1 , lim g(x)=m then:
X—a X—a

1- lim kfx)=kl where ke R 2- lim [fx)tg(x)]=1+tm
X—a X—a

3- lim fix). g(x)=Ilm 4- lim f&® - ! wherem #0
x-a x»a X&) m

5- lim (fx)e=10 where/» € R
X—a

E | =
Q RS Using theorem
@ Find the following hmits:

Lim _ 3x+7 @ Lim (¢ 4x2-3)

xo-1] x2+2x-5 o
©» Solution Lim Gx+7)
Lt 3x+7  _ xo-l _ 3x1+7 _ 4 _2
Ty, ®+2x-5 Lim (x2+ 2x-5) D2+2(¢1)-5 6 3
x--1
@xl-_‘:frzl ¥ A4x2-3 = JxLif; (4x2_3) =4 4(-2)1—3 :‘\/16—335

ﬂ Try to solve
(2) Calculate the following limits:

Lim i ®) Lim J2257
X> it

+1 a2

Finding the limit of a function at cases of unspecified:

To find Lim fx) where flx) = w using direct substitution
i X -

we get one of the cases of the unspecified 22  The opposite graph
ZEero

shows the graphical representation of the function fand we see that

Lim fix) = 3 So we search for another equivalent function to the
x-1

function flet it g where g(x) = x + 2 which obtained by cancelling

non-zero common factors in the numerator and denominator.
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Finding the Limit of a Function Algebraically

» Iffix)=g(x)forall xeR-{a}

, then lim fix)=1]
o

andif lim g(x)=1

X—a
. Example

3 ) Use factorization to find the following limits:

-2x2 41

Lim A~ —sA7+ 2.
xX2+x-2

Xl

a) Lim X-1 b
.r—)]. X - ]'
©» solution Using Factorization

a ' We notice that flx) = 11
xX-

unspecified at x = 1

Factorize and canceling the non zero common factors then f{x)

can be written at the form.

fx) = M(ii;“ D =x+x+1=gk)
then flix) = g(x) forall x # 1
Lim g(x):3
|

and according to theorem 3, Lim fx)=3
V=
Lim _*#-1 -3
x-l x-1

Long division method

b /| We see that the numerator function f{x) = 0 when x=1,
also the denominator function g(x) = 0 when x = 1
. (x—1)1s a common factor of the numerator and denominator.

*." The numerator is difficult to be factorized into factors containing
(x—1), So we use the long division to find the other factor of the

expression x3 - 2x2 + 1 as follow:

3 A | x> - 2x2 +1
x2-x-1 x3-  x?
0 - x2 +1
- 24x
0-x+1
-x+ 1
ZEro

Student book - first term

3-2

\ fx)
5
4
3
2
1
™ 2 - 1 2 s
y
1 8(x)
4
3
2
1
= -2 A n 2 =X
4

In the long division :
1) Terms of both

divisor and
divident should
be arranged in
ascending or
descending order.

2) Divide the first

term of the
divident by the
first term of the
divisor.

3) Multiply the

quotient by

the divisor and
subtract the
result from the
divident to get the
remainder .

4) Repeat the

steps 2, 3 until
you finish the
division.
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We can use a simple method to perform the division process called synthetic

division:
In this method we use the cofficients of the polynomials:

step 1: write coefficients of dividend arranged Viineofxed | . 2 0 1 coefficients
descendinly and let the divisor = zero to find

value of x :

coeffient by the value of x and write the result
down the 24 coeffient then add.

1 1 -

: leavelst coefficent and multiply the first J

step 2: y 158
|

step 3: repeat the multiplication and addition 1 1 2 0 1
operations, you will find the cofficant of the I 1 B B,

quolents 1 , -1, -1

—

110

i.e. the quoient x2 - x - 1

S L ST % T)

- Lim &-DErP-x-1) _ 14p o xX2-x-1 1
a1l @-DE+2) 1 x+2 3

ﬂ Try to solve

@ L 218 ® Lim _25-8 _

o 8 XAD x4 Xr-x-12
O Lim X-x*-5x+6 @ Lim X -10x-3
x=2 x-2 X453 x2+2x_3

Q e Using the conjugate

@ Find the following hmits:

Lim _‘@4-1 (b) Lim xz—SxS
x-4 X -5 Ax+4 -
©» solution

il 3 unspecified at x = 4

. notice that: f(x) = —————

So we should eleminate the factor (x — 4) from both of numerator and denominator.

Lim .x-3—1><.,x-3+1: Lim x-3-1
w o x-4 Jx-3 +1 x4 x-HW=x-3 +1)

= le (x_4)
x4 @G-HH x-3 +1)
= le ;:l

x4 Yx-3 +1 2
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Finding the Limit of a Function Algebraically 3-2

b) Lim _ ¥ - _ [jm 2=  Jx+d+3
x>5 Ax+4-3 x5 Yx+4-3 Jx+44+3

x(x-5)(Wx+4+3) _ L X(x-3x+4+3)

Lim
.5 x+4-9 x5 (_'r_S)
= i M z+4 +N=535%3)=30
x-S
ﬂTry to solve
(4) Find the following limits:
B i YL 2 b) Lim X+l
Fo3 x-35 T xo.] ¥Yx+5-2

If the function fat the form f(x)=—"-2" then Lim X2-2" —p go-1
xR Yoog X4

Finding the limit of a function at a point using theorem (4)

x*-81
x=3

(5)Find  Lim
' x-3

&> Solution

x4

m =3 =4(3)’ = 108
X— -

(al
i Corollaries on theorem (4):
¥ 1. lim xtar-ar _ o al 3= iip JSlgt . U aem
x-0 X % yg A-am T m
.+ 7 Example
(6) Find:
.ﬂ ) Lim (X + 5)4 -625 b b Lim x5_32
: x-0 43 : X 52 x2-4
‘¢) Lim (-4°+32 ® tin 732
X2 x-2 xsle Y3 -64
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©» Solution

Lim

x=0

@ Lim

x-52

@ Lim

X2

@ Lim

x=16

ﬂ Try to solve

@ Find:
Lim

eylS BED

If Lim 64 _/ Whatis the value of: n C
X2 x-2
@ Exercises 3-2
Complete:
. . A
Lim 3x-1)= . Lim *-2 -
@ x-2 @ oty | x+1
Li a4 Lim X5-35 _
-
Lim x3—: o Lim x_l_z_lz o
@ um B lim £L2_

Choose the
@ Lim
x--l
3

100

wzmsszsoo
2D _3,03=20
x2.22 2
(-4P+32 L (x-4P (2P
x-2 -2 (x-4-(2)
= 5{:2¥=80
5 5
V8 -32 _ i x;f_gmf:
I3 -64 .16 x2 -(16)2
5
= 5.3 1 5
:%x(l&* f):%xlﬁ‘i:ﬁ
2
x4 - 625 (®) Lim ¥x -128

x»>16 Xx-16

correct answer from those given:

11 equals:

®) -2 ©3

ORI

15% - (24)‘3 —94x 3
=25=32
thus :
162 - 64

(¢) Lim ¥x+25-2

X7 x-7

@ hasno limit
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Finding the Limit of a Function Algebraically 3-2

Sin x

o) Lim equals:
I—)% X )
# b E E s d - -
all 7 c p ) has no limit
@ Lim Jx -1 equals:
x-16 x-16
a | zero b % c'1 d | has no limit
@ Lim M equals;
f—)% X
a 0 b1 g % d | has no limit
@ Lim X -243 equals:
x_>3 r3 = 27
a)0 b) 2 ©) 15 d)9
2
@ Lim =42 exists then a equals:
x—;2 X - 2
al ] b)1 )2 (d)a
@ Lim ;equals:
x-2 @2)
a)- % b zero le) 5 'd) has no limit
Find each of the following limits (if exist):
2 .
46) Lim (x2-3x+2)  Lim **! Lim  (2y Sin x)
X Kz P x-3 x— %
Lim Cos 2x Lim X+l Lim _9-X
@ Xon X @ xs-1 ¥+1 @ x-9 x2-81
@ Lim *-Tx+10 @ Limp % +t6x+5 @ I x+4x -12
x52 x2-2x xac]l x2-3%-4 x-9 Xic:d
1 1
; 2+x 7 ; x+2 ; 2 X2
Lim Lim L (24 F-=% )
@ Xl % @ I xa -16 @ S | | X X=1
@ Ttk Br3x-12x+4 @ Ttk Bo4qxlox+ 4 @ T x2_9
e B - 4x x il 952 _Tx-4 x53 X-2x2+2x-15
§1) Lim _x*-32 §2) Lim X—-(07 43 Lim ¥x -1
%59 x-2 £ v-2 x>l x-1
'r—g 5 L . y_ 3
@ Lim 12 @ Lim X7-125¢5 @ Lim X -
x-2 X -2 X545 X-425 x-81 Xx-8l

Student book - first term
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Unit (3): Limits and continuity

§7) Lim X -128 Lim «-57-1 §9) Lim Vx+25 -2
X252 x5-32 %56 X -6 x-7 = 2K
Lim _@-3)-1 Lim & -2W)7 - x17 T x4 -81
® x-2  X-2 @ h-0 51h 2 .3 X+243
43) Lim O+hy-81 G Lim ¥x+8 -3 g5y yjm ¥ x+7 -2
h-0 6h x--1 x+1 x-23 x+3
. _ . 2_x_2 . : 2
Lim ¥x+1-2 5371 il 4 Lim (x-D?-1
@ x=3 X+6-3 @ xo-1 x+1 N 5x
@ Lim ( 1 3 ) @ Fasi X2+4x+4 @ tim J2x+1 -3
xs1 f-b il x,-2 X +x2-8x-12 - x-4

Activity

@ Volume A piece of cardboard in the form of a square of side length 24 cm is used to make

a box without a lid by cutting four squares each of side length x cm around the four corners

1) Draw the figure of the cardboard.
2) Prove that the volume of the box is given by V = x(24 _ 2 x)?2

3) Find the volume of the box when x = 4 by studying the values of the function when x — 4
using the following table :

3 3.5 3.9 =% 4 & 4.1 4.5 5

ﬁ x') ................. i (e i Saenan || essnaa || s

4) Use one of the graph programs to graph the function and verify the maximum value of the

volume at x =4

Creative thinking :
§)If lim AX)=D - find : lim  f(x)
.T._>2 x-2 x_)2
o If lim 0 find :
x=0 x?
(A) lim  f(x) B) lim _f&)
x-0 X0 X

@ Trade: A company found that if it spends x L.E for advertising one of its production, its
profitis given by the function f{x)=0.2 x2+ 40 x + 150. Find the profit of the company when
its expenditure approaches to 100L.E.
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In many life applications, we need to know the behavior of a function

when x—— oo the next activity illustrate that.

@Acﬁﬂty ]

Use one of the graph programs to

represent the function f where :
j(x) = L LX = 0
x

What do you notice from the graph

-2
when x — o ?

From the graph we notice that:
»  When x increase and approaches to o then flx)approaches
to certain number.

Complete the table to find the number that f{x) approaches to f(x)

X 10 100 1000 10000 100000 |x — o
fx) 0.1 0.01 9
iEl Learn ]

Limit of a Function at Infinity

From the previous activity we find that when x approaches to

Infinity, the values of f{x) approaches to zero.

lim 1 -0
X

X —=ow

lim a = 0
X —oo x*t

where n € R, ais constant

Some basic rules :

> lim c¢=c where ¢ constant.

X .
lim

» If n isa positive integer then xXt=o00
X-00

Notice that: theorem (2) which studied before which relating to limit of
the sum, difference product and quotient of two functions when x = a 1is

correct when x — ©

Student book - first term

3-3

You will learn

» Limit of a function at
infinity

» Finding the limit of
a function at infinity
algebraically.

» Finding the limit of
a function at infinity
graphically

Key terms

» Limit of a function at

infinity

Materials

» Secientific calculator

» Graph programs.
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Lim (L +3) (b) Lim (4-3)
X Xow xz

X—>o00

» Then check your results using one of the graph programs.

©» solution
Lim (L+3) - Lim L+ Lim 3
X0 X Xowo X X0
= D diend

Lim (L 3) =3
X

X —oo

@ Lim (4_1): Lim 4- Lim 3
Xow x2

X oo X —oo xz

—4-3 Lim Lz —4-3%x0=4

Xoow X

x2

X— oo

ﬂ Try to solve

@ Find:
Lim (5 +2) (b) Lim (2 +5)
Xom X Xoo X2
Q Example
@ Find: Lim (4x-x*+5)

X—ow

> Solution

Lim 3 (A -1+

= Lim x3x Lim (i-1+i)

Xow Xoo X2 x3

:OOX—I:—OO

-]

W

L

R/H %)

-

e ]

[
=i

e I I

o0, —
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Limit of the Function at Infinity 3 X 3

ﬂ Try to solve
@ Find each of the following limits:

a) Lim (x3+ 7x2+2) b) Lim (4-3x-x3)

X oo X oo
Example
3 Find each of the following limits:

a) Lim _2-3 b Lim _2*-3 ® 1im .2%-3
Yoo 3x2+1 X o0 3x2 41 ! ot 3x2 +1
> Solution

Divide each of the denominator and numerator by x? (the greatest power of x in the denominator).

(x)
Lim (2.3 e
a Lim —2r2_3 = X—oco = = = 0-0 :0
X 3x2+1 Lim (3 4 %) 3+0
X—ow -
Lim (2 - %
b_ Lim 2;\7?‘2 =i = i i
X o 3.T. "r]. le (3 + x%)
X oo
= 2-0 = 2
3+0 3
Lim (2v-=)
¢ Lim 2"32‘3 I i i '
X oo 3.‘7 "r]. le (3 + %)
| ——] .
£ -0 = o0
3+0

From the previous example, we can conclude that when finding

lim % where f(x) , g(x) are polynomials then :
X 00 g X

»  The limit equals a non-zero real number if the numerator and the denominator have
the same degree.

»  Thelimit equals zero if the numerator's degree is smaller than the denominator's degree.

»  The limit gives + o0 if the numerator's degree is greater than the denominator's degree.

B Try to solve

(3) Find:

a) lim x*-3x+1 b) lim 43 - 5x c) lim -6x% + 1
" R0 2x X0 SxX4+3x2-2 X Ixe XD

Student book - first term 1 05



Q Example

@ Find the following hmits :
lim -2 @ lim (x-4 2+4 )

s X 1REL

©» Solution

lim -2

3 &
P L - 7

T x 5 0o I

. x>0 thenlxl=x f

lim _*-2 )
%o A% fx) = ——=—

Dividing both numerator and denominator by x3
: 2
lim (] - =
_ oy m):l_o:1
: 1 1+0
im0

@ im (x-v x2+4")
Xow
_ lim FA a4 ) (4 x244 ) )

w0 1 1 (x+4 x2+4 ) , o
_ lim _X2-x?-4 o |
Xom X+ 4 x2+4 .2 i T
_ lim 4 W, ]

—_ e |
Xoo X+ 4 x2+4
i f)=x-f2+4
o0

.-. x_;

x>0 e =ld=x
Dividing both numerator and denominator by x = 4 ;2
4

lim - =+
* lim 4 = X 00 ul = 0 =
Xosew X+ 4 x24+4 lim (1 + 1+-%) 1+1
X

X0

ﬂ Try to solve

@ Find the following hmits :

lim, K= @ Iim (4 3x215¢ -4/3x
Xow ¥ 4x2+25 Xow
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Limit of the Function at Infinity 3 X 3

Exercises 3-3

Complete the following :

lim (1+ 3= lim (3--2)=
@ X0 ( x) @ X 00 (xz )
G m (D= @ lim (e2-3)=_ .
Yoo X
@ X0 X @ xowo A2+1
4 M oo W
@ lim (3 - T iz): @ Im (/241 -X)=
X oo X X X0
Choose the correct answer from those given:
@ lim 60X equals
PN £
(a) 0 (b) 2 c) 3 d) 4o
lim 4 gl
@ n [T cqus
a0 b ] ©2 d) +oo
@ fim X#3 equals
X—w 2 -x
a0 B3 £ 3 +00
@ lim _+1 equals
s 22Xl
alo b % c)l d) o0
lim 14X coual
@ Firg Ir1 cquals
@ - b) 1l c)l d
a) -1 &) &) 5 d)1
Find
i 3 : ; : R
@ _llm " @ im (x3+ 5x2+1) lim 22:;‘;
X—ow - X—ow X - i
lim X lim _4x lim _3-06x-3x%
@ pugay R @ x s AFY @ X0 2x2 +x +4
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Unit (3): Limits and continuity

Lim __2x-1 Lim _ *-2 Lim __ 221
@ Xow X+dx+l @ Yoo 3xr+4x-1 @ wei: RS o ]

Lim 2x2-6 Lim (7 + 2 x? Lim 1 5
@ X0 (x-1)2 @ X0 ( (x+3p ) @ s ( a2 +x)
v, Lim X 4 3x Lim = Lim X3 -4 x+5
X0 (2#”1 (x-3)? ) @ Xxom ¥4+x2 @ X oo (2x-1)
@ Lim (4 4x2-2x+1-2x) @ Lim (¢ 5x2+4x+7 -4 522+ x+3)

X oo Xosw

3

@ Lim x (¥ 4x2+1-2x) @ Lim _X+x-1 @ Tt ok

X0 X 8x2-3 Xow ¥X6+9
@ Lim _&+2»3 -2x?)

X0 3x(x2+ Ty

@ If Lim (& ar2+3bx+5 -2x)=3find the value of each of a, b.

X
Tam X T£3x245 @ Lim _2x!-3x2+x3
Yoo 2x2-x3+41 Xt A3 +x°1

@ Creative thinking : One of the companies produces greeting cards with initial cost of
5000 L.E. and extra cost of a half pound for every single card. If the total cost is given by

C =L x4+ 5000 where x is the number of produced cards.

2
Find :
@ The cost of the card when the production is:
a) 10000 card (b)) 100000 card

@ The cost of the card when the company produces an infinite number of cards.
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@Ac‘tivﬂy ]

If fis a function where fix) = 32X and the required is to study
’ X ’

the values of the function f when x — 0 (x 1s the measure of the

angle 1n radians).

Make a table to study the behavior of the function fix) = sin x
. . X
when x approaches to zero using radians

You will learn

» The limit of some

trigonometric Functions

X 1 001 (0001 - | O | « | -0.001 | -0.01 -1

inx| g gars(09983| | [ |« | - |099s3fosa1s
From the previous table deduce Lim Sin x
x=0 X

apl,

E_ Learn ]

If x is the measure of an angle in radian then :

lim SiX _ lim fanx _
x50 X L=t X

= ._ siﬁx: o _ tanx
fix) = = fix) = F

If x is the measure of the angle in degree measure, can we find

Lim SMYX Explain your answer.

x=0 X
Lim Sinax _, [jyp fanax_.
X—)O X x=0 X

Student book - first term

Key terms

by

» Trigonometric Function
Limit of a Trigonometric

Function

Materials

» Scientific calculator.

» Graph programs

Add fo your
imiormation,¢ 4

This theorem has more
than one proof you can
check that ussing the
link:

http://math.
stackexchange.com/

question/75130
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@ Lim Sin3x_ 3 @ Lim fan2x_1 pp

x=0 X x=0 Tx x=0 X

@ Lim M: Lim Mx Lim Cos2x=5x1=5

x=0 X x=0 X x=0

ﬂTry'lo solve
@ Find:
Lim sn?:_?.x @ Lim m;‘;"x @ Lim _sin/l x
X X

x-0 x-0 x-l -

Corollary 2

- ] 1 - cosx
Lim — = ZEero

x=0

» Ask for your teacher's help to prove corollary (2)

‘a) Lim _l-cosx @ Lim _l-cosx
x-0 tan x x-0 x2
©» Solution
Lim l<Eosx .. Tjm l=cesk . =x
-0 tan x x=0 X tan x
= Lim 1-cosx X _—0x]1=0
x=0 X tan x

b : 1 -cosx 1 + cosx
e [Q Y nemenbe

— Lim l-cos2x  _  1im sinZx
x-0 X2(1 + cosx) x50 X1 + cosx)
— Lim _Si% . Ljm 1 = (1)2 x 1 _1
x=0 X x0 1+ cosx 1+1 2
ﬂle to solve
@ Find the following Limits:
Lim 6x2 csc 2x cot x (b) Lim Jl-cosx
x-0 x=0 sin 2x
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Limits of Trigonometric Functions 3 X 4

==

‘O Example

(3) Find the following limits -

a) lim _X*-Xx+ sinx (b) lim _X+Xcosx
T x50 2x ~ x_0 Sinxcosx
c¢) lim sin (1 - cos x) d) lim sin?3x
C x.0 1 -cosx ' X0 a2
©» solution
@ % Lim ( a2 ,.r. L _sinx ) (b) Lim _Xtxcosx
% 5D X % % ¥.0 sinxcosx
1 e sin x dividing both of numerator and denominator
== Lim (x-1+ ~ )
2 . : 1 +cosx
x-0 by x = Lim S
1 .r_>0 ) — X COS X
:5(0—1+1):0 ¥
Lim (1+ cosx)
x=0
~ Lim L X cos x
x-0
_ltcos0 1+1_,
~ lxcosO 1
¢) Lim _sin(l - cos x) d) Lim _sin*3x
 x.0 l-cosx = s b
let1-cosx=y :l( Lim sindxy
57 x50 X
whenx—.>0theny—>0 2.13><(3)2
y-0 Y -3
Lim _sind -cosx) _
x=0 1 -cosx
ﬂTry to solve
(3) Find the following limits :
a) lim _sin3r b) lim  sin(x1)
x=0  5x34x x50  y2yx2
c) lim _sin’x d) lim xsin2x+ sin? 2x
x-0 3.5 x-1

tan? 3.x + x2

Student book - first term 1 1 1



Exercises 3-4

&

&

Complete:
@ e @ Lim
x=0 X—)%
©, @
x=0 x=0
@ x-0 o 4x @ X—)S
14 sin 7Tx - 14
o o
: 25 :
© 5 e o
Ol e ® L
Lim _Sin?2x _ Lim
@ x=0 3 x2 @ x=0

Choose the correct answer from those given:

@ lim

X—)O
0
@ lim

X—)O
0
@ lim

x-0

@1
lim

X—)O
oF
@ lim
X—)O
oF
@ lim
0

X—
(a)1

112

sing x

sin3x _

X

tan 4x _
5x

® @1

| —

EE

sin 2.x+ 3 tan x

S5x

xsin3x

1

sin 3 x

L
L

tan22x _

(e)

2

Wi

L.

®}

s = e

sin7x _
x

sin (x -5) _

sy .
xz

1-cosx _

3x

3xcsc2x= ..

4x2

sin? x tan 3x _

®

(TN

®

Wik

... where x in degree measure

T 180
@m ©7z

(d)x
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Limits of Trigonometric Functions 3 X 4

Find the following limits

@ fig Sl
S5x

x-0
@ lim tan 2x
x—>0 'r

lim _sinx( -cosx)

®

Xl x2
lim sin 2 x
x=0 X

lim _(1-cos?x)

x-0 x2
lim X-XCOSX
x=0 sin? 3x

lim xcos (-2x+1)

2
X —)% X +X

x--0 x2

lim sin Sx3+sin35x

x—;O 2 .\73
lim 2x3 +x sin Sx
x=0 x2 - tan 3 x2

lim fan2x+5sin3 x
x0 2sin3x-tanSx

lim, . 1°€083%
x-0 cost2x-1
lim fan3x?+sin25x

x=0 x2

lim Sin (sin x)
x=0 5sinx

ONONONONONONONONO MMM

lim x (csc2x-cot3x)
x-0

lim (1 + cosux)x 105X

lim
x=0

©

lim
x=0
lim
x=0

© ®

lim
x>0

&

lim
x-0
lim
x-0
lim
x=0
lim
x=50

® © © &

lim
x=0

®

lim
x=0
lim
x>0
lim
x-0

©® & ®© &

lim
x-0
lim
x=0

®

sin x
tan x

X

cosxtanx

X

fan x

x2

cosx-1

sin x

1-tanx

SiILx - cosx

x2-3sinx

X

tan 3x2 +sin? Sx

x?

2x2+sin3x  \4
2x% +tan 6 x

1 - cosx + sinx

1-cosx-sinx

Xtan 2 x

X%+ sin? 3x

2-cos3x-cosdx

X

d-e0s3¥

cos?5x-1

X

cos (Z-x)
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Unit three [yistence of Limit of a
3 5 Function atia'Point

. You willlearn ;x/%‘) Think and discuss ]
o R
» The right limit i :
» the left limit ket o _
TR TSR ok Represents the graph of the function £, such that:
Limit of a function at x=1 Ifx>2
. 5 o
apoint. L P iy
» Discuss the existence of lim+ f(x)
X—
»  Discuss the existence of lim f(x)
p A0 e
ﬂ Key terms is  lim flx)= lim f(x)?
A—— ' Xx=2 X2
e Figure (2) :
ft limi .
RLettin Represents the graph of the function g, Such that :
2 Ifx>0 00
_ 8
A=
E [-2 Ifx <0 4
>  Discuss the existence of lim+ g(x) T "
x-0 — Tt
» Discuss the existence of lim g(x) “T o[ T ;L ;X
x-0 e -
1S lim+ g(x) = lim_ g(x)‘? * !“;
X— X— Fig (2)
(s Loarn [ ——
- Materials
» Scientific calc. The right limit and the left limit
» Graph program The limit of the function f when x tends to a equals [ iff the right limit
and the left limit when x tends to a are equal and each of them equals [
where l = R:
lim  fx)=1iff: f(a)=f(a)=1
X—a
where
f@H= lim_fix)
X—a
f@)= lim  fx)
X—a
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| ] |
From the figure (1) we notice that: |
f1)=3 faH=-1 HNEEEE
_ 11 1]
s A AR TT
: : > X
.". The function has no limit when x —— 1 7 _TYZ_ F__
@ In the figure (2) we notice that: _: | | \
f(-1)=3 f(-1=3 i
i B o (04
S =R/-1)=3 |/>\| |
oo Lim flx)=3 Pl ™
X-1 | | | | .
ﬂle to solve i_i___'z 1y ! 2 i

@ Study the graphs of the given functions then find: Fig (2)
- AAX)
— "

NEN g o |
1, 2 i
|: X | LT
| X kg | g
ﬂ"/ 5 2 1 412 3 4

—
J.l 1]
| v ||
lal 1) (a) F(1) (a) £(0)
b f(1" b r(1") b £(0")
(c) Lim f(x) (e) Lim f(x) (e) Lim f(v)

@ Find the limit of the function f when x —— 0 where flx) = { i

€ Solution X
Redefine the function, then

s w-x)-1 f x<0 _]-x*-1 forall x<0
- X 2 If x>0 ] -1 forall x>0
&
" f0)= Lim filx)= Lim («2-1)=-1
X-0 X-0
f(O+): Lim -1=-1 '.'ﬂO'):f(0+) =

+
X=0

Student book - first term

x Ixl -1 Ifx<0

-2 Ifx>0

Lim f(x) =]

X=0
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ﬂ Try to solve

()Hf@y:[u-m

2

find

@ Discuss the existence of the limit of the function f when x — 0 such that :
xt+2x

Jx) =

X

lim  fx)

(if possible)

X + tan2x
3x - sin2x

©» solution
f0)=
X-0
= lim
X0
A0H = lim
X— 0+

_ 1+2
3-2

L FO)£F (0D =2

ﬂ Try to solve

@ Discuss the existence of the limit of the function f when x —— 77 where

fx) = Sinx

xX-7T

@ Discuss the existence of the limit of the function f when x —— 1 where: filx) =+ x-1

> Solution

lim ) f(x) =

X+ tan2x

lim
X—)O_ x
x+2)=2

= lim

3x-sin2x o

=3

X0

Ifx<um

Ifx>m

" f(x)is definedforall x-1 >0
The domain of f(x)is [l + oo [

o f(N = lim £

x-1

f(1)is undefined because f (x) is not defined at the left of 1

.. f(x) hasno limitto x —— 1

ﬂ Try to solve

@ Discuss the existence of the limit of the function f when x —— 3 where f(x) =4 3 -x

116
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X
—+
X
3x
— -

Ifx<0
Ifx>0

lim X(x+2)
x50 X
tan2x

X = llm
sin2x X0

X

lim  f(x) does not exist.

tan2x
1+
X
in2x
3. sin
%

S f(D= lim /X1 =0

1

x-1



Existence of Limit of a Function at a Point

Exercises 3-5

Complete the following :
@ In the opposite graph :
Al lm foo=

X—

R
x-0

@ In the opposite graph :

Al lim fw=.
x=3

I O ———

X—

@ In the opposite graph :
A) lim fG)=

B )

B lim foo= ...
x=0

C) lim f()=
x-1

D) lim fe)=
X -

E) lim fo)=. ..
x-4

@ The function fis defined on R such that f(x) = [ 2

3-5

Ifx>0
Ifa<

e R, B hm it = ———

JC_>0

@ The function fis defined on R such that f(x) = 3
Sx
B,

A) lim fey= lim
X - r_,O

@ The function fis defined on R such that f(x) =
1
3
B

R — lim
\7—)0 .r._>0

Lzl
Ifx<0

Student book - first term
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Unit (3): Limits and continuity

f

Discuss the existence of limit of each of the following functions

@ lim  f{x) where fix)=f2x when x < 2

= x? when x > 2

lim flx) where flix)=[x?+1 when x < -3

X3 3x+1 when x > -3

@ lim flx) where fix)=[x2+2 when x < 0

R 3x+1 when x > 0

@ lim fix) where fix)=[2x+ 1 when x < -1
x--1

-1 when x > -1

@ If the function fwhere
foy =] =D* when x < 1

lx-11

6x-3m when x > 1 has a limit at x=1 . find the value of m
@ Discuss the existence of lim f{x) when x — 7 where

2sin x
flx) = 1 when x < 7T

o -x

l+cosx whenx>17

@ If lim fx)=7 where fix) = [x? + 3m when x < 2 find the valuesof m , k
x-2

Sx+k when x > 2
44) If the function f where , fix) = [2+k Ifx<-1

x+4 Ifx>-1

has @ limit at x = -1. find the value of k

@ Discuss the existence of lim f{x) when x —— 0 where ,

fory={22x+tan2x  whenx >0
6 X+ sin x
cos X when x < 0
@ Discuss the existence of lim f{x) where f{x) = { 3.X when - Z_<x <0
tan x 3
3 cosx when 0 <x < %
A atx— L B atx — 7L_ Clatx——0
@ Discuss the existence of lim f(x) where f (x) = #2
X2 X -
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-'!5, Think and discuss

Look at the following graphs and write your notes?

£,00) = Ixd f,(x) =223
Fig (1) Fig 2)
__________ Yy A Y
HEEIEEE |
EEEREEEE po
P ol | -
L l |
- ‘ > X \ 1
L g
N . il W
| |l el [ ]| | ¥ [ v | |
_ 1
Jg(x)Z[ bl <l S = lx+ 2l
1 x>l
Fig 3) Fig 4)

In fig. (1), (2), the curves are continuous and unbroken at any point.

In fig (3), the curve of the function is discontinuous at x= ...

In fig (4) the curve of the function 1s discontinuousatx = ...

from the previous we can conclude that the function f is continuous
atx = a if the curve of the function is unbroken at this point and the

function is discontinuous at x = a if its curve is broken at this point

Student book - first term

3-6

You will learn i

» Continuity of a function
at a point.

» Continuity of a function
on an interval

Key terms h

» Continuity of a function

» Continuity of a function at
apoint

» Continuity of a function on
an interval

Materials -

» Scientific calculator.

» Graph programs
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Continuity of a function at a point:

f)
A

R ) N i ¢/}
2 | . |

44
-3
24
14

Y
Fig (1)

Y

Fig (2)

Look at the previous graphs then find lim  f(x), f(1) if exist

|

Infig (1): lim flx)=1, lim fix)=3 then lim fx)doesn't exist, f{1)=1

x5l

In fig 2) : linll+ flx)y=-1, lim (x)=-1then lim Ax)=-1, f1)isundefined

X

X—)l X—)]_

Xl x-1

Infig3): lim flx)=2, lim (x)=2then lim Afx)=2, Al)=1

X—

X1 Xo

then lim fx) #fA1)

x-1

The function fin each of the previous figures is discontinuous at x = 1

Try to put a definition of continuity of a function at a point.

>

o
®
=
5
=3
o
=

Q Example

x
@ Discuss the continuity of the function f where flx) = [

atx=20

©» Ssolution

Discuss the continuity at x = 0
Lim fx)= Lim x=zero,

x=0

£0)=0

So, the function 1s continuous atx =0

120

lim  flx) exist

X—a

X—a

Discussing the continuity of a function

The function £ is said to be continuous at x = a if the following conditions satisfied:

> fla) defined >  lim flx)=f(a)

x=0

Pure mathematics - Second form secondary - Scientific
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b Discuss the continuity atx = 1
Notice that the rule of the function at the right of the point x = | differ from it’s rule at
the left of this point so we discuss the existence of right limit and left limit at x =1
fi1y= Lim (x+1)=2,f1)= Lim x=1]

X1 |
ie: f(1+) # f(1") and this Condition is enough to discontinuity of the function f at
x = 1 and the graph illustrates the discontinuity of the function fatx= 1

ﬂ Try to solve
: . : 4x-1 if =x<l1
® Discuss the continuity of the function f where flx) = atx =1
x2+2 i x>1
Example s . r
- Check the continuity of the function at a point
2 Discuss the continuity of each of the following functions at the indicated points infront of
each:

a j(x):-‘;irg dti= gy B) fix)=5 - %3 atx=3

©» Solution
a | First: Discuss the continuity of the function at x =2
*.” Since the function domain = R - {2} .". fix) is undefined at x = 2
.". fix) 1s discontinuous at x = 2
Second: Discuss the continuity of the function at x =3

3+3 _

T — wn [ _ = =
Ry =0 o x2 32 G
Lim flx)=f(3) .". flx) continuous at x =3
X—3
. _ 8-x atx =23
b | By redifining the function f(x) =
X+ 2 atx <3
f3)=5, f3H)= Lim (8-x)=5 , fB)= LM (x42)=5
x=3 x_,
- Lim gny=5 ie: f3)= Ligl fx)
X, X_s

. f(x) 1s continnous at x = 3
ﬂ Try to solve

@ Discuss the continuity of the following functions at indicated points:

a j(x):'r:_'; atx=1,x=2 b) fx)=3 -lx 2l atx=2
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Redefinition of a function to be continuous at a point (if possible)

Q Example

@ Redefine (if possible) each of the following function to be continuous at x =1

: ] WDl B
(@) fry= X+ 23 (b)) f(n) =
1 31 w8 1
©» Solution
(a) In order to the function fto be continnous atx=1 then Lim f(x)=£1)
b |
. Lim @-DE+3) oy 04 3)
X_,g | Xl
ie: Lim fx) =4
x-l

Therefore, we can redefine the function f to be continuous as:
2 .
ﬂ at x#1
f=1 " *1
4 at x=1
In order to the function fto be continuous at x = 1, then f(1)= Lim f(x)
X—)l

.'.f(1+): Lim B+2x)=1+2x1=3,f(1)= Lim (5x-1)=5-1=4

x=1 x-1
D) %f(1+) therefore, the function has no limit at =1

and we can 't redefine the function to be continuousatx = 1

ﬂ Try to solve

@ Redefine (if possible) the following function to be continuous atx= 3 where flx) = X-5x+6

X=i3
@ Show that f{x) = MLS'IS is discontinuous at x = 3
X -
2 -
m—xls at x#3
Then find the value of / that makes flx) = x-3 continuous at x =3
h+1 at x=3

Sx)
ol

Continuity of a function on an Interval
The opposite graph represents the curve of the function f where

fix) = 4 - x2 on the interval [-3, 3]. the function fis said to be

continuous on [-3, 3] , if it is continuous at all the points of the
interval [ -3 ; 3]
iie: Lim flx)=f(a) forall ae]-3,3[

X—a
Lim fi) =f(3) Lim fl)=f3)

X—-3 X3
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From the previous we can conclude the following definition:

If fix) 1s defmed on [a, b] , and

1- f(x) 1s continuous on Ja, b[

2- lm fw=fl) , lim fo)=Ab)

S
X—a X—b

then f 1s continuous on [a, b]

Depending on the above definition and the limits of the functions, we can declare some of

the continuous functions

1- Polynomial function: continuous on R or on its domain.

2- Rational function: continuous on R except set of zeros of the denominator.
3- Sine and cosine function: continuous on R.

4-Tangent function: f{x) = tan x continuouson R— {x :x= R i nZ} . ne”Z

2
Example

e o _ sinx-cosx when)S<x<7
{4 ) Discussthe continuity of thefunctionfon [ 0, oo where fix)=
: cos 2x when x > 71

€ solution

Sinx - Cosx Cos 2x
0 /A

flx) 1s defined on the interval [0, oof

To discuss the continuity of the function we will discuss the continuity on its subintervals,

also discuss the continuity at the point at which the function changes its rule, also at the right

of zero.
1) flx)=sinx - cosx is continuous on |0, 77|
also flx) = cos 2x 1s continuous on |77, oo[

2) fi0)=sin0-cos0=-1, Lim+ (sin x - cosx)=- 1
X=0

i.e: 0) = Lim+ fix) the function is continuous from the right at x = 0
X0
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3) We discuss the continuity x = 7

fr) = sint - cosit = 1

fir )= Lim (sinx-cosx)=1 STy = Lim cos2x=1
X0 X7

fk y=fx"), fim)=1 ~ Y= fr ") = fm)

.".fis continuous at x = 77 from (1), (2), (3) the function is continuous on [0 , o[

ﬂ Try to solve

@ Discuss the continuity of each of the function on its domain

1+ Sinx 0€x<%

x) =
S D th (M2 G g 1]
2 2

Q Example

@ Discuss the continuity of the following functions :

ﬂx):x2—3x+2 @f(x): x2-4

x+4
@j(x): Sin X + cos x @f(x): tan x
xz-1 xt+1

©» Solution

j(x) = x? - 3x + 2 is a polynomial of second degree, then it is continuous on R

o) X2 'i is fraction function whose domain R - {-4}
: X+
Set of zeroes of denominator = {-4}

.. the function is continuous on R - { -4}

@j(x): Sinx + cos x
x2-1]

*."sin x , cos x are continuous on R

" (x2 - 1)1s continuous on R

.. The zeroes of the denominator are{l, -1) the function f is continuous on R- {-1, 1}
tan x
1+4

() fln) =
X
the numerator function: tan x is continuous on R - {x: x = % +n7l,n ez}

the denominator function x2 + 1 > 0 for all x, then there is no zeroes of the denominator.

the function f is continuous on R - {x: x = % +n7,nez}
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B3 Try tosolve o' embebre (hal
@ Discuss the continuity of each of the following functions:

s : - If f, f, are two
— b e p ) iU 2
= 2J fix) x2-5%+ 6 functions each is
(e) R | ) _ continous on R then
U sin x 0 fix) = et Licos x each of the following
functions is also
H continous:
1-fix f,onR
(7) Connected with chemistry 2-fi< honR
I
; ; . - ; 3- R - set of
If the reaction rate of a chemical experiment is given by the function 7: on SeLo
zeros of f,.

fwhere f(x) = 3+61; where x is concentration of the solution.
Search on the internet about chemical experiments can be represented by this function
a_' Represent f graphically using a graph program.

b Discuss the continuity of f

Example

6 Show that the function f where f(x) =+ x2+ x+ 1 1is continuous on R

> solution
* since x? + x + 1is positive for all values of x € R
(The discriminant = b -4ac=1-4=3< Z€ero)
2

orx +x+ 1=(x+ % )2+ % Sum of two squares

*. %+ x + 1 is positive for all values of x € R

S =@Wxt+x+1) defined for all values of x e R
For all a € R we find that f(a)=+a2+a+1
Lim f(x)= Lim (Wx2+x+1 )=+al+a+l
xoa x5a
S.f(a)= Lim f(x)forallae R
)

.".f(x) 1s continuous on R

ElTry to solve
Discuss the continuity of the function f where f(x) = 4 x -2 on it's domain.
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Exercises 3-6

&

&

Discuss the continuity of each of the following functions at the indicated points:

: <

®ﬁx):|x+2, x<1 atx=1 @ﬁx)zl
3x x>1
2. =

@f(x):[ x2-3x+2 , x=3 I @f(x):
x2-2x-1, x>3
sin (x - 2) <7

@f(x)_[ PRI atx =2 @f(x)_[
e B pree-5)

2

1-cosx

x2-1, x<2

2xe 1, x>l

atx =2

xtd o X2
1 , DEx< =]

atx= -2,

atx=-1

) o aRs T SR |

x>0

X ' atx=0

2 sin x x<0

Discuss the continuity of each of the following functions on [R:

G fix)=x -2x2 + 1
@ fny = 253

@f(x):sinx—3cos(x+ B

.ﬁ ) Fil x1+1
= X
W= 75

2%-3
x2-2x-15

@f(x):x2+ cos?x

@f(x) _ sin%x+cosx

@f(x):tanzx—l b

3x+2

@) fi) =
2 fory= Lx+2

| x+ 2
O+ 22

@f(x):x3 sin 2 x

f(x) . tanx

-9

Discuss the continuity of each of the following functions on the indicated intervals:

[ xtanx + sin? 3x . 2% @
@f(x): 4 5x2 4 ¥ on the interval]—%, %[
L 2cos2x 0$x<%
r x6-1
, 4<x<1
@f(x): x-1 : on the interval ]-4 , 6[
T 3x=l l<x<4
L x? 4<x<6

Find the values of a in each of the following:

@ flx) = 7——— is continuous on R
x2+ax+9

126
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_(H_g‘_)ﬂ when x # 0
@ )= x 1s continuous on R
a

when x =0

Find the values of b, c in each of the following:

x+1 ol Lx<3 : .

@f(x): 1s continuous on R
xX+bx+c, xeR-]11,3][
x+ 2b i Rl

@f(x): 3bx+c |, -2<x<I1 1s continuous on R
3x-2b , Xl

Redefine each of the following functions to be continuous on the indicated point (if

possible):

25) fix) =

x2+l x =
atx=2

<2

atx=0

26) fix) =

cos X , x<0

u1|u.>

(x - 3)5”+(r 3)

x>3
cos(3 x) , x<3

atx=3

& fo) =

r+1 coS X
[ x>0

f(x):"‘r':+‘c3'6 atx=3

@ Find the value of ¢ which makes the function f 1s continuous at x = ¢ where:

2-xt xX<c
- |

X xX>c

For more exercises, please visit the website of Ministry of Education.
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2 Unit introduction

: Trigonometry is one of mathematics branches. The ancient Egyptians were the first to work with the rules

of trigonometry , they used it to build their pyramids and temples . Our knowledge to trigonometry refers
to the Greeks who put the laws of it, and used it to deduce some relations joining the lengths of sides of
triangle by the measures of its angles . The Arabs and Muslims scientists contributed in the solutions of
trigonometric equations, and they used the tangents secants and their correspondences to measure the

angles and distances . They created a way to construct tables of sines for coplanar triangles . we would
like to point to the Swiss scientist Leonhard Euler (1707 -1783) who introduced anew expression for
the trigonometric functions . he also used a lot of mathematical symbols which enables in the use of

advanced mathematical problems studied in schools and universities .

In this unit we will hand laws and relations the sides of triangle by its angles .

+, Unit objectives

By the end of this unit the student should be able to:

£+ Deduce the sin rule which
states In any triangle
the lengths of sides Are
proportional to the sines of
opposite angles

£+ Use the sin rule to find lengths
of sides of triangle

t+ Use the sin rule to find the
measures of angles (two
solutions for unknown angle )

£ Deduce the relation between
the sin rule,

128

t# The length of radius of
circumcircle of triangle Use
it to solve different exercises

#+ Deduce the cosine rule for
any triangle

#+ Use the cosine rule to find
length of unknown

£+ Side of triangle

#+ Use the cosine rule to find to
find the measure Of unknown
angle of triangle

#+ Use the sine , cosine rules to

solve triangle given Measures
of two angles , length of one
side Lengths of two sides,
measure of included angle
Lengths of the three sides

## Use the calculator to solve
exercises, different Activities
on sine ,cosine rules
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Key terms

e

Trigonometry

Sine Rule

L

L

Acute Angle

e

Obtuse Angle

v

Right Angle

Possible Solutions

r

Lessons of the unit

Lesson (4 - 1): The sine rule.

Lesson (4 - 2): The cosine rule.

Chart of the unit

N

N

N

Nl

Unigque Solution > Smallest Angle
Shortest Side > Largest Angle
Longest Side = Cosine Rule

Area of The Triangle

The Lengths of The Sides of the Triangle

Opposite Angle of a Side

Materials

Scientific calculator

Sinerule cosine rule
Length of measure of Geometrical  Solve triangle Length of measure of Geometrical
unknown side  unknown angle  applications in general unknownside unknownangle applications
Given measures of two Given lengths of two sides Given lengths of

angles, length of one side

Measure of included angle

three sides

129
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. You will learn

» The sine rule (law) for
any triangle.

» Using the sine rule to
solve the triangle.

» Modelate and problem
solving using the sine
rule.

» The relation between
the sine rule and the
radius of the circumcir-
cle of any triangle.

ﬂ Key terms

» Trigonometry
» Sine Rule

» Acute Angle

» Obtuse Angle
» Right Angle

- Materials

» Scientific calculator

130

You have learned how to find the length of a side of the right-angled
triangle given the lengths of the other two sides or the length of one of its
sides and the measure of one of its acute angles. Now you will learn other
methods to find the lengths of the sides and the measures of the angles of
the triangle in general.

@ Activity ] Mediterranean sea

Kareem wanted to measure
the  distance  between
Alfaiyam and  Ismailia
using the data on the given
map by taking drawing
scale 1 cm : 43 km. Be sure
of your measures after you
have studied the methods of
solving of non right angled
triangles.

one of these methods is the

sine rule
R A
@ Learn

- A
The Sine Rule

b

In triangle ABC we use the small =
letters a, b and c to denote the
lengths of the sides opposite to & B

a

angles A, B and C respectively. We can use formula of the the area of the
triangle to conclude the sine rule which gives the relation between the

lengths of the sides of a triangle and sines of the opposite angles as follow.
area of triangle = %b csinA= % d¢ B e % absin C

(different forms of the area of the triangle ABC)
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besinA=acsinB=absnC multiplaying by 2 0 Remmesther
besinA _ acsinB _ absin C that

= dividing by abc
abc abc abc A

; ; ; b
sn;A _ snll)B _sinC by i /\
c

a_ __b_ __¢ ties of ti ¢ ! ’
SinA = SinB = Sinc ])1‘0])61 1€5 0 ])1“0])01’ 10n

area of triangle ABC
Then: In any triangle, the lengths of the sides are proportional = % ab sinC
to the sines of the opposite angles. This relation 1s known by — i
. - __ b ¢ 2
the sine rule 1.e. Tk sl sl =%bcsina

Self-learning: Can you prove the sin Rule by other methods? Show that.

Using the sine Rule to find the length of a side of a triangle

Example
J Find the length of the longest side in the triangle ABC in which 0 RBHIIIIIE:II}BEI'

m (/A)=54"33" , m(/B)=49"22',a=124.5cm T any tangle

©» solution the longest side
The longest side is opposite to the greatest angle (inequality of triangle) is opposite to the
m(/C)=180" - [m(~A)+ m( B)] biggest angle and

= 180% .- [45"38 449722 [=176"§' the shortest side

.". the longest side is ¢ (opposite to the greatest angle / C) Ijapposite 10 L1

smallest angle.
LA ¢ C1M5 e
" sinA  sinC " osin 54°33" T sin76° 5
B 124.5sin 76° §' _ 1484
Ky T

B Try to solve
@ Find thelength of the shortest side in the triangle ABC in whichm (~ A)=43" m( B)= 65",

c= 84cm

Solving the triangle using the sine rule
Solving the triangle is to find its unknown elements using the given measurements, in condition

that aside length is to be given at least.

Solving the triangle, given the length of one side and the measures of two angles:

Example

(2) Solve the triangle ABC in which a = 8cm , m(/ A) = 36", m(/ B) = 48"
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Unit Four: Trigonometry

©» Solution C
m(,/C)=180°- (36" + 48") = 96°
. . o o 8 cm b
..sinA _ sinB . sin36 _ sin48 48° 36°
a b 8 b
B C A

ob=8sind48” ~ 10114 cm.
sin 36
Use the calculator with mode of the degree measurement then press the keys from left to right:

start o (0 WO OEE®E

sinA _ sinC . sin 36" _ sin 96" . o= 8sin 96° = 1353560
a c 8 c sin 36°

By using calculator:

start » (O WWOOOEW®O®E

In AABC:b=10.114cm ,c=13.535cm ,

ﬂ Try to solve
(2) Solve the triangle ABC in which a = 8cm , m(/ A) = 60° , m(/ B) = 40°

< 7 Example

3 Geography: The opposite figure shows the positions of three Egyptian towns that form
a triangle. If the distance between Cairo and Suez on the map is 8 cm, the measure of the
angle at Alfaiyum is 40° and that at Suez 1s 30°. If the drawing scale is lem:16.75 km.

Calculate to the nearest Km.

a ) The distance between Cairo and Alfaiyum. Cairo 8 cm Suez

A B

b | The distanc between Suez and Alfaiyum.

©» Solution
m(,/A)=180"-(30"+ 40" =110°
AC BC 8 ALfaiyum

. sin30°  sin 110°  sin 40° C

. _ 8xsin30°
SAGE —mir = 6.22cm

.". the distance between Cairo and Alfaiyum ~ 6.22 x16.75 ~ 104 km

BC = 8 x.sin 1£0
sin 40

.". the distance between Suez and Alfaiyum ~ 11.7 x16.75 ~ 196 km

~ 11.7cm

Geometrical Applications on the Sine Rule

]

: .. a _ b _ ¢ _
In any triangle ABC: SeA - snh smOe 2r

where r is the length of the radius of the circumcircle of triangle ABC

2
o
c
x
]
2
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Proof :- (not required)

If the circle passes through the vertices of an acute angled triangle
Draw the circumcircle of the acute angled triangle ABC
and draw the diameter BX and the chord XA

"m(/BAX)=90° , m(/AXB)=m(/ACB)
. .+~ AB . AB
..SIHX—W . SIHC—W B
AB=BXsinC
S ) c__
SIBe e sinC_zr
i Loa B ..
Similarly, we can prove that: e 5 R g 2
a b 21

"sinA  sinB sin C

ing: Prove the previous law if the circle passes through vertices of on obtuse angled triangle.
Example

(4) triangle LMN in which , m = 68 4cm , m(,/ M) = 100° , m(/ N) = 40" find:
(ED 1 @ The length of the radius of circumcircle of the triangle LMN

() The surface area of the triangle LMN

©» solution
m(/L)=180"-(100° + 40°) = 40°
- : i _68'4 - (sin rule)
sin 40 sin 100
68.4 . . N |
l =———xsin40° ~ 44 64cm  required (1) 68.4 cm
sin 100

.o m . 684

S 2r ; '—sin e 2r
ie.r= L‘ro ~3472 cm required (2)

2 sin 100

S.A of triangle LMN = % m I sin N = % % 68.4 x 44.64 sin 40° = 981.1 cm?
ﬂ Try to solve
@ ABC is a triangle in which a= 25c¢cm , m( B) =35° 18',
m(, C)= 103" 42' Find its area and the length of the radius of its circumcircle

Q E)(a_mple

(5) ABCD is a trapezium in which AD // BC ,AD=7.4cm , m(/ B)= 62", m(/ D) = 106",
m(,ACB)=41°. find
1st: the length of each AC, BC 2nd: The surface area of the trapezium ABCD.
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©» Solution

In the triangle ACD 7.4 cm
m(/DAC)=m(“ACB)=41" (alternate) 0 106"; A
,m(~ACD)=180"-(41° + 106°) = 33°
AC _ 74 S AC= T4xsin 106" _ 13 06em 41° 62°
sin 106° sin 33° sin 33° L B
in triangle ABC m(/BAC)=180"-(62"+41°)=77"
BC _ 13.06 LBz 13.06xsin 77" 44t
sin 77° sin 62° sin 62
'.'%zsin“" SAE =13.06 xsin41° = 8.568cm

." S.A of trapezium = length of middle base < height.

T4+ 1441
= ADZ;BC A E= (—5——) x8.568 = 92.434cm? ~ 92cm?
ﬂ Try to solve

@ ABCD is a quadnlateral in which, CD = 100cm , m( BCA) =36°, m(~ BDA)= 55",
m(/ BCD) = 85°, m(/ CDA)= 87", Find the length of BD , AC to the nearest cm.

Exercises 4 - 1

Complete each of the following:

@ In any triangle, the lengths of the sides are proportional to ...

@ In tnangle ABCif 2sinA=3sin B=4sm Cthena:b:c=__ ..

@ ABC s an equilateral triangle the length of its sideis 1043 cm, then the length of the diameter

of its circumceirele = ...

(4) ABC is a triangle in whichm(,/ A) = 60°, m(,/ C)= 40°, c=84cm thena=  cm
(5) In triangle ABC, —22_=
sin B

Choose the correct answer:-
@ The length of the radius of the circumcircle of triangle ABC in which m(~ A) = 30°

= 10emis: ...
AJ 10cm B’ 20cm A 5cm D) 40cm
@ If the length of the radius of the circumcircle of the triangle ABC is 4cm , m(/ A) =30’ then a=
A) 4em Bl 2cm A 4/3 cm D %cm
In triangle ABC , the expression 2rsin A equals ...
Ala B/ b Alc D) area of(AABC)
@ If r isthelength of the radius of the circumcircle of triangle XYZ , then 3 S}‘; e
Alr B) 2r Al D4

2
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@ In triangle LMN, m(L)=30°, MN =7cm then the length of the diam eter of the circumcircle

of triangle LMN 1s ... .
@) Tem (E-:\} 3.5cm @/ l14cm @ 14 e
@ In triangle XYZ,if 3sinX=4sinY=2sinZ ,then x: y: z= ... 3
(A)2:3:4 Bl6:4:3 (A)3:4:6 D 4:3:6
@ Solve each of the following triangles:
® ® ® ;
§ 17cem ¢ A 'ﬂ'&;
o b { Mﬂcm bem
60° 45 . ¢ sl
A B C b A

@ ABC is a triangle in which m(,~ A)= 60°, m(B) =45°, provethat:a:b:c= 46 :2: 43 + 1

@ ABCD is a parallelogram in which AB = 19.77cm the diagonals AC, BD make with the side
AB angles of measures 36° 22', 44° 58', Find the lengths of the diagonals.

5) ABCD s a trapezium in which AD // BC,AD=10.7cm, m(/ D) = 100°, m(/ B)=61°19",
m(,/ CAD)=33" 50", Find the length of each of E BC

@ ABCD is a quadrilateral in which m(BCD) = 85°, m(~ CDA) = 87°, m(/ BCA) = 36",
m(,/BDA) =55, CD = 1000 meter Find to the nearest meter the length of BD ; AC.

@ ABC is a triangle in which sin C= 0.35 | ¢ = l4cm, find the area of the circumcircle of
triangle ABC in terms of 77

ABC is a tniangle in which a = 58 cm, m( B) = 38°, (/' C) = 62° find the length of the
perpendicular from A to BC

@ ABCiis a triangle in which m(/ A) = 60°, m(/ B) =45, ifa+ b= (46 + 2) cm find each of a, b

@ ABC 1s a triangle inscribed in a circle of diameter length 20 cm. If m(~A) = 42°,
m(/ B)= 74" 48", Find the lengths of the sides of the triangle ABC

@ ABC is a triangle 1n which ¢ = 19cm, m(~ A) = 112°, m(/ B) = 33°, Find to the nearest
hundredth the length of each of b and the radius of the circumcircle of the triangle.

@ Geography: The opposite figure represents the positions of
three towns A, B and C Find to the nearest km:

@ Distance between A , C @ Distance between B and C

3:;_} In triangle ABC prove that:

3a-4b _ c
3sin A-4 SinB sin C

C_S:} If A is the S.A of the triangle ABC prove that area of A = a® (%)
sin
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iEhelCosinelRule
4 - 2 WSSy

. You will learn

» The cosine rule of any
triangle.

» Using the cosine rule to
solve the triangle .

» Modelate and solving
mathematical and life
problems using the

cosine rule.

ﬂ Key terms

» Cosine Rule
» Acute Angle
» Obtuse Angle
» Right Angle

- Materials

» Scientific Calculator

136

A

-,‘)!5‘} Think and discuss]

Two ships A , B move at
the same moment from a
port. The first in direction
20° south of east, for 24 km
while the second moved
m direction 55° mnorth of
east for 10 km in the same

time. Calculate the distance

between them at the end of
this time.

By using the suitable drawing scale to find the length of AB.

Are you able to use the sine rule to find the length of AB?

Can you deduce another rule to find the length of AB in terms of the
lengths of E FB And the measure of the included angle between
them. explain that.

q@ Learn ]

The Cosine Rule
A BDC 1s aright angled at D:
(BC)? = (CD)? + (BD)? (pythagoras theorem)
then:
b a
a’= (bsinA)? + (c-b cos A)?
=b?sin? A + b2 cos? A + ¢ -2bc cos A H

B

(Expanding brackets) A c -

=b2 (sin? A + cos? A) + c2 - 2bc cos A ( b?common factor)

_ 12 2 implifyi
=b*+c2% 2bccos A ( simplifying) 0
then:

A b2+ c?-a? Pythagoras identity
cosA=——F——""
ahe sin? A+ cos?A =1
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The Cosine Rule

4-2

Critical thinking: Is the previouslaw is true when A ABCisright angled @“

at A? Explamn your answer.

The cosine rule provides that :

In any tniangle ABC:

b2ic? -a?
a?=b%2+c?-2bccosA , cosA =" %bc
g . 2 s o7 32
bc=kt-+a - 2cacosB . cosB ="+

2ca

C = a2+b2-cz
2ab

3.2 i
cc=a +b“-2abcosC , cos

It is better to write
the laws of cosine to
take the sides of the
traingle a, b, c in the
same way around,
so if one formula
is known we can
deduce the other
forms.

a using the calculator to find the length of unknown side of triangle by cosine rule
One of the engineers tried to find the distance between two positions not easy to reach them by
using the measuring distances set . He found that his distance from the first point A was 160 m,

and from the second C was 220m , m(,/ BAC) = 54°. using these data. Find the distance

between the two points to the nearest km.

1 - Determine accurately the data collected by the engineer.

2 - Determine the required.

3 - Represent these data by suitable drawing scale Iy
using geometrical sets . '\@

4 - Measure BC incm. ‘.ﬁ

5 - Find the real distance between B, C in km.

6 - Can you use the cosine rule to calculate

the distance between B , C? Show that.

220 m

>

7 - Compare between the result you got BC 0 Remember
using the geometrical measures, and the cosine rule. Real length =
Drawing length +
From the previous activity:
scale

4 -The drawing scale is lem to 20 km
2 - By measuring: The length of BC =9 cmin drawing.
3 - The real length of BC ~ 9 x 20 ~ 180 km

4 - Using the cosine rule: a2 = b2 + ¢ - 2bc cos A
Then a2 = (160 )%+ (220)% - 2 x 160 x 220 cos 54° ~ 32619.9

Student book - first term
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Then a ~ 180.6 km.
5 - The results will be more accurate when the drawing 1s accurate. We prefere to use laws to
give true results.

6 - Using a calculator to find the result:
start

Cb@@@@@@@
QWO OO0

Application on activity: Find the length of the third side ( to the nearest ﬁ)
in A ABC in which:

ala=436cm ,b=384cm, m(/ C)=101°
b)b=2cm,c=5cm, m(/A)= 60°

Finding the measure of an angle of a triangle given the lengths of the

three sides :

& ) Example

{1} Find the measure of the greatest angle of the triangle ABCin whicha=4.6 ,b=3.2 ,¢=28
©» Solution

*." The greatest angle 1s opposite to the longest side

.. / Ais the greatest angle

B+coa?  (3.2)2+ (2.8)2- (46)
2bc 2x3.2x%x28

by using the calculator
start

WO OEMOEICOE 06
DG )
The cosine is negative , then ~ A 1is an obtuse angle
S (2 AY=99"53"49"
EI Try to solve
@ Find the measure of the greatest angle of the triangle ABC in whicha= 11 cm, b= 10 cm ,

cosA =

c=8 cm
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Using the cosine rule for solving the triangle:

The cosine rule allows us to solve the triangle given the lengths of two sides and the measure of

the included angle.

First: Solving the Triangle Given the Lengths of Two Sides and the Measure of the

Included Angle

Q Example

(2) Solve the triangle ABC in which a= llem , b= 5cm , m (/ C) = 20°

©» solution
Wehavetofinde, m(~ A), m (/ B)

c2=a? + b% - 2 ab cos C (cosine rule)

= (11)2+ (5)*- 2 x 11 x 5 cos 20°

c =+ 112+ (5)P°-2x11 x5 cos 20° ~ 6.529 cm
b2+c2-a2 _ (5)2+ (652972 -(11 _ (g7
2bc 2 (5) (6.529) -

m (/ A)= 144° 49
m (/ B)=180°-[m (/ A)+ m (/ O)]
= 180°-[144.786° + 20°] =15.214°

cosA =

C

&
o

11 cm

Remark When you find the measure of an angle of a triangle given that the lengths o?

to use the cosine law rather than the sine law because:
1- In the case of using the sine law:

»  The sine of the acute and obtuse angles is always positive.

2- In the case of using the cosine law:
»  The cosine of the obtuse angle is negative.
»  The cosine of the acute angle 1s positive.
» The cosme law allows to solve triangle given lengths of the
three sides.
Given that the sum of lengths of two sides is greater than the

length of the 3rd side.

M

two sides of the triangle and the measure of the included angle, it is preferred

©) N

You can use the
sine rule to find m
(£ A),m(/ B)
after finding ¢, but
the beneft coming

from using cosin

rule is to distinguish

ﬂTry to solve
@ Solve the triangle ABC in which a=24.6 cm , c= 14.2 cm,
m(/ B)= 42° 18

Student book - first term
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Second: Solving the triangle given the length of the three sides:

:é; Solve the triangle ABC in which a=9cm , b= 7cm , c= Scm.
©» Solution
the required is finding the measures of the angles A , B and C

2. .2 .2
cos A :b T A5 5002 =-0.1

2bc 2x7T x5
m (/ A) ~ 95°44' 21"
_ct+al-br 52,0272
cos B = - =559 ~ 0.633

m ( B) =~ 50° 42' 13"

m(/ C)=180"-[m(/ A)+m (/ B)]=33"33"26"
ﬂTry'lo solve
@ Solve the triangle ABC in which a= 12.2cm, b= 18.4cm, c=21.lcm

Geometric Applications on the Cosine Rule

Jﬁ Example

54“: ABCisa triangle in which a= 63cm , b - ¢ = 27 cm, the perimeter of the triangle is 140 cm,

Find each of b, ¢ and the measure of the smallest angle of the triangle also find the area of

the triangle to the nearest centimeter square.

@‘ Solution
"a+b+c =140 (perimeter of the triangle) ,a=063
. b+ec =140 - 63 then b+c=77 1)
%% Bt =29 (given) 2)

by adding (1), (2):

2b=104 then b=152cm
substituting in (1) c = 25cm

We see that c is the shortest side of triangle ABC

.". / Cis the smallest angle of triangle ABC

al+b2-c? _ (63)2+(52) - (25)*
2ab B 2 %63 x52

“» Wi Oy 227 37
the surface area of the triangle ABC = % ab sin C

s EOF IS = 0.9230769

= % x 63 x52 xs1n 22° 37" ~ 630cm?

1 40 Pure mathematics - Second form secondary - Scientific



ﬂTry'Io solve
@ AABCinwhichb=4cm,a+c=1lem,a-c=1lcm,prove thatm(/ A)=2m (/ B), then find

the perimeter and the area of the triangle ABC , round the area to the nearest centimeter square.
Example

@ ABCD is a quadrilateral in which AB = 22cm , m (/ ADB) = 65°, m (/ DBA) = 50°,
B = 256, DO = 18am, Puidonr (26 CRDY. a0 (7 BCD)
©» solution
In A ABD
m(/A) =180"-(50°+ 65%) A
=180°-115"=65°
“m(/ A)=m(/ D)=65 D
.. AB=BD=22cm
In A DBC 18 ¢
cos(/ DBC)= (BD)*+ (BCY - (DCY 0
2 (BD) (BC) 50

(2094 (259 (18)
= ~ 0.7137
2.%225¢25 C 25 cm B

. m(/ DBC) ~44° 286"

(BO)’ + (CD)’ - BDY _ (25)*+ (18)* - (22)?
2 (BC) (CD) 2x25%x18
“ m (7 BCD) =~ 58"53" 28"

ﬂle to solve

@ ABCD is a quadrlateral in whichm (,~ DAB)=m (/ DBC)= 90", D
BD=10cm ,AD =8cm ,m (~ DCB)=30", Find ACto the

nearest centimeter, 50

Q Exﬂ?le

@ ABCD 1is a quadrilateral in which AB = 3cm , AC = 8cm,
BC=7cm, CD=5cm, BD = 8cm , prove that the shape ABCD C

1s a cyclic quadrilateral.

22 cm

~ 0.5167

cos(/ BCD)=

7 cm B

o Solution
In A ABC
cosA- ret-at @+ 3)2-(F 1
2be 2x8x3 2

. m(/ A)=60° (1)
In A BDC

_ (CD)*+ (DB)2-(BC® _ (5?+@)-(M* _ 1
cos D = —— =5y OB) T 2x5x8 2
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o mi( 2 12) =607 2)

. m (/ BAC)=m (.~ BDC) and they are on the same base BC and on the same side of it ,

then the shape ABCD is a cyclic quadrilateral

ﬂ Try to solve

@ ABCD is a quadrilateral in which AB = 9cm, BC= 5cm, CD = 8cm , DA=9cm, AC= l1lcm.

prove that the shape ABCD is a cyclic quadnilateral.

Exercises 4 - 2

Complete the following:

@ ... 1sused to solve triangle given lengths of two sides and the measure of the included
angle

@ oo 1s used to solve triangle given measures of two angles and the length of one side

@ Ifi iHanple ENING Pttt i 008 Tis m’+n?-

@ In tniangle ABC , the lengths of its sides are 13, 17, 15 then the measure of the greatest angle

1S ..

@ XYZ is a triangle , the lengths of its sides are 5.7cm , 7.4cm, 4.3cm then the measure of the

smallest angleis ... .°
(6) AXYZ havingx=10cm , y=6cm , m (/Z)=60" thenz= .

() In triangle LKM, K2+ m?-12=

Choose the correct answer:
The measure of the greatest angle of the triangle whose sides lengths are 3, 5, 7 is:

a150° b 120" € 60° d ) 30°

2.0 m2omk
@ In triangle LMN the expression iz# equals:
m

alcosL b cos M cJcos N d | otherwise

@ In triangle XYZY y2 + 22 - x2=2yz x.....

alcosX b)sinZ c/cos”Z d)sinX
@IntﬁangleABC,a:b:c:3:2:2thencosAequals
a)l b1l c)l d 3
8 - R 4 4

Answer the following questions:

@ In triangle ABC if:
ala=>5cm, b= "7cm, ¢c=8cm prove that m(  B) = 60°
b a=3cm, b= 5cm, c=Tcm prove that m(~ C) = 120°
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(E} a=13cm,b="7cm, c=13cm

@ a=13cm, b =8cm, c=7cm

@ a=10cm,b=17cm, c=2lcm
(ﬁ a=5cm, b= 6cm, c=7cm

(g) a=17cm, b= llem, m(/ C) = 42°
(h) b=16,c= 14, m(L A)=72°

N

find m(, C)

findm(A)

find the measure of the smallest angle
find the measure of the biggest angle
find c to the nearest hundredth

find a to the nearest hundredth

@ In the exercises ( (;_D - @ ) solve the triangle ABC:

(a)

® ;

24 c 15 cm 8 cm~731° 73(.0)
A
A
27 cm i &
le) ; 35 cm C @ A
12 ¢

17 cm 8 cm 42°

B C 14cm B

Geometric applications
@ ABCD is a parallelogram in which the length of two adjacent sides are 18 cm , 26 cm , and
the measure of the angle between them 1s 39°. Find the length of the shortest diagonal to the

nearest hundredth.

@ ABCD1s a quadrilateral in which AB =9 cm, BC= 5c¢cm, CD=8cm, AD=9cm ,AC=1lcm,
prove that the shape ABCD is a cyclic quadrilateral.

@ ABCD is a parallelogram in which AB =9 cm, BC= 13 cm, AC = 20 cm, find the length of BD

@ ABC 1s a triangle of perimeter 70 cm, a = 26cm |,

m(/ A) = 60°, Find its surface area.

Maritime navigation: Kareem and Ghadeer stand

on one of the sides river. How far is Kareem from

the boat to the nearest m?

@ Agriculture: A farmer wanted to fence a triangular

piece of land lengths of two sides of it 98 m, 64 m ,

and the measure of the included angle between them

1s 52° What is the length of that fence?

Student book - first term
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(AB)? + (AC)2 =2 (AD)? + 2 (BD)?
andif AB=5cm ,AC=8cm,BC=12 cm find AD.

@ Theoretical proof: (For pioneers) ABCis a triangle in which: (a+ b+ c)(a+b-c)=kab
prove that: K € 10 , 4[, then find m( C) when K= 1

Life application:
@ distances : Kareem wanted to cover the distance from @ Skn,
<
city A to city C passing by city B Using his motor bike N
with uniform speed 36 km/h, then returns from city C
to city A With uniform speed 42 km/h. Find:
\i?e The distance between city C , city A
E D
LQ: The total ime in minutes for the whole journey . 6m
F C
rchitectural design: Architect designed a building at the Eiri
form of regular octagon , the length of its side is 6 meter Find %

the lengths of the diagonals HB , ﬁ, HD .

Discover the error: In triangle ABC,if a=7 cm, b = 10 cm,
g= 5 cm, m(LA) 41.62°. Find m(/ B)

Kareem solution

_b —_— a .
sinB sinA 2 ac

- c.cosB= P+ G -(10Y . 3714
sinB sin 41.62 Vil eh

. sinBzw:O.%SS Sem( /Bl e= 1115

. m{2 B)="71.59

%= General Exerclses

[ For more exercises, please visit the website of Ministry of Education.
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