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Introduction

ALl gaa )l alll auy
We are pleased to introduce this book to show the philosophy on which the academic content
has been prepared. This philosophy aims at:

1 Developing and integrating the knowledgeable unit in Math, combining the concepts and relating

all the school mathematical curricula to each other.
2 Providing learners with the data, concepts, and plans to solve problems.

3 Consolidate the national criteria and the educational levels in Egypt through:
A) Determining what the learner should learn and why.

B) Determining the learning outcomes accurately. Outcomes have seriously focused on the fol-
lowing: learning Math remains an endless objective that the learners do their best to learn it all
their lifetime. Learners should like to learn Math. Learners are to be able to work individually
or inteamwork. Learners should be active, patient, assiduous and innovative. Learners should
finally be able to communicate mathematically.

4 suggesting new methodologies for teaching through (teacher guide).
5

Suggesting various activities that suit the content to help the learner choose the most proper activi-

ties for him/her.

6 Considering Math and the human contributions internationally and nationally and identifying the

contributions of the achievements of Arab, Muslim and foreign scientists.

In the light of what previously mentioned, the following details have been considered:

* This book contains three domains: algebra, relations and functions, calculus and trigonometry. The
book has been divided into related and integrated units. Each unit has an introduction illustrating
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is
divided into lessons where each lesson shows the objective of learning it through the title You will
learn. Each lesson starts with the main idea of the lesson content. It is taken into consideration
to introduce the content gradually from easy to hard. The lesson includes some activities, which
relate Math to other school subjects and the practical life. These activities suit the students” dif-
ferent abilities, consider the individual differences throughout Discover the error to correct some
common mistakes of the students, confirm the principle of working together and integrate with
the topic. Furthermore, this book contains some issues related to the surrounding environment

and how to deal with.

* Each lesson contains examples starting gradually from easy to hard and containing various levels
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises
that contain various problems related to the concepts and skills that the students learned through

the lesson.

Last but not least. We wish we had done our best to accomplish this work for the
benefits of our dear youngsters and our dearest Egypt.
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% Unit introducti
6 .
Functions have various typesand thi ' i{f'nportant applications in different ™.
life domains such as astronomy, medicine, economy, seismography, geology — ;s
and demography. We use the functions to calculate the variables of the weather and to predict
the expected weather conditions for a period of time in the future or to identify a malfunction position in the heart
using the graphs which the electrocardiogram device record. Furthermore, functions are used to fulfill the best
profit through studying the two functions of profit and cost or the effect of the age categories on census. Functions
are also used in athletic medicine to identify the ideal weight (weight = length (cm) -100) or to calculate the ratio

of fats in the body.

In genemal, functions are commonly used in the industry to study the effect of the different variables on the
production quality.

The swiss scientist Leonard Euler (1707 - 1783) is considered one of the most prominent of the eighteenth century
in mathematics and physics. He had been credited with using the symbol y = f(x) to express the function . He had
considered that the function is a correlation between the elements of two sets with a relation that allows to calculate
a variable value related to Y for another independent one. He had converted all the trigonometric ratios which
ancient Egyptians, Babylonians and Arabs had excelled into trigonometric functions. In this unit, yon are going to
learn different forms of the real functions, their behaviour and their graphical representation using the geometrical
transformations and graphical programs and to use the real functions in solving life and mathematical problems in
different fields.

Unit outcomes

By the end of the unit , the student should be able to :
€ Identify the concept of the real function. ¢ Deduce the effect of the following # Relate what they learned about the
& Determine the domain, co-domain ) effect of the previous transformations
and range of the real functions. transformations: fix + a) = b aund a on the trigonometric functions in the
& Deduce the monotony of the real fix£b)=c on the previous functions. form of activities.
functions of areal variable (increasing € Apply the previous transformation
functions - decreasing functions - on graphing the curves of the the real
constant functions). function.
€ Identify the type of the real function ¢ Solve equations in the form of :
whether it is odd or even. lax +bl=¢, lax+bl=Ifx+cl.
€ identify polynomial functions. # Solve inequalities in the form of:
& Graph the curves of (quadratic lax + bl < ¢ and lax + bl < ¢,
function - modulus functions - cubic axEd| Seandilavibise
o rational.. |_|__ and

AULLC e i ¢ Use the real functions to solve math
deduce the properties of each. —

2

~aad life problems in different fields.



Lesson (1 - 1): Real functions.
Lesson (1 - 2): Monotony of functions.
Lesson (1 - 3): Even and odd functions.

Lesson (1 - 4): Graphical representation of functions

and geometric transformation.

Lesson (1 - 5): Solving the equations and inequalities
of absolute value.

E Materials

Computer set with graphic programs-
graphic calculator-Scientific calculator

# Real Function # Odd Function # Rational Function
# Domain # Monotony of Function # Asymptote

# Co-domain # Increasing Function # Transformation

# Range # Decreasing Function # Translation

# Vertical Line # Constant Function # Reflection

# Piecewise-Defind Function # polynomial Function # Stretching

# Even Function #  Absolute Value Function # Graphical Solution

{} Unit Lessons #0% Unit planning guide

Real functions and graphing curves

Domain of function

Real function
Range of function
increasing function
Monotony of g g
Finctcon Decreasing function
Constant function
Even function
Symmetry of
function
0Odd function

~ Graphical representation of functions and
geometric transformation

7 Solving equations
Life applications :

Solvinginequations

Jeo



. You will learn

» The concept of the
real function

» Vertical line test

» The piecewise
defined function (de-
fined with more than
arule).

» Identifying the do-

main and range of the

real function.

» Operations on the
functions.

‘ Key terms

» Function

» Domain

» Co-domain

» Range

» Arrow diagram

» Cartesian diagram
» Vertical line

» Piecewise defined
function

» Rule of the function.

_ Materials

» Scientific calculator

» Computer with
graphic programs

I
mim

Real function:

The function fis called a real function if each of its domain and

uoniuyaq

co-domain are the set of the real numbers R or a subset of it.

Learn

The vertical line test
If the vertical line 1s found at each element of the domain elements , 1t
passes through an only point of the points representing the relation, the

relation was a function from X — Y

\ y & y A&
F4 F4
/ il
= h B " oy B
\H
- -4
Y L
une fonction n’est pas une fonction

" Example

Identifying the relation representing
_ a function

J} In each of the following figures, show whether y represents a

function in x or not .

.
y

[
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Figure (1) Figure (2)
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Figure (3) Figure 4)
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Real functions

©» Solution

Figure (1) represents a function

Figure (2) does not represent a function because the vertical line passing through point

(1, 0) intersects the graph at infinite number of points.

Figure (3) represents a function.

Figure (4) does not represent a function because there is a vertical line intersects the curve

at more than a point.

ﬂ Try to solve

@ Show which of the following relations represents a function from X —— Y. Why?

y‘u l y A y,“

&

yll

2
>

\
_}' (@] 2T TN

L 8

2
Z

£ 2 q1 2 /
1 1

/
/|
T/

\ / 2 l wilPs L r
T b \-10 11 ) 1T 2 ho 1 & /TO 3 -
/ N : /1,
V'Y y'y Yy ¥ { y'y
Figure (1) Figure (2) Figure (3) Figure (4)

@ Example

{é‘} a Iff:[1,5] —> R where fix) = x+1

Identifying the range of the function.

Graph the function f and deduce the range of the function

©» Solution
7:._&1':'.‘3 Function f1s a linear function whose domain is [1, 5].
It is represented by a line segment whose two ends are
(1, f(1)) and (5, f(5)) i.e. the two points (1, 2) and (5,
6).
The range of function f = [2, 6]
It 1s the set of y coordinates for all the points which

belong to the curve of the function.

ﬂ Try to solve
@)@l If f:[1,0[— R, where fx)=1-x
Graph the function f, and deduce its range.
(b) Ifg:]-o, -1[ — R, where g(x) = 1-x
Graph the function g and deduce its range.

yl
&
4
Rangelof §
f+1216]
= o) X
T hoh TEIE
)_,:‘ D0|T|ain of fql, 51
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Unit 1: Real Functions and Graphing Curves

Piecewise - defined function

an

Learn

The piecewise defined function is areal function where each subset of its domain has a different

definition base.
H Try to solve
@ Check your answer using the function above in Work together , then calculate the gas

monthly consumption for the following quantities:

'a 15 cubic metres b 40 cubic metres ¢ | 54 cubic metres

Graphing piecewise- defined function:

ezzh

o’

Example
3-x when DExg 2

X when 2€ x5

Graph and deduce the domain and range of the function.

BIf f)= [

©» solution

The function fis defined on two intervals and f{x) is Ty

identified by two rules:

i

First rule : f;(x) =3 - x when -2 <x < 21.e. oninterval [ -2, 2[. %

It is up for a linear function represented by a line

3+

segment whose two ends are the two points (-2, 5)

and (2, 1) by placing an open circle at

I ™
o 4
=

point (2, 1) because 2 ¢ [-2, 2[ as shown in the figure [ 4

opposite.

Second rule : f,(x) = x when 2 <x < 5ieoninterval [2, 5] om

It 1s up for a linear function represented by a line segment

whose two ends are the two points (2, 2) and (5, 5) and the A
domain of the function f=[-2, 2[ U[2, 5] = [-2, 5] prr i
function
From the graph, we deduce : C |
the domain of the function f=[-2, 5] * TR BT
the range of the function f=]1, 5] " domain ofthe finction
in the graph
EI Try to solve representing the
function f, the domain
@Iff(x): x-1 when -2=x<0 of the function = [ a, b]
x+1 when x>0 the range of the

. _ _ function = [c ,d
Graph the function and deduce its domain and range. enpeniet

@ Deduce the domain and range of each function in the following graphs.

L
- 6 - General mathematics book - Arts Section - second secondary grade
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Real functions

a y 4 b YI
3 2
i L'} ; ‘!
X 8 X |
v & " T3 hoh E
Tk oo h > &
y'y y'y
= y & (d) y &
3 3 /
F4 F4 //
x" O X X ) / X
Tl 2] N T 1 &£ 4 4 §°
> /
/ T L
VA J V¥

Identifying the domain of the real functions and the operations on them
The domain of the function 1s identified from its definition base or its graph.

=5 E |
() xa_mp € Determining Domain of the function

Determine the domain of the following real functions defined by the next rules:

@ 5t=2 b)fw=v53 OLD

£1-9
The domain of the
\C ) = ‘V -
L& [(x)=¥x-5 polynomial function
is the set of real
©» solution numbers when it

_— _ _ _ _ is not defined on a
.8 The function f, is not defined when the denomimator = 0, so we  gybset of it.

placex2-9=01ie x= 13

Thus, the domain of the function f, is R-{3.3}
ey signe
(b The domain of the function f, 1s all the values of x which _ x3

Y
make the value of the number inside the root positive or

zero. Le. the values of x which satisfy x-3 >0
W e 2 0 s.x >3, .. the domain of the function f, = [3 , o [

A 4

cjg(x) = #/x-35, index of the root is an odd number and the domain of f; = R

[
Student book - First term - 7 -
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Unit 1: Real Functions and Graphing Curves

Notice :

If ix)=¥ gx) wheren € Z"and n > 1, then g (x) is polynomial

First: When nis an odd number , the domain of the function f = R

Second: When n 1s an even number , the domain of the function fis the set of the values of x such
that: g(x) > 0

ﬂ Try to solve

@ Determine the domain of the following real functions defined by the next rules:

_a'.fl(x):% -'bﬁfz(x):ﬁr‘x-Z
Sfm=¥x35

Critical thinking; If the domain of the function f where fx) = ﬁ is R {3}, find the
X° - 0X +
value of K.

Activity Operations on functions

If £, and £, are two functions whose two domains are m; and m, respectively, then:

1 (f; £/) (x) = f; () £ f,(x) , domamof (f; =f,) 1s m;MNm,
2 (f,- f,) @ = f; ). f,x) , domainof (f;. f,) 1s mMNm,

f _ f](-r')
3 =5

where Z(f,) 1s the set of zeros of f,

We notice that: in all the previous cases , the domain of the new function equals the

where f, (x) # 0 domain of (;4) 1s (m,M m,) - Z(f,)
2

intersection of the two domains of f, and f, except for the values which make f,(x) = 0

in the division operation.

If fi : R — Rwhere f; (x) = 3x-1
fy : [-2,3] — Rwhere f, (x) = x-3

First: Find the rule and domain for each of the following functions:

a) (f+ f,) b (f,- £,) c) (f,. £,) d (j:—:)
Second: Calculate the numerical value of each (if possible) :

al (f, +£,) 3) b (f, - f,) (-3) N AAYE)
D ¢, . £) @) e (ﬁ—p 4) & (j:—p (-1)

L
- 8 - General mathematics book - Arts Section - second secondary grade
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Real functions

Exercises 1 -1

Choose the correct answer:
@ The relation shown in the following graphical figures which does not represent a function is :

y A v& &y y &
3 3 z

[ ¥
r.

f ¥
L

Answer the following:

@Iff: X — RandX = {1,2,-2, -3}
Find the range of the function if fix) = 5x -3

G)If g:{1,2,3,4,5} — Z* where g(x) = 4 -3
(a) Write down the range of the function (b ) If g(k) = 17, find the value of k

@ From the graph , deduce the domain and range of the function in each of the following:

(a) y A (b) [\[* | ¢ Y M (d) H
3 Z Z i oy
AN A x|\ /lx > NI j
s ! X ~h 1 o |7 2 1 T
kb h 17 = : ‘ X
¥ Y—.I‘r L] Yr“f 1 %F 1 p. B 4 =
5

x-1when 2 <x<4

@ Determine the domain of the function f where flx) =
-1  when -2<x<2

Graph the function, then deduce its range.

@ Graph the function f where :

x+ 3 when x >2
flx) = then deduce its range.

2x-1 when x <2

@Iff(x): [2x+3 when -2<x<0
l-x when 0sx<4

Graph the function fand deduce its range

Student book - First term -

ol
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Unit 1: Real Functions and Graphing Curves

1 when -3<x<0
) If fix) = [JH

x+2 when 0<x<3

Graph the function fand deduce its range.

4x+3 when x<3
@Ifﬂx): 55 when 3< x<8

3x2+1 when x> 8
Find :

a) 2) b A3) < f(10)

@ Trade: The function f, where :

%x When 0 <x < 5000

Six)= ¢ 27+ 2500 When 5000 < x < 15000

%er 10000 When 15000 < x < 60000

represents the amount of money charged by a company to distribute an electrical appliance

in L.E. If x represents the number of distributed appliances, find :

(a) 5000) b £10000) ¢ f(50000)
@ Determine the domain for each of the following real functions defined by the following
rules:
\a' :—I+3 b = x+1
£ 1) xt-5x+6 2 ) ©+1
) =vXT dfe) = {17

__
- 1 0 - General mathematics book - Arts Section - second secondary grade
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of Func

Temperature (C o )

You will learn .

3y

» Monotony of func-

The opposite graph shows the

. . é ™N tions.
temperatures recorded in Cairo / N : ;
i I/ » Using graphical
On a day. Observe the change of i\ ,’ \ program such as (Ge-
degrees over the time, then find :j % / O oGebra) to graph the
. N & function curve.
using the graph: 3
.a Theperiodswhen thetemperature |,
decreases. £ _
. _ - -y
b ' Theperiodswhen thetemperature LR A A 2'2;'
ime
increases.
€ The period when the temperature is constant. Characteristics of the Key terms ”
curves help us know the behaviour of the function f and identify » Monotony
whether the function f{x) is increasing , decreasing or constant. It is » Increasing function

called the monotony of the function. » Decreasing function

.*‘% __ Learn

» Constant function

The function fis ry
Said to be increasing on the interval ]a , b[ .
Ifeachof x,andx,c Ja, b //5—
where: x, >x, a E
then: f(x,) > f(x)) = a——;, 14 8 X
The function f is l 5y
Said to be decreasing on the interval |c , d[ :\ Materials _
If each ofxl and Xy €lec,dl i » Scientific calculator
where: x, >x, ; \--.. » Graphic programs
then: f(x,) < f(x,) -
oY 4 X d X

The function f 1s said to be constant on the 4y
interval ]{ , m|[
If each of : x, and x, €] { , m[
where x, >x, ; i
then: £ (x,) = f () - !

l N § x “* X

Student book - First term



Unit 1: Real Functions and Graphing Curves

=
~

Ll

the figure opposite.

©» Solution
» the function is decreasing in the interval ]-oe, O[ T 1T ¥

» the function is increasing in the interval ]0, 2[

» the function is constant in the interval ]2, oo

L J

ﬂ Try to solve
@ In the opposite figure: ] T 1 7
Investigate the intervals in which the function is increasing, / 2 \

decreasing and constant.

Example

,2 Each of the following graphs illustrate the curve of the function f: X —— Y. Deduce the

domain and range of the function , then investigate its monotony

a b c
¥ 3 F 3
2 o A 5 Y
1 3 4 o
:x ,/ \‘; 2 3 \
2 N 7 4 4 5
‘! ,/ ] 1 _: ik ° \
/ i X \
2 = 5 t \
// 2 h 4 q \ X
y / R " P iy g
// 4+ 2 o 1
¥ 5 3 2
(] (]
v L 2 v/ A
©» Solution

'a The domain of f=R=1]-0, o[, range of f=]-00, o[ the function increases in J-co , o[

b The domain of f= ]-00,2]U]2,+00[=]-00, 600[ rangeof f= R

the function imncreasesin -0 , 2[ and alsom ]2, 00 [

e The domain of f=]-00, I[U ]2, +0ce [, rangeof f=]-00,6 4]
the function is constantin | -c0 , 1[ , and decreasesin ]2, [

__
- 1 2 - General mathematics book - Arts Section - second secondary grade
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Monotonty of Functions 1 = 2

ﬂ Try to solve
@ Deduce the domain and range of the function , then investigate its monotony in each of the

following graphs:

N

hy L ‘“y ny

o
i

1Y

™y
X
//N
L 8
et
]

o

o
-
W
g
F -
Jl
\ &8

@ Find the range and investigate the monotony of each of the following functions from the
following graphs:

A \ Y &
il \ i
17 / L\ :
3 T \--_- .. 4
?"’ = B 2 ISIIEEEREE: ) 1
) ' _ Fig EEE7ABEEE
T Bk oL O S A
1 ) y i )
/.m.,, B NEERE / i
3 ’// ) \\\ / 5
l * _/ 3 ™~y l b
/ ¥ -"" l |
Fig (1) Fig (3) Fig @)

@ Determine the domain for each of the represented functions in the following graphs, then

write the range and investigate its monotony:

L
Student book - First term - 1 3 -
=



Unit 1: Real Functions and Graphing Curves

a ‘b c
nuy +y ‘ny
o L] i
: X A |«
X X FARN L YA AN
=12 A ' Tk 4N\ Y 4 ¢ )
1 \\ 21 /) 4
2 4 ¥ S
\ B yY L
d e f
F §
y
:  § F §
3 \ R 2y
3 3
1
x’ X 1 a
il - r
B 2 % 132 47 :x \ > 1
1 -3 42 - 1 2 x' [ > X
2 ) BE; 2 4 4
o2 > 4
y \ v B
Yy
G If:[-2, 6] — R
i
4-x When x<1
Sflx) = ¢
X When lsx<6
L

Graph the function f, then deduce its range and investigate its monotony.

- 1 4 - General mathematics book - Arts Section - second secondary grade
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The graph of the function f where y = f{x) may be distinguished by
geometrical characteristics that can be easily noticed from the graph.
These characteristics can be used to study the functions and their
applications. Symmetry around y-axis or around the origin point are of

the most popular characteristics.

Preface

You have previously learned the symmetry around a straight line where
the figure can be folded around the straight line to make the two halves
of the curve be congruent completely and you have also learned the

symmetry around the origin point.

F A
1 y"{ f Y'z l
-#1-21-w-- ol
(x y) x,y) 1) &y
R 1/ 2 X B kA0 2 [ x
=1 ,,-l

3 !‘
h 4 (x, -y 3
[

Symmetry around y-axis Symmetry around the origin
Figure (1) point. Figure (2)
In figure (1):

The point (- x , y) which lies on the graph of the function curve is the
image of point (x , y) which also lies on the same graph by reflection

around y-axis..

In figure (2):
The graph of the relation between x and y shows the symmetry of the
curve around the origin point where point (-x, -y) is the image of point

(x, y) which lies on the same curve.

ﬂ Try to solve
@ In the following figures, show which curve is symmetric around

y-axis and which is symmetric around the origin point.

Student book - First term

. You will learn

» Symmetry in curves
of functions.

» Even functions
» Odd functions

ﬁ Key terms

» Symmetry
» even function

» odd function

_ Materials

» Scientific calculate

» Graphic programs




Unit 1: Real Functions and Graphing Curves

yq \ L yqn yqn\

L~

< 5 = < cl) 2= < = ‘\“""""F
B 2 11 - 1 2 5 3 12 /h - % “"3----;:\1 ; » X
y _ L 4 _‘"
(a) (b) (¢)
Critical thinking:

Are curves of all functions symmetric around y — axis or around the origin point only? Explain .

Even and Odd Functions

Ig;lﬁ ~ Learn

Even function : [tis said the function f: X —— Y isan even function if (- x) = f(x), for each
x,-x € X and the curve of the even function is symmetric around y-axis.

Odd function : It is said the function f: X —— Y is an odd function if f (- x) = - f(x). for each
x,-x € X and the curve of the odd function is symmetric around the origin point.

Notice : A lot of functions are neither even nor odd.

When you investigate the type of the function whether it is even or odd , the condition of
belonging the two elements x and -x to the domain of the function should be satisfied. If this

condition is not satisfied, the function is neither even nor odd without finding f (-x)

A

s?«* Example

\1 Investigate the type of the function fin each of the following and show whether it is odd or
even.
a) flx) = x? b Fxy=a® &) fix)=+x+3 d) fx) = cos x
@eﬁ Solution
a) fix) = x? and the domain of f = R
for each x and -x € R, then f-x) = (-x)? = x?
thus: f{-x) = f(x) .. f1is even function
b) fix)= x*, and the domain of f= R
for each x and -x € R, then: f{-x)=(-x)* = -»°
thus: f-x) = -flx) .. fis odd function

Important remark :
The function f: IR —— Rand filx) = ax" where a # 0 and n € Z is called exponential

function. The function 1s even when n is an even number and 1s odd when n 1s an odd

number,

__
- 1 6 - General mathematics book - Arts Section - second secondary grade
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Even and Odd function

(e) fx)= ¥ x+3 , and the domain of f= [-3, 00 [

Noticethat 4 € [3, o [ while -4 ¢ [-3, oof 0

.. The function is neither even nor odd.

sin (-x) = - sin x
(@) fiv) = cosxx, and the domain of f = IR M

o.foreach -xandx € R, then fl-x) = cos(-x) = cosx
Le. f(-x) = fix) .". fis an even function
ﬂ Try to solve

@ Investigate the type of each function in the following functions and show whether it is even,

odd or otherwise.

(a) flx) = sinx (b) fx) = x+cosx (e) fx) = x®-sinx
d fx) = xtcosx e )= Psinx f fx) = x®cosx
9 T = ada? h f(x) = sinx+cosx | Jx) — siNXcos¥
What do you infer ?

Important properties :

If each of f, and f, are even functions and each of g, and g, are odd functions, then :

1) f, +J, 1s even function 2) g,+ g, 1s odd function

3) Jf, %/, 1s even function 4) g, X g, 1s even function

5) f, X g, 1s odd function 6) f, + g, 1s neither even nor odd

Use these properties to verify your answers in Try to solve.

i@ Each of the following graphs illustrates the curve of the function f. Determine whether the
function is even, odd or otherwise, then check your answer algebraically.

Example

® b)

(2
JT“V Il ] f(\ vty

f(x) =2 - x X) = %2 +x
i f(x) =x2 - 4x ‘ 2 ;‘
BUE - 5 IVANE

—
[en
f 3
I
o

LU T

|\z 2t

A
:\

I
k 4 I 3

©» Solution

[
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Unit 1: Real Functions and Graphing Curves

a f(x) = 2+ x, from the graph of the function f, we notice that :

The domain of f = Rand the curve of the function is symmetric around the origin point.
Le. the function is odd

‘reachof xeRand xe R S )= Ex)P+(-x)

By simplifing : Fl)E wlP ik

take off (-1) a common factor fl= <@ +x)
fx)=-f(x)

I.e. the function is odd.

! f(x) = 2-x?, from the graph of the function f, we notice that:

the domain of f=[-2, 2] and the curve of the function is symmetrical around y-axis. [.e.

the function 1s even

“ceach of xe[-2,2]and -x € [-2, 2] & Fea] = 2 0a)?
By simplifying Jlal = 252
fx) = f(x)

I.e. the function is even

3 f(x) = x%-4x, from the graph of the function f, we notice that :

the domain of f=Rand the curve of the function 1s neither symmetric around y-axis nor

around the origin point. .e. the function is neither even nor odd.

xeR

*Eachof xeRand-xe R ... f(-x)=(-x)*-4 (-x)

By sim plifying f(x) = x> +4x+# fix) .. fisnotan even function
But “Fa)e -2 v 4%

Then f(x) #-f(x) .". fis not an odd function

I.e. the function 1s neither even nor odd.

ﬂ Try to solve
@ Tell whether each of the functions represented in the following figures is even, odd or

otherwise.
a b c) d
y‘n \ y‘n l y,“ y,n

A

L 4
| reee

E 23

&

P
A
-
¥
)
=
]
L &

L 28
f '™
| Aai
[ ]
[~
-
[2)
N

s
i
Y]

__
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Even and Odd function

e f (@ h
y A y F \ ¥ I \ y &
A1/ \ | / )

X 0 x| X 0 v .
.. __£ ES E ol .. -2 1 - T T
1 -2 3 2
Y'y Y'y vy Yy \

@ Tell whether the symmetry of the curve is around x-axis, y-axis or origin point, then explain.

¥ Y e Y
// ] \\ I’-’ ]
:--32|0 > 3 X e 1 O ’i:l'bh :2 1
el | L L T ;
¥ Y . — ¥
Fig (1) Fig (2) Fig 3)

L O
;:

< £2 - ? ) X Lﬂ\l :
/ \
I y “F ¥

Fig (4) Fig (5) Fig (6)

i
-

i+

N

@ Find the range of each function and tell whether it is even, odd or otherwise.

Yzi » ‘“ Y j “‘Y
~h kO X R 1(1 ] X /S’z 1? | ’\\i
‘I /' £
B ‘\r A *\r 3
Fig (@ Hg (b) Fig ()

L
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Unit 1: Real Functions and Graphing Curves

‘le P y l\y /

[~

N
i

f
k 2

f

i
[%5)
[+
—
Q
1=
=
=

e
A
[*5]
[~
-
Q
1]
-

=1
=]

J / Y

Fig (d) Fig (e) Fig ()

@ Tell whether the function fis even , odd or otherwise.

(@) flx) = x*+x2- 1 b)f(x) = 3x-413 e fv) =5
d 5] = #%-3% &) flx) = x:_+32 'f\f(x) = Xcosx

@ It f,.f, and f; are three real functions where f,(x) = xs,fz(x) = sinx and f3(x) = Sx

tell which of the following functions is even, odd or otherwise.

'_a_fl+f2 'b_.fl+f3 '_c'.flez '_d'f3xf2

@ Answer the following using the next graphs :

Lo
E
N -

F
s

5 rNe 2 7 o] X “01 3 4 5 X
¥
Fig (1) Fig (2)
o nhy Y“
\ 2 2
“5432\10? “"01!_4§))\‘;
2 y
-4“ hg (4)
Fig (3)

First: Complete the graph in figures (1) and (3) in your notebook to get an even function on

1ts domain.

Second: Complete the graph in figures(2) and (4) in your notebook to get an odd function
on its domain.

Third: Determine the domain and range of the function in each case , then investigate its

monotony

.
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Polynomial functions

You have previously learned the polynomial function whose base is in
the form: f{x) = a, + a,x + azxz + a3x3 +..+a xn

where: a,, a,, a,, a,, ., aneR, a #0and n e N

You knew that the domain and co-domain are the set of the real numbers
R ( or a subset of it). As a result, these functions are called polynomial
functions of n degree. The degree of a polynomial i1s the highest power

of the independent variable x.
Notice:
1-Iff(x) = a, and a; # 0 then fis called a constant polynomial function.

2- The polynomial functions of the first degree are called linear
functions, of the second degree are called quadratic functions and

of the third degree are called cubic functions.

3- Adding or subtracting functions of different powers and constants,

we get a polynomial function.

4- Zeros of the polynomial function are the x-coordinates of the

intersecting points of its curve with x-axis.

Graphing the curves of the functions.

First: Polynomial functions:

.ﬁ _ Learn

Here is the graphical representation of some polynomial functions :

1) The simplest form of the linear

You will learn

» The polynomial func-
tions (linear function
- quadratic function
and cubic function)

» The absolute value
function.

» The rational function

» using the geometrical
transformation of the

function f to graph
the curves

y = fb)+a

y = flx+a)

y =flx+a)+b

y =-f(x)

y = afx)

y =aflx+b)+c
» Transformation of

some trigonometric
functions.

Key terms h

» Transformation
» Translation

» Reflection

» Vertical

» Horizontal

» Asymptote

Materials -

)
function is: o[
fix) = x ’
it is a function f that joins the number |*' . 2
itself and a straight line passing T 71 A4
through point (0, 0), and its slope =1 2

E

represents it.
(Check: the range of f= R, fis odd !

and fis increasing in R).

» Scientific calculator.
» Computer

» Graph program

Student book - First term
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Unit 1: Real Functions and Graphing Curves

2) The simplest form of the quadratic function fis : \ =“ Y

fx) = 2%

the quadratic function maps the number to its square. It is

represented by an upward open curve, symmetrical about y-axis

\[k

and the vertix point of the curve is (0, 0). 5 L A ]

(Check: the range of f= R fis even, fis decreasing at ]-o0, 0[

and increasing at ]0, +o0 [ )

3) The simplest form of the cubic functionf is: ,“ y /
fo) = 2 2
The cubic function maps the number to its cubic. :x. — QO 'l
2 7 1 3

[t is represented by a curve whose symmetrical point is (0, 0).

3+

(Check: the range of f=R, fisodd and fis increasing in JR)

]
¢

¢ Example

%1x Graph the function f where:

x2 when x<2 \

fix)=
4 when x>2

©» Solution \

1) When x < 2 and fix) = x?

f O

We graph fix) = x? for each x €]- , 2[

A8

Place an epen circle at point (2 , 4) as shown in fig (1)

2) when x > 2 and flx) = 4

We graph the constant function f{x) = 4 for each x €]2,% [ .

Y

on the same graph fig (2) \ ; /

Notice that the domain of the function f = R- {2}

“;g

and the range of f = [0, oo

. 28

L
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Graphical representation and geometrical transformations 1 o 4

ﬂ Try to solve
@ Graph the function f where:

x* when x <0 , . _ .
Flx)= then deduce the range of the function and investigate its monotony.
x when x >0

@% Learn

(& g The Absolute Value Function

the simplest form of the absolute value function is:

fX)=lxl,xeR

It 1s defined as:

; { x when x > 0
X)) =
f -x when x < 0

- N W

Notice: | -31=131=3, 101=0,¥(2)2 =¥ 22 =2 n

ie:lx =0, lxl=Id, +xF =lx
The function fis represented by two rays starting at point (0, 0) , the slope of the first = 1 and
the slope of the other = —1.

(Check: the range of f= [0, o[ , f is even, fis decreasing in ]-co , [ and 1s increasing in

10,9 [)

£
E&ﬂ Learn Rational Function

the simplest form of the rational function is:

-5 -4 -3 -2 -1 1 2 3 4 5

f(x):%,xeR-{O}

the function fmaps the number to its multiplicative inverse.

Itis represented by a curve whose symmetrical point is (0

, 0) . The curve consists of two parts one of them lies on

first quadrant and the other lies on third quadrant and each

—kl\.>(.u>-|=-<

part approaches the two axes and doesnot intersect them

(x= 0 and y = 0 are two approaching lines of the curve) e

(Check: The range of f=R. - {0}, fisodd, fis decreasing

in |-, O] and is decreasing in ]0, « [ )

L
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Unit 1: Real Functions and Graphing Curves

Geometrical transformations of the function curves

First : vertical translation of the function curve

|4 Beotebra

i
Q wo'k ‘og.‘h.' |Fi|n Edit View Options Tools Window Help =
“ Bl A ololale] =] )
Work with your classmate D A .
® f(x) =241

1) Graph the curve of the function f:f{x) = x* using

Geogebra.
2) Place the pointer on the curve vertex and drag

it vertically upward for one unit. Notice the -

. hgure (1) ——————F——
change of the function rule to express a new
function whose rule is: ’

i oaed ; o (
.f(x) = X"+ ]' as Shown n ﬁg ure { 1)° File Edit View Oglions Tools Window Help

3) Drag the curve vertex of the function to the .[:/uut\, I.EJLM.[:

b Agebra * Graphics

points (0 , 2) and (0 , 3) then record your Function @:]ﬂc-

L) =x2-2

observations each time.

4) Drag the curve of f{x) = x2 vertically downward

for two umits and notice the change of the

function rule to express a new function whose
ruleis: fix)=x* -2 asshownin Figure (2) Figure (2)

Think: Show how fix) = x* - 5 can be graphed o

using the curve of flx) = x2?

Of the previous, we can notice that :
- Bladidploloj<l Jed]+]

Iffix) = %, 82) = 2+ Land B(x) = 222, then: S = cmmes

Function Djﬁ o
e f(x) =%

1) The curve of g(x) 1s the same curve of fix) by ¢ :::;z::j;
translation of a magnitude of one unit in the
positive direction of y-axis.

2) The curve of h(x) is the same curve of fix) by

translation of a magnitude of two units in the ’ AR A S 7 A B S
Figure (3) 4

negative direction of y-axis.
Critical thinking: Use the curve of fix) = x* to
show how the following curves can be graphed:

@ )= 54 b)h(x) = 2-5

|~ -
ﬂ? =0 NEn - drawing the curveof y = f{x)+ a

For any function f the curve of y = f(x) + a 1is the same curve of y = f{x) by translation of a

magnitude of a unit in the direction of ?y’ when a > 0 and in the direction of o_yT when a <0.

L
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Example Ty hxv=_.

@ The opposite figure shows the curves of the functionsf, g 4

and i where each of g and h are an image of the function
fby a vertical translation . Write the rules of g and /1.

- ) = Il

[ 3 )

&> solution

*.” The curve of the function g is the same curve of the

function f by translation of a magnitude of three units in 5
the direction of o_y.: > & ‘ ‘
gx) = f)-3 =k g =Ixl-3 -

*." the curve of the function h 1is the same curve of the function f by translation of a magnitude

. . . . —_—
of two units in the direction of oy

CLhx) = ) +2 Yy =i Soh(x)=Ixl+2

Second : Horizontal translation of the function curve:

% Learn

Graphing the curveof y = f(x+a)

For any function f, the curve of y = f{x + a) is the same curve of y = f{x) by translation of a

magnitude a of units in the direction of &' when a < 0 and 1n the direction of &T when a > 0.

Notice: In the figure opposite : f{x) = Ixl: k\ 4“ y ; 5 !
1) The curve of the function g is the same b : d

curve of the function f by translation ™ 9 L

of a magnitude of three units in the , & {

direction of ox —
.". g(x) = Ix - 3| and the starting point of =
the two raysis (3, 0)

[
e’..
.

L 28

2) The curve of the function h is the same curve of the function fby translation of a magnitude of
two units in the direction of ox'

.. h(x) = Ix + 2| and the starting point of the two raysis (-2, 0)

Example

@ Use the curve of the function f where f{x) = x* to represent each of the two functions g and h

where:

‘&) g(v) = (x - 2)? b h(x) = (v +3)?

L
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Unit 1: Real Functions and Graphing Curves

©» Solution

o,

\
L]
[}

LY

b o

oW H e
o

g

o

L.

L

-

i1
L
X

!
]

X L

L
L B

L. il
- -

N A T A 4 5 4 B2 1 0

il
-

<1

b
0
Y

» The curve of g(x) = (x - 2)?is the same » The curve of h(x) = (x + 3)*is the

curve of flx) = x? by translation of 2 same curve of f{x) = x* by translation
unitsin the positive direction of x —axis of 3 units in the negative direction of
and the vertex point of the curve is x —axis and the vertex point of the
(2, 0). curve is (-3 ,0).

ﬂ Try to solve
@ Use the curve of the function fwhere f{x) = x* to represent each of the two functions g and

h where :
a) g(x) = (x+4)? b) h(x)= (x-3)?

Critical thinking : If f{x) = x?, show how the curve of the function g where g(x) = (x - 3)? + 2
can be graphed.

Graphing the curveof y= f(x+a)+b

Of the previous , we deduce that : The curve of y = flx + a) + b 1s the same curve of y = f{x) by
horizontal translation of a magnitude of a of units ( in the direction of “ox_ when a < 0 and in
the direction of ? when a> 0) , then vertical translation of a magnitude of b of units

( In the direction of Ty- when b > 0 and in the direction of o_y" when b < 0).

ﬂ Try to solve
@ Use the curve of the function f where f{x) = x? to represent each of the two functions g and

h where :
algn)=(x+27-4 ) h(x)=(3-x)?-1

oﬁl Example 2 : 3 4 :

\ Applying the geometrical transformations on graphing the function

curves

4: Graph the curve of the function g where g(x) = - 3, then determine the range of the function
and 1nvestigate its monotony from the graph

©» Solution
The curve of the function g is the same curve of the function f where fx)
- 1 by translation of a magnitude of one unit in the direction of ox

X
L
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Graphical representation and geometrical transformations 1 o 4

(a = -1 < 0), then translation of a magnitude of
three units in the direction of OY and the point of
symmetry of the function curve g is the point (1, 3)
and the range of g= R- {3}

Monotony of the function g: I e

b -

i
|

o o ~

=+ NG &

g is decreasing in ] - o0, I[ and also decreasing in
11,00 <

. Ao

L '
N -

=]
+=
T T VT
1=
o
4=
=)

Critical thinking: Can it be said that f{x) = Lz +31is
decreasing on its domain ? Explain.

ﬂ Try to solve
@ Use the curve of the function f where flx) = L andx#0to represent each of the following:
x
@ gw= _L_+1 b hx= 223
x+2 x-2
@ Write down the rule of the function represented graphically by the following graphs:

f 3

y

- N W &

I
|
/

- W i
e
B
- [3*]
i
-

f
) Al

A -
| 20
A

Y

)
3 -

'S
Lo
it
b e
=
T
.
—
.
=
B

' 1l i
“w L3+ -

")

y Y L B

' i i
[- Y I - 9

/

I vy

Remark: The curve of fix) = x> + 4x + 1 can be graphed using the vertical and horizontal
translation of the curve g(x) = x? asfollows.

fix) = x* +4x + 1 by completing the square Ay

= (P dx+4)-3 ** % \ T/

=(x+2)*-3 L = \ il
i.e. the curve of the (given) function fis the same curve i_ii_il_* = ) 1 N
of the function g where g(x) = x% by translation of a - = /“0 >

. . . . . — - | 1 -

magnitude of two units in the direction of ox' , then \ d
three units in the direction of oy' . The opposite figure f
shows that. 24

Application : Graph the curve of the function f{x) = x?+ 6x+7 using the vertical and horizontal
translation of the function g(x) = x2, then investigate the monotony of the function f.

L
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Unit 1: Real Functions and Graphing Curves

Third: The reflection of the function curve on x-axis

The following grphs illustrate the reflection of the curves of some standard functions on x-axis.

y 4 1 \ y & ’ y & y A
\ T 1] / "
V. _J \L [fy=» e y=" .
f { X" x‘ Jx’ xh ‘x’ j— L xh
< e P e iz —
[T 1\ [ 7 ]
| i | il y = -Ixl Yy =-% |
TARENINEZ N RN 4 ]|

What do you notice? What do you infer ?

ﬁ Learn

Graph the curve of y = - flx)

for any function f, the curve of y = - f{x) is the same curve of y = f{x) by reflection on x-axis.

=

nw Example

Applying the geometrical transformations on graphing the
curves

fKSN Use the curves of the standard functions to graph the functions g, h and z where:

(@) g(x) = -(x - 3) b h(x) = 4 -1x+3| (&) zx) = 2- 13
¥
©» Solution i
.a  The curve of g(x) is the reflection of the curve of fix) = x? Tt Y >
on x-axis, then horizontal translation of a magnitude of three [T (o1 1753~ 1+ 1
units in the direction of ox , and the vertex point of the i /

“w [2*]
[
—

curve is (3 , 0) and the curve 1s open downward .

)
FS

v Vi

.
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Graphical representation and geometrical transformations 1 o 4

o1

b The curve of h(x) is a reflection of the curve of flx) = Ixl

on x-axis, then horizontal translation of a magnitude of 3

. . - . # - .
units in the direction of ox' and vertical translation of a B
—
magnitude of four units in the direction of oy. The /
X
= &

- A W

starting point of the two raysispoint (-3 , 4) and the curve

i
-

is open downward.

c The curve of z(x) is a reflection of the curve of fix) = 1

on x-axis, then horizontal translation of a magnitude of 5

- . . - ﬁ - -
three units 1n the direction of ox and vertical translation

—
of a magnitude of two units in the direction of oy and the F==¢

& .;,\ & 4
|

symmetrical point of the curve is (3, 2). '
ﬂTry'lo solve 14
@ Graph the curve of the function g in each of the following
where:
(@) () =3-(r+ 1) (b) g(n) = - (x-3)? () g(x)=3-Ix-5
Check your graph using a graphical program or the graphical calculator.

@ Graph the curve of the function f, then determine its range and investigate its monotony

@ Fon [ Xl  when x<0 b) fx) = 4 when x < -2
x> when x>0 x2 Whel, &35 O
c) fx) = [ ¥ when x<1
1 when x >1

Choose the correct answer:
@ The curve of g(x) = x? + 4 is the same curve of f{x) = x? by translation of a magnitude of 4

units i the direction of :

(a) Tox b ox! /) oy d) oy

@ The curve of the function g(x) = Ix + 3l is the same curve of f{x) = Ix/ by translation of a

magnitude of 3 units in the direction of:

(a) ox b ox (e) oy (d) oy

L
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Unit 1: Real Functions and Graphing Curves

@ The curve vertex point fix) = (2 -x)* + 3 is:
a) (2,3) b (2 -3) € (-2,3) &) (-2, -3)

@ The symmetry point of the curve of the function fix)= 2 - (x+1)*is:

a)(1,2) b)(-1,2) c (2, 1) g)(2,-1)
@ The symmetry point of the curve of the function f where fix) = + 4 is:
al 3,4 b (3,4 eG4 (3,4

Answer the following:

@ Use the curve of the function f where f{x) = x® to represent the following graphically:

alf(x) = x2-4 b) £(x)= (x—3)? e) f,(x) = (x— 1)2- 2
Use the curve of the function f where f{x) = x| to represent the following graphically:
a L=l +1 b) £,(x)=1x+2l €) Lix)=Ix-3|-2

» Then find the coordinates of the intersecting points of the curves with the two

coordinate axes.

@ Use the curve of the function fwhere flx) = x° to represent the following graphically :
a) fi(x) = fix) -3 b) £(x) = f(x—2) c)f@) = fix+3)+2
» Then determine the symmetry point of the curve of each function.

@ If the function fwhere fix)= — graph the function h and determine the symmetry point of
x

the function curve :

a) glx) = fix-3) bl g(x) = flx) +2 ) glx) = fix-2)+2
@ Use the curve of the function fwhere f(x) = x* to represent the following graphically :
a) fi(x) = 4 - blf(x)= —(x-3) ) fi() = 2- (x+3)?

L
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Real Functions

First: Solving equations

Q Think and discuss

In one figure, represent the two curves of the two functions f and g

where f1s a modulus function and g is a constant function graphically.
Notice the graph , then answer:

.8 How many probable intersecting points are there for the two

curves of the two functions together ?
‘b If the interesting points of the two curves are found together.
Do the ordered pairs satisfy the rule of each function.

¢ | If the intersecting points of the two curves are found together?
Notice :
1) At the intersecting points (if found) , fix) = g(x) , and vice versa for

each x belong to the common domain of both functions.
2) For any two functions f and g, the solution set of the equation
flx) = g(x) 1s the set of x-coordinates of the intersecting points of their

two curves as shown in the following figures:

f ; 3
y f 2y : 1y f
’ < — Ly -
r 1 i i “ i i
9 p 1 L A ‘} ’ I
2 » X A ! X ol [ H X
P ot SR Y B " >l T
Jol 2 B 4 2 b B 5 > 3 b5
¥ ¥ Y
Solution set = ¢ Solution set = {a, b} Solution set = {a}

Solve the equation : lax+ bl =

Example

”r1:3 Solve the equation : |lx - 3| = 4 algebraically and graphically.

©» Solution Ay
Let fix)=Ix-3l and g(x) =4

o

1) Graph the curve of the function

o

fix) = Ix - 3| by translating the 2

=

curve of f{x) =[x 3 units in the

L B

i You will learn

» Solve the modulus
equations graphically.

» Solve the modulus

equations algebrai-
cally.

Solve the modulus

inequalities graphi-
cally.

Solve the modulus in
equalities algebrai-
cally.

Model problems
and life applications
to solve using the
modulus equations
and equalities.

ﬁ Key Terms

» Equation
» Inequality

» Graphical solution

- Materials

» Graphica calculator

» Graph paper

» Graphic programs

A

. R —e
direction of ox 3
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Unit 1: Real Functions and Graphing Curves

2) On the same figure , graph g(x) = 4 where g is a constant function represented by a straight
line parallel to x-axis and passing through point (0, 4)
*."The two points intersect at ( -1 , 4) and (7 , 4)
.". The solution setis {-1,7}

Algebraic solution :

L . x-3 when x >3
From the definition of the modulus function : fx) =

-x+3 when x<3
When x>3: x-3 =4 rLe.: x =7 ¢€ 3, oo
When x>3: —-x+3 = 4 1e.: x=-le€]-00, 3]

The solution set of the equationis { - 1, 7} this matches with the graphical solution.

ﬂ Try to solve
@ Solve each of the following equations graphically and algebraically.

(@) ¥ -4 = 0 blix+1 =0 c)ix-7l =5

Some Properties of the Absolute Value

I&g Learn

1) labl = lal x Ibl for example :
12x-3l=1-6l =6 and 2l x[-3] = 2x3 =6

2) la+bl <lal +Ibl
The equality happens only when a and b have the same sign. For example :
14+ 5 =14l +15l =9 et |-4-5=-4+1-5 =9

3)la-xI=Ix-al

Notice :
NIild=a then x=a or x = -aforeach ae R’
2)If|a|:|b| then a=Db or a=-bforeach acR,beR

3) ld2=lxt = x?
Second : Solving the inequalities

You have previously learned the inequalities and known that they are mathematical phrases
containing one of the symbols: (< , > |, <, >). Solving the inequality means that you find the
value or the set of values of the variable which satisfy the inequality and make it true.

L
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Solving absolute value equations and inequalities

1-5

f

AT ,, e
Solving the inequalities graphically i
. . y2 = g(x) et
The opposite figures shows a curve for each of the two T A
furarre !
functions fand g where: y, = flx) and y, = g(x) T ! E
and the solution set of the equation flx) = g(x)is{a,b} |x i i .
Le:y, =y, whenx=aorx= b ) °¥, A | B i
We notice: y, <y,i.e fix) < g(x)whenxeJa,b[ L ) > gk fx) < gx) fix) 2> gx)
¥, > y,1e fix) > g (x) whenx e ] -0 a[ U] b, oof
@ ) Example
@ a) b) (e)
EIN T T
f(X} = |x+2| B glx) = 4 - 7 il
: / HX) = | 2x-6| \ . i
-x ! 3 X g / ! X , X
R EEEREZEERENIEREEREEEEE ZHEINERES 5 4 05 6 T
Solution set of inequality Solution set of inequality Solution set of inequality
x+21 <2 2x+6l > 4 x-21< 3
i |4 0] 18 |8 L [ =L o] 15 ¢ [=1 . 5]
ie:R - 1-1,9

ﬂ Try to solve

@ Find the solution set of the following mequalities using the graphs in example (7):

Solving the inequalities algebraically

S&aﬂ Learn

First: if Ixl < a and a >0 thenm -a < x< a

Second:if Ixl > aand a>0 then x~aorx< -a

(@) Ix+21<2 ®)12x+ 61<4 (e)ix-2>3

@ Find the solution set of the following inequalities in the form of an interval:

(@) 1x-31<4

Student book - First term
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Unit 1: Real Functions and Graphing Curves

 tenemier (9

©» Solution
o fora, bandc
a)-lx-31<4 ie. -4<x-3<4 Adding 3 to inequality if:a<b, b<cthen
Jo-4+3<x-3+3<4+3 ie. -1<x<7 a<ec
.. the solution set=]-1, 7[ if: a <b then

a+c<b+c
ac<bcwhenc>0
@ Find the solution set of the following inequalities in the form of an  ae¢>bewhen ¢ <0

ﬂ Try to solve

interval ;

a)lx-7 <11 b) Bx+ 71 <8

Life applications

Example

Meteorology

:4? A meteorological station has recorded the temperature of Cairo on a day. If the temperature
has been 32° in difference 7° from its normal rate on that day. What is the expected
temperature recorded in Cairo on that day ?

©» Solution
Let the temperature expected to be recorded in Cairo on that day = x°
Sl -32 = 7 e x-832 =k T
then x = 32+7 =39 orx = 32-7 = 25

1.e. the temperature expected to be recorded is 39" or 25°

L
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Solving absolute value equations and inequalities 1 = 5

Complete :

@ The solution set of the equation Ixl =
@ The solution set of the equation Ixl +
@ The solution set of the inequality |x

Exerci

ses (1-5)

W =

|
Lo

Choose the proper solution set from the following list for each equation or

inequality :

(@ Yia20 =8
G)lx 21<3
®lx-21>3
G@)Ix-21<3
B)ix-21>3
(@lIx-21=-3

Find the solution set for each of the following equations algebraically :

()1 2x-71=5

Find the solution set for each of the following equations graphically :

40 Ix+31 =6

@lx+41=3

Find the solution set for each of the following equations graphically:
<5 ) 1x+31>2

G)lx-11<3

Find the solution set for each of the following equations algebraically:

912x+31<7

@ 12x-11>3

d

f

o

Le)

(@) 1-1, 5]
b

JR

(c) {-1,5)
)R- [-1,5]
¢
J1-1,5]

@12x-51=3

e 1x-2

@ 13-2x1=7

20 13x-71>2

Student book - First term
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% Unit introduction

The concept of logarithms had been used in mathematics early the

Seventeenth century by the scientist John Napier as a method to simplify

calculations to help navigators, scientists, engineers and others depend on to do their calculations easier by
using the calculating ruler and logarithmic tables. They had benefited from the properties of logarithms by
substituting the multiplying operations to find the logarithm of the product of tow numbers, by using the
property of addition with respect to the property of log (xy)=log_x + log y. Thanks to the scientist Leonhart
Euler. In the eighteenth century, he connected the concept of logarithm with the concept of the exponential
function to widen the concept of logarithms and connect with the functions.

Logarithmic scaler can be used in various fields. For example, the decibel is a logarithmic unit used to
measure the sound intensity and voltage ratio. Logarithmic scaler is also used to measure the power of
hydrogen Ph( it is a logarithmic scaler) to identify the acidity of a solution in chemistry.

Unit objectives

By the end of this unit, the student should be able to:

£ Identify the exponential function. #+ Deduce the relation between the exponential

£+ Identify the graphical representation of
the exponential function and deduce its
properties.

£+ Identify the rules of the rational exponents.

£+ Solve an exponential equation in the from:
a*=b.

£+ Identify the logarithmic equation.

£+ convert from the exponential form into
logarithmic form aglabraically and vice versa

£+ I dentify the graphical representation of the

logarithmic function in limited intervals and
deduce its properties.

and logarithmic functions graphically.
£+ Identify the rules of logarithms.
£+ Solve logarithmic equations.

£+ Solve problems including applying the rules
of logarithms.

£+ Identify the common logarithms of base 10.

# Find the value of logarithms using the
calculator.

& Use the calculator to solve some exponential
equations.
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Key - terms

2 Thent" Power I Expontential Function I Reflection
T Base T Exponential Growth S Logarithm
T Exponent I Exponential Decay I Logarithmic Equation
Z  nthRoot 2 Domain 2 Logarithmic Function
I Rational — exponent I Range

@Unit lessons Materials

Lesson 1: Rational exponents et
P Scientific calculator - geogebra-graph

Lesson 2: Exponential Function and its
applications

Lesson 3: Solving exponential equations

Lesson 4: Logarithmic function and its
graphical representation

Lesson 5: Some properties of logarithms

“A. Unit planning guide

graphical rules of
representation logarithms

Solving alogarithmic

f _‘I -

Graphical solving the exponential Common
representation equation logarithmic
properties of the
logarithmic function
Application on the exponential g ]

function ( growth - decay)

Life application
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Unit Two

. You will learn

» Generalize the rules of

exponents.
» n''root.

» Rules of rational expo-

nents.

“ Key terms

» The n'" power
» Base

» Exponent

¥ nthroot

» Rational exponent

- Materials

» Scientific calculator

» Graphic programs

OEIIK

index ofT %}'}“hd of the
the root root
number inside
the root

m33m

g% Preface

You have previously learned the square roots of a non-negative real

number and 1dentified some properties of both cubic and square roots.
You have also learned the integers and identified some of their own
properties. In this lesson , you are going to learn the rational exponents.

&
s&ﬁ Learn

The nt" Root

You have known that the square root of a number 1s an inverse operation

of squaring this number. Similarly, the n® root of a number is an inverse

operation to place the n® power of this number.

Example:
1 It £=8 then 2 1s the cubic root of 8 1.e
V8 =2
2 If x¥=32 then 2 1s the fifth root of 32 1€
32 =2
3 If x*=a then x is the n'® root of a ie
a=XxX

1
For any real number,a> 0,ne€ Z*- {1}, thena'= ¥ a
This relation is true when a < 0 and n 1s an odd number > 1

Example:l -
(16)* = 476 =2 9? = /9¢R
ak
-7 =¥27=-3 (-243)° = ¥ 243 =-3

|-

¢ Example

(1) If x*=a. find the values of xin R (if found) in each of the following

cases:
ﬂ n=1>5,a=zero b/n=4, a=8l

(c)n=2,a=-4 (Dn=3,2--8

General mathematics - Arts section -Second secondary



Rational Exponents

©» Solution
@_} when n=5 a=zero thenx’=0 then = PO =0
(b) when n=4,a=81 thenx*=81 then o T
@ when n=2,a=-4 thenx’=-4 then =t R
(d) when n=3,a=8 thenx®=-8 then x=#F =44

from the previous example, we deduce that:

if x"=a, then the values of x , which satisfy the equation become clear in the following table:

I U

e ALl a=0 |¥a=zero

positive even integer a>0 |there are tow real roots = §a
positive even integer a <0 |there arenot real roots.
positive odd integer, n # 1 ac R |thereis only areal root §a

ﬂ Try to solve

@ Find the values of x in each of the following (if possible):

@ »=36 (b) =32 (e) =125
C@ x*= 1296 {:éj x2 = -49 \“j;} v =-128

inking: use a numerical exampte to show the difference between the sixth root of

if neZ*-{1}, meZ", ¥a er then: aI'EL:Va_“’:(VE)m

Example:
16f =(T6F =4 =64
Y(125p = W(125))? =(-5°=25

@ Example

@ Find each of the following in the simplest form:

(a)-¥8a'v® (b) +464 @22+ 3)°

uonuyaq
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Unit Two: Exponents, Logarithms and their Applications

©» Solution

(a) ¥8a° b =Y @a?p®y} = 22213

(b) +/ 64 @+3)° =+ [8@2+3)7]
= +8 (a?+3)}
ﬂ Try to solve

@ Find each of the following in the simplest form:

(@) Y25 (b) ¥ 2315 (¢) ¥128@-by
Using The Modulus

the modulus of a number is used if the index of the root (n) is an even number, then #a" = lal ,
but if the index is an odd number, it is not necessary to use the modulus.
IxI if n1s even.
Ve =
x ifnisodd.

Example

f::_;} Find each of the following in the simplest form :

@ oz b)Y om

&) ¥ -3y ) a-vy7) the square of any of

the two numbers (a)
> Solution or (-a) is a2

(a) yorr = /G2 =13u

® ¥ ae =¥y =

() 243y =12-431=2-43 where 2> 7
@) a7 =11-4TI=4T -1 where /7 > 1

ﬂ Try to solve

@ Find each of the following in the simplest form:
a 1/162112 b i (x - 2)I8
OF T @73y

I
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Rational Exponents

wy
if neZ*-{1} meZ'. §yaeR then: av=—
A
3 2
Example: '7"BF:L3 , %:43
75 43
OB
o ifneZ - {1}, ¥a ,¥b aretwo real numbers, then:
5
e > vwevaaw
)
-
¥ a
> o2 where b # zero
b i

6 Example

Find each of the following in the simplest form:

(@) /8 x41x2% 5) 3238}

6 2x3?2

©» solution
5% Tx4lx27
(a) the expression = % converting roots into rational exponents.
sy 3
- (282 xz(gzg'l 3222 factorizing each base into its primary factors.
X “ X

_ @)% x22x23 By simplifyin
- 3222 x3?2 & P g

3 2
- 21-2-1+2X3 2-2

:ZZBZ‘OX?’ZETG:I

=]

- 3
(b the expression = 3255—XS3

4816 x
2
- (BE S
5
(2)3(2%) x
__ Px2?

1 3
2% x212

converting roots into rational exponents.

IS

factorizing each base into its primary factors.

L] i

i
r3lun

=22-4

B3|

_ 234—2-

ﬂ Try to solve
® Find each of the following in the simplest form :

) 28 x 48T ) VT <V 7T
a b) ¥ & *¥ &
S x¥9 b) LTS

|
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Unit Two: Exponents, Logarithms and their Applications

Solving the equations:
Example

(‘é} Find the solution set for each of the following equations in R:

(a) =9 b) (x+1)i=8
©» solution
(a) - x% = By placing the third power of the two sides
() =9
Foyd = 93 By taking off the square root of both sides
g = 30 s e =

.". The solution set = {27, -27}

(b) (x + 1)% =8 By placing the fourth power of the two sides
o 1Y =8
S+l =8
Sae]l =29 N = .". The solution set = {15}

E Try to solve

@ Find the solution set for each of the following equations in R:
5

(@) x2=32 (b) ¥eIy = 31—2

Exercises 2 - 1

@ Write down each of the following in an exponential form:

(a) ¥x OF, 2 OVYrs

@ y7% oFr 6=
@ Write down each of the following in a root form: o

@) at b) b3 (c) 6yt

d ) 8b9 e) (3x)3 fJ 52
@ Find the value of each of the following in the simplest form:

a (le)s (b (-32)5 &) 273

@) b Lt ® YL O —1—

i V2 @2 x 47 x §3)2

@ Find in the simplest form:

= 2 = 1 — 1

..: al.. (a = 3)_3 b :-. ﬁ sz c ) (32 i 42)2

I
- 42 - General mathematics - Arts section -Second secondary
s



Rational Exponents

— 1 1 1 1
(@) (x* +yH) (2 -y?)

@ - P id e e
1

i l l
(D) (o2 + x 22 (g) (13 +23 +33)?

@ Reduce each of the following in the simplest form:

_— L 1 - 2 3
(a) y243 + 312 (b) (%)3 ><('?%)1 (e) (16)* + (8)*
P % % =0 s 3_>(4%
(d) 27y - (64) (e) yOT x¥ 0216 xv25 (1 y
2

(H”] 16+ x 9x+t
= 8.\--1 W% 18,\-4-2

(@) (1258 x 81Fx (15)1
Choose the correct answer:
(6)if ¥ =9 thenxe

(@ @7y

(7) 645 =

®) {27, -27}

(a)2 ®) -2 ©+
V=

(a) x! (b) x (e) x|
ORFE

@xy2 b) + Xy @3 xly?

@Ifx‘% =8, then x =

®) 4 (

)
|

(@ 4

ORH1E
36
(a)] OF OF:
@ Find the solution set for each of the following equations in R:

- ) B
(a)x7=5 () = e © v =27
@x-s#=32 (@3xF=2 @ 2= =18

@) L
@ -
(d) /5

Student book - first term
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Unit Two

. You will learn

» Exponential function.

» Representing the
exponential function
graphically.

» Properties of the expo-

nential function.

ﬁ Ke_y terms

» Expontential Function
» Exponential Growth

» Exponential Decay

! Materials

» Scientific calculator

» Graphic programs

the exponential
function f{x) = a¥in
case a > 1 is called
the growth function
and is related to many
life applicatins such
as over population,
and the banking
compound interst . The
exponential function
fix)=a*in case 0<a<l1
is called the decay
function and is relatd
to many applications
such as the half-life of
the radioactive atoms.

m4i4m

g% Preface

In our daily life, there are a lot of situations that need very accurate
calculations such as banking profits, over population, cell reproduction
in some organisms and the half-life of the radioactive atoms and so on.
These situations require the concept of the exponential function which
we are going to learn and investigate some of its properties.

ONEImK

Exponentia| Function In algebraic function:
the independent variable
{x) is the base while the

power is a real number.

Learn

if a 1s a positive real number a = 1 then
the function: In exponential function:
The independent variable
(x) is the power while the
base is the real number
and does not equal one.

uonuyaq

fwheref R« R* filx)=ax

is called an exponential function whose

base is a

Verba

1s not exponential function.

| expression: Explain why the function f(x) = (-3)* where x € R

Graphical Representation of the Exponential Function

@ use the values of x € [ -3, 3] to graph in one figure a part of the

curve of each of the following tow functions:
f=2" gm=)"
©» Solution

3 -2 -1 0 1 2 5
1 1 1
BB |12
1 1 1
we can deduce the next properties of the NGRS

[

exponential function from the graph:

1 the function f: f(x) = 2* is increasing on its

domain because (a > 1)

the function g: gx) = (%}" is decreasing on its

domain because (0< a< 1) — P
2  the range of both functions is R* Tty

o o 4 W1 oo
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Exponential Function and its applications

3 the curve of the function £ fix) = 2" is the image of the function curve g: g(x) = (%)x by

reflection on y-axis

ﬂ Try to solve

@ Use the values of x €[-2 , 2] to graph in one figure the curve of each of the functions
filn)= 28 floy= 8% and g Goysd

Q Example

@ if f(x) = 3", complete the following :

(al f@)=_ fae) = x3 (e fxfx)=
> Solution
(a) F(2)=32=9 (b) F(x+2) =37 =3V %32 = 9 % 3%

(©) Fr) xf() = F¥x3X=3xx =320 _ |

|
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Unit Two: Exponents, Logarithms and their Applications

Exercises 2 - 2

@ Graph each of the following functions, then find the domain and range of each and show

which of them is increasing and which is decreasing.

(@) fi) = 2¢ ) fi) =3 @Om=* @f=2

@ Compete:
a ) the function f:fx) = 2* intersects Y- axisatpoint ... .
b the function £ f{x)=2'"* intersects Y -axis at point ...
c if the curve of the function f: f{x) = a* passes through point (1, 3), thena= ...

(d) the curve of the function £ fix) = 3" is the image of the curve of the function g: g(x)= (%)‘r
by reflectionin ... ... .

E‘-‘_. | the function f where f{x) = a* is decreasing if a € ...

f the function f where f{x) = (2a)'is increasing whena € ... ... .

I
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Unit Two

A Think 21 d discuss

Amiba reproduce by binary fission
where one cell is divided into two
cells after a certain period of time,
then every new cell is divided into
two other cells at the same period of
time in the same conditions and so on.

1  Find the number of cells resulted from one cell after nine periods of time.

2 Find the number of periods of time required to produce 8192 cells
out of this cell.

o

L*

Exponential function

if the equation includes one variable in the exponent, it's called an

Learn

exponential function such as (2! = 8).

First: if a —a wherea¢ {0,1,-1}, them m=n

) Example

@ Find the solution set for each of the following equations in R:

:I:-. Y x+3 _ b*v x_z B L
&) 2" =8 B 3= )
©» solution
ans - eox3 _ g s 2x3 _ 93
L x+3=3 thus, x = zero
. Solution set = {zero}
\‘-b--" 3x—2 = (ﬁ)x 3x—2 :3‘3":
Lx-2=3x L =
L thusx = %

*. Solution set = {% 1

i You will learn

» Power function.
» Representing the power
functions graphically.

» Properties of power

function.

key terms

» Power function

» Graphical solution

- Materials

» Scientific calculator

» Graphic programs
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Unit Two: Exponents, Logarithms and their Applications

ﬂ Try to solve

@ Find the solution set for each of the following equations in R:

(a) 571 =25 OIS
second: if a =b where abefl 1, -1}.
either: 1- m = zero
or: 2- a=b when m 1s an odd number,
3- a=+b when m 1s an even number,
) Example

fé‘\i Find the solution set for each of the following equations in R:

a 342 — T2 b 4x-2 = 32x-4

@ Solution
ﬂ\ 3x+2 - 7,\:—0—2
*, Xk 2i=ZeTn thus x = -2
. Solution set = {-2}

b 4x-2 — 32x-4 4x-2 — 32(x-2)
. 4x-2 - 9x—2
“w X2 = zero thusx=2

. Solution set = {2}

ﬂ Try to solve
@ Find the solution set for each of the following equations in R:
a gr-l— gl b 22x-6 — 7x-3

) Example

{9 If fix) = 2**1 | find the value of x which satisfies f{x) = 32

©» solution
A9 =32 s P
- gxl —9S Six+l=5
o e A .. Solution set = {4}

B Try to solve

(3) If fix) = 7, find the value of x which satisfies fx +1) = 49

I
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Solving exponentialequations

@ Exercises 2 -3 @

@ Complete:
(a)if 52= ] i =
(b)if3*2=7"2  thenx =
(e)if2l= 5 then3*l= . .
(d) if 24 = 32 thenx =

Choose the correct answer

(@)if3*5=9,thenx= .. . .

(@2 (®)7

G)if3" =9, then3**1= ...

(a)5 ®) 15

@ The number 5*1 + 5% is divisible by ...

© 3

@ 7

(e)27 45
... Tor all the natural values of x.
(e) 13 @ 17
(©) 4 (d)5

(a)7 (b)6

&) =5 thenx=.
@2 b3

@ Find the solution set for each of the following equations in R:
3.!:44:9 @2»5:%

@5x+2: 1
(e)2x3*2=54

(d)3k=3
@ 7.!:—5 - 3x—5

3x-6 _ &x-2 3wa2_ 8
(@) 23+6=5 th) Gy2=L
(Dorxsr=L () 4= 64
(0 4= 4 @ ys=3

Student book - first term
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Unit Two: Exponents, Logarithms and their Applications

@ If f{ix) = 2, find the solution set for each of the following equations:
©) flix)=8 ® Sflx+1) :31—2

If fix) = 3*1 | find the solution set for each of the following equations:
(@) flx)= 27 ® fel)=3

@ If fix) = 7% | find the solution set for each of the following equations:

(a) flx) = 343 ® o= &

Mohammed and Karem have solved the equation 2 x 2*= 16 as follows:

L% =16 2w ldE =16
L e
S 4 —42 ~ox 93
Cx =2 - X =3

What is the right solution? Why?

I
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atic

Unit Two

Think and discuss

Check the following exponential functions and try to solve each of them:

if 2%.=.2 =4 22=13, then:

2- The value of zis included between two consecutive integers which
are .............and o

Notice that the value of y cannot be calculated directly such asx and z,
so we need to the concept of a new function to calculated the value
of y.

o

Learn

Logarithmic Function

if x and a are two positive numbers where a # 1, then the logarithmic

function y = Jog x 1s the inverse function of the exponential function y
a

:ax

Example: if log32=135, then 25=32 and vice versa.

L 2
If point (c, d) € exponential function y=a , then:

1- point (..., ......) € function y = log x.
a

2- The exponential form a = d where a € R* - {1} is equivalent to the
logarithmic form ... .

) Example

Converting into the logarithmic form.
@ convert each of the following into the logarithmic form:

(a)34=8] (b) 257 = % (¢)102=001
©» solution
(@) log 81=4 Bllog + =-5 (&) 1og 001=-2
3 25 10

il expression: Can we convert (-2)* = 16 into a logarithmic

form? Explain.

You will learn

» Definition of the loga-
rithmic function.

» Graphical representa-
tion of the logarithmic
function.

» Converting from the
exponential form into
the logarithmic form
and vice versa.

» Solving some simple
logarithmic equation.

Oy

Key terms
-. logarithm
» inverse function
» domain

» common logarithm

Materials

» Calculator.

» Computer.

©O) ™ N

log x =yis called the

a
logarithmic form while
a¥= x is called the

equivalent exponential
form. Notice that (a)
is a bositive base.

If (-3)* = 81, then there
is not a logarithmic
form equivalent to it.
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Unit Two: Exponents, Logarithms and their Applications

ﬂ Try to solve

@ Express each of the following in a logarithmic form:
1

‘a) 103 = 1000 b g=2 ¢/ b*=y where be R* {1}
Common Logarithm
it is the logarithm whose base is 10 and written without writing the base. Le. log7 = log 7 and

10
log 127 =log 127. The button in the calculator can be used to find the common logarithm

10
of any number.

@ Example
(gj} convert each of the following into the exponential form: _
(@) 10g32=5 (b 10g1000 =3 ) log 1 = zero
2 2
©» Solution
(@) 25=32 (b 10® = 1000 &P 2o =1
ﬂ Try to solve
@ convert each of the following into the exponential form:
(@) g 25=F (b) 10g100 = 2 (€ 10g 5=1
125 5
Example

Finding the values of logarithmic phrases

(é:} Find the value of each:

(a) jog 125 'b)1og 0,01
&sumio:
a) Let log 125 = x and by converting into the exponential form:
5'“:5125 o BHESY thus x =3
log5125 =3

b Let Log0.01 = y (a common logarithm whose base is 10) and by converting into the

exponential form.
F, J0P=0.01 s 10y =102

thusy=-2 .. 1log0.01 =-2

I
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Logarithmic Function and its Graphical Representation

ﬂ Try to solve
@ Find the value of each:

(a) log 81 E’j? log 32
3 1

2

Example
@ _p Solving the equations
Find the solution set for each of the following equations in R:

(a) 1og (x+5)=3 (b) 1og 625=x-1 () log (x+6) =2
2 5 x
€ solution
9) The equation is defined for all the values of x + 5 > zero Le x > -5 (is the

domain of defining the equation).

By converting the equation into the exponential form

e S0P J.ox+5=8
thusx=3
.". 3 € the domain of defining the equation .". Solution set= {3}

5} The equation is defined for all real values of x and by converting the equation into the
exponential form .
2 =508 i ol 5e
Tx-1=4 thusx=5

.". Solution set = {5} 6 >
X+ Z€ro

\é\» The equation is defined for all the values of x which satisfy each of } x > zero

x£1

L.e the domain of defining the equation 1s Jzero , o [ - {1}
and by converting the equation into the exponential form:
xt=x+6 Xii=B O
x-3)x+2)=0
eitherx=3 or x=-2
Since x = -2 ¢ the domain of defining the equation
.. Solution set = {3}

ﬂ Try to solve

@ Find the solution set for each of the following equationsin R:

@ log Bx-1)=1 ® log: 27 =242 © lop 9=2
5 3 (x-1)

Stud book - f1
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Unit Two: Exponents, Logarithms and their Applications

Graphical Representation of the Logarithmic Function holad s

If filx) = a* where a € R* -{1}, then the inverse function of the function 2 3

f 1s called the logarithmic function. L.e. v=log x Pl } ,/ |
: 2 © "/ 2B

Relation between the exponential -‘-II Jedag

and logarithmic function . N

The opposite figure represents the exponential function y = a and
logarithmic function y=1og x. Study the properties of both functions for domain , range, monotony

a . . .
and symmetry around the straight line y = x in one figure.

") Example

(i?! Graph the curve of each of the two functions v = log v and y=log xin one figure.
2 1

©» Solution

we choose values of x the powers of the number 2 ( the base) 2 ol ol pt gdy

1 1 “Y\
= e S Y= 'u)g X
7 5 1 4 4 ) \ ;
log X -2 -1 [zero| 1 2 » ! X
T 3 23 4

log x 2 1 |zero| -1 =2 2 / b

i . |‘):103 X

g 1

From the graph, you can deduce the following properties for the curve of the logarithmic function:
the domain = R+ , and the range = R

the function y =]og x 1sincreasing for each a > 1 and is decreasing for each 0 < a < 1
a

L ]
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Logarithmic Function and its Graphical Representation

@ Exercise 2 -4 @
@ Complete:

'fi) The exponential form equivalent to the form Jog 27 =318 ..
3

(E} The logarithmic form equivalent to the form 3% =11s ...

(€)10g0001= . ... (@ Tog 1= e

e . 2

(e)Iflog4=2 thenx= . ... ... [fliflog128=x+1 thenx= . . . . .
2

@) The domain of the function £ flx) = log X 18ucusunsn
2

(h) The function f where f(x) = log x is decreasing foreachae ...

Uj The curve of the functionfwhiref(x) = log x passes through point (8, ...........)
ﬂ:_’ If Log3 = x and Log5 =y, then log 15 = 2 (in terms of x,y)
@ Find the solution set for each of the following equations in R:
(a) log (x~ 1)=2 b log (x+2)=3 © log 9= =
@ loglgz% @ log (x+2)=2 \i> log 9=2

@ Find the value of the following without using the calculator.

,,,,,

@ log 1 (&) log 7 © log 9 (d) log 3+ log 2
5 7 3 6 6
@ use the calculator to find the value of the following:
(a)log 15 @ 105 27 (©) 4log 7 - 5logl3
2
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Unit Two

. You will learn

» using some properties
of logarithms.

» Solving logarithmic
equations.

» Using the calculator to
solve the exponential
functions.

» Life applications on

logarithms.

ﬂ Key terms

» logarithmic equation

- Materials

» Scientific calculator
» Computer with graphic

programs

m56m

In the previous lesson, you learned the concept of a logarithm and how
to represent the logarithmic function graphically. Now, we are going to
list some properties of logarithms to help you simplify the logarithmic
expressions or solve the equations containing a logarithm.

5&? Learn

Some Properties of Logarithms
ifaeR"- {1} ,x,yeR", then

1- loga=1
a
For example, log 3=1,1og 10=1
3

2- log 1=zero
a
For example, log 1= zero , log 1 = zero
5

Try to prove 1 and 2 from the difinition of logarithms

3- Multiplication property in logarithms:

log xy=log x+log y where x and y € R*
a a a
To prove the correctness of this property:

place b= log xand ¢ = log ¥
a a

From the difinition of logarithms, we find that:
x=a®, y=a°

then xy=ab xa° Lexy=nalt®

By converting this form into the logarithmic form, then:

log xy=b+c

a
By substituting the two values of b and c, then log xy=1og x+1og ¥
a a a

) Example

@ Find the value of log 2 + log 17 without using the calculator.
34 34
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Some Properties of Logarithms

©» Solution
the expression= log (2 x17) use property (3)
34
= log 34
34
=1 use property (1)

4- Division property in logarithms:

log iy =log x-log vy (try to prove the correctness of this relation yourself)

a a a
o Example
@ Find the value of log 50 - log 5 without using the calculator.

©» solution
the expression = log % use the division property

=lop 10=:1 use property (1)

ﬂle to solve
@ Find the value of Jog 7 - log 3.5 without using the calculator.
2 2

5- Property of power logarithm:

log x*=1alog x where x > 0  (try to prove the correctness of the relation yourself)
a a

6 Example

@ Find the value of Jog 125 without using the calculator.
5

©» solution

the expression= 1ogs35
=3 log 5 use the property of power

=3x1=3  wuse property (1)

Notice that: Jog (%) =-log x where x € R*
a a

6 - Property of changing the base
log x

log x=—2
y logy
a
By placing: z=1log x
."!
¢ =% by converting into the exponential form

and proving the correctness of this property

Student book - fi
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Unit Two: Exponents, Logarithms and their Applications

zZlog y=log x the logarithm of the two sides is taken off for the base a
a a
log x log x
then Z = Le: log x =—2—
log v y log ¥
_ a ’ a
) Example

@ Reduce to the simplest form log 16 x log 49
q 2

©» Solution
the expression ~ = 10816 , log49 use property (6)
log 7 log 2
_ log2* _ log7*
log 7 log 2
- Aog? , 267 use property (5)
leg7  Jog?
= 4 x 2 = 8

ETry to solve
@ Find the solution of the example above by changing the base into another number but not 10.

7 - Property of the multiplicative inverse.

log a= I.e both log aand log b are multiplicative mverse of each other (try to
b log b b a
a

prove the correctness of this relation ).

%@ Example
C . 1 ; ;
RE,) Find the value of + without using the calculator:
’ log 15 log I5
9 Solution 3 5
the expression = Jog 3 + log 3 use property (7)
15 15
= log (3x5) use property (3)
15
=ilog: 18=1 use property (1)
15
ﬂ Try to solve
| | |

@ Find the value of

+ + without using the calculator.
log 30 log 30 log 30
2 3 5

I
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Some Properties of Logarithms

Simplifying the Logaritmic Experssions

Example
) Reduce log 0,009 - log 27 , 3 logg - log % to the simplest form
0 Solution
the expression =loa——r 1000 log 27 , log (— )y -log = 12 property (5)
:Lt)g(1000 Xﬁ x% XT) property (3), (4)

=log | = zero property (2)
ﬂTry to solve
@ Reduce 41logy3 - log% l- log% -log % to the simplest form.
Solving Logarithmic Equations

@ Example

@ Find the solution set for each of the following equations in R

(a) log x+ log (x+1)=1 i@logx+ log x=3
2 2 2 4
©» Solution

fé:? The function 1s defined for each x > zero and x + 1 > zero
Le. X > zero (domain of defining the equation)

log x(x+1)=1 use property (3)
2

x(x+1)=21 converting from the logarithmic form into the exponential form
x*+x -2 = zero So(x+2)(x-1) = zero
Either x=-2 orx=1, and x= -2¢ the domain of defining the equation

*. Solution set = {1}

‘/E The function is defined for each x > zero ~ (domain of defining the equation)

log x
log x + =3 property (6)
2 log2 4
log x
log x+—2 =3 multiply by 2
2 2
210g x+log x=6 310g x=6 log =2
2 2 2 2

x =4 (converting from the logarithmic form into the exponential form)

where x = 4 € the domain of defining the equation .". Solution set = { 4}
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Unit Two: Exponents, Logarithms and their Applications

) Try to solve
@ Find the solution set for each of the following equations in R:
(a) log (2x+ 1) -log (3x - 1) =1 ) Jog x=1log 2
2 x

Solving the Exponential functions by Using Logarithms
@- Example

@ Find the solution set for each of the following equations in R rounding the sum to the

nearest two decimals :

@ 2:=7 @ 3 5t1=52
©» Solution

(@) 2x=7 take off the logarithm of two sides

. log 2¥ =log 7 .. xlog2=1log7 x:%

use the calculator respectively as follows: %k

B G (O Q) (2)CO() 280G
Sox = 281 .". The solution set= {2.81}

(check your answer using the calculator) @ @ 1
K] Try to solve
@ Find the solution set of each of the equations to the nearest two decimals:

@ 7=2
choose the correct answer:
() log 8=

(@4 )3 e/ 16 d)10
@ Log2 + Log5=

@)1 (b)log7 c) Log25 @ 10
@ log /5 =

@2 OF OF} @ 1
@if10g3 =% ., Jopdzy thisd lep 2=

(a)x+y ) xy ©x-y (d) logx+1og y
®210g 2+2log 3=

6 6 .

(a)6 b)36 ©:> @ 12
(6 log 5 log 2=

(@)1 b 10 .c) 3 d ) zero

I
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Some Properties of Logarithms

@log 2xJlog 5xlog 3=
5 3 2

J@) 30 j’t 1 @,? ZETO {E} log 30
Express each of the following in terms of log x and log (x + 1)
EZ:E log x (x+1) @J log Ll (o) logd x  (x+1)?
X+
@ Reduce to the simplest form:
(a) log 54 - log 9 ® log 2+ log 3 © log 12 + log %
6 6 6 6 2 2
@3 log 48 + Logl25 -log 6 @; L-10g2 3,} Log49+3 log 7
Logl25 log 7

(9) 1og 16+ log 43 +1log 0.1
2 3
(h) + d 3
h/ < loga+ 5 logh+ 2log ¢ - log¥ab - log 3¢
3 3 3 3 3

@ Find the solution set for each of the following equationsin R:

(a) log x+1log (x+2)=3 (b)logx+log (x-3)=1 © 1og x-log2=2
2 2 5 5
]. ]. F ey
@log(x+3)—log3:10gx @ + =i f logx- )
log x log x Logx
2 3

@ Prove that log a x log b x log ¢ % log d=1, then calculate the value of
b c d a
log 3 % log 5 x log 16
2 3 5

@ Find the value of x in each of the following, then round the sum to the nearest decimal.

@ =1 ) ) @ax77=1 (@) p*3- 34
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Unit introduction

-
-

N

=

calculus is one of the modern branches of mathematics concerning with the
studying of limits, continuity, differentation, integration and the infinte series. It is the
science used to study the variation in the functions and their factorization.
Calculus deals with numerous geometrical life application, trade and different science. Calculus is
basically used to study the behaviour of the function and the change in it and to solve the problems which
algebra and other sciences cannot deal with.

| Unit objectives

By the end of this unit, the student should be able to:

3 Identify an introduction about limits.

3 Identify some unspecified quantitieslike:
0 o

=~ 2= oozoe, Dixo
0 oo

t Determine a method to find the limit
of a function, by direct substitution,
factorization, long division, and multiply
by conjugates:

3 Find the limit of a function using the rule

lim X2 -a' _ ool
Fad A

W62 MW

3 Conclude the limit of a function using
lim x"-a" _

rax™a™ m
#F Find the limit of a function at the infinity

algebraically and graphically.

the rule: e

#F Use the graphic calculators to check the
limit of the function and the value of the
limit

3 Identify various applications on the basic

concepts of the function limits.



7%

Undefined

PRSI IR

Limit of a Function

Key terms

Unspecified Quantity ¢ direct Substitution ¢ Limit of a Function at Infinity

Conjugate

PSS

Polynomial Function

| A\. Unit planning guide

direct
substitution

limitof a
function
introduction to Finding the limit of a Finding the limit of a
limits function at a point function at infinity

multiplying by

Theory of
the conjugate

factorization long division

lim Xﬁ_an:na’l'l
x—a *X-2

@ Unit Lessons

lesson (3-1): Introduction to limits .

lesson (3-2): Finding the limit of a function algebraically.

lesson (3-3): Limit of a function at infinity.

s Materials

Scientific calculator - Computer - Graphical programs for PC
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You will learn

» Unspecified quantities

» Limit of a function at a

point.
Key terms “
» Unspecified quantity
» Undefined

» Value of a function

» Limit of a function

Matrials !

» Scientific calculator.

» Graphical programs for

computer

m64m

The concept of the function limit at a pomtis one of the basic concepts in
calculus. This concept basicly depends on the behavior of the function at
all of its defimtion points. To study such a behavior, we should identify
the types of quantities in the set of real number.

@ Think and discuss
Find the sum of the following operation, if possible: 0 Remember

®3X5 @28+4 o is a symbol
@ 4-9 @ 70 that indicates
K an unspecified
® . . / @ o quantity greater
@w*w OQ_GQ than any real

number that can

Unspecified Quantities be imagined.

;nﬂ’ Learn

In Think and discuss above ,we found that some sums of the
operations are identified completely such as 1, 2, 3 while others can't be
identified such as other operation.

Notice: 7 + 0 is undefined where the division by zero does not make a
sense.

Now, you can't determine the sum of the operation 0 + 0 where there are
an infinite numbers of numbers if multiplied by zero, then the product

will be zero. Therefore, Ois unspecified quantity:

2 - and 0 x o are from the unspecified quantities. (why?)

) Add to your iniormation (M

Mathematical operations are performed on the set of real numbers
and the two symbols o and -oo as follows:

1 ow+a=w 2 xta—"wm
N e 4 e ©a I 20
% o =i h
5 = if a>0
H. i ach
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Introduction to Limits of Functions

QExample

@ Find the sums of the following operations (if possible):
(a) 4+ oo (b)3 - (e)0+3 @-5+0
@004—00 ®0+0 Sxoo @—6X—00

©» Solution
ca @ - @ 0 @ undefined
0 (F) unspecified quantity (@) oo M) w

ﬂ Try to solve
@ Find the results of the following operations (if possible):

(a) 0+(-2) ®)7-0 e) 9w @ %0
@(‘T)Xw @(-oo)+12 @oo+oo ®w+oo

The limit of function at a point:
In the following figure: the graphical line of the function f defined in R according to the rule

f(x)=2x+ 1. Complete the following tables , then answer the following questions:

/ / o
2.1 52 1.9 4.8 [ [

2.01 5.02 1.99 4.98
2.001 5.002 1.999 4.998
2.0001 5.0002 1.9999 4.9998

1 X’ \ 8
0 0 0 0
x = X<l
X gets near to 2 in the x gets near to 2 in the left
right direction direction

Note:

»  What 1s the value which f(x) gets near to when x gets near to 2 in the right direction?
»  What 1s the value which f(x) gets near to when x gets near to 2 in the left direction?

When x gets near to the number (2) from right and left, fix) gets near to the number (5). We

express that mathematically as follows: lirr12 2x+1)=5
X—

I
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Unit Three: Limits

If the value of the function f gets near to a unique value L. when x gets near
to a form left side and right side, then the limit of f{x) equals L. It is written

uonuyaq

symbolically as: Lim f(x)=L
Xea

and read as: Limit of f(x) when x gets near to a equals L

@Exa::ple

@ If f(x)= x? ‘; , study the values of f(x) when x gets near to 2.

x_
OSollllion
) 4,1 1,9 3,9
2,01 4,01 1,99 3,99
2,001 4,001 1,999 3,999
2 4 2 4

x=0 o p )

From the graph and data shown 1n the table above, we find that f(x) —— 4 when x —— 2
lim x2_-4 _

from the right and left directions
X2 x=2

Notice:
1- The hole in the graph illustrates a case of unspecified cases of % when x = 2 (1.e. the

function 1s undefined when x = 2)
2- The presence of a limit to the function when x —— 2 does not necessarily mean the

function 1s defined when x = 2.

ﬂ Try to solve

2
@ If fix) = xx +_11 , then study the values of f{x) when x gets near to (- 1)

& Example

@ Find the lim f{x)in each of the following figures:

X3
Y
:n :
¥12345
fig (1) fig (2)
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Introduction to Limits of Functions

©» Solution
Fig (1) lim fix)=1
xX—3
Fig (2) lim flx)=1 (Notice that the function is not defined when x = 3)
x—3
Fig (3) lim fx) is not existed
xX—3
ﬂ Try to solve

@ Find the lim f{x)in each of the following figures:

X1

Fig (1) Fig (2) Fig (3)

From previous examples, we conclude that:

The presence of a limit to the function when x —— a does not necessarily mean the function is
defined when x = a and vice versa if the function is defined when x = a, that does not necessarily
mean the function has a limit when x = a.

Verbal expression: express by your manner the difference between the value of a function at
a point and limit of that function at the same point.

First: exercises on finding the limit graphically:
@ From the graph, find:

(a) lim fx)
X—)O
(b) £0)

—¥
@ From the opposite graph, find the following if possible: | 3..“ —
lim fx) 2
x-3 || 1 b X .
(b) f13) 219123436
21
Y

I
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Unit Three: Limits

@ From the opposite graph, find:

(a) lim fx)

)

) A-2)

© Im
x-0

(d) £0)

@ The opposite graph illustrates the function f{x) = 2 - x2
Find:
(a) lim (2-)
x-0

(b) £0)

@ The opposite graph illustrates the function flx) = x '; F 1T 1] ? ' /‘ '

Find: e

(a) lim f)
oy

(b)f-2)

@ From the opposite graph, find:

(al £(0) (b) lim f(x)
X—)O

OV (d) lim f) Hri7<EREN
X—)Z X

EEREEEYN

I
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Introduction to Limits of Functions

Second: Finding the limit of a function algebraically:

@ Complete the following table and conclude lim f{x) where fix)=5x+ 4
p =

L3 199 | 1998 | —— 2 ~—— || Z001. | 2800

— D —

Complete the following table and conclude lim (3 x+ 1)

x--1

—

-09 | -099|-0999| — =1 |« | L0001 | —1.01
—_— g

@ Complete the following table and conclude lim -1
eyl AT 1

-09 | -0,99 -1 -101

02899 1,001

_ g —

@ Complete the following table and conclude lim
5 ) x! =

19 1,99 1999 | — 2 «— | 2,001 2,01
R g

I
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You will learn .

» Limit of a polynomial
function.

» Some theories of limits.

» Using long division in
finding the value of the
function limit.

» Using theory of:
lim £-2" = pan-!
Fss -a

n n m

% X =a _ n a4

» lim =
X-a -2 m

Key terms “

» Limit of a function

» Polynomial function
» direct substitution

» synthetic division

» conjugate

Matrials

Scientific calculators.

FIEN

Graphic program for

PR

Computer

m70m

EunctionfAl'g

In this lesson, we are going to identify some methods and theories to
help us calculate the limit of a function at a point directly without a need

for establishing tables and find the limit numerically or graph the curve

to find the limit graphically.

If f;(x) = x*+1and S,(x) =2 x+3, find:
1- fi(1) and lim f(x) (what do you notice?)

x=1

2- £,(0) and lim f (x) (what do you notice?)
x=0

Eﬂ’ Learn

Limit of a Polynomial Function

>

If f(x) is a polynomial function and a € R

then: lim fix)= fla)
X—=a

Q Example

@ Find the limit for each of the following functions:

(a) lim

5 )

©» Solution
a) lim
X2

‘a

(b) lim
X253

(x?-3x45)

(x*-3x+5)
=4-6+5=3

(4)=-4

ﬂ Try to solve
@ Find the limit for each of the following functions:

(

x-1

(a) lim (2x-5)

b)

(b) lim (-4

x-3

(direct substitution)

notice that f{x) = -4 is constant for all the

valuesofx e R

lim (3x+x-4)
X—-2
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Finding the Limit of a Function Algebraically 3 - 2

If lim f(x) =il lim X(x)=m

then' X—a X—ad

1- lim Kixj=RK 1L where K € R 2- lim [fix) £ X(x)]=1+m
X—a X—a

3- lim fx).X(x)=LM 4- 1im SO L jrviz0
x-a xoa X() M

5- lim (Ax))*=Lr where L" € R
X—a

QExﬂple

@ Find each of the following limits:

lim _3x+7 (b) lim fanx

x5] *+2x-5 Bk X
©» solution lim (3x+7)
lim ﬂ = Xo-1 = & aa i = i
" yesa] BedlxoB lim (x%+2x-5) 1?+2(1)-5 -6 3
x--1
lim
@ lim tan .x == X3 tanx:L:i
PECIE lim 7
X

ﬂ Try to solve
@ Calculate the following limits:

lim x2_3 lim x Cos x

x-2 2x+1 X

> If flx) = X(x) xeR-{a}

and lim X(x)=1 then lim Afx)=1

X—a X—a
QExample

@Find: lim X -1

hay | x-1
©» solution
We notice that flx) = X '11 is unspecified when x = 1
x

by factorizing and dividing by similar non-zero factors, then

f(x) can be written as:

. —2 X
21912

I
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Unit Three: Limits

Gt) (x4 1)
@t)

=% +x+ 1

Jx) =
= k(x)

_ X(x)

So far, we find that f{x) = k(x) foreach x # 1

Since lim k(x)=3 (polynomial)

EEEFBEN
x-1 [ !
According to the previous theory, we conclude that lim fx)=3
G R |
. lim £-1 -3
xs1 X- 1

@Example
Using conjugate:
(4) Find the following limits:

(a) lim Yx3 -1 (b) lim _x*-5v

x4 x-4 X5 Y x +4 =3

©» Solution

Notice that: f{x) = &4'1 1s unspecified when x = 4
%

Therefore, we search for a method to get rid of the factor (x - 4) in both the numerator and
the denominator.

Tim ¢x—3—1x1/x—3 +l: lim LB
x—>4 x_4 Jx-3 +1 X—)4 (x—4)(y x-3 +1)
fim x-4
eod G-DWx3 +1)

— lim 1

1 _
X—)4 |x—3 +1_2

() lim _X-5% _ jjm -5  J/¥FT+3
T x5 dx+4 -3 1.5 Yx+4 -3 Jx+4+3

= fim XEDGxrA+3) gy, -G x4 +3)

%5 x4~ x5 (x-5)
= lim x(y x+4 +3)=53+3)=30
b Jeea)
ﬂTry to solve
@ Find the following hmits:
(a) lim yx-1-2 ) W
BE G x5-1¥x+5-2
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Finding the Limit of a Function Algebraically 3 = 2

lim _‘x!_an:na“'I
xsa ¥-12

19 19
G) lim x19-11: lim X i —19%x118=19

Corollaries on the theory:

. 4+ q)2 _ g0 n-1
x-0 & xoa X'-a% m

(a) lim @+9'-625 (®) lim X-32
X

WEE
x=0 a2 x2_4

(¢) lim @*xD'-1 (d) lim x-4°+32

x=0 X X2 x-2

€ Solution
: llm (x_‘_sxﬁ :4)(53:500 — llm ﬁ:ingzzo

x=0 Cxs2 x:_2 2

(¢) tim &+D-10 iy

X—)O X
(d) lim i T &)
x52 x-2 -2 (-4)-(-2)

S0y =80

ﬂTryto solve
@Find:
lim X'-625 @ 1w 578
h-

X5 X+5 0 h
@ tim Y*+T -1

x=0 X

I
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Unit Three: Limits

Complete the following:

X—)Z

@ fiff S
X—)O X

@ lim X -2 _
x_a X-a

&) lim X 2
X—)l x_l

(o) lim x°-32 _
X—)2 '8

x2_x2

Choose the right answer:

2
@ lim xx equals:

x=0

(a)o
©2

XL X
all]
c- l
VA
@ lim _fanx equals
X—)% X
a L
2
4

Jr2 _

x’
. 11m x4
O m et

@ tm -1 -

®1

{ﬂ} hasno limait

(b)o
(d)3

(b) 4

OF:

—

b

—

oy

~

@ hasno limait

(b)1

hasno limat
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Finding the Limit of a Function Algebraically

Find the value for each of the following limits (if found)

lim (x2 - 3x+2) 49) lim "“31

Xin3 %52 Ao
L T §1) lim Cos2x
x—Z X
lim X*1 lim _9-%_
@xﬁ_l il ®x_)9 x2 - 81
@ lim x2—+4 @ lim xz—-l
x4 x-4 xo-1  xMx
g6y lim Axt-64 lim X*-25¢
X—)4 x_4 X—)5 X—S
lim ¥ X2 49) lim F*5
Ty x+1 Tyl 3x2 3
& lim £+8 Dy 2xt-x-3
x_)—z x2_4 : 4x2 —9
lim 22-x-6 @ lim 2°+5¢3
X2 X-x-2 $,3 X +x-6
60 lim Zr-L-1 & tim GIP-1
x=0 x=0
2
lim (_X__3x+4 lim M
X—)l (x+1 X+1 ) @ X—)l
lim -5 -x G9) lm £ra-l
Xl x+2x ; N |
4oy lim ¥ * -1 41) lim Y93 -3
x] el X3 x-3
@ lim ¥x+1 -1 @ lim ¥9x+16 -4 .t
X—)O X X—)O X
7 }
lim X -1 lim
@ X—)]. x -1 @ X—)Z
lim M lim £-243
@ X—)4 x_ @ X—)?) x-3
; 128 . X664
/ lim x_ lim
xﬁz 2x4 @xﬁz X5 -32
§o) lim 28-128
x=4 x*_16

I
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You will learn .

» Limit of a function at
infinity.

» Find the limit of a func-
tion at infinity using
algebraic solution.

» Find the limit of a func-
tion at infinity using

graphical solution.

Key - term “

» Limit of a function at
infinity

Matrials !

» Scientific calculator .

» Pc graphical programs.

In our life and practical applications, we enormously need to know the
behavior of the function f{x) when x —— . The following activity
shows that.

Activity

Use a computer program to graph the

function f where: flx) = dandx>o
x

What do you notice in the curve if

the positive values of x increase to

mfinity? From the figure, we notice: =2
» The more the values of x increase T
and gets near to infinity, the more

the values of f{x) get near to zero.

Therefore, we say that the limit of f{x) equals zero when x gets

near to infinity.

;“ﬂﬁ Learn

Limit of a Function at Infinity

lim L-p
xs00 X

lim @ =0 {wheren € R'and ais a constant}
X500 SXn

Basic rules:

» lim ¢ =c, where cis a constant
X 00

» if nis a positive number greater than 1, then M x = oo
X-00

Notice that the theory (2) related to the limit of addition, subtraction,
multiplication or division of two functions when x — a studied in the

previous lesson is true when x —— o0

W76
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lim (L+3) (b) lim (4-
xs00 X X_00

»  Then check graphically using a graphical program.

©» solution
im (L+3) = lim L. lim 3
x-00 X x0o X X—00
=0+3=3
lim (l+3) =3
xn00 X

(b) lim (4-3 )= lim 4- lim 3
2

2

X—00 X X—00 X000 X
:4-3 lim 124—3)(0:4
X00 xI
lim (4-3)=4
X—-o0 2

ﬂ Try to solve

@ Find:

Limit of a Function at Infinity 3 = 3

BOON ®

5 W

1 o=

il
()
I

w N

- W R

//

[ 2=]
]

&
r

lim (2+2) b) lim (2 +5)

xoo0 X X000 X

QExample

(2) Find: lim (3 +4x-5)

X—00
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Unit Three: Limits

©» Solution
lim (@ +4x-5)= lim »3 (1 o i), by taking off x* a common factor.
X—00 X—00 x?. 13
= lim @x lim (1+4.3)-wxl=o
X 00 X000 X

ﬂ Try to solve
@ Find each of the following limits:
(a) lim (3+7x2+2) (b) lim (4-3x-23)

X000 X 00

@ Find each of the following limits:

(a) lim 2x-3 (b) lim 2x’-3 @ i -3
oo X°+ i o 3X°+ o 3x%+
€ Solution

In all cases, divide both the numerator and the denominator by x* (biggest power of the variable

x 1n the denominator).

lim (2.3 [
a) lim 2-3 _ xo ¥ x - 0-0_p
x_00 3x2+1 lim (3+L1) 3+0
x-00 X
lm (2 3,
(b) lim 2-3 _ =% ¥ o
k00 3% +] xli)moo BG+L1)
= 2-0 &= 2 ¥
3+0 3
lim 3
Vo - 2=
(¢) lim _22-3 _ e 250
= o 341 lim (3, L,
X 00 x2
= % -0 = o0
3+0

We deduce from this example that: to find lim SO where both
oo §X
flx) and g(x) are polynomial functions, then:x

» The limit gives a real number not equal zero if the degree of the numerator equals the degree

of the denominator.
» The limit equals zero if the degree of the numerator is less than the degree of the denominator.

» The limit gives(c or - o ) if the degree of the numerator is greater than the degree of the

denominator.
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Limit of a Function at Infinity 3 - 3

Complete the following:

() i (L2 e @ tim (-2)=

X500 X X—=00 xz
i i Gl e 4 R T = ——
X—00 X 00
® I O, Im, 2
. 5 . 3x
X500 %5 _x_,oo ¥yx2-1
O PR N -
X—00 X xz

Choose the correct answer:

@ lim 6% equal:
2x+3

éSOS ®)2 (©)3 (@) o

lim —+]
X000 X

(a0 b1 ©2 (d) 0
Q25 lim E3

X 00 2-x1
of ®1 oF O

lim
X—-00 2x-1

(ao ® 3 (el (@) oo
4a) lim 1 +x
xooo Vdx-1

@-1 of oF! @

Find the limit of the function at infinity

@ xli_,moo ;’_2 @ xl_i)mm (3 +5x2 +1) xl_i)mw 22;;';
xli_’mw xxjg @ xlimw x;bf3 @ xl_i,moo %
O  Omodsy Omard

I
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Unit introduction
Trigonometry ( a latin term ) is generally one of the mathematics branches and of geometry particulary where there
is-arelation among the side lengths of the triangle and the measurements of its angles in the form of trigonometrical
functions( sine function , cosine function, tan function, ...) . Ancient Egyptians had been the first to practically use
the rules of trigonometry. They had used these rules to build their pyramids and temples. Our knowledge about
trigonometry is related to Greek who had originated the rules and theories. Beroni had produced a proof to the area
of the triangle in terms of its side lengths. Western civilization had known Euclidean geometry via Arabs. Aab
people had a long history in trigonometry. They had used the six trigonometric ratios where Altabani had discovered
the special relation of the spherical right-angled triangle and the rule of finding the rule of sunrise.

Trigonometry has a lot of life applications in calculating distances and angles nsed in constructing the buildings,
playgrounds, roads and industry of en gines and electrical and mechanical appliances. Furthermore, Trigonometry is
used to calculate geo graphical and astronomical distances and the exploratory systems of satellites.

@ unit objectives

By the end of this unit, student should be able to:

<& Identify the sine rule of any triangle that & Use the cosine rule to find the unknown
states in any triangle the side lengths are measurement of an angle in the triangle.
proportional to the sine of the opposite

angles. @ Use sinf.: an.d cosine rules of any triangle to
solve this triangle:
& Use the sine rule to find the side lengths of any

triangle. & Use the calculator to solve various exercises

and activities on sine and cosine rules of any
& Use the sine rule to find the measurements triangle.
of the angles of any triangle.

@® Deduce the relation between the sine rule
of any triangle and radius length of its
circumeircle.

& Deduce the cosine rule of any triangle.

% Use the cosine rule to find the unknown side
length in the triangle.
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Key terms

¢ Trgonometry : Rightangle : Smallestangle

T Sine mle : Shortest side ¢ Largestangle

:  Cosine rnle ¢ Longestside :  The area of the triangle

: Acuteangle :  Missing length 2 The side lengthes of a Triangle
¢ Obtuseangle ¢ UnKnownangle :  Opposite angle

Unit lessons Materials

Lesson (4-1): Sine rule Scientific calculator

Lesson (4-2): Cosine rule

(&% Unit planning guide

Cosine rule Sine rule

Finding the Finding an Finding the Finding an

Geometric measurement k Geometric measurement :
and daily life unknown and daily life unknown side
pplication of an unlfnown side length applicat}i’ons ofan unk.nown lengthina
angleina in a triangle angleina triangle
triangle triangle
Solving the triangle generally
if given its three if given lengths of two sides if given the
idel h and the measurement of the measurements of two
il L angle included angles and a side length
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i You will learn

¥ The sine rule of any triangle.

¥ Using the sine rule to solve the
triangle.

¥ Modeling and solving math-
ematical and life problems using

the sine rule.

¥ The relation between the sine
rule of any triangle, the radius
length of the circumcircle of this
triangle and solving problems

on it.

ﬁ Key terms

¥ Sine Rule

¥ Acute Angle
¥ Obtuse Angle

» Right Angle

- materials

b Scientific calculator

¥ Graphical program

QL

The inscribed angles
which subtends

the same arcina
circle are equal.

The inscribed

angle drawn in a
semicirele is right
angled.

m32m

=Jta
Q-

You have learned how to solve the night-angled triangle. Now you
are going to deal with triangles that don't have right angles to learn
how to find the side lengths and the measurements of the angles of
such triangles. You already know that each triangle is made up of sex
elements- three sides and three angles. If any three elements are given-
a side length 1s to be 1involved at least, you can find the other three
elements by using the sine and cosine rules. Here , we can say that we

Preface

can solve the triangle.

&
E Learn
The sine rule
The following figures represents three type of triangles.

Acute-angled Obtuse - angled Right- angled
i
B
Figure (1) Figure (2) Figure (3)
m(ZA) = m(£ D) m(Z A)=180°-m (£ D) m(ZA)=90"

In figure (1) where A ABC is an acute-angled triangle sin A = sin D = 21
r
b

sin B = andsin C= £
ar 2r
In figure (2) where A ABC 1s an obtuse-angled triangle at A

Notice: sin A =sin (180° - D)=sin D om

sin (180° - D) = sin D]
a, b, care symbols

Similarly, we can deduce that:

sin D= % CosinA= % of the side lengths:
Similarly, we can deduce that : ﬁ, E, AB in AABC
respectively.
sinB=L and sinC=L - y
2r 2r

«Check it with your teacher»
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Now: try to prove the same previous relation in A ABC which isright - angled at A.
In general The sine rule in A ABC states that:
i - 8 F
sinA sinB sinC
1.€. In any triangle , the side lengths are proportional to the sines of

= 2r where 1 is the radius length of its circumcircle.

the opposite angles of these sides

Use the sine rule to find the side lengths of any triangle.:
5

{i; In the triangle ABC, If m (/" A) =75°, m(/B)= 34" and a= 10.2 cm, Find each of b and ¢
to the nearest integer

Example

©» solution
o m(ZA) +m(£B)+m(LC)=180°
-.m(ZC)= 180" - (75° +34°)

=7 I
B
Use the sine rule to find b and ¢ 2102 an
a _ b _ ¢ L 102 b ¢
sinA sinB  sinC sin 75°  sin34° sin 71°
b= M ~ 6cm Use the calculator
sin 75

OOOOYNEOHWEHUBETOEE0E

G mzx—?}ﬂ" ~ 10cm Use the calculator
OOOOHEOOHOUEDEEOE

ﬂle to solve
@ In the triangle ABC, if m(/~C) = 61°, m(/B)=71"and b = 91cm, find each of a and c.

) jnenter (9

The longest side of
a triangle is the side
opposite to the largest

(2) Fi . . i : angle and vice versa
{2 ) Find the length of the longest side in the triangle ABC in which m the smallest angle

(£A)=49"11' m(/LB)=76°17" andc=11.22cm to the nearest  jn a triangle is the

two decimals . angle opposite to the
shortest side.

Finding the length of the longest side in the triangle

) Example
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Unit 4: T

©» Solution
"+ m(LC)=180" - [m (LA)+m(LB)]
=180°-(49° 11'+76° 17" ) = 54° 32!
The longest side 1s opposite to angle B. 1.¢, the required is to find b.

b _ ¢ b . 11.22
sin B sin C sin 17'76° sin 32' 54°

v 11.22 xsin 17'76°

= YRR T = 3. 58em

ﬂ Try to solve
@ Find the length of the shortest side in the triangle ABC in which m(/A)=43° m(/ B)=65°

and ¢ = 8,4 cm, to the nearest decimal.

Solving the triangle using the sine rule

Solving the triangle means that we find the measurements of its unknown elements if three
elements of the six elements are known in a condition that one of those known elements is to be a
side length at least because the triangle can not be solved if the measurements of its three angles
are known only. The sine rule enables us to solve the triangle if the measurements of two angles
and a side length are known (given).

Solving the triangle if the measurements of two angles and a side length are given
(known):
Note: To solve the triangle ABC if the mesurements of both angles B and C and the length of a
are known, we follow the next steps:

1- We use the relation m(/ A) + m(/ B) + m(/ C) = 180° to find m(/A)

2- We use the sine rule: —&_ = _b tofind b A
sinA sinB
3- We use the sinerule: -2 _=_° tofind c
sinA sin C
The following examples illustrate that:
) Example c 8

a

@ Solve the triangle ABC in which m(/~A) = 36°, m(/_B) = 48° and a = 8 cm to the nearest

three decimals.
@ Solution -
Find m(~/ C) from the relation :
m(/ C)=180° - (36" + 48°) = 96° 8 cn b
We find b using the sine rule as follows:
2 - b D, D g 36
sinA  sin B sin36°  sin 48° c A
b= Bxsind8” .10 115em
sin 36

Use the calculator as follows : @ @ C‘D @ C?D @ E]
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a c . 8 e

" sinA  sinC "'sin36°  sin 96°

g DXSR . 45 8350
sin 36

Use the calculator as follows : @@@@@@@

ﬂTry to solve
@ Solve the triangle XYZ in which Y = 107.2em, m(< X) =33° 16' and m(/ Z)=44" 19

Geometrical applications

The relation between the sine rule and the radius length of the circumecircle of this

triangle.

You have previously learned that: —& = b___ ¢ 2y whereris the radius length of the

sinA sinB sinC

circumcircle of this triangle.

) Example

{,@ ABC is a triangle in which a = 15¢cm, m(/A) = 60" and m(/ B) = 45° . Find C and the
radius length of circumcircle of the triangle ABC, to the nearest integer.
©» Solution B
We find m( C) as follows:
m(/ C) = 180° - [60° +45°]
= 180" -105"="75"

‘We use the sine rule to find c:

.. € _ a : C _ 15
sin C  sinA sin 757  sin 60°
. 15>:<sm2'5 5 19 s
sin 60

To find the radius length of the circumcircle of triangle ABC, we use the relation:

a__g 2D ity <. 2 xsin60° = 15
sin A sin 60
= Lo: 9cm
2 sin 60

O®OUO@EE@OE@0OE

ﬂ Try to solve
@ ABCis a triangle in which m(/A) = 64° 23' , m(/ B) = 72° 23' and ¢ = 18 c¢m. Find each
of a, b and the radius length of the circumcircle of triangle ABC.
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Unit 4: T

) Example Rappel 0

(5) ABCis a triangle inscribed in circle M with radius length 100 cm, ~ 10€ area ofatri-
If AB = AC = 182 cm, find: angle =7 porduct

— ; of the lengths of any
.a ) Length of BC to the nearest decimal. i )
two sides x sine the

b The area of the triangle ABC to the nearest square centimetre. subtnded angle.

©» Solution
We find m(/ B) as follows:
In A ABC:
AC :
e 2r (sine rule)
182 ., ws TR
.- =200 sin B = 300 = (.91

2 mi{Z B)y=65"30 19"

(m(~ B)=m(/ C) because A ABC is an isosceles triangle and both are acute angles)
We find m(/A)
m(Z A)= 180" -2 x (65° 30' 19") ~ 48° 59' 22"
We find the length of BC using the sine rule as follows:
BC 5 182 . BC= 182xsin48° 59 22" _ 150 9cm

A% 5922 sm 65 3019 sin 65° 30' 19"
) (OGO ®EOE

The area of the triangle ABC = %AB xACsin A

= % x 182 x 182 sin 48° 59' 22" ~ 12497 c¢m?

ﬂ Try to solve
@ ABCisa triangle inscribed in a circle with radiuslength 8.4 cm. f AB=AC=10.3 cm, Find:
(a) The length of the base BC (b) The area of the triangle ABC

Daily life applications on the sine rule

The sine rule can be used to solve many applications. It could be done by drawing a triangle ,

then solving that triangle to find the required data .
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) Example
o e @
) B
@ Sports: the opposite figure = " A
represents three players " « -
¥ football t dur
rom a 00. eam. uring S c % /
a match. Find the distance n <
between the second player The ;llr(;a of
. " parallelogram
and the third player to the (»;\c?" ABCD = 2A(AABC)
nearest feet. a [ = and the area of
©» Solution ' AABC =

i :
m(/ B) = 180" - (70° +47°)=63° N 2ABEIAC sin BAC

The distance between the second player and the third player is a.

Then &' .o _92 ..azM:?ﬁifeet
sin 47° sin 63° sin 63°

Use the calculator: @@@@@@@@

The distance between the second player and the third player is approximately 76 feet

ﬂ Try to solve

@ Find the distance between the first player and the second player to the nearest feet.

@v Example

@ﬁeggraphy. In the following figure, there are three
geographical positions forming a triangle. If the distance
between position A and position B is 236 km, the
measurement of the angle at position B is 72° and the

measurement of the angle at position A is 51°, Find: o
]

ﬂ | The distance between position C and position B. to the nearest integer
(b ) The area of land which positions A , B and C represent its vertices to the nearest square
meter.
©» Solution
(a) We find m(/C) in A ABC: m(£C) = 180° - (51° + 72°) = 57°

‘We use the sine rule to find the length of BC :
. BC AB BC 236

i m— =¥ (sine rule) =

SISl smoT
then BC = 236 X810 51" _ 918 6871~ 219 meters

== sin 57
b We find the surface area of the triangle ABC in terms of a, b and m(/ B).
"." The area of the triangle ABC = % acsin B

= % x218.6871 x 236 x sin 72° ~ 24542 m?.
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Unit 4:

ﬂ Try to solve

@ In the opposite figure, there are three geographical
positions forming a triangle. If the distance between X
position X and position Y is 9 km, the measurement 0
of the angle at position X 1s40° and the measurement 9
of the angle at position Z is 105°, Find : 4‘9)

ﬂ The distance between position X and position Z. )

== =
b ) The area of the triangle whose vertices are X, Y, Z. : %

Exercises (4 - 1)

Complete :

@ In any triangle , the side lengths are proportional to .
@ ABC is an equilateral triangle whose side length 1s 10 J_ cm the diameter length of the

circumcircle of this triangleis ... .

@ ABC is a triangle in which m(/ A)=60°, m(/C)=40" andc=84 cm, then a= ... .. ..
cm
@ In the triangle ABC, 2b -
sinB
@ The diameter length of the circumcircle of the acute triangle ABC 1s 20 cm and BC = 10cm
thenm(ZA)=..........°

@ If the area of the equilateral triangle whose side lengthis6 cmis ... ..
Choose the correct answer .
@ The radius length of the circumcircle of the triangle ABC in which m(~~A)=30"anda= 10 cm is. ..

ﬂ 10cm b 20cm c 5cm d\ 40cm
. If the radius length of the circumcircle of the triangle ABC is 4 cm and m(/~A) =30°, then
the length of a is. .

(a) 4em (b) 2em (©) 443 d) 11_6

@ In the triangle ABC, the expression 2r sin A is equal to...

~

(a)a (b) b (c) ¢ (d) A(AA BO)

@ If r is the radius length of the circumcircle of the triangle XY Z , then isequalto ... . .

smY

(a)r () 2r © i« (d)4r
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@ The triangle LMN in which m(/ L) = 30° and MN = 7 cm, then the diameter length of its

circumcircle1s ...

a  7cm b3 5cm ¢ ldcm d) 14
43
@ In the triangle XYZ, if 3sinX =4sinY =2sin Z, then x:y : z equal:
a)2:3:4 b)6:4:3 cl3:4:6 d)4:3:6

@ Use the sine rule to find the value of x to the nearest tenth.
a C b

93°

48°

10 cm

Solve each triangle ABC by using the sine rule, if you know that:

) m(£A)=75" m(/B)=34",a=102em  {5) m(LA)=19°, m(/ C)= 105", c=11.1em
@ m(/A)=116°, m(LC)=18°,a= 17cm @ m(ZA)=36", m(£B)=77",b=2.5cm
@ X(£A)=49"11' m(LB)=67°17",c= 11.22cm

49 X(/B)= 1154 ,m(/C)= 11" 17", c = 516.2cm

Find the diameter length of the circumcircle of the triangle ABC in each of the

following case :

30) m(£/A)=75",a=2lcm 81) m(/ B)= 50°, b= 90cm
82) m(/ C)=102°, c=1lcm 23) m(£A)="70", a=8.5cm

@ In the triangle ABC, m(/ A)=67°22" , m(/ C)=44"33"and b= 100 cm, find the perimeter
of the triangle ABC and its surface area.

@ In the triangle XYZ, If y = 68.4cm, m(/Y)=100° and X(/Z)= 40", find x and the radius
length of the circumcircle of the triangle XYZ, then find the surface area of the triangle.

@ ABCisa triangle in which m(//A) = 22° 37", m(/ B) = 67° 23', and its perimeter is 30 cm.

Find each of a and b to the nearest centimeter.

Student book - first term 89



You will learn

¥ The cosine rule for any triangle.

¥ Using the cosine rule to solve
the triangle.

¥ Modeling and solving daily life
and mathematical problems

using cosine rule.

Key terms "

¥ Cosine rule
¥ Acute angle
¥ Obtuse angle

¥ Right angle

Materials [HIl

¥ Scientific calculator

(e

W90 M

@ Think and discuss

Each of the following triangles is given the lengths of two sides ; 3cm

and 4em. A
& 4 cm
figure (1) figure (2) figure (3)

From figure (1), m(< A) is a right angle. Find a.
@ What are the possible values of "a"if /A is an acute angle (figure 2)?

@ What are the possible values of "a" if /A is an obtuse angle
(figure 3)?

@ Can you solve the two triangles in figures (2) and (3) if (L A) is
given using the sine rule? Explain.

Cosine rule helps us solve such triangles .

F:i Learn L

The cosinerule
In the figure opposite: CD | AB
In A BCD: A D B
(BO*= (CD)Y + (BD)? (Pythagoras theory)
(BC)? = (CD)? + (AB - AD)? Expanding the brackets

= (CD)? + (AD)*+ (AB)? - 2AB.AD

— (AC) + (AB)? - 2AB.AD

al=b%2+c2-2bccosA

y_viee (9

(AC)? =(AD)? + (CD)?
AD = AC cos A

Think: Find the value of b? and ¢? in terms of
a, b, ¢ and the measurements of the angles of
A ABC.
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The cosine rule states that : in any triangle ABC :
al=b2+c2-2bccosA , b2=c?+al-2cacosB

ct=al+b?2-2abcosC

Finding the length of an unknown side in a triangle

) Example

@ XYZisa triangle in whichx = 24.3cm , y=22.8 cm andm(/ Z)=42° , find z to the nearest
decimal.
©» solution
22 =x2+y2-2x'ycosZ
= (24.3)? +(22.8)2 -2 x 24.3 x22.8 cos 42° ~ 286.87
Zr= 169 cm

Use the calculator as follows:

OWOO@WH OOOOBU@ON@OWO
WO @W@DUOEsE)
ﬂTry'Io solve

(1) ABCis a triangle in which a = 72.8 cm, b = 58.4 cm and m (//C) = 64.8°, find ¢ to the
nearest decimal

Finding the measurement of an angle if its three side lengths are given

You have previously learned that :

a?2=b%+c?-2bccosA (Cosine rule)
ie.2bccosA=b%+c?-al
then cos A = % (dividing by 2bc)
c
‘We can deduce that:
cos B :M and cosC:M
2ca 2 ab
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Unit4: T

Using the cosine rule of any triangle to find the measurement of an unknown

angle in this triangle.

@ Example

@ From the opposite figure , find m(./ C) 12 cm
B
©» Solution
5 i o8
el Rildes (cosine rule) 5cm 8 cm
2 ab
2 2 2
= Br+@r- 12 (by substituting) C
2x5x8
_ 55
80

The calculate can be used as follows:

@U@ OW@ELODIOEWOG
(501 J () ()

We notice that the cosine of the angle is negative, so ~~ C is obtuse and

m(/ C) ~ 133° 25' 57" A
ﬂ Try to solve

@ From the opposite figure, find m(/ A)
<) Example

B 14cm

@ Find the measurement of the largest angle in the triangle LMN if it is known that I = 7.5 cm,
m=12,5cm and n = 17,5 cm, then prove that:

cosN-343 sinN+5=0 0

©» Solution ;
cos 120° = cos (180°-60°)

The largest angle is the angle opposite to the longest side, so 1
/N is the largest angle in the triangle. - 003 60° = 2

in 120 = sin (180° -60°
Theni cos N b 00070 = 757+12.57- (175 _ 1 - 5“.1( 1/?)
21 m 2xT75% 125 2 =sin 60° =

" cosN =-1+ . m(ZN) =120

POOEmOOOOO@EOODOE@E
e rEDEERETEDmE
@R e

The left side =cosN-3 43 sin N+5=cos120°-3 43 sin 120°+5
343 Xg+5 = 0 = The right side.

ﬂ Try to solve
@ In the triangle ABC ,ifa= 12 cm , b= 15cm and ¢ = 18 cm, prove that m(/~C)=2 m(Z A).
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Using the cosine rule in solving the triangle
The cosine rule allows us to solve the triangle in terms of the lengths of two sides and the

measurement of the angle included. In this case, there is only one triangle.

Solving the triangle in terms of the lengths of two sides and the measure

of the included angle:

C
) Example 5 Remember 0
':flw Solve the triangle ABC in which a = llcm, (, Solving the triangle
b= 5cm and m(ZC) = 20" (1 em means that we
e find the unknown
© selution c elements. In this
* ¢t=a’+b?-2abcos C case, the required is
L= (11)2+ (52 -2 x11 x5 cos 20° ma‘“d&g‘)ﬁfi)
and m
. € =4 (11)24(5)*- 2 x 11 x 5Cos 20 B
= §5.325¢m

FOOOOLGO®OOME WWEEI )
@G

b2+cl_a2 “o

cosA=
2he To  find the
— (5)2+(6.529)2- (11)? ~ 0 817 measurement of an
2x5x%x6.529 angle in a triangle in
s.m(LA) ~ 144.786° terms of the lengths
of two sides and the
m(/B) =180° - [m(LA) + m(/C)] measurement of the
— 180° - [144.786° + 20°] fmgle inclm.ied, it
is better using the
= 15.214° cosine rule instead of
S c=6.529cm , m(£ A) = 144° 47" 96" the sine rule. In case
of using the sine rule,
m(/ B)~ 157 12' 50" the sine of the acute

ﬂ'r;y to solve angle or the obtuse
angle is always

@ Solve the triangle ABC in which a = 24.6cm , ¢ = 14.2cm and positive because the
m(/B)=42"18 sine is positive in

the first and second

quadrants. In case of

using the cosine rule,

if the angle is obtuse,

its cosine is negative.

If the angle is acute,

its cosine is positive.
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Unit 4: Trigonometr

Solving the triangle in terms of the lengths of its three sides

@ Exa:ple B

@ Solve the triangle ABC in whicha=6cm, b=8 cmand ¢ = 12 cm. kiikeg
©» Solution i
Required is to find the measurements of the three angles of the triangle, 12 cm
then 8 cm
cosA = Dirci-al _ @R (22 6 _ 48
2bc 2 x8x12 48
. m (LA) ~ 26" 23 4" A

WOWOUO@HBWDE
(WO 6] () @) (O

ctyal-b? (127 +(6P-B2 _ 29
2ca a 2x12x6 - 36

i (L BY#~36" 20" 10"
. m (LC)=180"-[26" 23' 4" + 36° 20" 10"
= 117" 16' 46"

cos B =

ﬂTry to solve
(5) Solve the triangle ABC in whicha= 12,2 cm, b = 184cm and ¢ = 21.1 cm

@ Example

Geometry: ABCD is a quadrilateral in which AB=9 ¢cm, BC=5cm, CD=8 cm, DA=9
cm and AC=11 cm. Prove that the figure ABCD isa cyclic quadrilateral.

©» Solution A
In the triangle ABC 9 cm
oos B OF 0 - (1" .. L
2X9%5 6 D
In the triangle ADC

uo 6

(9P +@®)P-A1 _ 1

2x9x8 6 8 cm
Then cosD=-cos B

ie m(<D)+m(/B)=180°

cos E=

Where /D and ./ B are two opposite supplementary C
angles in the figure ABCD.

*. The figure ABCD is a cyclic quadrilateral . (Q.E.D)

5cm
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ﬂ Try to solve

{(6) ABCD is a quadrilateral in which AB = 2.7 cm, AC = 7.2 cm,
BC=63cm, CD=45cm and BD = 7.2 cm. Prove that the figure

ABCD is a cyclic quadrilateral.

the sine rule or cosine rule in order to find what 1s required (referred to in

: For each the following triangle, write the correct formula to

red). Use the given data referred to in blue only.

Student book - first term
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The cyclic quadrilateral is
a figure whose four vertices
belong to one circle

* the figure is cyclic
quadrilateral if:

* There are two opposite
supplementary angles.

* The measurement of
the exterior angle at
any vertex of its vertices
equals the measurement
of the interior angle
opposite to the adjacent
angle of this angle.

* There are two equal
angles in measurement
and drawn on one base
and on one side of it.

o Its vertices are

equidistant from a fixed
point

1951



Unit 4: Trigonometry
@ Exercises (4 - 2) @

Complete the following:
3, .2
® In any triangle XYZ, x> =y?+0% ... ,cos X=3 "% -
@ A triangle whose side lengths are 13, 17 and 15 cm, then the measurement of its largest angle

@ A triangle whose side lengths are 5,7 cm, 7,5 cm and 4,2 cm, then the measurement of its

smallest angleis ... ...

(4) A triangle ABCin whicha= 10 cm, b= 6 cmand m(/ C) = 60° , thenc=
@ In triangle LMN, m? + n2 - /2= ... .

Choose the correct answer:

@ The measurement of the largest angle in the triangle whose side lengths are 3, 5 and 7 is

@ 150° () 120° (e) 60° (d) 30°
' i . (R nbeq?
@ In which triangle LMN | the expression — 1s equal to:
2/m
(asinL \b‘ cos M (e) cos N fg/ -

In triangle XYZ, y2 +22-x2=2yZ .o

(a) cos X (b) sinZ (e) cosZ (d) sin X
@ hir-tranpleABC afaoihis ee82 2, ihehicoSaeqials s

| e ] o 1 =3

@)l () .1 @)L d)3

g =g 23 =y

Use the cosine rule to find the value of x to the nearest tenth.

@ A @A

12 cm

14 cm X
20 c
xO
B
19 cm c B119 C
23 cm
@ 2 ®
xO
28 a1
17 em
K. B
31.7 cm
A 15 cm B
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In triangle ABC if:

@4)a=5, b="7and c =8, prove that m(/ B) = 60°

@ a=3, b=5and c=7, prove that m(/C)=120°

@ a=13, b=7andc= 13, find m(LC)

47)a=13, b=8andc=7, findm(/A)

@ a= 10, b= 17 and ¢ = 21, find the measurement of the smallest angle.
@ a=>5, b==6and c="7, find the measurement of the largest angle.

a= 17, b= 11 and m(/ C)=42°, find c to the nearest two decimals.

@ b=16cm, c=14cm,m(LA)="72", find a to the nearest two decimals.

@ The triangle ABC in which a=3cm , b= 5cm and ¢ = 419 cm, find :
a m(/C) b | area of triangle ABC
@ ABC isa triangle in which a=9 cm , b = 15 cm and ¢ = 21 cm, find the measurement of the
largest angle of the triangle and prove that it satisfies the relation cos C - 543 sin C+8=10

@ ABCD i1s a quadrilateral in which AB=3 cm, AC=8 cm, BC=7 cm, CD = 5 cm and BD =
8 cm, prove that the figure is a cyclic quadrilateral.

5) ABCD is a quadrilateral in which AB = 15 cm, BC=20 cm, CD = 16 cm, AC = 25 cm and
m(Z ACD)= 36" 52, find length of E to the nearest centimeter, then find the area of the
quadrilateral ABCD.

%6) ABCD is a parallelogram in which AB = 12 cm, BC = 10 cm and the diagonal length BD =
14 cm, find the diagonal length AC to the nearest centimeter.

@ ABCD is quadrilateral in which BD = 78 em, CD = 96 cm, m(<BCD) = 97°, m(£ ABD)=
72°, and m(/ ADB)=43", find AB.
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