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Binomial theorem for positive integer power 1 «71

ﬂ Try to solve

@ In the expansion of (2x + %)7 according to the descending powers of x, find each of T; |, T5,
and if Ty =T5 |, find the value of x.

Example

4 In the expansion of (3x2 - ZL)B according to the descending power of x, find the tenth term
: X

from the end.

€ solution
The tenth term from the end in the expansion of (3x% - ZL)B is the tenth term from the
x

beginning of the expansion (% +3xHB

Tl[] - 13c9(%)4 (3X2)9 _ 7152;< 39 X14

©» Another Solution
Notice that we can find the order of the tenth term from the end in the expansion (3x? - %)13,
and its order equals 14-10+1 = 5

9
T, from the end is Ts from the begining T5 = 13C,(3x?2)° (%)4 = 13 X3 Sl

24
ﬂ Try to solve
@ In the expansion of (2x - 31?)“ , find the fourth term from the end:

Rule
1) G +8) +(x -a) =2(Tp+Ty+Tstus)

2) (x + a)11 -(x - a)11 =2(Ty+Ty+Tg+...), from expansion of (x + a)"

Example
5 Find in the simplest form (x +2)® + (x -2)°

©» Solution
(X = 2)6 + (X —2)6 = 2 (Tl +T3 +T5 +T7)
=2 (x6+6C2x4>< 22 +6C4x2 x 24 +20) = 2 (x8 + 60x4 + 240 x2 + 64)
ﬂTry to solve
@ Find in the simplest form (1 + ¢/x ) - (1 - ¥'x )°.

Example
6 In the expansion (3 +x)!! - “Cl (3 +x)10(1 - 2x) +“C2 (3 +x)? (12xP~.wm=(l = 2x)H

find the fifth term, according to the ascending power of x .

©» Solution

The expression represents the expansion of [(3 + x) - (1 - 2x)]1 = (2 + 3x)H
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Unit One: Binomial theorem

then:
Ts=11C42)7 Bx)* = 330 x 27 x 3%x* = 3421440 x*

ﬂ Try to solve
@ In the expansion (1 - x)8 + 24 x (1 -x)7 +252x2 (1 -x)% .. ... +6561x83  find the numerical

value of the sixth term when x = 2
."i Example

7 IF(l+cx) = 1+20x+ax2+a,x3+...+a, 1 x"
and 16 a; = 3a, , find the value of n, c wherec # 0

©)» solution
(L+ex)*= 1+ 11C] exF HCZ cx?+ an e .
n 20
s Cre=120 S e=20) g
1 nc c== @
n 2 n 3 L
L 16x"Cy =3 x" Gy e S 16x1C,=3x"Cyec  (2)
Substituting from @ in @ co16 " Cy,=3x ' G x 2
n n
-0
S 16n=3x —3 %20 S 1ef=3x 22 20 =10
1C, .4
P . v 20 _
Substituting equatmn@ Oy 2

ﬂ Try to solve
@ In the expansion of (I + Kx)1, if the coefficient of the third term equals 180, and the

coefficient of the fifth term equals 210, find the values of K and x where K is a positive

integer.

Example

8 )la’ Prove that = i

11—lcr_1

b If the ratio between Ty in the expansion of (x + L )15 and Ts in the expansion of
X

n
I

(x- —):2—)14 equals % find the value of x

{» Solution
ncr+n—lcr_]: |L % |I'—1 | n-l-rl = n|n—1 |I'—1 = L
[t [nr n-1 r|rl [nl I
T. of (x +_L 15 150, x10 ¢ 1 s
. R i L2 (=7 _ 8
e, il 9
T of G-t ek
. aed_ B8 3 _ B . x= 2
.3x_9 S X0 = a5 na X =g
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The equation of a plane in space | 4-2

lax; + by, +c z; +(-aXy- by, - cZ))l
¢ al+b2+c?

point B (x5, y5 , zy) lies on the planeax +by +cz +d=0

-axy-byy-cz,=d

lax; + by, +cz; +dl

J aZ+ b2 + 2

Ts

the Cartesian form of the length of the perpendicular

@ Example
Find the length of the perpendicular drawn from point (1 , 5, -4) to the plane whose equation
3x-y+2z=6
€ Solution
[ o |aXl+byl+021+d|
¥ a?+b2+c?
_BM-BG+2(4-6l _ 16

e L J1z
ﬂ Try to solve

@ Find the length of the perpendicular drawn from point (-1, 4, 0) to the plane with equation
x-2y-z=4

unit length

E |
xa'_“p ¢ (The distance between two parallel planes)

@ Prove that the two planesx + 3y -4z=3, 2x + 6y - 8z = 4 are parallel, then find the distance
between them.

€» Solution
To prove that the palanes are parallel, we prove that their normal vectors are parallel.
m=0,3, 4, 5,=2,6,-98
. | L T = N |
a, 2 b, 6 2 c, 8 2

R = e N W .". The two planes are parallel
y b o

To find the distance between them, we find a point on one of them, then we find the distance
between this point and the other plane.

To get a point on the first plane, we assume x =0, y=0

by substituting in the first plane equation

)
!
point (0, O, %) lies on the first plane

W Z

Then the perpendicular length from this point to the second plane is
|2(0)+6(0)-8(%)-4| J2%6
V256248 14

unit length
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Unit Four: Straight Lines and planes in space

ﬂ Try to solve
@ Prove that the two planes 3x + 6y + 6z =4 , x + 2y + 2z = | are parallel and find the distance
between them.

2 Learn
\1 1S

Equation of a plane using the intercepted parts from the coordinate axes
If a plane cuts the coordinates axes at points (x; ,0,0),(0,y;,0)(0, 0, z;), then the equation

of the plane is in the form

z
X eI " = —the equation of the plane interms of the intercepted parts

X z
y H . from the coordinate axes

Ask your teacher to prove the previous form of the plane equation.

") Example

@ Find the equation of the plane which intercepts the coordinate axes x, y, z the parts 2, -3, 0

respectively.
©» Solution
z
The equation of the plane is L (e
L
z
i.e. Rl
2 3 5

E Try to solve
@ Find the intercepted parts made by the plane 2x + 3y - z = 6 with the coordinate axes.

respectively, find the area of the triangle AB C

Exercises 4 - 2

Choose the correct answer :
@ Which of the following points belongs to the plane2x+3y -z=5
fal(1,1,]) (b)(1,2,0) c)©.2.1 @a,2,-n

@ The plane 3x - 2y +4z = 12 intercepts from x -axis a part of length
@3 ® 4 (c)4 (d)6

@ If the intercepted parts from the coordinate axes by the plane x + 5y -6z=30area, b, c,
thena +b+c= = ;
(a) 0 (bJ 30 (e 31 () 41
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The equation of a plane in space | 4-2

@ The equation of the plane which passes through the point (1 , 2 , 3) and parallel to the
coordinate axes X , y 1S : _
(a)x+y=3 (b)z=3 (e)x=1 (@)y=2

@ Then equation of the plane passing through points (2,3 ,5),(-1,3, 1),
(4 3,-2)1s
(a)x + ¥zl (b)x=-1 ) y=3 (d)z=-2

@ The equation of the plane passing through point (1 , -2, 5) and the vector
(2,1,3) is perpendicular to it is

(a) 2x +y+3z=1 (b)2x+y+3z=15
(e)x-2y+52=15 (dix+y+z=4
Answer the following:

@ Find all the different forms of the equation of the plane passing through point (1 , -1, 4) and its
normal vector is _IT =(2, -3, 4), then show the following:
alls point (2, 2, l) lying on the plane?
b Is the vector u =(3,-5,-2) parallel to the plane?

. Find three points in space belonging to each of the following planes:
(a)x=3 bly=2 (e)x+3y=5 (d)2x-y+3z=4
@ Find the general equation of the plane passing through the origin point and the vector
T: ; +2 3 - 12 1snormal to it.
@ Find all the different forms of the equatlon of the plane passing through point (2 , -1, 0)

and the vector n =4 1 +10 J = k 1s normal to it.

@ Find all the different forms of the equation of the plane passing through the three points a
2,-1,0b(-1,3,4,¢c3,0, 2

@ Prove that the straight line T o= k +t (2 1 +3 jJ +4 k )is perpendicular to the plane

x+%y+2225

43) Prove that point A (2,3, 1) & the straightline L: T =(3 1 +] 3 k)+t(i-2]+2k)
lying on the plane whose equation is Jr- (21-k)=3

@ Find the equation of the plane passing through point (2, 1 , 4) and satisfies the following condition:
(a) Parallel to the plane 2x + 3y + 5z= 1
b Perpendicular to the straight line passing through the two points (3,2 ,5) ,(1 ,6,4)
C Perpendicular to each of the planes 7x +y +2z= 6 , 3x+ 5y -6z= 8

@ Find the coordinates of the point of intersection of the straight line
?: f( +t(2 ; + 3 + f{ )withtheplane_; . ; =4
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Unit Four: Straight Lines and planes in space

@ Find all the different forms of the equation of the plane that intercepts 2 , 4, 5 from the coordinate
axes X,y , Z respectively.

@ Environment: In the opposite figure, find
the equation for each of:

‘a’ The floor plane.

(b) The cieling plane.
) The lateral walls planes.

Find the equation of the plane which contains the straight line
Li _1:‘ =(0,3,-5) +t;(6,-2,-1) and parallel to the straight line
L: 5 =, 7, Aanl,5.3)

@ Find the measure of the angle between the following pairs of planes:

O) Py 2x y+z_5 , Py:3x +2y -2z=1
b P;: r.(g el )i , Pz:_;--(3,-2,0):7
©) Pi:y=4 : Py:x-3y+5z=1

Questions of multi-requirements
. If the points A, B, C, Darein space W whose position vectors are - J + k 2 1 - J +3 k
— _“"'h. _“"'h —
e x -2y+2z,7x -4y +2 z respectively
‘a) Find the normal vector to the plane ABC
b Show that the length of the perpendicular from D to the plane A B C equals 24/ 6
(€ Show that the two planes AB C, D B C are orthogonal.

.d. Find the equation of the line of the intersection of the two planesA B C, O D B

@ If the plane X contains points A (1 4 2) B (l 0 5) C(0,8,-1)and the plane Y contains

pomt D(2,2,3) and the vector = J +2 J +2 k is perpendicular to it, find:

‘a ) The cartisian equation of X

b) The cartisian equation of the plane Y
¢ What is the values of t , f if point (t, 0, f) belongs to each of the two planes X , Y?
d Find the vector equation of the line of intersection of the two planes X , Y
e

1t point ( 1 , 1, p ) equidistant from the two planes X , Y, find all possible values of p.
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Pre- requisites for differential and integral calculugss .

T

Pre- requisites for differential and
integral calculus

%ﬂ Learn

1 - Derivative of cotangent function
Ify=cotxwherex e R,x#n/ ,nez

d
dx

Notice that :

2

then: (cotx)=-csc“x

dy _ d 1 )= d [ cosx

dx dx tanx Cdx  sinx

sin X < (- sin X) - COS X % COS X

= = - = =icseT %

(sin x)? (sinx)?

2- Derivative of the secant function

If y = sec x where :

xeR,x;ﬁM,neZ

then:

di (secx )=secx tanx (check)
X

3- Derivative of cosecant function:

If y = csc x where
xeR x#n7 ,ne”Z

Then : % (cscX)=-csc X cotx check

102 Pure Mathematics - Differential and integral Calculus

2

A

a A
P T - 1 5
o X
BRRE
y=secx
A
x A 3
-l D4|Z -_:- 2 3 L.
0 X

'

y=cscx



Example

(1) Find g_y for each of the following:
.. =

aly=3x>+4cotx
3

2

C y=x>cscx
©» solution

a g—y = 3x5x4+4 (-cse?x) = 15x% - 4 osclx
X

b g—y = 3(secxtanx)—SSeczx = secx [3 tanx - 5 sec x]
X

c. g—y — 3x2cscx + x5 (-osex cotx) = X
X

Integrd of Tigonometric Functions:

csc X [3 - x cotx]

b y=3secx-5tanx

fsinx dx= -cosx +c

fcosx dx —sinx +¢

fseczx dx =tanx +c¢

s 2n+ 1 .
2

ez

fcsczx dx=-cotx+c

% e

fsecxtanxdx: secX+ ¢

- 2n+ 1 I
2

nez

ICSCX cotx dx=-cscx+c

XNy ners

Third secondary - Student Book
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| Uy
Differentiation and”™ |

its Applications

— ——

Unit introduction

In your previous study to the functions, you have identified explicit functions in one variable in the
form y = f (x) and the operations on these functions and their formations. You have also investigated
the differentiability of the continuous function on a domain and you could find the first derivative of the
algebraic functions and some trigonometric functions.

In this unit, you are going to complete the study of differentiating the trigonometric functions and identify
the other functions which their variables cannot be separated where the variables relate with an implicit
relation or by its definition throughout the parametric variable. This requires to learn different patterns
of differentiation such as implicit differentiation and parametric differentiation which depend on the
derivative of the composite function (chain rule) to differentiate the function. You will also investigate
the existence of the second derivative of the function in regard to learning the higher derivatives of the
function in regard to learning the higher derivatives of the function which give a hand to learn several
life applications.

This unitinterests in some necessary applications of the differentiation in various domains of mathematics,
physics, economy and the biological sciences throughout learning the two equations of the tangent and
normal on a tangent of a curve and the related time rates to help you model and solve some daily life
problems.

By the end of the unit and carrying out the related activities, the student should be able to:

#Find the differentiation of implicit functions % Model and solve life and economic problems.
(explicit, implicit and parametric) # Find the derivatives of the exponential
% Find the higher derivatives (second and third) of functions y = €* , y = a®, and the derivative

different functions and identify how to express them.

; y y - y of the logarithmic function Yy = In X,
# Find the related time rates including the physical

L application y= loga X

g



Key terms

~
I Differentiation T HigherDerivatives
I First Derivative I Rate
S Explicit Function I Pelated Rates
I Implicit function
S Parameter
I Implicit Defferentiation
< Parametric Defferentiation
o

Materials

Graphical calculator

Geogebra and graph computer

P

Differentiation

Implicit differentiation

= Logarithmic deafferentation

' Unit lessons

7 &
Lesson (1 -1): Implicit and parametric differentiation
Lesson (1 -2): Heigher deivatives of the function
Lesson (1 -3): Derivative of the exponential and

logarithmic function.
Lesson (1 -4): Related time rates
\ V.
Unit planning guide ~

Differentiation and its application

Applications of differentiation

—» Higher differentiation

Related time rates

—» Consecutive derivatives

—# Exponential deafferentation

Applications
l
Biological Physical Geometrical

B, NN




& You will learn |

& Key terms |

IR TN

Fall Tl A 3

implicit differentiation

Parametric differentiation

Relation
Explicit function
Implicit function

Parameter

& Materials

)
~

Scientific calculator

Implicit Defferentiation
You have previously found a defined function in the form y = f(x); it is
an explicit function of the independent variable x where it determines the

value of y directly whenever the value of x is known such as :
x+1
x-1
andy'=12x2-5, y'=2cos(2x+3), ¥'=

y=4x3-5x+2 , y=sin(2x+3),y=
Butif y is related to the variable x with an equation containing x and y
together such as:

xy+y-4=0(1), x2+y2-9=0(2)

then each equation defining an implicit relation between x , y expresses

the relation between the two coordinates of point (x, y) lying on its

graphical curve .

Notice that:
1- the equationx y +y - 4 = 0 can be written in the form:
y(x+1)=4 .'.yziwherex#—l
x+1
in this case, the implicit relation 1s defined as an explicit function.
2- The set of points (x , y) which vd 4
satisfies the equation x2 + y2= 9 T L (xky)
draws a circle whose center is the / \
origin point and its radius length e ( 2
; : ’ - 3\ O J 3 X
is 3 units. From testing the \ /
vertical line, we notice the ‘\____ J/’
relation x2 + y2 = 9 doesnot v ¥
representa function but y? = 9 - x*
Vol -2
The implicit relation ¥t 2
x% +y% =9 can be defined as two G‘X) L/oT)
licit functi o
exp 1.c1 unctions Qj’/ i e
the firsty =4/ 0 _x2 / \
itsdomainis[-3,3]rangeis[0,3] | R
and it is differentiable for each | ’ o 71X
xe]3,3l Yy

Pure Mathematics - Differential and integral Calculus




UnitOne: Differentiation and its Applications

The second: y=-4 9 _x2 v4
its domain [ -3, 3] range [-3, 0] » =
and it is differentiable for each x€ 13 , 3] = - kS
in many equations in the form f(x , y) = 0 it is difficult \ /

. . . . Nl Tay
to express y in terms of x directly since the variable y 7 ?

doesnot represent an explicit function with respect to X. (fix) = -4 9. x2 )

This function is called the implicit function. Y

The process of differentiating the implicit function

(implicit differentiation) requires to differentiate both sides of the equation with respect to one

of the two variables x or y according to the chain rule to get g_y or g_x respectively.
X y
.ﬁ Example
0 i W
g FES
W) x> y2oTxw Sy=8 N |

©» solution
| | | o ([ Q ) Remember
a | Notice that the equation doesnot give y explicity in terms of

x. To find g_y , we differentiate the two sides of the equation Ify is a function in x

X and is differentiable
with respect to X taking into consideration that y is a function  tjep.
to the variable x and it 1s differentiable then : d oy
&Y

N
3x2+2yg—i—7+53—i:0 ~nynt gL

W Bys 5= 752 o
dx

b) ' 3xy+y:=x2-7 by differentiating the two sides of the equation with respect to x.
.'.i(3xy)+ Zyd_y:2x
dx dx

3xd_y+y><3+2yd_y:2x
dx dx

d—y[3X+2y]:2X_3y d_)’: 2X—3y
dx dx 3x + 2y
Trytosolve
(1) Find 3 if.
dx
8)x’-5xy+y =dx b)x?y+y?x=25
«*) Example
2) Find 2L if
dx
a sin2y=ycos3x b)tan2xX + coty=xy
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1 -1 Implicit and Parametric Differentiation

©» Solution
.a ) By differentiating both sides of the equation with respect to x

.'.i(SiHZy): d (y cos 3 x)
dx dx

cosZyXZd_y:y[—sin3x><3]+cos3x[d_y]
dx dx

dy 3ysin3x
"dx  cos3x-2cos2y

g—y[ZCOSZY—COS3X]:—3ysi]13X
X

b By differentiating both sides of the equation with respect to x

d d d
P 2 + = t 4
= (tan 2 x) = (coty) = xy)

ZSeCZZX—csczyd_y:xd_y+ y
dx dx

dy 2.7 — 2 .dy  2sec?2x-y

— [ x + csc®y] = 2sec* 2 x - kN

dx [ vl 4 dx X+ cscly
ﬂTry'Io solve
@) Find Wi,

dx
@) xcosy+ycosx=1 (b)3y=sinxcos2y

Notice: The final formula of the derivative g_}’ in the implicit differentiation contains both x and
X

y. This makes the process of calculating it over difficult at one of the values of x because we
need first to know the corresponding value of y which is so difficult to be determined from the

implicit relation.

Parametric Defferentiation

If the x-coordinate and y- coordinate of point (x , y) can be expressed as a function in a third
variable t (it is called the parameter) by the two equations:

x=1f(t)and y = g(t)where f and g have the same domain.

the two equation together represent an equation to one curve expressed in the parametric form

@&F Learn

For the curve given in the parametric form x = f(t) , y = g(t)
dy_dyxdt_dy_ dx

—=— x—=_——+_— where f and g are two differentiable functions with respect to t
dx dt dx dt dt

.} Example

{z} Find g—i for the following curves at the given values:

@lx=5t+3,y=16+9, t=5 .'_b.l-x:3c0529,y:4sin39,9:%

108 Pure Mathematics - Differential and integral Calculus



UnitOne: Differentiation and its Applications

©» Solution
a)x=5t+3 *_s, y=16t2+9 9y _ 354
dt dt
._d_y:d_yxﬁzﬂ aﬂd[d_y]t:5:32
dx dt dx 5 dx

b/ x=3cos26 %:3X—sm29><2:—6sin29

y=4sin30 %—4xcos39><3—1200539
o dy dy x@: 12cos36 -2cos3 6

Tdx d9 dx -6sin20  sin20

. —ZCongﬁ i
at@=2"L then Y& -—""- - 2x_ 1 —J7
4 ix sin% v 2

ﬂ Try to solve

@ Find g—y for the following curves at the given values
X

alx=(t+7)(t-2) |, vl P (-2) =L

b)x=sec?0-1, y=tanh, :_3T73 C)x=43t-2 , y=+44t+1, t=2
Critical thinking: find the value of the parameter z at which the curve
% =97 - 54% - 4 +12 y = 222 + z -4 has a horizontal tangent and another vertical

tangent.

Example
4 Find the derivative of (4 x3 - 9x2 + 5) with respect to (3x2 + 7)

©» solution
Putting y =4x3 -9x2+5, z=3x2+7 theny = f(x), z= g(x)
the two function f, g are differentiable with respect to x considering x is parameter for each

of the two variables y and z

.". from the parametric differentiation , we find that:

dy _ y' _ 12x%-18x —2x-3

: d
5 - 453 - 9x2 4+ 5] = 2x -3
iz 7 6x Sy E s ral=dn

ﬂ Try to solve
@ Use the parametric differentiation to find:

a) derivative x2 + 1 with respect to 4 x> - |

b | derivativey 8 + x with respect to atx =1
X+

¢/ derivative X - sin X with respectto 1 -cosx atx = %

Third secondary - Student Book 109



1 -1 Implicit and Parametric Differentiation

Exercises 1 -1

First : choose the correct answer:

® Ifx% +y2=1, then d_y equals:
dx
f,.fﬂ__._.'i X b L3
y
e)-X @ -3
-3 -
, S 3 dy .
@ k=49 = 2% 8 thend_equals.
X
a -1 (d) o

@Ify2—2Jx =0, then%equals:

al = Py x
x
y
@Ifx:2t2+3, y=4 8, n=1 |, thenj_yequals:
X
] 2 b2
a ] 2/ 1
()2 (d)6

® the slope of the tangent to the curve x y2 = 3 at point (3 , 1) equals:

@ - ®@-1
a -3 & -
@1 @2

Second: find % for each of the following:

(&) x?-4y2+7=0
D x4+3y4-2=0
@ x2-2xy=5-y
(@ x3+6xy=4y+3
O X iL=1

y X
@xy+siny:5

Pure Mathematics - Differential and integral Calculus




UnitOne: Differentiation and its Applications

@xsiny+ycosx:0

@xcscy:ycotx

@xzsiny—yzsinx:9

@sﬁﬂxcosZy:%

Third: find %for the following curves at the given values:
@ x=13-2t,y=4t2- 4T, t=4
@x:sin2:r’39, y=cos2 76, 9:%
x:5+sec239, y=1-tan3 6, 9:%

@ Find the slope of the tangent to the curve cos ¢ 7;y =3 x+ 1 at point (- % , %)

Find the derivative of —— : withrespectto 4 2x+1 atx=4

x-1
@ Find the value of parameter t at which the curve x =263 - 5t*+ 4t- 9y = 2t* + n - 5 has:

a/ avertical tangent. b ) a horizontal tangent.
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& You will learn |

Finding the higher order
derivatives ofa function

Order

Derivative

@ Materials |

Scientific calculator

Think and discuss

if y = f(x) where y = x*+ 5x3 - 2x +3 find the derivative of function f,
Can you repeat the process of differentiation with respect to x? why?

Does the process of differentiation end up? Explain.

B&ﬂ Learn

Higher - Order Derivative

2 Ify ={(x) where f is a differentiable function with respect to
X, then its first derivative is y' = g_y ={'(x) and it represents
X

a new function.

< If the first derivative is differentiable with respect to x, then

its denvative di (g_y) 1s called the second denvative of the
X dx

function f and it represents another function. Itis denoted by

2
the symbol y" = gy, f"(x)
dx?

< By repeating the process of differentiation , we get the third
derivative of the function f and it is denoted by the symbol
d’y
—~2 ,and so on.
dx?
The derivatives of a function starting from the second derivative are
called the higher derivatives and the derivative 1s written from the order

n as follows:

il
y® = L f® (x)  where nis a positive integer number

dx®
Notice that :
2

1- d_); is read d two y by dx squared

dx

. . d? dy \2 .
2- There is a difference between d_yz and (%) , the first refers to the
X

second derivative of the function whereas the second refers to the

square of the first derivative.

Example

@ Find the second derivative for each of the following:

@y=24+3x-5 @& y- ’; 11
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c/y=sin(3x-2) dy=y3x-2
©» solution
2
B oy=2:%435-5 xmeR Y g3 4 gy
dx d x?
b) - - :x+1,“£1 ﬂ :x—l—(x+1): -2 w21
A dx x-1)? 1)
d?y d 2 4
e He— [22 [X-]117F] 2 SXEE]
dx?  dx 5 MBS
€/ y=sn(3x-2),xeR ﬂ :3cos(3x—2),ﬁ:—9sin(3x—2)
dx dx?
- d 3 2
d =4 3x-2 X/l g -3 x>2
y ; i
) 3 & 24/3x2 2
dy _ d [1(3 _2)-%]: 9 ,x>l
dx2 dx 2 44 Gx 27 3

ﬂ Try to solve
@ Find the third derivative for each of the following:
B y=x*. 0x2+5 b)z=2n-1)*

¢) f(x) = cos (2 x + 7T) d) f(x)= _*

x-1
Critical thinking: if y = sin a x, investigate the consecutive differentiation pattern and find y >

Example

- 2
() Iyl 2xy28, prove that : (x +y) % +2 % + (%)2 = Zero

©» Solution

a). y:+2xy=8, by differentiating both sides with respect to x
oy 0@ o0 Byilbeiding hya
dx dx
(x+y) % +y=0 by differentiating both sides with respect to x

: dy  dy dyy, dy _
..(x+y)ﬁ+&(l+a)+g_0

dy ,dy, (dyy_
and(x+y)§+ 2&+ (&) = Zero
ﬂTryto solve
@ a)Ifx?+y2=9 ,  prove that: yﬁ+(£)2+1:0
dx?  dx
B TEy = , a5 _ 2
y = tan X ,  prove that: E_Zy(1+y )
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1 - 2 Higher Derivatives of a Function

Parametric equations:

2
() Ifx=2%-5, y=6n2+1 find Y  atn=1
dx?

©» solution
By differentiating each of x and y with respect to parameter n
g Y120
dn dn
Ll d
Cdx dn dx
nSe I g melp
dx  6n?
2
and$Y = 94 [op1=_gp-2x A0
dx? dx dx
2,1 -1 540
n 6n% 3n?
2
atn=1 ﬂ -1
dx? 3
ﬂ Try to solve
@Ifx—zz—Zz,y:zz \ Ay
3
Flndﬂ,%atz—Z \
g: the opposite figure shows a graphical \ i
> P N
, ; b
representation to the curves of the functions f(x), B \ ‘-'(\_) .
f' (x), f" (x) where f(x) is polynomial . Determine the curve -
of each function. / G' \ \\
h J

Activity

Use the geogebra program or any other program to graph the following functions and their first
and second derivatives, then record your observations.

ﬂ fx)=x3-4x*+12 b g(x)= i x2+4

Do your observations match with your decision in critical thinking?
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Exercises 1 -2

Find the third derivative for each of the following:

@y—x %3453
G)y=sin2x-7)

®y:sinxcosx

Answer the following:
@If3x2+5:2xy

@) Ifx2+y2=4

(9) Ify=3cos2x+1)
40) If x y = sinx cos x
@) Ify=xsnx

42 Ify = secx

@y_ x+1
@)y:cos(ﬂ—?)x)

®v-=

dy
dx

2
prove that: x &y, 2 =3

dX2
2
prove that: y3 Q ~4=0
dX2

Yy _
prove that: e +4y=0

2
provethat:xﬂ+2£+4xy:0
2 dx

provethat:xﬂ+xd_+2y 0
3 dx

th dz}’ dy \2 2 2
rove that: y — + (—/)“ = Jye -2
P Y ( ] Y=y Gy )

2
@Ifdy—2x—3 Lox1, fmddY  ax=2
dx dz?
2
@Ifx:3n2—l,y:n3+2, find:d_y atn=4
dx®
@B 1fx= =2l g & atz=2
z+ 1 X
@Ifx:secz,dy:tanz, prove that: dy_
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