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Introduction

=) &a)\&\f\‘,{

We are pleased to introduce this book to show the philosophy on which the academic content

has been prepared. This philosophy aims at:

1

2

(67 -

6

Developing and integrating the knowledgeable unit in Math, combining the concepts and relating

all the school mathematical curricula to each other.
Providing learners with the data, concepts, and plans to solve problems.

Consolidate the national criteria and the educational levels in Egypt through:
A) Determining what the learner should learn and why.

B) Determining the learning outcomes accurately. Outcomes have seriously focused on the fol-
lowing: learning Math remains an endless objective that the learners do their best to learn it all
their lifetime. Learners should like to learn Math. Learners are to be able to work individually
or in teamwork. Learners should be active, patient, assiduous and innovative. Learners should
finally be able to communicate mathematically.

Suggesting new methodologies for teaching through (teacher guide).

Suggesting various activities that suit the content to help the learner choose the most proper activi-
ties for him/her.

Considering Math and the human contributions internationally and nationally and identifying the

contributions of the achievements of Arab, Muslim and foreign scientists.

In the light of what previously mentioned, the following details have been considered:

* This book contains three domains: algebra, relations and functions, calculus and trigonometry. The

book has been divided into related and integrated units. Each unit has an introduction illustrating
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is
divided into lessons where each lesson shows the objective of learning it through the title You will
learn. Each lesson starts with the main idea of the lesson content. It is taken into consideration
to introduce the content gradually from easy to hard. The lesson includes some activities, which
relate Math to other school subjects and the practical life. These activities suit the students” dif-
ferent abilities, consider the individual differences throughout Discover the error to correct some
common mistakes of the students, confirm the principle of working together and integrate with
the topic. Furthermore, this book contains some issues related to the surrounding environment

and how to deal with.

Each lesson contains examples starting gradually from easy to hard and containing various levels
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises
that contain various problems related to the concepts and skills that the students learned through

the lesson.

Each unit ends in Unit summary containing the concepts and the instructions mentioned and
General exams containing various problems related to the concepts and skills, which the student

learned through the unit.

* Each unit ends in an Accumulative test to measure some necessary skills to be gained to fulfill the

learning outcome of the unit.

* The book ends in General exams including some concepts and skills, which the student learned

throughout the term.
Last but not least. We wish we had done our best to accomplish this work for the
benefits of our dear youngsters and our dearest Egypt.
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@ Unit introduction

Fibonacci (1170 - 1250 )

Fibonacci was born in pisa in Italy. He originally delivered his education in Maghreb Countries.He
had brought the Arab numbers and algebraic exponents used up today. Furthermore, he had introduced
and identified the accounting systems to Europeans. These systems had greately exceeded the Roman
systems which had been widely spreaded on that time in Europe. He had been best known for a problem
that leads us to the following number sequence which has been named after him up to date. This
sequence is : (1,1,2,3,5,8, 13,21, 34, 55, 89, 144,....... )

It is noticed that each number starting with the third number is the sum of the two numbers preceding
directly to it. The rule of this sequence is identified as follows:

T =T +T foreachn e Z*

n+2 n+1°
Fibonacci's numbers had been used for analyzing the financial markets and the computer algorithms such as
Fibonacci technology for searching and structuring the overstock of Fibonacci's data. It clearly appears in the
biological orders such as branching of trees, ordering of leaves on the stem and the order of the pine cone.

Unit objectives

By the end of this unit and doing all the activities
included, the student should be able to :
 Identify the concept of the sequence.

& Deduce the relation between the arithmetic
mean and the geometric mean of two different
positive numbers .

# Distinguish between the sequence and the
series.

#+ Identify the arithmetic sequence.

 Deduce the general term of an arithmetic
sequence in different forms .

# Find the arithmetic mean of an arithmetic
sequence.

#+ Identify the finite and infinite series.

# Find the sum of a finite number of the terms of
an arithmetic sequence in different forms.

< Identify the geometric sequence.

 Deduce the general term of the geometric
sequence.

 Find the geometric mean of a geometric
sequence.

+ Find the sum of a finite number of the terms of
a geometric sequence in different forms.

# Find the sum of an infinite number of the terms
of a geometric sequence.

# Find the sum of an infinite geometric series.

# Convert the recurring decimal into a common
fraction.

4 Function the arithmetic and geometric
sequences to interpret some life problems such
as overpopulation.

# Solve life applications on series.

& Use the calculators to solve math and life
problems using the sequences and series.

6 Pure mathematics - Second form secondary - Scientific-section



‘ Key terms

AN

Function
¢ Term

¢ Finite Sequence

Summation Notation
Arithmetic Sequence

Common Difference

Geometric Means

N

< Geometric Series

2 Infinite Geometric Series

¢ Infinite Sequence ¢ Arithmetic Means ¢ Infinity
¢ Increasing Sequence ¢ Arithmetic Series
¢ Decreasing Sequence ¢ Geometric Sequence
< Series ¢ Common Ratio
Lessons of the unit Materials

Lesson (1 -1): Sequences. Scientific calculator - Graphics.
Lesson (1 - 2): Series and summation notation.

Lesson (1 - 3): Arthmetic sequences.

Lesson (1 - 4): Arthmetic series.

Lesson (1 -5): Geometric sequences.

Lesson (1 - 6): Geometric series.

S Unit planning guide
aes

Sequences

Infinite Finite

Alternating Decreasing Increasing

Geometric sequence Arthimetic sequence Series

Summation notation
Geometric mean Arthimetic mean

Algebraic properties

Relation b arithmetic and ic means

Geometric series Arithmetic series

Sum of the first nth terms of its terms
Graphical represnetation

Sum of an infinite number of its terms
General term of a sequence
Life and physics applications

Using technology

Student book - second term 7



Unit One

1-1

You will learn

=

+ Definition of sequence,

v Finite and infinite se-
quence,

» nth term of a sequence.

+ Increasing and decreas-

ing sequence.

KE‘}' = térms
v+ Seguence
v Finite Sequence
¢ Infinite Sequence
+ Term
v Increasing Sequence
+ Decreasing Sequence

v Constant Sequence

Matrials

+ Scientific Calculator

+ Graphic programs

\

/

SEUIENEES

You have previously learned the patterns such as ( 1, 3, 5, 7, ...) and
learned that the pattern is an order of a set of real numbers . In this unit,
we are going to shed light on some of these patterns and learn them

more deeply.

f@g} Think and discuss _x

Leam the following pattern, then answer the questions: (1,4, 7, 10, ...)

<30

The function is a
relation  between  the
two sets X and Y so
that each element of
X appears as a first

1) What is the relation between each term and
the term next to it?

2) Can you find the next two terms of the pattern?

3) Can you find the ninth term of this pattern .

(don't try to find the previous terms)?

- \ projection only one time
= pairs of the relation.
: . - - -
=8 » The sequence is a [unction whose mo
= domain is the set of the positive integers
g Z" orasubset ol it and its range is a sel (1) Textas of 4 seymomce
Q 2 SRS MOBIFange 1344 are the elements of the

of the real numbers R where the [irsl  sequence domain.

(2) The symbol (T )
expresses the sequence
while the symbol T
expresses its n'" term.
{3) The sequence is
subjected to the order
of its elements while
the set is not subjected

term is denoted by ']'l, the second term
is denoted by T,, and the third term is
denoted by T, and so on.... and the n
term is denoted by T the sequence can
be expressed by writing down its lerms
between two brackets as follows:

(Tl ¥ TE ’ T3 b EE Tn:I to the order of its
or denoted by the symbol {Tn]_ elements.
(4) The elements of the

set don not recur while
the elements of the
Sequence may recur.

Definition:

Finite and Infinite Sequences
The sequence is finite il the number of its terms is [inite (i.e. can be
counted)The sequence is infinite if the number of its terms is infinite
(an infinite number of elements)

Pure mathematics - Second form secondary - Scientific-section



Sequences 1 - 1

N /

@ Example

(1) Write down each of the sequences whose n'®

term is given by the relation:

a T = ne— 1 (to live terms starting with first term)
b T, = E{_Illil (to an infinite number of terms starting with [irst term)
C» solution

a letn=1 thenT, =(1)2=1=0 , letn=2 lhch2={2}3— 1 =3,
letn=3 thenT,=(3)*-1=8 , letn=4 thenT, =@y -1=15,
letn=5 thenT,=(57-1=24
the sequenceis: (0, 3, 8, 15,24)

b letn=I thenTl=%=% . letn=2 lhenTz=%='? ,
letn=3 mchgz—zi;}?l = _?—l , letn=4 lhchd‘—'—zi_i}j 0 =% :
letn=5 lhchS:%: T}-

The sequence is: (;j-l-, qu__ %fl* '?Ij" -I-i- ) the sequence in this case is called an alternating

sequence (L.e. a term of its terms 18 positive and the other is negative or vice versa).

General Term of a Sequence

The general term of a sequence (it is sometimes called n'™ term) is written as T, where T, is the
image of the element whose order is n and can be found sometimes through the given terms of
the sequence by realizing the relation between the value and order of the term.

For example:

# The general term of the sequence of even numbers: (2, 4, 6, 8, ...) is T. =21

7 The general term ol the sequence of odd numbers:( 1, 3,5, 7,..) 15 T”=2 n-1
N— he 3 N (- N 1} o N 0 b
# The general term ol the sequence:( 3 456 ) isT = =

Example

( 2 ' Write down the [irst live terms and the general term of the sequence (T,) which is delined
as follows:
T,=2and T ,,=2T, where n = 1

Student book - second term 9



nit one: i
\U Sequences and series [

(» Solution

by substituting the value of n =1, 2, 3, 4, 5 in the relation T 1+1=2T,  Some sequences donot

. have a defined rule
letn=1 T,=2T, i.e.:T,=2x2=4=2(bysubstitutingT,=2) il now such as the

sequence of the prime

letn=2 T,=2T, i..:T;=2x4=8=23(bysubstitutingT,=4) pumbers
. . o (2,3,5,7,...)
letn=3 T,=2T, Ie.:T,=2x8=16=2%(by substituting T, =8)
letn=4 T =2T, i.e.:T;=2x16=32=2(by substituting T, = 16)
The first five terms of the sequence are: (2, 4,8, 16, 32)
The general term of the sequence (T ) is: T =2"
Think:

1- How can you check the solution above?

B Try to solve

@ Write down the first six terms of the sequence (T ) where: T, ,=T ,,+T wheren=>1,
T,=2and T,=3

Increasing and Decreasing Sequences

Check the following sequences:

1 5,-1,3,7,11,15, ....... ) (What do you notice?)
2) 4,2,1, % i, %, ......... ) (What do you notice?)

> In the first sequence: -1>-5 ie. T,>T,, 3>-1 ie. T;>T,and so on for the

rest of the terms. I.e. each term of the sequence is greater than the directly previous term.

> In the second sequence: 2 <4 ie. T,<T,, 1<2 ie. T;<T,andsooni.e.each

term of the sequence is lesser than the directly previous term.

Definition:

> The sequence (T ) is called increasin ifT ., >T
q (T & n+1 n Constant sequence:
. . ) The whole terms of the
> The sequence (T,) is called decreasing  if T,  <T, sequence are equal. i.e.:
T, = a. It may be finite
or infinite.
Cb Example

3 ) Show which of the sequences (T)) is in increasing , decreasing or otherwise.

_ _ 1 _ D"
a T =2n+3 b Tn_3ni1 c T = = +4

1 O Pure mathematics - Second form secondary - Scientific-section



1-1

Sequences
-
> Solution
a Fin-;lT“+1 as follows: Tn+|=2(n+1)+3=2n+5
Find the result of: T -T : T ,,-T,=Cn+35)-2n+3)=2>0
T,,, >T, ie.the sequence is increasing for all the values of n
ind T ; " T 1 —_—
b s s: = T ——
Find T, | as follows el = T e s
- . T T - - e | o 1 s n-1-3n-2
Find the result of: T -T: LT~ - Gnr D enD
= <0

TG (G0
, < T, ie. the sequence is decreasing for all the values of n

(“l}n+1 i (._l}n = {_l}n+1 p {-1}n+1

c' T i —

n+1” 0" 2(n+1) 2n ~ 2 (n+l) 2n
- ] I —_ 130+ n+ n+l
D E2(11+|} 2n 1=¢1) [En[n-HJ |
s 1 2n+1
=AoH i2|1{n+|}|

This expression is positive when n is an odd number and negative when n is an even number

i.e. the sequence 1s neither increasing nor decreasing.

L

o 0 ko2
\#? Exercises (1 - 1) \##
Complete:
G)‘ The sequence is a function whose domainis ... ... oI
@ The seventh term of the sequence (T,) where T, =2 HE BB e

\3 ) In the sequence {T ) where T =nT

n*

n=1 itT,=1 thenT, =

(4) Thcn“'c-l'lhcsequcncc (-1,4,-9,16, .)is_ ..

Student book - second term 1 1



\Umt one: Sequencos and series [

Complete the following using: >, < or=

{5:} The sequence 1s decreasing il: T, g ¥ foreachn 2 1
@} The sequence is constant if: Lo vsotisinsi Ry foreachn =1
<7> The sequence is increasing it: T, , T foreachn = 1
Choose the correct answer:
’:l_;:} The sequence whose ™ term is T = 2 _ | wheren e Z* represents:
n n
a  [Increasing sequence b Decreasing sequence
¢ Constant sequence d ' Alternating sequence

<9> The general term of the sequence ((2 =< 3), (3 = 4), (4 x 5), (5 = 6), ...)is

a n-Dm+1) b nn+1) ¢ 2n(n+1) d (n+ D(n+2)
Answer the following questions:
ﬁq} Show whether each of the following sequences is [inite or inlinte:

a(1,4,7,11, )

B (38 T 9y ey 21)

¢ The sequence {Tn} where TII =th*—-1 ; BeZF

d  The sequence (T,) where T =%+3 o E L 253 4. 0%

ﬁi} Write the first five terms for each of the following sequences whose general term is given by
the following rules:

= TI1:ﬂ+n2 - T“: 2111—5 e Tn:{']]“{n—?-}z

’{iﬂ Write down the general term for each of the following sequences:

B Q2,58 11 ) hi%%}% 9

cl(l1,8,27,64, ) L s emepmaes

ﬁ:‘ﬁ Show whether cach of the sequences (T“] is increasing , decreasing or otherwise in each of
the following:

a T =3n+5 b T =L1,2

1 2 Pure mathematics - Second form secondary - Scientific-section



Unit One

Saries amnd summatfion

1-2

. You will learn

+ The concept of series

v Finite series

+ Infinite series

+ Algebraic properties of

summation.

@  Key-terms

b Series

F Finite Series

* Infinite Series

¥ Summation Motation

— Matrials

b Scientific Calculator

R

the laxt
value of © ‘*-,.‘L
summation L 1T“]
notation = z
e first r= I T
vilse ol r ’,r
sSeries
rule

\ /

In our daily language, we use the two expressions; sequence and series as
two equivalent words. Although those two words are correlated meaning
fully, there is a mathematical difference between them. The sequence is
an ordered list of numbers where as the series is the sum of terms of the
sequence.

Forexample: (2,5, 8, 11, )isasequence while2+5+8+11 + _is
the series correlated with the previous sequence. The summation notation
"X" can be used for writing the series in short forms and can be read as

"sigma" .

igﬂj Learn

Finite Series
It is written in the form: T, + T, + T, + +T +..+T,

Definition

where n is a positive integer, T, is the terms whose order is n in
the series and the numerical value of the [inite series is called
the sum of the terms of the corresponding sequence.

The linite series: a, + a, + ay + ... +a_ ... +a_can be wrillen in

n
the form Zl (a) and read as the sumol a_fromr=1tlor=n
r=

Example

1 Expand cach of the following series, then find the expansion sum.
7 n
al ¥ @ bl £ @-1 (e ¥ (L.l
r=1 r=1 =1 pwl r
> Solution

4
a8 ¥ (M=12+2%4+32442=1+4+4+9+16=30
r=1

:
b zl (2r-1) =2x1-D+2x2-D+2=x3-1)+(2x4-1)
=
+(2x5-D+2x6-D+2x7-1)
=1 +3+5+T7+9+11+13=49

n
¢ I (——-D)=G-PrG-PHG-PrA— D)
1 1 | 1
i s
4 3 n+l n
L=n=] - n

n+l n+l n+l

Student book - second term 1 3



Series amd summation notation 1-2

N /

ﬂ Try to solve

(]) Write down the series in the form of an expansion , then [ind its sum:
9

3 . n | I
a Y 1+ b E (B3r+2) ¢! X ( - .
r=1 I=1 =1 r+2 r+1

Infinite Series

The terms of the infinite series cannot be counted . For example the series:
-3+9-27+81-243+ _ can be written in the form of E‘ {~3}r. The symbol = is used
to express infinity. =1

% Example

(2 Use the summation notation X to write down the series: 2 x 3 + 3 x 4 + 4 x 5 + .
> Solution

"." The general term of the sequence is: ']'r =(r+1)(r+2) where r € Z*

SAERI I XY+ AES o = El(r+l}(r+2]
I'=

Algebraic Properties of Summation
1-1r (T,) and (E ) are two sequences, n € Z* and C € R, then:

n n n
a £ C=ECn b ECTr:cETr
r=1 =1 =1
n 1 1
2 E T EBE)= E. L% E ‘B
r=1 r= r=
2. E - n(nz--l:l , E 7 n{ni-li(znﬂ}
r=1 r=1 ?

@ Example

: 4
.3 Find in two different methods X | (3-2r+1%)
r=

©» Solution
1- Method 1 (direct substitution)

4
Z] (B-2r+12) = 3-2x1+19) + 3-2x2+429 + 3-2x3+3) + (3-2x4+4%
r=

=24+346+11=22

1 4 Pure mathematics - Second form secondary - Scientific-section



Unit one: Sequences and series [

b

2- Method 2 (using algebraic properties of summation)

> 4 4 4

F BG-r+d)= ¥ 3-2F r4% L

[= r=1 r=1 e
= 3xd4d-2x 4_{_42|-|}+4[4+|}'E.2x4,1}
= 4x%5 4x5=x9
=12-2x222 4 :

=12-20+30=22

Using the Scientific Calculator to Find the Sum of a Series
# Press the summation notation button X according to the specific color
» Wrile the rule of the sequence (3 - 2r + r?) as follows:
@O @ E 0 ® @ @ 0@

L

# Use the button (rerLay) to move as follows:
» Upward, write 4 and downward, write 1

# Press the button = to give the sum 22 on the screen

ﬂ‘l‘ry to solve £
(3) Find in two methods: ZI (2r% = 3r + 5) known that:
r=
E: s nin+l) el E‘: 2 n{n+1)(2n+1)

r=1 2 r=1 6

E;% Exercises (1 - 2) @

’::1} Complete:
a The series: 5+ 10 + 15 + 20 + __ + 50 is written using the summation notation in the
form ol .

b Theseries: 7x1+7x2+7%3+ +7x20 is writtcn using the summation notation in

the form of

+ + is wrilten using the summation notation in the formof

- |
c e i
The series: 16

B =
=
2 |

(2} Write down the [ollowing series using the summation notation:

a 1+2+3+4+5+ +20 b 2+4+6+8+10+ e+ 60

€ 3+464+9+12+15+18+2] d 2+l+%+i+%+

Student book - second term 1 5



1-2

Series amd summaltion notation

{:3:} Expand each ol the [ollowing series:
5 % r
al ¥ (3r-2) b I (&y-1)

r=1 r=

n

n
@} If you know that X r= Mo+ gpd R = DOHDEn)

, use the properties of the

r=1 2 r=1 ]
summation notation X to ind the value for each of the [ollowing:
12 8
a ¥ 2(r+3% b ¥ (2rr-3n
r=38 r=5

@ Mining: A gold mine produced 4200 kg ol gold in the first year and the production is
decreased at a rate of 10 % yearly of the directly previous year.
# Use the summation notation to write the sum ol production ol the gold mine during the

first live years, then find this sum.

1 6 Pure mathematics - Second form secondary - Scientific-section



Unit One

IEhmMEtle

\

g

1-3

Doaa has started to read a novel. On the
. You will learn first day, she read 10 pages, on second '

+ Definition the arithmetic

sequence. day , she read 15 pages, on the third

i dﬂ}-‘ she read 20 pages and she kﬂ]}l . \
» pth i A g —_—
n"" term of the arithme ' _3_'-___..-——— = ——

tic sequence. reading in this pattern. The sequence : — .

» Identify the arithmetic of the number ol the pages read on
Sequence eachdayis: (10, 15, 20, 25, ...)
+ Definition of the arith-

: What do you notice in this sequence?
metic mean.

+ Insert a finite number
Arithematic Sequence

The arithmetic sequence is the sequence in which the difference
between a term and the directly previous term to it equals a
constant and it is called the common difference of the sequence.
it 1s denoted by the symbol (d)

L.e.:d=T,  ,-T, forcachneZ*

ﬂ Key - term @ Example n'{

of arithmetic means
between two numbers.

Definition

+ Arithematic Sequence gt Harmonic Sequence)
» nith Tarm (1) Which of the following is an The sequence is called
; ; arithmetic sequence? why ? EhEURURE S
Commen Difference q y if the reciprocals of
+ Order of a Term a (7,10, 13, 16, 19) its terms form an
» Arithmetic Mean b arithmetic  sequence
{?T,| 23;, :9,115,  § ) silmh as the sequence
{Erirarg‘a E“E*?"_"]
> Solution
- Matrials 8)T,-T;=10-7=3 | T,-T,=13-10=3, .
+ Scientific Calculator . --1--2 = TI = T3 e T2 o T4 = T3 - TS i "l"4 =13

+ Graphic programs ) . i ; -
.. The sequence is arithmetic and its common difference =3

b)-T,-T,=23-27=-4 , T,-T,=19-23=+4, .
STy =T, =T =T, =T, =-T;=T;-T,=-4
.. The sequence is arithmetic and its common dilference =-4
.o S (i | T e (.
BTyl =355 o« hfhhFrg 3= 53

STy T 2Ty=T;
.. The sequence is not arithmetic

Student book - second term 1 7



Arithmetic Sequence 1-3

N\ /

ﬂ Try to solve

@ Which of the following is an arithmetic sequence ? why
a (38, 33,28, 23, 18,..) b (-14,-8,-2, 4,100 ¢ (23,28, 33, 38, 42)

(a) Example

2 ) Show which of the following sequences whose n term is given by the following relations is
arithmetic, then find its common difference in case it is arithmetic.
3
a Tn=2n+3 b Tn=T+2
> Solution
a T . ,-T,=CQm+1)+3)-2n+3)=2n+2+3-2n-3=2

.. Th sequence is arithmetic and its common difference is 2

.. _( 3 3
b .Tn+1—Tn_< +2)'<T+2>

n+1
=3 3 -3-3n-3-_ 3 goesnot equal to a constant.
n+1 n nn+1) n(n+1)

.. The sequence is not arithemtic.
ﬂ Try to solve

@ Show which of the following sequences whose n term is given by the following relations is
arithmetic, then find its common difference in case it is arithmetic.
— _ 2
a T =5-3n b T =(n+1)

From the previous, we deduce that:
» The relation between the two variables n and TIl is Tn =d n + b where b and d are two

constants and d is the common difference of the sequence .

» The sequence is increasing if d >0, and is decreasing if d <0
Using the scientific calulator to write the arithmetic sequence:
To write the arithmetic sequence in which (a = 10 and d = - 3) we do as follows:
> We write the value of a (10) then press {_= ) and put the value of d by pressing
(= Jthen (3) and press ( = ) to give the second term of the sequence. By

repeating the process of pressing (= ) the next terms are given and so on .

ﬂ Try to solve
@ In the sequence (T,) where T, =3n - 5:

a_ Prove that (T,) is an arithmetic sequence and find its common difference.
b ' Show that this sequence is increasing.

€ Find the fifteenth term of the sequence. ' d What's the value of nif T =85 ?
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\U Sequences and series [

The nt" Term of the arithmetic sequence

From difinition (1) the n term of the arithmetic sequence (T,) whose first term is a and common
difference is d can be deduced as follows :

T,=a ,T,=a+d and T, =a+ 2 d and by keeping this pattern, we find that the n™ term of this
sequence is :

T,=a+(n-1)d andif T =/ (where / is the last term, then| / =a+ (n-1)d

Cb Example

3 ) In the arithmetic sequence (13, 16, 19, ...... , 100)
a  Find the tenth term. b Find the number of the terms of the sequence.
> Solution
*." The sequence is arithmetic c.a=13,d=16-13=3
a T =a+(n-1d S T=13+(10-1)x3
=13+9x3=13+27=40
b The required is to find the value of n when ¢ = 100

T, =a+(n-1d .100=13+(n-1)x3
c.100=13+3n-3 i.e.:3n=100-10=90 .. n=30
ﬂ Try to solve
(4} Find the number of the terms of the arithmetic sequence (7, 9, 11, ......, 65) then [ind

the value of the tenth term from the end.
Identifying the Arithmatic Sequence
The arithmetic sequence can be identified when its first and common difference arc known.
f. Example

4 ) If the seventh and [ifteenth terms of an arithmetic sequence are 18 and 34 respectively, find
the common difference and the first term then find the n™ term of this sequence.

> Solution

T; =18, T,s =34 from the given data

“T.=a+(n-1)d

Sa+6d =18, a+ l4d = 34

. 8d =16 by subtracting the two equations
d=2 By dividing by 8

ca+6x2=18 by substituting in equation 1

wa=18-12=6

Student book - second term 1 9



Arithmetic Sequence 1 = 3

-

To find the n' term | substitute in the rule: T,=a+(n-1)dabout the two values of a and d
T, =6+n-1)x2=6+2n-2=2n+4

The first tlerm equals 6 the common difference equals 2 and the n™ term is 2n + 4

Arithmtic means
When there are two non-consecutive terms in an arithmetic sequence, then all the terms lying
between those two terms are called arithmetic means. This concept can be used to find the

missing terms between those two terms in the arithmetic sequence.

Ifa, band c are three consecutive terms in an arithmetic sequence, then b is called the
arilthmetic mean between the two terms a and ¢ where b- a = ¢-b,

Definition

ie:2b=a+c thenb="_" So: (4 : dzi L) is an arithmetic sequence.

several arithmetic means: Xy Xy Xry-oiy X CAL be inserted between the two numbers a and
b ina way that the numbers : (a. x, . x,.x;. ,x . b) form an arithmetic sequence.

Verbal expression; What is the relation between the number of the arithmetic means and the

number of the lerms of the sequence involving such means?

Inserting a Finite Number of Arithmatic Means Between Two Numbers

Example

@ Insert 5 arithmetic means between 6 and 48
> Solution
1- Find the number of the sequence lerms.
Thera are five means between the first and the last terms of the sequencer. Thus, the number
of the terms of the arithmetic sequenceis n=2+5=7
2- Find the valuc of d
The n' term of the arithmetic sequenceis: T =a+(n-1)d
by substituting: a=6,T =48 andn=7
48=6+(7-1)d Le.: 6d =42
by dividing the two sides by 6 di=T

3~ We use the value of d to find the required arithmetic means

(6) 13 ; 0., o, 3., ¥ @8
N N N A R A N A
+ , 1, +# , +#1 , +1 , +]

The required means are: 13,20, 27,34, 41
ﬂTry to solve

('5} Insert seven arithmetic means between the two numbers — 24 and 16
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Unit one: B ies
L Sequences and series I

o3 - o2
\1E> Exercises {.1 - 3_1} \2%,

Determine which of the following sequences are arithmetic and which are non-

arithmetic, then find the common difference in case the sequence is arithmetic:
() (34,30, 26, 22, 18) @ 7. 12,17, 22,27)

(Y (12 ;<18 ;~34; <30:<36)

Complete:

<4J The seventh term of the arithmetic sequence (2, 5, 8, ) i1s .

/53, The eleventh term of the arithmetic sequence (T ) where T =3n-5 is .

{@ The n'® term of the arithmetic sequence (81, 77, 73, ) is

{?}‘ The arithmetic mean of the two numbers 8 and 1208

{B} If the arithmetic mean ol the two numbers x and 26 15 21, then x equals

Choose the correct answer:

\9 ) All the following sequences are arithmetic except :

3{3 Too Bl 185:2) b/(-11, - -19, -23,.)
”i@ Of all the following sequences, the arithmetic sequence is:

2 (1)= @t b/ (T,)=(n + 1

¢ (T)=(2m+2) d) (1) =(2-L

f i H : "
QU (T,) 1s an arithmetic sequence where T = 3n + 2 | then the arithmetic mean between
T and T,, equals:

a 8 b 16 c 22 d 26

{1@ If2a+1 , 5a-1 and6a+ 3 are three consecutive terms of an arithmetic sequence , then

a equals.
all b 2 cl 3 d) 5
P N . . b s
13/ If aand b arc two arithmetic means between x and y, then: b cquals
a2 b 3 c 4 d 6

Answer the following questions:

{i@ Find the number of the terms of the arithmetic sequence (2, 5, 8, ... 80).

Student book - second term 2 1



Arithmetic Sequence 1 = 3

N
5) In the arithmetic sequence (63, 59, 55, ., - 133)find :
a The value of the seventh term b ' the number of the sequence terms.
fi'E) Find the order and value of the first negative term in the arithmetic sequence (67,64 ,61, )

‘{l:?"" Find the order and value of the first term whose value is greater than 180 in the arithmetic

scquence:

{!@ Write down the [irst three terms of the sequence (T W= ( 2+ 5n), then find the order of the tlerm

whose value is 72 of the sequence and find the order of the [irst term whose value is more than 100)

(IEE What is the value of n in the arithmetic sequence whose first term=3 | T“ =39 and TEn =797

find the sequence.

é(!.r Find the arithmetic sequence whose fifth term = 21 |, and the tenth term = 3 times the second

term .
é!\, (T,) is an arithmetic sequence in which T, + T, = 9 and T, = 22, find this sequence.

’@: Find the arithmetic sequence whose sixth term = 20 and the ratio between the fourth and
tenth terms 1s 4: 7.

@5} Find the arithmetic sequence whose fourth term = 11 and the sum of the fifth and ninth terms

= 40, then find the order of the term whose value is 152 in this sequence .

éj‘} Find the arithmetic sequence in which the arithmetic mean between its third and seventh

terms is 19 and its tenth term is greater than twice of its fourth term by 2.

@5} (T, ) 1s an arithmetic sequence in which: T +T4 42and T XT*; = 315, lind this sequence.
ég’; IT(8,a, . ,b,68) form an arithmetic sequence of sixteen terms, [ind the values of a and b.
éff‘} If 36 ,a, 24 | b arc consecutive terms of an arithmetic sequence, find the value of a and b.

éij} If the arithmetic mean between a and b is 8 and the arithmetic mean between4 a and 2 b is

20, find the value ol aand b
@:}} Insert 16 arithmetic means between 27 and - 24
o
3

(}: Find the arithmetic sequence whose ninth term = 25 and the arithmetic mean between the

third and fifth terms is 10

6!\/ Find the number of the arithmetic means are inserted between 1 and 17 and the seventh

mean equals three times the second mean
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\ Amtihmnetlc

Sum of Arithmetic Series

The students has made loud noise in the class and
their teacher wanted to punish them indirectly.
He had them sum the numbers from 1 up to 100
to involve them at work for longer time and to

get quiet. After a few minutes, a seven - year old

child named (Karl Gauss) had told the teacher that German scientist-
the sum is (5050) . In turn , the teacher asked Karl Gauss
1777 - 1855

him how he reached the correct answer.

The child had answered that the addition sum of 101 is repeated from
adding the following numbers:

1+100, 2+99, 3+98, ..., 50 + 51 for fifty times

Thus, the addition sum is 50 x 101 = 5050

n]
"ﬁ, ? Learn

The Sum of the First n Terms of an Arithmetic Sequence
First: the sum of n terms of an arithmetic sequence in
terms of its first term(a) and the last term (¢)

its common difference d, the number of its terms is denoted by the

symbol S and is given by the following series:

S,=a+ @+ d+@+2)+..+(l-d)+/ §))
The series can be also written in the form:
S,=l+({-d)+({-2d)+..+(a+d)+a 2)

By adding the two equations (1) and (2), we deduce that:

2S =@+ +(@+ )+ @+ )+ .. +(a+/)tontimes

i.e. 2S =n (a + ¢) by dividing the two sidesby 2 | S, = % (a+7)

Cb Example |Jse the summation notation X Q

. 24 the last
1) Find XY (4r-3)
r= 5 value of r A
summation n (T)

notation - Z: !
the first /r =1l T
value of r
series
rule

Student book - second term
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.\unit one: Sequences and series [

©> Solution
n =24-5+1=20 Find the number of the sequence terms
T,=4n-3 n' term of the sequence
T;=4x5-3=17, T, =4x24-3=93
S, = i,} (a+?) summation formula
S = ;2& (17 + 93) = 1100 by substitutinga= 17, / =93,n =20
EJ 1ry to sotve

(1) Find:
20 32
al [z (6K+3) b % (2 <om)

(2 ) Find the sum of the arithmetic series 2+ 5+ 8 + ... + 62

> Solution
{ =a+(n-1d n'" term of the sequence
62=2+(n-1)x3 by substitutinga=2,d=3 and /_=62
ie:3n-3+2=62
3n-1=62 then n=21
S, =5 (a+?) summation formula
Sy =5 (2+62)=672 by substituting a = 2, n = 21,T, = 62

Second: Finding the sum of n" terms of an arithmetic sequence in terms of its
first term and its common difference.

Youknow that f =a+(n- 1)d and Snz-g—(u +£)
by substituting from the first relation in the second relation, then:

[a+a+(n-1)d)] e |S =—-[2a+(n-1)d|

o=

Snz

||-3|=
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Arithmetic Series 1

b

-4

—

% Example

(3) In the arithmetic series 5 + 8 + 11 + ... find:

a The sum of its first twenty terms of the serics .
b The sum of ten terms starting from the seventh term .

€ The sum of the sequence terms starting fromT upto T
10

20
> Solution
a=5, d=8-5=3
a s =-1[2a+(n-1)d] summation formula
Sy = 5 x[2x5+(20-1)x3] by substitutinga=5andd=8-5=3
S, = 10(10+19x3)
=10 x 67 = 670 by simplifying
b T, =a+®m-1)d n' term of the sequence
Ty =a +6d
=5+6x3=23 by substitutinga=5, d=3andn=7
S = -1,}& x[2T,+(10=1) x 3] by substituting in summation formula
S,y =5%[2%23+27]
= 5% T3 =305 by simplifying
¢ The sum of the sequence terms starting from T, up to T,
T,=a+(n-1)d n'" term of the sequence
T,,=a +9d
=549 %3 =32 by substitutinga=5, d=3
Tyy=a +19d=5 +19 x 3=62
L= % (a+#) summation formula
Sp = 12_1 (Ty + Tyg)
= % (32 +62)=517 by substituting T ' =32,T,,=62,n=11

Think:

Are there other solutions to find the sum of the sequence terms starting fromT upto T
10

Student book - second term
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% Example

( 4 Find the arithmetic sequence in which : T =11, Tn =87 and S, =980
©» Solution
a  Finding the value ol n

S, =75 (a+?) summation formula
980 = - (11 +87) by substituting T, = 11, T, =87 and S, =980

98 x % =980 then: n=20terms by simplifying
b Finding the value of d

T, =a+(m-1)d n" term

87 = 11+19d by substituting T, = 11,n=20and T =87
19d= 87-11=76 by simplifying

d =4 and by dividing by 19

¢ Forming the sequence: T,=11+4=15, T,=15+4=19
The arithmetic sequence is (11, 15, 19, ..., 87)
ﬂ Try to solve
@ Find the arithmetic sequence in which:
a T,=23, T,=86, §,=545 b T,=17, T,=-95, §,=-585

n
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Arithmetic Series 1 = 4

N

e 8 b 8
E& Exercises (1 - 4) Eﬁ?

Complete

(I) The sum of the first n terms of an arithmetic sequence whose first term is a and last term is 7 is

(2} The sum of the first n'™ terms of an arithmetic sequence whose first term is a and its common

difference isdis........... R i e e S S i e

5
G) Zl(2k+l)=

(-I) The sum ol the lirst ten even number in the set ol the natural numbers equals
(5) The sum of the odd natural numbers which is greater than 10 and less than 30 equals

(ﬁ} The sum of the natural numbers which is divisible by three and included between 30 and 50

equals
Choose the correct answer

5
(?} The value of the anithmetic series 2 | (2r + 1) equals:
T =

al 25 b 30 ¢35 d 40

(E_!) The value of the series: 4+ 9+ 14+ + 5n— 1 by using the summation notation equals ;
n n n 5n-1
a Y (5r-1) b ¥ (Gr+1) c EI (5r-1) d ¥ (@Gr+1)
r= = =
(9} The value of the series: 7+ 12 + 17 + 22 by using the summation notation equals:

4 4 4 4
a z] Gr+2) b ¥ @r+3) (e z] (Tr+1) d ¥ (Gr+4)
= r= r= r=
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A

fl} The sum of the terms ol the anithmetic sequence (3, 5, 7, ., (Zn+ 1)) starung [rom its
[irst term equals ;
a nn+1) b n(n+2) ¢ nin+3) d nin+2)n(n+3)
Answer the following questions

1} Find the sum of the first ten terms of the arithmeltic sequence (14, 18, 22 ).

starting from the first term to vanish the sum.
fiﬁ} It the sum of n-terms from an arithmetic sequence is identitied by the rule: S = 2n(7 - n), find:
a T,
b ' The number of terms necessary to be taken from the sequence starting from the first
term to make the sum equal to — 240
i{,\/ Find the least number of terms that can be taken from the sequence (89, 81, 73, ) starting
from the first term to make the negative sum.
\/E\, Find the grealest number of terms that can be taken from the sequence (25, 21, 17, ) starting from

the first term to make the positive sum

»ﬁﬁ} In the arithmetic sequence (5, 8§, 11, ) [find:

a The sum of its first twenty terms.

b ' The sum of ten terms starting from the seventh term.

€ The sum of the sequence terms starting from T,, up to T,
19 In the sequence (T,) = (32, 28,24, ).

a Find the order and value of its [irst negative lerm.

b ' Find the number of terms which makes the sum greater than zero.

"é[}} In the arithmetic sequence (25, 23,21, ), find:
a The greatest sum of the sequence.

b ' The number of terms whose sum = 120 starting from the first term " Explain the existance

ol two answers”.
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Arithmetic Series

-

@B Find the arithmetic sequence whose [irst term = 12 | last term = - 26 , and the sum ol ils

lerms = - 140,

éﬂ Find the arithmetic sequence (T #) whose second term = 13, and the sum of its first ten terms = 235 .

Q:}) Find the arithmetic sequence in which T, = 24 and the ratio between the sum of the first

five terms to the sum of the next five terms directly 1s 1: 2.
@_‘_1} What 1s the anthmetic sequence whose first term is greater than twice its [ifth term by 2 and
the arithmetic mean of the third and sixth terms is 167 How many terms should be taken

starting [rom the [irst term to make the sum equal to zero?

QE; Arts: A school stage accommodates for 16 rows, if the first row contains 16 seats and each
row next to it contains a number of seats more than the directly previous row for 4 seats, find

the number of scats in this stage.

égr\ Income: Kareem has started his working life with a yearly salary of 19200 L.E. If he gets a
yearly raise of 480 L.E, how much he will get by the end of the tenth year

Student book - second term 2 9



Check the small tnangles in each of the following ligures, then lind their

numbers. What do you notice?

AT L e

© © O

The sequence (T ) where T+ 0 is called a geomelric sequence

*

iion

"
. + 1
if ';_ = a constant foreachn e Z2*

Defin

The constant is called the common ratio of the sequence and 1s

denoted by the symbol (1)

Example

(1) Show which of the following sequences (T ) is geometric , then
find the common ratio of each :
a (T)=(2x=3") b (T, =(4n%
¢ The sequence (T, ) where: T, =12 T = EI »T,_, (wheren > 1)
(@ 2 Solution
a,; 1_“1_" = 2;::| =30+l-n=3 (constant)

n

.. the sequence is geometric and its common ratio r = 3

T 2 :
b0+l _ 4@+ (is not a constant)

T 4n?

n
.. The sequence is not geometric

)T == xTn_l (wheren > 1)

(constant)

Bl

.. The sequence is geometric and its common ratio r =

Unit One

1-5

You will learn -
v Definition of the geo-

metric sequence

» Graphical representa-
tion of the geometric
sequence

+ n' term of the geomet-
ric sequence

» Identifying the geomet-
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» using scientific calculation

» Geometric means
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an arithmetic mean and
a geometric mean of
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ﬂ Try to solve
(!} Show which of the lollowing sequences is geometric . then find its common ratio in case il

15 a geomelric sequence:

a (T)=(96, 48,24, 12,6, 3) b {TE]:fEiE""$T~ ‘E%* $= %}
&) T)=6x*2Y d (T)=(Cm+1)?

The n ** Term of the geometric sequence
From definition (1) the n'" term of the geomelric sequence {Tn] whose [irst term 1s a and common

ratio 1s v can be deduced as [ollows:

Tl =a,T,=arandT;= ar®, by continuing this pattern, we find that the n'f term of this sequence is:T =ar"-!

% Example

@ In the geometric sequence (2, 4, 8, ....), find:

a The fifth term b the order of the term whose value is 512
> Solution
Sa=2, r=5=2, T =axs"]
o Tymart=2x2%=2y 16=33 i.e. the value of the fifth term is 32
T =ax! & 2gan-t a5y By dividing the two sides by 2
B L P L Son—-1=8 Son=9

i.c. the term whose value is 512 is the ninth term.

Identifying The Geometric Sequence

The geometric sequence can be identified whenever its first and common ratio are known (given).

@ Example

@ (T,) is a geometric sequence and all of its terms are positive. If T, + T, = 6T,, T, = 320, find
this sequence.

> Solution
T, +T,=6T, coarr+ard =6 xar
sar(r+r?)=6xar by dividing the two sides by ar (where a and r donot equal zero)
S +r=6 ieirr+r-6=0

Sr-2)(r+3)=0 ..r=2orr=-3 refused (because the terms are positive)

" T,=320 .. ar® =320 by substituting r = 2
Sax29=320 .*. 64 a =320 by dividing the two sides by 64
ca= the sequence is (5, 10, 20, )
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Geomelric Sequences

-

Using the scientific calculator to write the geometric sequence

To write down the geometric sequence in which a =5 and r =2 we do the

following:

We write the value of a (number 5) then press ( = ) then press( = ) and put

the value of r (number 2) then press ( = ) then we get the second term of the

sequence. By pressing ( =) repeatedly, we get the next lerms and soon ...

Example
@ Education: If the number of the students accepted in the high school stage in an cducational

administration increases at a rate of 4% yearly. How many students will be there after 6

years if the number of the students is 2400 students right now?

> Solution
*.* Number of students now = 2400
.*. Number of students in the second year =2400 (1 +0.04)
= 2400 (1.04)
.. Number of students in the third year =2400(1.04) + 2400(1.04) = 0.04

=2400(1.04) (1 + 0.04) = 2400(1.04)* and so on .
i.e. the numbers of students form the geometric sequence
(2400, 2400(1.04) , 2400(1.04)%, )
a=2400,r=1.04, n=6 by substituting the rule of n™ term of the geometric sequence
T,=ax-! T, = (2400) x (1.04)° = 2919.966966

1.e. the number of students afler 6 years equals 2920 students approximately.

Geometric Means

The geometric means are similar to the arithmetic means. They are the terms located between two

non- successive lerms in the geometric sequence . the common ratio of the geometric sequence is

used o find these means . ﬁ &

. s the geometric mean of
If 2, b and c are three successive terms of a geometric | . poeitive real

sequence, then b is known as the geometric mean  values
h TosiTy Tys o5 1

between the two numbers 2 and ¢ where: . = & -
i h is known as the n

ie.b’=acthenb=+/ ac root of the product of
these values. lLe. the

Definition

geometric mean =
¥ T, XT,X...XTn

Verbal expression:
The geometric means which can be inserted between two numbers depend on the sign of those
two numbers, Explain.
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Geomelric Sequences

N

Inserting a number of geometric means between two known quantities:

% Example

@ Find the geometric means of the sequence: (4, ..., .oy vy ey ey, 2916)
> Solution
1- Find the number of the sequence terms
There are {ive means between the first and last terms in the geometric sequence
Thus | the number ol the terms of the sequencen=2+5=7
2- Find the value of «
By using the rule: ¢=ar-!

2916 =4 xr' -1 by substituting: a=4,/ =2916,n=7
i.€.: 4 xr®=2916 by dividing the two sides by 4 =739
i.€.: %= (% 3)% then r=+43

3- Use the value of r to find the geometric means required

The terms are:
@, 12,36’108’324’9?2,01-
®3 % 3 %3 % 3 =% 3 ® 3

@, 12,36 108 324 972 (2916)
? * 7 ? ? ?
x3 x3 x3 x3 x3 x3

the required means are 12, 36, 108, 324, 972 or - 12,36, - 108, 324, - 972

i O R R

The relation between the arithmetic and geometric
T,are positive real

means of two numbers:
numbers , then

[fx,yeR" x#y | T, +T,+T,+.T,
then: the arithmetic mean (A) = ;:"' and the positive

geomelric mean (G) =+ «xy

n
o o T
and the equality is

+ v-24 xy 4 satisfied only when: T,
~A-G=2 IZ}" -«"T = 2}’ y =T,=T,=..=T,
(v x ‘-’T}E
e ; >0

(by putting the expression in a form of a complete square)

A > G. So that the positive geometric mean 1s grealer than the negative geometric mean

Then the arithmetic mean of two different positive real numbers is greater

than their geometric mean.
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Critical thinking: What do you expect about the relation between the arithmetic and geometric

means of two equal positive real numbers?

Cb Example

6 ) If 6a, 3b, 2c, 2 d are positive quantities in an arithmetic sequence, prove thatbc >2ad

> Solution
*.* 3b is an arithmetic mean between 6a and 2c
where the arithmetic mean > the positive geometric mean
S.3b>4 6ax2c by squaring the two sides
S.9b2>12ac @)

Similarly 2c¢ is an arithmetic mean between 3b and 2d

S.2c>4/3bx2d by squaring the two sides
4¢c? > 6bd (2)
from (1) and (2)

9b2 x 4c2 > 12 ac x6b d
By dividing the two sides by 36bc (b, ¢ € R))

s.bec>2ad
~ o\
\# ’ Exercises (1 - 5) \#

4

Complete
@ The fifth term of the sequence (T,) where T =2 x (3)"~ VequalS oo

@ The n™ term of the geometric sequence (3, -6, 12, ) iS oo

111

@ The sixth term of geometric sequence (2 A3° 81 27 -

@ The geometric mean of the two numbers 4 and 16 1S ...
@ If the geometric mean of the two numbers 9 and yis 15, theny = ...

@ If a, b and c are three consecutive positive terms of a geometric sequence , then b < ..

choose the correct answer

@ The next term of the geometric sequence (8 , 6, % , 2?7 , )18
a U b 27 c 2 d 3L
8 16 4 3
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Geomelric Sequences

N
(ﬂ} All the following sequence are geomelric except:
al(3,-6,12, 24, ) b (loga. loga®, loga’, loga*, )
3 2 .4 b Ga 12a°
B i d) (—
E(Z’}’.’r")} (221’3' b’hl}
:9} Of all the following sequence | the geomelric sequence is:
a (T)=(4 n?) for eachn = 1 b (T, = (% ¥ 'I"I1 1) foreachn=2
¢ (T)= (2" - D foreachn =1 d (T,))= (log (3 =« 2")) forcach n = 1

{!@ Il'a ,b and c three consecutive positive terms of a geometric sequence, then:

a a +cC > b b da + ¢ &k
2 2
a +c
c ——=b d/b?=a +c

Answer the following questions:

ﬁ!} IT(T)) 1s a sequence where T =35 x 2", prove that it is a geomelric sequence, then lind its
first three terms.

1

1 3 s
8 4" 1, ), find:

ﬁi‘ In the geometric sequence (

bk =

a lis tenth term.

b The order of the term whose value = 1024

Fga, : : l . ;
13/ Find the geometric sequence whose common ratio = 5 and its third term = 24 .

{iii} Find the geometric sequence in which T, = 12 and T, = 384.

@ Show that the sequence (T,) where: T, = % (2)" 1s a geometric sequence , then find its eighth

term and the order of the term whose value is 768

Find the geometric mean between 16 and 49.
@ Find the two numbers whose arithmetic mean is 5 and their geometric mean is 3.

Find two positive numbers whose positive geometric mean is greater than one of those two

numbers by 2 and is less than the other number by 3.

Insert five positive geometric means between % , %?7
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If several geometric means are inserted between 2 and 1458 and the ratio between the sum
of the first two means to the sum of the last two means is 1:27, find the number of these

means.

@ Find the geometric sequence whose all terms are positive, the first term is four times the

third term and the sum of the second and fifth terms = 36 .
@ Ifx, y, zand ¢ are positive quantities of a geometric sequence , prove thatx + ¢ >y + z.

@ Environment: Water is poured in a water tank at a rate of twice the directly previous day.
How many days does the water tank hold 1536 liters if 12 liters has been poured in the tank
on the first day?

@ Population : The population of a city increases at a constant rate of 3% per year. How

many populations are there in this city after 5 years if the populations are 600000 at present?
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Unit One

/,

Sum of the Geometric Series
We know that the geometric series is the sum of the terms of the geometric

sequence and the sum of n terms is denoted by the symbol S_.

Sum of the First n Terms of a Geometric Series
First: To find the sum of n terms of a geometric series in
terms of its first term and common ratio:
Ifa+ar+ar’+ _ +ar"~!is a geometric series whose fist term is a and
its common ratio is r , then the sum of S_ of this series can be found as
follows:

S,=a+ar+ar’+ . +ar" " 2+ar" ! §))

By multiplying the two sides by r then:

1S =ar+ar’+ar’ + . +a" ! +ar” (2)

By subtracting the two equations, then:

S -rS =a—ar"
i.e.. S (I-1)=a(l-1")

By dividing the two sides by (1 - r) in a condition 1 -t # 0

S = a(l-rm
n 1-r

,T#1

Cb Example

1) Find the sum of the geometric sequence in which:a=3,r=2,n=8

(» Solution

S, = 2( -1 the sum formula of the geometric sequence
I-r

S. = 30-2) by substituting: a=3,r=2and n=8
8 1-2

S¢=3x255=765 by simplifying

Student book - second term
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Second: to find the sum of terms of a geometric series in terms of its first and last terms

We know that: S = _a-ar’ D
-1

and: ¢=ar""! by multiplying the two sides by r

then /r=ar 2)

by substituting from (2) in (1) then: | S,=2-¢",r#1

1-r
b Example

2 ) Find the sum of the geometric series : 1 +3 +9 + ... + 6561

©» solution
S =a-‘r the sum formula of the geometric sequence
1-r
S=1-6561x3 by substituting :a=1,r =3 and / = 6561
1-3
S= % =9841 by simplifying

Using the Summation Notation

b Example

12
3)Find X 3(2y!

r=35
©» solution
T =a=3(2)% =48, r=2,n=12-5+1=8
s, =2ad-r the sum formula of the geometric sequence
-1
S = 4801-29 by substituting: a =48, r=2,n =8
1-2

S ¢=48x255=12240 by simplifying

Think: Can you find the sum in the previous example in terms of a, ¢ and r ? How?
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Cb Example Forming the geometric sequence
4 ) If the sum of the first n terms of a geometric sequence is given by the rule: S _=128-27-",
find the sequence and its seventh term.

(» Solution

let:n=1 .8, =128-27"1=128-64=64ie. T, =64

let: n=2 .8, =128-27-2=128-32=96
T, +T,=S, ..64+T,=96 ..T,=96-64=032

let: n=3 c,=128-27-3 ie S,=128-16=112
T, +T,+Ty;=S, ie. T,=S,-S,

o Ty,=112-96=(06
", the sequence is: (64,32, 16, ..), T,=ar’ =64 (3 °=1
Notice : from the previous , we can deduce that T =S -S__,and find the two values of a and

r then T=S7—S6=(128—27‘7)—(128—27‘6)=—1+2=1
7

Ca) Example

5 ) Geometry The opposite figure shows an equilateral triangle whose
side length is 40cm. Another triangle is drawn interiorly through

connecting the points representing the mid-points of the greatest

triangle. The interior triangles are repeatedly drawn the same way,
|<— 40 cm —>|
find the sum of the perimeters of the first 10 triangles in this pattern to
the nearest integer.
(> Solution

The perimeter of the greatest triangle = 3 x 40 = 120 Remember 0

The perimeter of the next smaller triangle = 3 x 20 = 60 Perimeter of equilat-
The perimeter of the next smaller triangle = 3 x 10 = 30 eral triangle = 3 x its
. . side length

i.e. the patternis : 120, 60, 30, .... to 10 terms

sum of perimeters = 120 + 60 + 30 + .... it is the sum of a geometric series

the sum formula of the geometric sequence: S = w
o 1 -
by substituting: a= 120, r= 5.n= 10 120 (1 ] (%)10>
By simplifying and using the calculator S, , = " ~ 240
1-=
2
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Infinite geometric series

<’ - _
A ) Think and discuss

Zyad has wanted to move a box in the direction of @
a wall distant 20 m from him over some stages so

that the distance traveled by the box equals half the

remaining distance after each stage. Can Zyad reach

the wall? 4

' _ _ 20 meters
You can answer this question through learning

A
\

infinite geometric series .

The infinite geometric series has an infinite number of terms. If their sum is a real

number, the series is convergent because its sum gets near to a real number . If the series

Definition

doesnot have a sum , it is divergent

In Think and discuss, the sum of the distances traveled by Zyad 7

is given by the series 10 + 5 + 2.5 +1.25 + .... when ever its e T
terms increase, the sum gets nearer to 20 m. It is the real sum * o

of the series. As a result , we can assume that Zyad will reach g .

the wall when the terms of the sequence increase infinitely. :‘h’ )

The figure opposite illustrates the graphical representation of ; 0

the sum of S_, so the sum of the convergent series gets near to & L

areal number where Irl< 1 and the series is divergent if the sum 6

does not get near to a real number where Irl = 1

Ca) Example 0 N
0 n 2 3 4 5 6

O

. . . . .. ovde
6 ) Which of the following series can you sum an infinite ft““
ot term

number of its terms ? Explain

a 75+4+45+27+.... b 24+36+54 + ... Remember 0

(» Solution

_ ‘ ‘ ) 45 3 If Irl < 1 then:
a Find the common ratio of the geometric series r =75 3 then 1<r<1
the series is covergent because - 1 < %< 1 If Irl 2 1 then:
. . . . 36 3 r > lorr < -1
b ' Find the common ratio of the geometric series r =543 then

the series 1s divergent because: % >1
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Sum of Infinite Geometric Series

We knew that the sum of n terms of the geometric series is given by the relation S_= 2 (1-r7
1-r

and when we sum an infinite number of its terms, then 1™ gets near to zero when - 1 <r <1

and the sumis: | S.=_2

Critical thinking: Can the sum of an infinite geometric series be found when Irl 2 1? Explain .
Verbal expression: Can you find the sum of the geometric series in think and discuss? Find
the two values of a and b and use the rule of the sum of an infinite number of terms of a geometric

series.

C—C) Example

7 ) Find the sum for each of the following two geometric series if found:
81 , 27,9 2,5 ,25

a ?+T+§+.... b §+€+g+....
(> Solution
a Find the common ratio of the geometric sequence: r = 24—7 + % = 24—7 X 8% = %
-1 < % <1 .". The series has a sum
o . o a
a= % , T= % by substituting in the sum formula S_ = s
81
° S = —%L = %: &
> 1-5 3 8
. : ' p=2.2_5.,3_5
b ' Find the common ratio of the geometric sequence: r = 3765771
% > 1 .". The series is divergent and has no sum
Ca) Example |jso the summation notation
9]
8) Find %~ 425!
r=1 7
) Solution
Sum formula of the geometric sequence: S = la
-T
by substituting: a=42 and r= g : then S = 1422 =294

Converting a Recurring Decimal Into a Common Fraction

@ Example

9 ) Put 0.432 in the form of a common fraction
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(> Solution
first: using the sum of an infinite geometric series
0.432 = 0.432 + 0.000432 + 0.000000432 + ...
sum formula of the geometric sequence: S_ = _ @
1-r
432
432 1 1000
leta=—>= r=-——then S_ =
1000 1000 1- Tolm
_ 432 1000 _ 16 . -
==7000 X 999 = 37 by simplifying

ﬂ Try to solve

(1) Put each of the following decimals in the form of a common fraction 0.6, 0.63, 0.46, 0.654
-~ >N\
? Y Exercises (1 - 6) \* "

Choose the correct answer

@ The sum of an infinite number of terms of the sequence (8, 4, 2, ....) is:

a 16 b 20 c 24 d 30

@ If the sum of an infinite number of terms of a geometric sequence whose common ratio is %
is 13 % then its first term equals :

a 6 b § c 9 d 12

@ If the sum of an infinite number of terms of a geometric sequence whose first term is 12 is

96 , then its common ratio equals:

a L b 1 7 d 3

3 2 '3 4
@ A geometric sequence in which the sum of the first n terms is given by the relation S = 3nrt-4

then the third term equals:

a I8 b 23 c 54 d 77

@ A geometric sequence whose first term equals the sum of the next infinite terms, then its

common ratio equals:

a 05 b 0.333 c 0.25 d 0.666

Answer the following questions:
iﬁ) Find the sum for each of the following geometric sequences:

a (6, 12, 24, to 6 terms) b (125, 25, 5, .... to 6 terms)
c (3,-6,12,..., 768)
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7, Which of the following geometric sequences can be summed up to o , then find the sum if

possible:
a (24,12,6,..) b 3,-6,12,..)
1 1 1 d 1-n
37 16 8,....) 2x5'"M
8 ) Find the sum of an infinite number of terms for each of the following geometric sequence:
a 3,v3,1,.) b (T)=(3""

@ Put each of the following recurring decimals in the form of common fractions using the
infinite geometric sequence: 0.7, 0.24 , 0.863

Find the geometric sequence whose first term =243 , last term = 1 , and the sum of its terms = 364

@ Find the geometric sequence whose sum is 1093 , last term is 729 and its common ratio is 3

@ How many terms are to be taken from the geometric sequence (3, 6, 12, .) starting from
its first term to make the sum of these terms = 3817

@ Prove that the sequence (T,) = (10 x 2"-2) is a geometric sequance, then find the number of
its terms whose sum is 2555 starting from the first term.

Find the number of the terms of the geometric sequence whose sum of its terms is 121 g and
1

R

@ (T,) is a geometric sequence whose terms are positive in which T, =6 and T, - T, =9. Find

its first term equals 81 and the last term equals

the sequence and sum of the first twelve terms.
Find the geometric sequence whose sum of its first five terms = 7.75 and the sum of the
consecutive five terms = 248 .

@ The first term of a geometric sequence of an infinite number of terms = 18 and the fourth

term = 13—6 . What is the sum of this sequence?
If the sum of an infinite geometric sequence is % , and the sum of its first and second

terms is 90, prove that there are two sequences and find them .

Find the geometric sequence whose sum of its first and second terms = 16 , and the sum of
an infinite number of its terms = 25.

@ Find the infinite geometric sequence whose terms are positive, its first term is greater than
135

>
@ (T,) is a geometric sequence in which T, +T, =70, T, + T,= 60 , prove that there are two

its second term by 30 and the sum of an infinite number of its terms equals

sequences and an infinite number of the terms of one of them can be summed and find this

sum starting from its first term.
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@ (T)is a geometric sequence in which T, - T, =45 and the first S, = 180 find the sequence
and show that there are an infinite number of its terms can be summed and find this sum .

@ Find the infinite geometric sequence whose first term = the sum of the next infinite terms of
it and the sum of its first and second terms = 9.

@ Find the infinite geometric sequence in which any of its terms equals twice the sum of the

next infinite terms of it, and its fourth term =3.

@ Mining: A gold mine produces 4200 kg in the first year. If the production of that mine
decreases at a rate of 10% yearly of the production of the directly previous year, find the
production of that mine in the eighth year, then calculate the production of the mine within

the first eight years.
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¥ o
2% General exercises

First: Choose the correct answer

- n .
@ The sequence whose rule is : T, = % is called a(n) ............ sequence:
a  increasing b ' decreasing € | alternating d  constant

a ¥ @y b ¥ @en e ¥ Geed d FoGres
r=1 r=1 r=1 r=1

If 2a + 2, 6a—2 and 7a are three consecutive terms of an arithmetic sequence , then a equals:
a 1 b 2 c 3 d 4

8
@ The value of the arithmetic series 2 (2r + 1) equals:
r=
a 64 b 72 c 76 d 80

® If the sum of the first n terms of a geometric sequence is given by the relation
S, =3(3"-1), then its third term equals:
a 24 b 36 c 48 d 54

@ Show which of the sequences (T,) is increasing , decreasing, or otherwise in each of the
following:
a (T)=@3-2n) b (T)=(@2 (%)“' N c (-D'(m+1))
n n
@Ifyouknowthat Y 1= n(+1) , X r2=n(n+1)(2n+1)
r=1 2 r=1
the summation notation X to find the value for each of the following:

, then use the properties of

n 8
a X (r+2) b ¥ (r2-3)
r:l r:1

Determine which of the following sequences is arithmetic and which is geometric , then find
the common difference or common ratio of each.

a (21,14,7, ) b (-7, -12, -17, .) c (3,12, 48, )
1 4 7 1 1 2 f (1l 5 4
(5’5,5,“') e(2’ 3a9a) (3’6’3’)
@ In the arithmetic sequence (12, 14, 16, .) find:
a  the value of its eighth term. b ' the order of the term whose value is 102
(T,) is an arithmetic sequence in which T =16 and T, = - 26, find this sequence.

6
@ Find the arithmetic sequence whose sixth term = 34 and the sum of its seventh and ninth

terms = 88, then find the order of the first term whose value is greater than 105 .

@ Find the arithmetic sequence whose sum of its second and fourth means equals 12 and the

seventh mean is greater than the third mean for 4.
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@ Find the geometric sequence whose first term = 7 and fifth term = 112 .

A geometric sequence in which its third term equals the multiplicative inverse of its first

term and the fifth term equals 1—;,5 , prove that there are two solutions, then find the two

sequences.

@ (T,) is a geometric sequence where T =7 x (3) "~ I, find the geometric mean between T,
and T,

If 4, b and c are arithmetically sequent and 2, b + 3 and 5 c are geometrically sequent, find

the value of band c
@ If % a, band c are positive quantities in a geometric sequence, prove that 4b < 1 + 2¢

Production: An oil well produced 560000 barrels of oil in its first year. If the production
decreases yearly at a rate of 4% of the directly previous year, find the maximum production

of that well .

Geometry: A rectangle whose length is 16cm and width 12cm. If its sides are bisected ,
then the sides of the rectangle resulted from connecting the midpoints of the sides are also
bisected and so on by repeating the action to infinity, find the sum of the perimeters of the

drawn rectangles..

@ Health: A patient takes a certain type of medicine. The doctor has recommended to decrease
the number of the pills at a rate of 3 pills per week of the directly previous week . How many
weeks does the patient need to stop taking these pills completely, if he starts taking 21 pills

in the first week?

@ Salaries: An employee gets a monthly salary of 1200 L.E in the first year. If his salary
increases at a rate of 10% yearly of the directly previous year, use summation notation to

write the sum of what this employee gets within five years, then find this sum.

@ Water: If water flows at a rate of 25 liters in the first minute from the faucet , then the flow
of water increases at a rate of two liters each next minute. How many minutes is required to

get the sum of water to be 880 liters?

@ A ball fell down from a certain height on the ground surface, then it rebounds back two third
of the directly previous height . If the ball fell from a height of 90 meters, find the sum of the

distances which the ball covers till to be at rest.

@ If the first term of a geometric sequence equals 81 and its sixth term equals % find the sum

of an infinite number of its terms starting from its third term.
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Unit introduction

Counting is an important part of the basic skills in mathematics. We regularly face a lot of problems that
need to be solved. We need to do counting operations in deferent ways to solve them. In this unit, we are
going to identify different strategies for counting such as the fundamental counting principle and the
most important applications of it:

Permutations. They are used to know the number of methods used to order the elements of a set with all
possible methods.

Combinations. They mean to choose disregarding the order.

Scientists such as Omar Alkhaiam, Isac Newton and pascal had played a great role in this field which is
still ongoing up to day.

Unit objectives

By the end of the unit and doing the activities involved , the student should be able to:
4 Identify the counting principle and simple £ Use the computer to calculate each of permutations and
applications on it. combinations.

4 Identify an introduction about the permutation and
combination and the relation between them .

Key terms

Fundamental Counting Principle < Factorial < Order
Conditional Counting Principle < Permutations < Committee
Operation < Combinations < Subset
Tree Diagram < Elements
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. Lessons of the unit . Materials

O\ e
A\
Lesson (2 - 1): Counting Principle . Scientific calculator - computer - graphic
programs
Lesson (2 - 2): Permulations.
Lesson (2 - 3): Combinations
s Unit planning guide
SN
ane
Counting principle Factorial of a number Combination
Conditional Fundamental Permutation
counting principle counting principle

Life applications
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2 -1

We will learn

o

» The concept of count-
ing principle and simple
applications on it.

» Fundamental counting
principle.

» Conditional counting

principle.

Key - term

» Fundamental Counting
Principle
» Operation

» Tree Diagram

Matrials

» Scientific Calculator

» Graphic program

\

Counting Principle

/

How many ways are there to
choose, if you are asked to wear a
t-shirt and a pair of pants out of 2
t-shirts and 3 pairs of pants?

@ Example

1) How many ways are there

a

) Think and discuss

T shirt B T shirt A

to choose a male student out
of three students ( Ashraf - Pants x Pants y Pants z
Mohamed - Hassan) and a

female student out of two students (Samar - Mona)?

Solution

In this example, we find that it is easy to know the number of ways
of choosing. For example, we can choose Ashraf, Samar or Ashraf,
Mona or Mohamed, Mona or Hassan, Samar .. etc. We are going to
express that by the following graphical diagram called tree diagram:

Samar Ashraf> Samar
Ashraf
Mona Ashraf> Mona
Samar Mohamed- Samar
Mohamed
Mona Mohamed> Mona
< Samar Hassan> Samar
Hassan
Mona Hassan> Mona

The number of ways to choose a male student out of three students
= 3 ways.

The number of ways to choose a female student out of two students
=2 ways

.. Number of ways of choosing =3 x 2 = 6 ways

ﬂ Try to solve
@ In think and discuss , How many possible ways of choosing are there?

@ Example

2 ) How many three- digit numbers so that the unit digit is from the

elements {3, 7} the tens digit is from the elements {2, 4, 9} and the
hundreds digit is from the elements is {1, 5} are there?
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Counting Principle

¥ Piiad |

hundreds digit
1 123

N\

(» Solution

2

< 5 523

3 U -l : 143
5 543

9 < 1 193

5 593

5 < 1 127

5 527

. v o= ! 147
5 547

9 < 1 197

5 597

From the tree diagram, we find that:

The number of ways to choose the unit digit x number of ways to choose tens digit x number of
ways to choose hundreds digit =2 x3 x2 =12 ways

The previous examples support the following definition:

‘:} Learn

~—

Fundamental Counting Principle

Definition: If the number of ways to perform a certain task is m; way , the number of ways to
perform another certain task is m, way and the number of ways to perform a third certain task is m,
way and so on ..., then the number of ways to perform these tasks together = m; x m, x m, x ... xm_

@ Example

3 ) How many ways can khaled have a meal out of three meals (Liver - chicken - fish) and a
drink out of three drinks (orange - lemon - Mango)?

(» Solution
Number of ways to choose a meal =3 ways and the number of ways to choose a drink= 3
ways.
The total number of ways to choose = 3 x 3 =9 ways.

ﬂ Try to solve

@ A restaurant presents 6 types of pies, 4 types of salads and 3 types of drinks. How many
meals can the restaurant present daily so that a meal includes a type from each of pies, salads
and drinks?

Ca) Example conditional Counting Principle

4 ) How many different three -digit numbers can be formed from the numbers {0, 1,2, 3,4}?
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\ 7

() Solution
Start with the conditional hundreds digit (Zero can't be used left side)

Number of ways of choosing the digitin hundreds mmm
Number of ways of choosing the digit in tens
digit =4

Number of ways of choosing the digit in unit digit = 3

.". The total number of ways of choosing =4 x4 x 3 = 48 ways

ﬂ Try to solve
@ How many ways can a different four -digit number be formed from the numbers {2, 3, 4, 7},
so that the tens digit is even.

- ~
\# ; Exercises (2 - 1) ? v

Choose the correct answer:

@ The number of ways of sitting 4 students on 4 seats in a row equals :
a | b 4+4 C 4x4 d 4x3x2x1

@ The number of the different two - digit numbers taken from the numbers { 5, 3, 0, 2} equals:
a 3x2 b 4x2 c 3x3 d 3x4

@ The number of the different three-digit odd numbers taken from the numbers {2 , 3, 6, 8}
equals:
a 8x6x3 b 4x3x3 C 4x3x2 d 2x3x1

@ How many three -digit numbers can be formed from the elements {2, 3, 5}?

@ How many different four - digit numbers can be formed from the elements {2, 3, 6, 8} so that
the unit digit is 67

@ The licence plates of cars in a governorate start with three letters followed by three digits
except Zero. How many plates can be got assuming that there is no repetition for any letter
or digit in the licence plates?

@ How many different three-digit numbers can be taken from the numbers {2, 5, 8, 9} so that
these numbers are less than 9007

If you know that the set of the numbers of mobile networks in a country is made up of an
eleven-digit number. If the number (025) is constant on left side, find the greatest number of
phone lines which the mobile network can stand .
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Factorial of a Number -

Permutations

Unit two

/

@ Think and discuss

Use what you learned in the previous lesson to answer the following

questions:

1) How many ways can 4 students sit on three seats in a row?

2) How many ways can 5 racers stand on the edge of a swimming pool
to jump?

“}T-') Learn

~—

Factorial: The factorial of a positive integer n is written as [
and equals the product of all the positive integers which are

lesser than or equal n where:

M=pnm-1)(n-2)...3x2x1

Notice that

» Whenn=0 thenl0 =1 » Whenn=1 then LL =1
>4 =4x3x2x1=4 13,
16 =6x5x4x3x2x1 =63

In general: [0 = n[n-1 wherene Z"

10
1) a Find 5= b IfLn = 120 find the value of n
(» Solution
10 10x918 _
05 = e—=10x9=90
b [n =5x4x3x2x1 . =15 thenn=35

ﬂ Try to solve
o 115 L7 L9
@ Find: a T b IL + IL

@ Example
n

2 ) Find the solution set of the equation:- —

=30

2-2

We will learn

» Factorial of a number

» Permutations

Key - term
» Factorial of a Number
» Permutatuins

» Sub-Permutation

oy

Matrials

» Scientific calculator

» Graphical programs
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C» Solution
nn -1) |n-2
e =T =30 Son(n-1)=6x5 =6

B Try to solve

find the value of n

@ If 1 N 2 _ 56
Ln_ n+l n+2
Critical thinking: if: 2. = [0 find the value of a.

Permutations

Introductory example: How many ways can different three-digit numbers be formed from the
set of numbers {2, 3,5} ?
The numbers are: 532, 352, 523, 253, 325, 235. Each number of these numbers is called a
permutation of the numbers
and its number =3 x2 x 1 and is written as 3p3 and is read as (3 p 3).
The following table illustrates that:
IET N
So, the permutation for a number of objects is to put them in a certain arrangement

The number of permutations of n different objects taking r at a time is denoted by the

symbol npr where:

Definition

"p=nm-1)(n-2)..(n-r+l)wherer<n, re N, ne Z’

I’lpo=1

For example:
6. _ 3x2x1 _ L6_ 7 2x1 _ L1
> p3_6X5X4Xm_—M > p5—7><6><5><4><3x2><1 = I

o L6

P3 =7
[6-3 using calculato @

from the previous , we deduce that: .
Permutations are de-

"p = &where reN,neZ,r<n noted by the symbol
[n-r "p, in the calculator
Cb Example and we use the but-
tons -Shift To cal-
3 ) Find the value for reach of the following: culate the E:glue of
a Tp, b 4p . c 4p3 >p, by the calculator,
- press the following

() Solution .
; buttons consecutively:
8Py =765 x4 =840 (5 JCshife) )2 (=)

b 4p4=4><3><2><1=24 The answer = 20

C “*p,=4x3x2=24 What do you notice in the two phrases b and c?
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. Factorial of a Number - Permutations 2 - 2 —

ﬂ Try to solve
7 . Sy 4 6 P
\3> Calculate the value of the following: a)°p,+°py b) Y5

% Example o

{4 Find the number of the different ways, for 5 students to sit on 7 seats in one row.

» Solution
We have 7 seals. Among the 7 seals, 5 should be selected each time
. Number of ways =7p;=7x6x5x4x3=2520

Use the calculator: (7)) Garen (%) (opny) (5 (=)

E Try to solve
(4} How many words can be formed from five different letters?

% Example 840 | 7

120 | 6

@ If 'p, = 840, find the value of |r-4 20 |

> Solution 4 4
Start by dividing the number 840 by 7, then divide the quotient by 6, then |

divide the resulted quotient by 5 and so on till you reach number 1

. Number 840 =7 x 6 x5x4="Tp,

celp=Tp, fer=4 S lEd =0
E) 1ry to solve

OF; ’p,., = 504, find the value of [+t

: 1) Find the value of: "p., . | 7_. What do you notice?
P7 : |

54 Pure mathematics - Second form secondary - Scientific-section



\Unlt two: Permutations, Combinations y

e =~
E’?‘ Exercises (2 - 2) &ﬁ‘

4

Choose the correct answer:

{i} How many ways can a president and vice president be sclected from a 12 - member
commiltee?
a2 b 23 ¢ 66 dj 132

@1t °p, = 60, then r equals:
a4 b 3 c |2 d 5

{3} I np_1 = 120, then the value of n equals:
a 6 b5 cl4 d 3

(4} The number of ways to arrange the letters of the word factory equals:
a 4 b 9 c 10 d 24

<5> The number of ways to select a different two - digit number of the set of numbers {3, 4, 5, 6} equals:

a 4y b 30 c 12 d 4

@} A phone number is made up of 8 pim:es| 9 | c ] e [ e o | v |

¢ should be a number of 3, 4, 5, 8 while the rest of the digits are made up of any unconditional
digit. How many different telephone numbers are available?

a 49994949 b ' 4000000 ¢ 4999999 d 10000000

{?} How many ways can Hossam have a meal out ol three meals (Kofta - chicken - fish) and a
drink out of two drinks (Juice - solt drink)? Represent it using the tree diagram.

(B} How many ways can a two -digit number be formed from the numbers 1 , 2, 3, 4?

(9} How many ways can a different two -digit number be formed from the numbers 1, 2, 3,
47

ﬁﬂ} How many ways can a different two -digit even number be [ormed [rom the numbers
1,2, 3, 47

ﬁ‘D How many ways can a committee of a man and a woman be formed {rom 3 men and

4 woman?!
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N Factorial of a Number - Permutations 2 - 2 SRR

@ An Ice-cream shop oflers three sizes (small - medium - large) and live [lavors
(strawberry , mango, lemon , milk, chocolate )
How many ways are available to buy an ice -cream cone?

iﬁ} From the sct of the letters {a . b, c . d, e, f}, find
a Number of ways to select a letter.

b Number of ways to select two letters.

@% Find the value of the following:

a) |7 +15 b/3|2 -3 c SP_;XD.
d p,x’p, e ’p, +p, t 7pg + 7,
ﬁs} Find the value of n which satisfies the following:
" n-1
alln =24 b i 42
c| 15p =2730 d) i, +p, +p, =50

{6) Find the value of n if:
a Tp =210 bin|2n-1 =12

D e , = 14 x ™2 p. find the value of n.

@ Find the number of ways to select a president, vice president and a secretary out of a ten-
person commitlee.

@ How many ways can the physical education instructor choose three students (one alter
another) to participate in the teams of soccer , basketball and volleyball respectively from
eight students?

é@} Prove that:

nt+2 n.2

n - Pz
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Unit two

2-3

. We will learn

+ The concept of com-

binations and simple

applications on them.

v Pascal's triangle.

ﬂ Ke_-y -term

+ Combinations
+ Elements

+» Order

+ Committee

+ Subset

Matrials

+ Scientific calculator

» Computer

Combination can be
written in the form

of "C, =(-:-:}-)

Introduction

Two clubs of a four - club set { a
. b, ¢, d} are to be selected for a
soccer match, then the possible
permutations are:

(a, b), (a, c), (a, d), (b, a) , (b, ¢},
(b, d), (c, a), (¢, b), (¢, d), (d, a), (d, b), (d, ¢).

From the previous data, we notice that selecting (a, b) 1s different [rom

selecting (b, a) and so on...

Il we want to select from the previous disregarding the order, then all
the possible choices are: {a, b}, {a, ¢}, {a,d}, {b, ¢}, {b, d}, {c, d}. and
each choice of these choices is called" Combination"

Combinations

The number of combinations formed from r of objects
chosen from n elements at the same time is "C_where,
r<n,TeN,neZ+

Definition

In the previous introduction , we find that:

the number of combinations of two elements taken from four elements
15 denoted by the symbol 4C1 and 1s read as (4 ¢ 2) or by the symbol ( 2 ).
In the introduction above, we notice that the number of ways of choos fng
= 6 ways
i, = Py = 4m3 o "Py

=T axl . (R

(1) Find the value of each of the following
a C,

> Solution

b 'C, ( what do you notice)?

. :Cﬁz E - Tixx(:t: "‘::24:132 ‘1 b TC?‘: ?rzxxﬁl =
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N\ Combinations 2 -~ 3 gy

We notice that: 'C, ='C, (5+2=7)

n
Important corollaries: "¢ = Lo,

X |Lr|-r r n-r

ﬂ Try to solve

{]} Find the value of “C,: 'C 14 Without using the calculator.

N Acti ity
CTiv
\ﬁ} | Using the calculator

The buttons 37 (5] can be used from left to ri ght to write the symbol of cnmhinminns[nﬂr}

1) Use the calculator to find the value of 3C, +C,

> Solution
Press the following buttons consccutively

start — (5) @) (3) () () (@) &m) ) (2D (&)
The sum = 26

% Example

2 J10:%C,_PC,, 45
> Solution
2 AR
HCI s a!:":21'-4]'
gither: r=2r-471e.:1=47
it is greater than the value of n, so it is refused.
or: r+2r-47=28 L3 =175 S.r=25

ﬂ Try to solve
{2} If %C,=28C,, .. then find the value of r.

O

pisl e ) ot
5 85 r n}—C‘i=M=1
C,, 14

36 3 36
2 2G5 Cys XCoy
HCp ¥Cy *Cy

@ Exaiple

'::i;i.lf "Ce: "Cs= % , find the value of |n-2

> Solution
. - S . n-6+1_ 1 . n-5 _ 1 -
O S T ne7

E Try to solve
1

@ Calculate the value of rif : 'C,:’C, .| = =
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Addition rule

@HMIPM :™IC,; =720:1,"C, 5, +"C, 5 = 56, find the numerical value of n and r.

> Solution
mlp Lmle, =720 1
[r+1 =720 [r+1 =16 o =g
v M O e G 2o 0C; + G, = 56 “"IC3=5ﬁ
S0, =30, SR+l =8 BRE i

@ic, . Bc,, =9:5, "C,, +"C,, = 3432 findn,r

@) Exampt

@ How many ways can a four - person team be chosen from a 9 - person set?
©» Solution
So that the choice disregards the order, then each choice is called a combination.
Number of choices = C, = Py 126
£
El 1y to solve

@ 7 people have participated in a chess game so that a game is held between cach two players.
How many maltches are there?
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\I.Inlt two: Permutations, Combinations T

Example Counting principle
ﬁ How many ways can a committee of two men and a woman be selected out of 7 men and 5
women’?
> Solution
Number of ways o select 2 men out of 7 men = TC_’ =2]
Number of ways to select a women out of 5 women = 5CI =5
According to the counting principle, the number of ways to form the commitiee = 21 x5 = 105 ways

Critical thinking: How many ways can a committee of 4 men and 3 women be selected out of
6 men and 5 women ?

) Ty to solve
(ﬁ} How many ways can a live-member commitlee formed [rom 3 male students and 2 [emale
students be selected out of a class contains 10 male students and 8 female students?

Y "
&/ Activity | Pascal's triangle

Blaise pascal (1623 - 1662):

Blaise pascal is a french philosopher, mathematician and physicist. He
had stated the theory of probabilitics and designed a triangular array
of numbers called pascal's triangle in calculating the probabilities.
Furthermore, he had invented a calculator to perform the addition

and multiplication operations

Check the opposite number triangle , then answer the following questions:

1- What do you notice about how numbers are written in this triangle?

2- Is there a relation among the number
of elements of each row and the row
directly next to 1t?

3~ Is there a symmetry among the numbers
existed on the two sides of the tnangle?

After performing the activity, we can
notice that:
# First row: represents ( n = 1) of the

clements taken off fromr=0orr=1

T 7
So: 'C =1, 'C, =1
# Second row: represents (n = 2) ol the elements taken off fromr=0o0rr =1 orr =2 in each ime.

then: °C,=1,%C, =2,C, =1 and so on.
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N Combinations | 2 = 3

—

As we notice that:
# Each row starts with one because “Cu =1, and ends in one because nC“ =1
» Each number in any row except for the first row equals the sum of the two numbers located

above it in the row directly above it.
# In the thirdrow ., wefind: 1 . 1+2_2+1. 1
# In the fourthrow ,wefind: 1 , 1+3, 3+3, 3+ 1. 1 and so on.
# There is a symmetry about the number located at the middle of the row (if n is even)
7 There is a symmetry about the two numbers located al the middle of the row (if n is odd)

% . i . . i
» This coincides the previous relation "C_="C
-

Application on the activity:
Prove that: °C,+°C, +°C, +C, +C, +C,=2°

L4

- -~
E@ Exercises (2 - 3) %ﬁ

Choose the correct answer :
(1) The number of ways to choose 3 people out of live people equals. ...
a)15 b 10 c 20 d 35

(2} The number of ways to answer 4 questions only out of a 6 - question exam equals....
a 30 b 15 c 24 d 10

@} The number of ways to choose a red ball and a white ball out of 5 red balls and 3 white balls
equals.. .
als b R c 60 d 2
Ny e = . :
@) ]I"’“IL'!is :%C,=  3:1,Thenn:
a 7 b 9 c 17 d 19
Answer the following questions:
(5} Calculate the value of °C,, °C,, *C, and 1°C,
(6) If "C, = 120, find the valuc of "C,
@ 1r7+'c, =3 "C,, find the value of n.

(8} If "C3 == 30n. find the value of n.

1
3

<9> How many ways can a five-people committee take the majority of a decision?
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@ How many ways can a five - student activity committee formed from three male students
and two female students out of a class contains 10 male students and 8 female students?

@ Wrile in terms of permutations each of:

a i, b 1c, (e) 5¢, @ xc,,
@ Use the form "C, to write each of:
) 1 H
a P b _Ps ¢ Py d P
@ b © @
”C + 17(:
43 The value of: —°——3
ISCS
V. 4.2 58
ddprovethatt T =77
#e,+%c, 9
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~ Ceneral exercises

.,?;? General exercises \ﬁ%

Complete:

(1} The number of ways lo [orm a different two -digit number of the set of the numbers 1, 2, 3,
4 equal.. .

{2}“' you are asked to make a three-digit code doesnot include zero [or an iron treasury, then the

number of ways equals.
@I, +4C, +4C, +9C, +4C, =2 ,thenn=e
(@ Ifln =11 thenn=
Choose the correct answer:

<_5> A man has wanted to buy a car ol three models {a, b, ¢} and he wanted 1o select one of
colors:{white - red - silver - black}. How many ways can this man choose a car?

a 7 b 12 c 14 d 24

(&} How many ways can a different three- digit number be formed from the numbers 1, 3,6, 7

a 9 b 12 e 24 d pd

(?} ifX={x:xxeNand | < x< 5} and Y = {(a, b): a be X and a #b}. How many elements are
there in Y?
al7 b 10 c 20 d 25

® 12C, + 1*C, equals
a 715 b 710 c 716 d 720
(9) 1f "p = 336 , "C, =56 then n , 1 are
a (3,2) b (8.3) € (7,4) d/(7.3)
ﬁﬂ} How many ways are there to invite a friend or more for dinner if a person has 8 {riends?
a 250 b 200 € 255 d 256
aviIrec,, - "C,, . then =C, cquals.
a 24 b 25 c 1 d 49

ib Calculate the value of each:

a FCS b |6 c ‘_".’rpl
5 13
d)*Cyy g 14 t) %,
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General exercises -

3 What is the value of ("3 _if 201, =847
@4) What is the value of 2C,, if § p__, = 336?
’}1’5; If "mp, = 210 ,™™mC, =715, find the value of m and n.

qﬁ} How many ways can 7 students be selected from 10 students to take a historical trip?
65} It 3 students are selected from (n) number of students to attend a seminar so that the number
of ways of choosing is 10 ways, find the number ol students.
ﬁ@ How many ways can a committee of a man and two women be selected from 7 men and 5
women”?
@ Itis wanted to choose a teacher out of 4 teachers to train the Olympics students in mathematics
and another teacher to prepare the test, find the number of ways of choosing.
(j} The number of the premier league soccer teams is 12 teams. If each team plays two maitches
with each team of other teams , find the total number of the premier league matches .

)

RN

ﬁi} Find the solution set of the following equations:

M:;u b 12x|n =[n=2 ¢ Ln-4 =120
n+1
d) Ln-5 . =1 el "C,=84 §) PC =17C,. 4
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Unit preface

Isaac Newton (1642 - 1727) had invented calculus and Leibeniz (1646 - 1716) had competed him
independently. The result was that the differentiation or derivation had been originated (o be related o
the problem of finding the tangents of curves and to calculate the maximal and minimal values of the
(unctions of pure mathematics or functions modeling social and economical problems . For integration,
Newton had considered that it is a reverse operation of differentiation while Leibeniz considered it a limit
ol summations. The letter § to express integration from summation 15 related o him, then the letter 5
is changed into the letter known currently [ which is closer to 8. Calculus has been developed by many
scientists such as Berkeley, Lagrange , Laplace, Gauss and weierstrass and the process of inventing the

analytic geometry has helped to develop calculus.

Unit objectives

By the end of the unit and doing its activities , the student should be able to:

Identify the concept of the function of variation, b Dernvative of the composite function - chaim rle,
average rale of change and rate of change. ¥ Derivative of the function y = (f (x))"

Deduce the first denvative of the function, b Derivative of the rigonometric [unctions.

Identily the geometric interpretation of the [irst [lse the derivatives in geomelric applications such
derivative (slope of tangent) . as finding the equations of the tangent and the
Investigate the differentiability of the function {right normal of a curve at a point on ik

derivative- lefl derivative) * Identify the concept of integration - antiderivative.
Deduce the relation between differentiation and 7 Identily and deduce the following integration
continuity. rules:

Petermine some differentiation rules P Fxtdx= *1: +C wheren# -1

¥ Derivative of the constant function. p [af(dr=aff(x) dr wherea is a constant

»  Derivative of the function f: f{x) =1" P JFoEra)dy = fodesrde

¥ Derivative of the [unction f : fix)=x P [lac+brdy= ;.m]+ T byt Cwherenst - |
»  Derivative of the function f: f(x) = a x" b [sinaxdr="1cosax+C whereaisaconstant

b Denvative of the sim or the dillerence between 3

g b Jeosaxdr=Lsinax+ Cwhereais a constant
two funcuons, 2
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Key terms

2 Variation ¢ Differintiable Functions
¢ Average Rate of Change ¢ Product
¢ Rate of Change 2 Quotient
¢ First Derivative ¢ Chain Rule
¢ Left Derivative ¢ Trigonometric Functions
¢ Right Derivative ¢ Integration
¢ Differentiation ¢ Antiderivative
Materials Lessons of the unit

Scientific calculator - Computer - Lesson (3 - 1): Rate of change.
Graphical program . Lesson (3 - 2): Differentiation.
Lesson (3 - 3): Rules of differentiation.

Lesson (3 - 4): Derivatives of trigonometric
functions.

Lesson (3 - 5): Applications on the derivative.

Lesson (3 - 6): Integration.

Unit planning guide

Calculus
I
Defferentiation Integration
function of variation
average rate of change concept of rp—— rules of
. g integration antiderivative integration

rate of change

first derivative of geometric interprectation T .
the function of the first derivative slope oftangen

rigth derivative
Differentiability TR
eft derivative

The relation between
differentiation and continuity
Rules of differentiation

. equation of tangent
Geometric

applications equation of normal
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Unit three

3-1

. You will learn

» The concept of the func-

tion of variation.

» The concept of the aver-

age rate of change.

» The concept of the rate

of change.

ﬂ Key terms

» Function of Variation
» Average Rate of Change

» Rate of Change

- aterials

» Scientific calculator

Rate of Change /
A

) Think and discuss

If a table tennis ball and football fall down from the same height and at
the same times disregarding the effect of air resistance, which ball will

hit the ground first ? Explain.

Differentiation interests in learning the change occurring in a variable
as a result of the change of another variable. The change occurred in
the time of the ball motion (t, - t,) leads to a corresponding change in
its velocity (v, - v,), so the average rate of change of velocity can be

compared in regard to the time unit of the two balls by calculating the
VooV

tZ_tl

rate

4.5 ) Learn Function of Variation

If f: ]a, bl — R where y = f (x), then any change in the value of x
from x, to x, in the domain of f corresponde a change in the value of y
from f (x,) to f (x,), thus:

The amount of change in x = A x (read as Deltax ) = x, - x, ,

The amount of change iny = Ay = f(x,) - f (x,)

Let (x, , f (x,) be a point

A
y (x, +e,f(x; +h)

on the curve of the function
f, then each change in its x
coordinate from X, tox, =

x1+hWhefeX1+h€]a,b[ (X1/f(X1)) """""""

and h # 0. A corresponding < — :
y' a b

=y

change occurs in its y
coordinates and it can be
identified by the relation: V(h) = f (x, + h) - f (x,)

the function V is called the function of variation in f when x =x,

Notice: Both symbols A x or h represent the change in x
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(1) I f(x) =32 +x-2

and x varies from 2 to 2 + h , find the function of variation V, then calculate the change in f

when:
a h=03 b h=-01

©» Solution
Cf(x)=3x%>+x-2,xvaries from2to2 +h
Soxy =2, f(2)=3%x4+2-2=12,then:
FO+h) =3 2+h2+Q2+h)-2=12+12h+3h2+2+h-2
=3h?+13h+12
V) =f2+h)-f(2)
=(Bh?+13h+12)-12=3h*+13h

‘a whenh=03 b whenh=-0.1
V(03)=3(0.3)2+ 13 %03 V(-0.1)=3(-0.1)2+13(-0.1)
=417 =-127

ﬂ Try to solve
@ If f(x) =x% - x + 1, find the function of variation V when x = 3, then calculate:

a v(0.2) b V(-0.3)

4&“"‘1, Learn WAverage Rate of Change Function

By dividing the function of variation v by h where h # 0 , we get a new function a called the
average rate of change function in f when x = x, where :

Ah) = Vglh) _ fea-fey Ay fa)-fx)

h Ax X, - X,
Q Example

(2) If £: [0, o[— R where f (x) = x> + 1, find :

@ The average rate of change function in f when x = 2, then calculate A (0.3)
@ The average rate of change in f when x varies from 3 to 4

©» solution
@f(x1)=f(2)=(2)2+1=5 ) S +h)=f(2+h)
S fQR+h)=Q2+h)?+1=h*>+4h+5
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A(h) — f(x1+h) 'f(xl)

h
.'.A(h)=hz+4$=h+4 then A (0.3)=43
‘b when x varies from 3 to 4 then x,=3,x,=4
andf(3)=9+1=10, f(d)=16+1=17
Average rate of change = f(%) -f(x) - 17-10 _7
Xy - X, 4-3

ﬂ Try to solve
(2) If f (x) = x* + 3x - 1, find:
@ The average rate of change function when x = 2, then find a (0.2)

@ The average rate of change when x varies from 4.5 to 3

Q Example

@ The opposite figure shows the curve of r = f (t) where  7(

r is the total sales of a computer store approximated in @, 4.4)

millions L.E and t is the time in months. 6,3.6)

From the graph, find the average rate of change in the total

sales when the time varies from:

_ _ — — » t
a (=4 t0 t=8 (b/t=8 to t=10 2 4 6 8 10 12

- N W A~

©»> solution

@ From the graph: f(8) =4.4,f(4) =1

the average rate of change in f= ! (83 ]; @ = 4'44' L ~0.85 of million L.E / month

L.e. the average of the total sales increases 0.85 of million L.E monthly during this period.
@ From the graph : f(10) =2 and f (8) = 4.4
the average rate of change in f = ! (1;)3 J; ® =2 '24'4 =- 1.2 million L.E / month

Le. the average of the total sales decreases 1.2 million L.E monthly during this period.

ﬂ Try to solve

@ Use the graph in example (3) to find the average rate of change in the total sales when time
varies from :
a t=4tot=6 b t=6tot=10 clt=4t0t=12
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ﬂ=\l : Rate ﬂf Chﬂnge 3 - l XF

Critical thinking : Ay
The opposite figure shows the curve of the function f

where y = f (x). Determine the intervals in which the

= b W

average rate ol change in [ is constant. Explain & X

P — YT

Rate of Change Function
Iff:]a, bl »Rwherey=f(x)andx, . x, +he]a,bl, then:

the rate of change function in f when x, = lim S, + ';I} J() = lim A (h) in a condition the
h—o h—0
limit should be existed.

@) Exomplo

(4 Find the rate of change function in f when x = x, for each of the following , then find this
rate at the given values of x .
f()=3x2+2 when x=2

> Solution
 flo)= 3 +2 Cowhenx = X, then f{.rj} = 31: + 2,

f,+h)?=3(x, +h?+2=3x"+6x h+3h*+2
I

The rate of change function in f= lim MLE -fix)

h—n
= lim Oxh+3h7 - jim (6x +3h) =6,
h—un h h—un
Whenx=2 <o x; =2 and the rate of changein f =6 x2=12

Life applicatic

% Example

@ A piece ol stone has [allen in calm water, a circular wave has been formed and expanded
regularly so that the wave has kept its circular Shope. Find the rate of change in its surface
22

arca with respect to its radius length when the radius length is 3.5 (7T = =)

70 Pure mathematics - Second form secondary - Scientific-section



Rate of Change 3 5 1 //E

> Solution
Modelling the problem:
Let the radius length of the wave = x ¢cm
. Area of the circle a = T x* cm?
Then a=f(x) =7 x*

When x varies from X ox, + h

Then rate of change function in a= lim Fon + T fx)

=27 x

h—u0
T v 2
. T (x; +h) .?le
h-.o h
: e ST
= i (x, +hy -x
b —D

When x = X = 35

ﬂ Try to solve

.. the rate ol change ina=2 x % x35=22

(4} A squared lamina expands regularly keeping its shape. Calculate the average rate of change in

its surface area when its side length varies from 3cm to 3 4cm, then calculate the rate of change

in its surface area when its side length = 5 cm.

@ Example

E In a chemical reaction whose a linal product 1s substance a, i's found that the product
aller t second is given by the relation y = t* mg. Find the instantancous rate (o produce the
substance a when | = 2 seconds .

{» Solution

Lety=f( =1, then:

The instantancous rate to produce substance a is the same rate of change in f.

When t =1, , then the rate of change functioninf = lim
h—ao

whent = L= 2 seconds

f(t+h)-f(v)
h

t+h}-28 _,p
h

lim
h—o

.*. the instantancous rate o produce substance a = 3(2)* = 12 mg /sec

B Try to solve

(5) The size of a bacterial culture at any time t (measured in minute) is given by the relation

f(t) =2t + 100 mg, find the rate of the instantancous growth of the function fwhen t =5

Student book - second term
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e
& Exercises 3 -1 %

Choose the correct answer :
@ If the average rate of change in /= 2.4 when x varies from 3 to 3.2, then the change in fequals

al0.32 b 048 c 36 d 72
@ Il the average rate of change in f =5 when x varies [rom 2 to 4 and f(2) =6, then f(4) equals
al -4 b 7 c 8 d 16

@ The average rate of change in the cube volume when its edge length varies from 5em to 7em
equals ..o

al125 b 343 ¢l 218 d 109

@ The opposite figure shows the curve of the function f where LY
y = f(x). In which of the following intervals the average rate of
change in f is the greatest?

a la,b] b/[b,c]
€llc,d] ld)[a,e]

Answer each of the following: oabcde

® If f(x) = x> + 2 x - 1, find the variation in f when
a  xyvaries from 2 o 2.1 b xy=-2andh=1

@ Find the average rate of change function in f'when x = x|, then deduce the rate of change of

Jfat the shown values of x, in the following :

=23, x=2

@ Areas: A squared lamina shrinks by cooling and maintaining its square shape. Calculate the
rale of change in the surface of lamina with respect to its side length when the side length is
Scm.

@ Volumes: A metal sphere expands by heating and maintaining its spherical shape. Find the
rate of change in the sphere volume with respect to its radius length when the radius length
is 7 cm.
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Rate of Change 3 = 1

Vi

—

Geometry:

<9>, A sphere shaped soap bubble expands regularly to maintain its spherical shape. Calculate the
average rale of change in its spherical surface area when its radius length varies from 05
em to 0.6ecm, known that the surface area of the sphere equals 4 77r> where r is the sphere

radius length .

@ A triangular lamina whose base length equals twice its corresponding height. it expands by
heating maintaining its shape . Find the average rate of change in its area il its height varies

from 8 cm to 8.4 cm.
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Unit three

Differentiation
-z +h , f(x,+h
. /‘)Think and discuss yp— R, T )
. You will learn
» The first derivative of 1) The opposite figure (1) shows
the function. )
» The left derivative of the the curve of f: Ja, b[— R (x; ,
function . where y =f(x), CD intersects
» The right derivative of
the function. it at the two points C (x,,
» The differentiability at
a point. ! f@),D (x; +h,f(x, +h). &
» The relation between ) — fig. (1)
differentiation and Find the slope of the secant CD. &
continuity
2 ) let x varies from x, to x, + h, compare the average rate of change
function in f', and the slope of the secant CD. is the next relation
true?
ﬂ The slope of the secant CD =tan U = fon+-fox) _ A (h)
Key terms h
» First Derivative 3)If C (x,, f (x))) is a constant point on the curve of the function f
> Left Derivative and point D moves on the
» Right Derivative Y

curve so that it gets near to

point C to let CD take the

» Differentiation

» Differintiable Function
position CN and become a

;
tangent to the curve at C.
* p!
. X X, +e
Find the slope of the tangent to L !
fig. (2)
- the curve of fat C 8
- aterials
» Scientific calculator Notice :

» Graphical programs

The slope of the tangent at C = tan 6 = lim 0+ }L) () | if found
h-o

i.e.:

the slope of the tangent to the curve of the function f where

y =f(x) at point (x,, f (x,)) equals the rate of change in f when

)C=X1
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@ Find the slope of the tangent to the curve of the function f where f (x) = 3x* - 5 at point A

(2, 7), then find the measure of the positive angle which the tangent makes with the positive

direction of x-axis at point A to the nearest minute .

©» solution
f(Q)=32)72-5=7 .. point A (2, 7) belongs to the curve of f
The slope of the tangent at (x = 2) = the rate of change in f when (x = 2)

= lim fQ+h-f@)

h-0 h
.'. The slope of the tangent = lim 32+M)?-5-7 _ iy _12h+3h7
h-0 h h-0 h
= lim (12+3h)=12
h-0
Then tan 6= 12 s 0 =tan " 1(12) ~ 85°14'

ﬂ Try to solve
@ Find the slope of the tangent to the curve of the function f where f (x) = x> - 4 at point
A (1, - 3), then find the measure of the positive angle which the tangent makes with the

positive direction of x-axis at point A to the nearest minute.

435]" Learn W The Derivative Function

For each value of the variable x in the domain of f is corresponded by a unique value to the rate

of change in f , thus , the rate of change is a function in the variable x and called the "derivative

function" or the first derivative of the function or first differential coefficient.

Iff:1a,b[—Rand x €] a, b[, then the derivative function "' :

O
®
=
5
=
o
S

f'x)= lim M in a condition that this limit is existed.
h-0

Symbols of the derivative function

If y = f (x), then the first derivative of the function f is denoted by
y or f' and read as " derivative of y " or derivative of f "

dy

i read as " dy by dx " or " derivative of y with respect to x"
X

Notice that the slope of the tangent to the curve of y = f (x) at point (x,, f (x,)) is f'(x,)
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o V]

‘!b!kﬂﬂye

@ Find the derivative function of the function f where f (x) = x> - x + 1 using the definition of

the derivative, then find the slope of the tangent at the point ( - 2, 7)

©» Solution
Cf)=xt-x+1
Sf(x+h)=@+h)?-(x+h)+1 =x>+2xh+h*>-x-h+1,
fx+h)-f(x)=Qx+h-1h

fv(x) - lim f(x +h) —f(x) fl(x) - lim 2x+h-1h
h-0 h h-0 h
f= lm Qr+h-1) f)=2x-1
- =(-2%-(-2)+1=7 .*. point ( - 2, 7) lies on the curve of f

the slope of the tangent at point (-2 ,7)=f"'(-2) =2(-2)-1=-5

ﬂ Try to solve
@ If f (x) = 3 x> + 4x + 7, find the derivative of the function f using the definition of the
derivative, then find the slope of the tangent at the point ( - 1 , 6)

‘r’u;n‘j Learn 1 Differentiability of a function at a Point

It is said that the function fis differentiable when x = a (where a belongs to the domain of the

function ) if and only if £'(a) is existed where f'(a)= lim f@+h) -f(a)
h-0 h

If a derivative is found for the function f at each point belongs to the interval | ¢ , d [, we say

that the function is differentiable in this interval.
In example (2) : we find that for each x € R there is a derivative to the function f where

f'(x) =2x - 1 so the polynomial function is differentiable on R

"blﬁgfﬂﬂe

@ Prove that f (x) = X~ 11 is differentiable when x = 2

X+
©» Solution
*." domain of f=R-{-1} .. f is defined when x =2, f (2) =%
2+h-1 |
f'2)= lim fC+W-f@) = lim _2+h+1 3
h-0 h h-0 h

— lim 3+3h-3-h_ 4ip 2h  _2.p
ho0 3bh(3+h) L0 3h@+h)

.". fis differentiable when x =2
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N\ Differentiation 3 & 2

—

ﬂ Try to solve
@ Prove that f (x) = x - x + 1 is differentiable when x = 1

Right and Left Derivatives

If the function f is defined when x = a (where a belongs to the domain of the function), and the
function rule on the right of a differs from its rule on the left of a , we discuss the differentiability
when x = a by finding the right derivative of the function which is denoted by the symbol f'(a*)
and the left derivative denoted by f'(a ) where :

The right derivative f'(a*) = hhm" fla+ }L) /@ , left derivative f'(a”) = hlim fla+ }L) -f (@)
-0 -0
The function is differentiable at a if and only if f' (a*) =f'(a ), and the derivative of the function

is denoted by the symbol f'(a )

@ Example
x> whenx<2.

4 ) Show that the function f where f (x) = is not- differentiable when x = 2

x+2 whenx <2
(» Solution

" Domain of f =R
.. The function is defined when x=2 and f(2)=(2)*=4

F@ = tim J@ED-SO foy = tim JCHDSO

—0 h -0 h
2 B}
_ lim #*+07-4 _ fim Gtht2-4
haO h haO h
2
_ fim Ah+h L
h-o h h—)O h
S fQ2)=4 2T =1
TR ES(2) .. f1(2) 1s not existed. Le. the function is not-differentiable when
x=2
ﬂ Try to solve w2-5 when x<?2
@ Discuss the differentiability of the function f whenx =2 where f(x) =
4x-9 when x >2

Critical thinking :
» Discuss the continuity of the two functions in Example (4) and try to solve (4) and deduce the
relation between the differentiability of the function at a point in its domain and its continuity

at the same point.

» Is the function f where f (x) = Ix - 2 differentiable when x =2 ?
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Differentiation and Continuity

=
.9
E » Ifthe function f where y =f(x) is differentiable when x = a, then it is continuous
a at this point.
The opposite figure shows that: y'

1 - The continuity of a function at a point does not necessarily mean
it is differentiable at the same point as in the two functions r
and g.

2 - If the function is discontinuous when x = a, then the function is

not-differentiable when x = a as in the function f .

Important note:  when discussing the differentiability of

a function at a point in its domain, it is

X
favourable to discuss its continuity at this point first. If it
is continuous, we discuss the differentiation and if it is

discontinuous, then the function is not-differentiable

Q Exam_ple

@ Discuss the differentiability of the function fat x = 3 where f (x) = [

2x-1  whenx <3

7-x when x = 3

©» Solution
= - = 7-
Discuss the continuity at x = 3 ‘ fo)=2x1 @ J)=Tx -
(1) f3)=7-3=4 - 3 ®
(2) f@7)= lm Q2x-1)=5, fGB*)= lim (7-x)=4
x-3 x-3
CfBH)#E BT . lim £ (x) is not existed and f is discontinuous at x = 3
x-3
*.* f is discontinuous at x = 3 .".f is not-differentiable at x = 3
ﬂ Try to solve

x*+2 when x>1

@ Discuss the differentiability of the function fwhere f(x) = x=1
2x+1 when x <1

x*+a  when x<?2

@ Iffix)= { is differentiable at x =2 then a + b equals:
ax+b when x> 2

a4 b -4 c -8 d g
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- Differentiation 3 5 2

—

™ =~
%? Exercises (3 - 2) %ﬁ

Answer the following:

fl) Using the definition of derivative, find the derivative of the function f where f(x) =x*-5

when x = 3 and show the geometric meaning of the derivative of the [unction when x = 3.

(2} Using the definition of derivative, find the derivative of the function f where f (x) =1 - 5x
- 3x% at point (- 1, 3), then find the measure of the positive angle which this tangent makes

with the positive direction of x-axis o the nearest minute.

@Find the derivative function for each ol the following functions using the definition:

a f(x)=+v3xr+l b f{.r):Lr

P R . ) o ) 4-x> when x<1
4, Discuss the differentiability of the function fwhere f(x) = x=1
2x+1 when x>1

@ Find the value of the constant a if the function f is differentiable at x = 2 where

2r+3 when <2
flx)=

ax+8x-1 when x=2

PN i e . ax*+1  when x>2 , :
6, It the function f where [ (x) = 1s continuous at x = 2, find the
4x-3 when x<2

value of the constant a , then discuss the differentiability of the function when x =2

:}) If f (x) = ax* + b where a and b are two constants, find :
a8  The first derivative of the function f at any point ( x, y).
b ' The two values of a and b if the slope of the tangent to the curve of the function at point

(2, -3) lying on it equals 12.

(B) Compare the right derivative and the left derivative for each of the following functions and

prove that each of them is not-differentiable at point x = 1.

a b c d

f A F 3 F 3
4 4 4 2
3 31 / 31 1

b o 1 12 3
1 11 11
> e : -2
Y | 1 2 3 2 -1 1 2 3 1 1 2 3
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Unit three

3-3

Rules of Differentiation

. You will learn

» Derivative of the con-
stant function.

» Derivative of f(x) =x "

» Derivative of f(x) =x

» Derivative of f(x) =ax"

» Derivative of the sum
and difference of two
functions.

» Derivative of the prod-
uct of two functions.

» Derivative of the quo-
tient of two functions.

» Derivative of the com-
posite function (chain
rule) .

» Derivative of y = (f (x))".

ﬁ Key terms

» First Derivative
» Product
» Quotient

» Chain Rule

- aterials

» Scientific calculator

» Graphical programs.

80

Explore
1 - Find by using the definition of the first derivative of the function

the derivative for each of :
f)=x f)=x

2 - Can you discover the derivative of f (x) = x’ without using the
definition?

3 - Can you deduce a rule for the derivative of the function f where

fx)=x"?

6: ) Learn

Derivative of a Function

1 - Derivative of the constant function

o
<

Ify=c where: c e R then: 1 =0
X
Notice :
y=fx)=c, fx+h)=c
-4y = lim SO+ -f)
dx h-0 h
. dy =f'(x)= lim _¢-C¢ =zero(h#0)
dx h-0  h
2 - Derivative of the funciton f (x) = x"
Ify=x" where: ne R then: gy =nx"!
X
Ify=x then: 4Y =1
dx
Ify=ax™ where: a,neR then: <(ily =anx"!
X
@ Example
1) Find “4Y_ in each of the following:
X
a y:-3 b y:x4 c y:Sx
d y:x_?; e y=v P
C» Solution
a ‘'y=-3 .4y —o b cy=x4 RO
dx dx
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ﬂ Try to solve

(1) Find -4Y_ in each of the following:

dx

a y=-/2 @y=%7lx3 @y=;—54 dy=¥V5

Derivative of the sum or difference between two functions

If z and g are two differentiable functions with respect to the variable x , then z £ g is also

differentiable with respect to x and d (zxg)= dz 4 dg , and in general :
dx dx dx
Iff,,f, ..., f are differentiable functions with respect to the variable x then:
ddx L, xf,x. £f)x) = f{'@WEf,OEf 0L 2 K%
0 Example
@ Find <(11y in each of the following:
X
a y=2x0+x"9 b _dx -2x
g TR
©» Solution
@'.'y =2x6+x‘9 @';y:@
Vx A
gy =12x5-9x°10 =1-24/x =1-24
X
1 1
dy —g-oxlyt-22 2
dx 2
ﬂ Try to solve
(2) Find 4Y_if:
dx
a y=33-2x5+6x+1 biy= 5 iy x +/3 x-4
X

The derivative of the product of two functions:

if z and g are two differentiable functions with respect to the variable x, then the function (z . g)

is also differentiable with respect to the variable x and T?x (z.g)=z j% +g. ili;
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Q Example

(3) Find 4Y_ify = (x2+ 1) (23 + 3), then find 9Y_ when x = - 1
dx dx

©»> solution
y=2 4 1) (B +3) gi S 2+ 1) %32+ (P +3)x2x
=3x% +3x2 + 2x* + 6x
=5x* +3x2 + 6x
whenx=- 1 gz =5(-D*+3(-1)2+6(-1)=2
ﬂTrytosoIve

3) Find%ify=(4x2—1)(7x3+x),thenfind%whenx =1
X X

Derivative of the quotient of two functions:

If z and g are two differentiable functions with respect to the variable x and g (x) #0,

then the function ( i)is also differentiable with respect to the variable x

d_4d (%=
and —— (g)

gz-z2g

Z
ie ()=
g g’

2 +1
©» Solution
y= -l Lo dy _ (P4 Dx2x-(2-1)x 32
¥ +1 dx 3+ 1)
dy _ 2x4+2x-3x4 4342
dx (X3 +1)?
-x+ 37+ 2x
O3 +1)?
ﬂTrytosoIve
+2x2-1

3
() Find 4Y_ify= =
dx x+5
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S Rules of Differentiation 3 g 3

—

the composite function (Chain rule)
‘.&?‘ Work together

Work with a classmate
Ify=(3x2- 1)*, find 4
dx

Do you need long mathematical operations? Have you faced difficulties to find the derivative

function?

You have previously learned the composition of the function and known that :
(fer) () =f[r (0]
If f and r are two functions where y = f(z) and z = r(x), theny = f[r (x) ]

and we say that y is the composite function of x

If y = f(z) is differentiable with respect to the variable z , and z = r(x) is differentiable
with respect to the variable x, then y = f (r(x)) is differentiable with respect to the

variable x and: 4¥ = _dy dz
dx dz dx

This theorem is known as the chain rule

Ca) Example

5)Ify =(2-3x+1)°, find LY
dx

(» Solution

letz=x>-3x+1 Sy=2

it is clear that y is differentiable with respect to z (polynomial at z) ~ and dy — 544

and also z is differentiable with respect to x (polynomial at x) and

By applying the chain rule .-. dy - dy dz =524x (2x-3)
dx dz dx

By substituting z
9y o502 3x+ 1) x(2x-3)
dx
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ﬂ Try to solve

@ Find % using the chain rule in work together and check your previous work.

x
Q Example

@Ify=%/7,z=x2-3x+2, find _4Y

X
©» Solution
1 d 1 2
*y=173 y ==7"3
y dz 3
z=x2-3x 42 dz _5x-3
dx
cdy _dy 47 1,3 00,.3 w4y Sloy 3 @-3x42) 3
O~ dr o Tty =3 (2x- -+ D)

ﬂTryto solve
(6)Ify=322-1,2=2, find 94Y_
x dx

Derivative of the function [f (x)]"

If z = [f (x)]" where f is differentiable with respect to x and n is a real number ,

L dz
T dx

=n[f ()" "< f'(x)

(7) Find -4Y_if
dx

Ay = (63 +3x+ 1)1 bly= (XL

x+1

©» Solution

aly=(683+3x+ )0

dy — 1063 +3x+1°x 4 (63 +3x+1)
dx dx

=10 (18 x2 +3) (623 + 3x + 1)°
=30 (6x2+ 1) (6x3+3x+1)°

_(x-15s . dy =5 x-1 wu_ (x+Dx1-x-1)x1
@y (x+1) " odx (x+1)X (x+1)2
=5 x-1 4Xx+1—x+1
(X+1) (x + 1)?
o 10 x-l oy 10e-n?
(c+ 1)? x+ 1 G+ 1)°
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S Rules of Differentiation 3 g 3

—

ﬂ Try to solve

8)Iff(x) = % x% - 2x% + 5x - 4, find the values of x which make f'(x) =2

(» Solution
f'(x):%X3x2-2>< 2x+5x%1
=x’-4x+5
When f'(x)=2 Sox-dx+5=2 andx’>-4x+3=0
C(x-1D(x-3)=0 ..x=1 or x=3
ﬂTrytosolve

Find the values of x which make f'(x) = 7 in each of the following:
a f(x)=x>-5x+2 b f(x)=(x-5)

ﬁ\ Exercises 3 -3 #\

\1%) \1%>
Complete:
d 1 y_ d _
®H(?)‘ ................................................................... @H(Sﬂ)— .............................................................................
d N _ d 1\ _
@d_x(xz)_ _____________________________________________________________________________ @d_x(ﬁ)_ ________________________________________________________________________
G) - (52 43x+2)= o 4 (7 ¥ x—55+7[)= ........................................
X

Find the first derivative for each of the following functions with respect to x.

@y:2x6+34/7 y=4X2-3X+2x/7
X
2.
@y:x(3x2-ﬁ) yzu
Vx

ADy=(-D(x+ D2+ D+ S+ 1) 0+ 1)

Find the first derivative for each of the following functions

A2 y=(2+3) (3-3x+1) A3 y=(2-Vx ) (2 +24x)
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T N O A NN

@Dy=(22-3x+4)(2-+Vx +-2) B y=-2%52
X 50+1
N X+2x+5 P gom
16 y= 7)y=
e 2-5x+1 oy x+5
ﬁ@ Find %}’_ when x = 2 for each of the following:
X
aly=(x'+x-9)y
bly={ @ +4x+3) Dy=2 , z2=32-2
d)y=22 , z=8x-1l y=L1 z=Xt!
£+ 1 x-1

{1;‘!}'} Ify=a ¥ +bx’and % =8 when x = |, and the average rate of change of y when x varies

X
from - 1 to 2 equals 7, find the values of the two constant a and b.

@} Find the value of i]-"'_ at the point shown in cach of the following:
: d 1

a y:(%.}"’ when x =0 h'y:[f+1]5(x2ux+])‘*' when x = 1

AAF Activity }

é‘ij Volumes if the oil is poured at a rate of 10 em*/sec in a cylindric barrel whose radius length
of its base 1s 90 ¢m. find the rate of rising the oil in the barrel.
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Eunctions;

%% Explore }

In our learning here, the measures

of the angles are in radian

measurement. y=sin x

the opposite figure shows the curve
of the sine function y = sin x and

= -«
when it is translated to the left of a y= cos x

magnitude of 72Z , the curve of the cosine function y = cos x is drawn
also : cos x = sin ( % +x) =sin (lz - X), 50, it is enough to find the
derivative of sin x using the definition and deducing the rest of the other

trigonometric derivatives.

Derivatives of Trigonometric Function

‘I.',u:'ﬂ’ Learn ] The derivative of sine function

If f(x)=sinx then f'(x)=cos x
o f(x)=sinx, f(x+h)=sin (x + h)

c = lim SO -f @ lim sinGoth)-sing

h- 0 h h- 0 h

_ lim sSinxcosh+cosxsinh -sinx

h- 0 h

= lim | cosxsinh , sinx(cosh-1) 1
h- 0 h

—cosx lim _sinh .o, lim cosh-1

=cosx x1+sinxx0=cosx

ie: [L (sin x) = cosa
dx

* (The proof is not required from students)

Student book - second term

3-4

You will learn .

» Derivative of the trigo-
nometric functions
f(x) =sinx
f(x) =cosx
f(x) =tanx
f(x) = cat x
f(x) = csc x

f(x) = sec x

Key terms h

» Derivative

» Trigonometric Function

aterials -

» Scientific calculator

» Graphic programs
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In general Il 7 is a differentiable function with respect to the variable x, then :

4 [sinz]=cosz. 4.2 | chain rule]
dx dx

% Example

@ Find ._g.y_ for each of the following :
X

a y=5sin x b y=x sinx € y=2sin(3x+4)
> Solution
o - . dy d :
Al y=5sinx s =5x (sinx)=5cosx
dx dx
by =xsinx bl = g (sin x ) + sin x = d (%)
dx dx dx

=vicosx+3 7 sinx

€y =2sin(3x+4)
putting z = 3x + 4 then: y=2sinz

,dz 3 4Y — 2 ¢os z and by applying the chain rule ( 4Y_ = d¥ dz
dx T odz by applying (dx dz d.r]

%Lzzc051x3=2cns(3x+4]x3=ﬁms(3x+4)
X

We can find .—g.}’.- directly using the generalization above as follows:
X

%L =2xcos(3x+4)x3=6cos(3x+4)
x

ﬂ Try to solve

(1) Find %.l’_ for cach of the following :

a y=x>+sinx b y:sin.%. -Tsinx ‘€ ly=5sin(3-2x)

3 Learn )

2- Derivative of the cosine function

If y=cosx then %L=-sinx
x

3- Derivative of the tangent function

Ify=tan x then %L= sec? x
X
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W Derivatives of Trigonometric Functions 3 g 4

—

Notice :

sin x
d_(

X Cos X

d _od e T d _
(1)W(COS x) = - [ sin (7 ¥)] (2) W(tanx)

COS X X €08 X - (-sin X) X sin X
2

— T —
=cos (£~ -x)x-1 =
os ( X)

COS “ X
- _cos?x+sin’x _ 1 5
=-sinx = = = sec® x
cos 2 x cos?x
Ca) Example
2 ) Find the first derivative for each of the following :
a y = 2cosx - tan 5x b y = tan(1-x? € y=cos? (4x*-7)
(> Solution
a 'y = 2cosx-tan Sx
gy =2(-sinx)-sec25xx5 =-2sinx-5sec?5x
X
b -+ y =tan(l-x2) 3Y = sec? (1- x2) x 2x = -2x sec(1- x?)
X
€ . y=cos (4x*-7) lety =cos’z where z=4x>-7
dY —3cos2zx-sinz=-3sinzcos?z, dz _gy
dz dx
d
dy - dy o "% _ 24x sinz cos
dx dz dx
3 % = - 24 x sin (4x2 - 7) cos? (4x2 -7)
X
BTry to solve
@ find ‘(11_3' for each of the following :
X
a y = 2tan3x b y = 2cos(4-3x?) C y = 2sinxcosx
dy=2xtanx e y=tan’3x f y = tan4x’
Cb Example
x
3)Ify= s prove that ( 1- sin x )-4Y_ = 1, then find -4¥_ when x= Z
1-sinx dx dx 6
(> Solution
y= cos X .ody _ (1-sinx) (-sin x) - cos x ( - cos x)
1 -sinx T odx (1 - sin x)?
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d - 8in X + sin® X+ cost x 1-sinx

U )"
dy !

= . ie:(1-sinx)dY =
dx 1-sinx dx

whenx=7 | then (1-sin ) d¥ -
6 6 dx

sinfy+cosix=1

-l ..EL:"..: '...{.l..x_z
{lz}d_x ! T dx :

ﬂ Try to solve

(3) If y = 2x sin X cos X prove that: —4Y = sin2x+2xcos2x
NS dx

4 - Derivative of cotangent function
Ify=cotxwherexeR ,x#nf ,nez

d
then: — (cot x ) = - csc?
en dx(mx] CSCe X

5 - Derivative of the secant function
Ify=sec x where: xeR,x#Z0*D7 ez
then: 2
%{ secx )=secxtan X (check)

6 - Derivative of cosecant function:
Ify=cscxwhere XE€ER.Xx#nfT.neZ

Then : % {cscX)=-cscXCot X check

0 Example

(4) Find 3_3' for each of the following;
. X

a y=3x5+4cotx b y=3sccx-5tanx
c y=x*csex 'H'F=:'ﬂ
+colx
©» Solution
a :jl_:'" = 3x5x*+4(-cse?x) = 15x* -4 ese?x
X
b % = 3(secxlan x) -5 sec’x = secx [3 tan X - 5 sec X|
c %}l =3x%cesex + xP(-esexcotx) = xPesex[3-xcotx|
X
a dy  _ (1+cotx) (esex) - (1 - colx) (- ese?x)
- dx (1 + cot x)*
_ese?x[l+cotx+1-cotx] _ 2ese?x
(1 + cot x)2 (1 + cot x)*
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Derivatives of Trigonometric Functions 3 -4

—

ﬂ Try to solve

@ Find iy, if y equals:

X

a 2sinx - 3cotx

C sec x tan x

e S€C X

1 + secx

cos X + 4 sec x

d csc x cot x

#\
\1s7
Choose the correct answer:
(1) If y=sin(2x+5), theny'=
a 2cos2x b)-2cos2x
(2:} Ify=3x-cos2x, theny'=
a 3-sin2x b 3+sin2x

@ Ify=3cos(2-4dx),then y'=

a/4sin(2-4x) 'bJ)12sin(2-4x)

()16 £ (x) = tan ( Sx - 77), then f* ( ..5";.'_)
ald b/5/2

Complete :

(5) % (cosx-sinx) =

Find % in each of the following:
Ly

4_'2‘1} y=sin(4x +7)

-

y=cos (5x + 3)
y = lan (- 5x* + 19)

T Y
= & & ®

6 y=x sin (3x - 2)

N

y = x* sin ( 2¢* + 5)

y= sec?x - 1

®

1 - cscx
1 + cscx
b
Exercises 3-4 g Y
c cos(2x+5 d 2cos(2x+5)
€ 3+2sin2x d 3-2sin2x

C -6sin(2-4x) d -12sin(2-4x)

7]
=
=5

1043

F»|r:;.

T

® ©®
|n.

(COsZX +SiNX)= o

£

f‘i‘j} y =sin (x* + 3)
43) y =3 tan 2x + 3)
LAY — lan.x
wYE T

i — x

17) y=

e COs X

LA y=_ sinx

@ 1 +cosx
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Unit three: Calculus

g
y=lany x

5
N/

y =sin (Lﬂ}
2

Wy
PRI
ey

y=x-2secx cse (2 - 3x)

o

™,

o/
e
1]

y=cos2x-5col3x

(E‘; #ray £y (ﬁ) J

y =cot (7T - _L)
X

®

8 y=tan3x-csc2x

®

Find the slope of the tangent for each of the following curves:

(30> y=5-sinx whenx:% @]}y:sinx+sin2x \Uh&n_n;:%
@ }’ = X COs 2 X when X= %f_. @ y" =X+ sinx when r= jzg:w

’\51} Find the slope of the tangent to the curve of the function { where y = [(x) for cach of the
following:

i
a y=2colx+42 secx alx =
b y=3tanx-csc®x atx::;Tﬂ
@ Prove that the tangent (o the curve of y = cos x when x = % makes with the positive

2

direction of x-axis a positive angle ol measurement 3:?- :

Fea™
o

Ify=3sin°x- cos? x, Prove that :—F =2sn2x
X

Foa,
v

If y=(sinx+cosx)*, Prove that :—T =2 ¢cos2 x
x

sin .x

Ify=

Fea™
B/

., Prove that ( 1 + cos x) by 1
l +cosx dx

®

Il'y = sec 4 x, lind the rate of change of y with respect to x when x = %
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Geomelric applications on the derivative of the function require finding

the equation of the straight line in terms of its slope and a point lies on

it. Remember the relation between the two slopes of the two parallel

straight lines and the two perpendicular straight lines.

Slope of the Tangent and the Normal to a Curve

In this unit, you knew that:

# The first derivative of the function f where y = f(x) means the slope
of the tangent to the curve of this function at any point (x, y) lying

on iL.

i.e.: The slope of the tangent
to the curve of y =f(x) at

point a (x,, y,) lying on
Lo 4y
h= [dx]{-fl-}'lJ'

then

taﬂﬂ_l dx ]{-Tlr_‘r']}

where 8 is the measurement of the positive angle which the tangent
makes with the positive direction of x-axis .

Notice :

# If mand m, are the two slopes of two known straight lines £,and

¢, then:
# ¢, 1/ ¢, if and only if m = m, (parallel condition)

# ¢, Lt,ifandonly if m  m,=-1 (perpendicular condition)

So:
slope of the normal on the curve of y = f(x) at point (x5 ¥y)
. . 1
Iying on it = -
ying [.Ef_]
dx 'Oy

Student book - second term
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You will learn

» The slope of the tangent
to the curve of the func-

tion.

v Slope of the normal

Key terms

+ Slope of the tangent
v Slope of the normal
¢ Displacement
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b Acceleration

aterials

v Scientific calculator
+ Graphic program

Slope of the straight
line
ax+by+c=0

equals %
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Q Example

@ Find the points which lie on the curve of y = x” - 4x + 3 at which the tangent makes a positive
angle of measure 135 with the positive direction of x axis .

> Solution
y=x'-4x+3 5. 0¥ 3.2 4

dx
.. the tangent makes an angle of measure 135" with the positive direction of x-axis

.. the slope of the tangent = tan 135 =-1

:-%L=312'4='I I.- 3.1'2:3 t.t ,I:il
X

whenx=-1 y:{-1)3-4(-1)+3=5
. whenx=1 Soy=1-4+43=0

. the points are ( -1 ,6) . (1,0)

ﬂ Try to solve

@ Find the points which lie on the curve of y =% - 2x + 3 at which the tangent to the curve is :
‘a Parallel to x-axis b Perpendicular to the straight linex -4y +1=0

g Example

@ Find the slope of the normal on the curve of y = tan (7T - % X)atpoint (T.4/3 )

> Solution

" 2 oy - 2 -2
y =tn(T-31) Soge=eg se(@- 50
the slope of the tangent to the curve at point ( .43 }=-% sec” [;’I-%{L}
=-% sec? L ==yy4=2
: 3

the slope of the normal at point (77, V'3 ) = %
L) try to soive
(2) Find the measure of the positive angle which the normal on the curve of y = v 22 47

makes with the positive direction of x-axis at point (-3, 5) to the nearest minute .

Creative thinking :

Find the value of a which makes the straight line y = 4x + a is a tangent to the curve of y =x* + 5
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S Applications on Derivatives 3 o 5

—

4: ) Learn

The equations of the Tangent and Normal to a Curve

If (x;, y,) is a point lying on the curve of the function f where y = f(x) ,and m is the slope of the
tangent at this point, then:

1 - The equation of the tangent to the curve at point (xpp Yy is:

y-y,=m(x-x)

2 - The equation of the normal to the curve at point (X ¥y is

-1
Y-y =— (x-x))

@ Example

3 ) Find the two equations of the tangent and normal to the curve of y = 2x3 - 4x? + 3 at the point

lying on the curve and whose abscissa = 2
(» Solution
vy =2x3-4x%+3

. whenx=2 y=202P3 -4 +3=3
2,3

.. point (2, 3) lies on the curve

ody _g,2 . d — 2 —
'Wy_& - 8x ..[%](2’3)—6(2) -8(2)=8
" the slope of the tangent =8 and its equation is

y-3=8(x-2) e y-8x+13=0

the slope of the normal = ?1 and its equation is

y—3=%(x—2) ie.8y+x-26=0

ﬂ Try to solve

x+3

at the point
x+1

@ Find the two equations of the tangent and normal to the curve of y =
lying on the curve and whose abscissa = 1.

Does the point A ( -3, 4) lie on the tangent ? Explain

@) Example

4 ) Find the equation of the tangent to the curve of y = 4 x - tan x at point (% f (%))
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©»> solution

y =4dx-tanx co 9 =4 gecx
dx
whenx =7 m=4-sec2 L =2
4 4
and by substituting x = % in the equation of the curve we find that: y = 77- tan % =7 -1
i.e.: point (% , 7 -1) lies on the curve
.". the equation of the tangent at point (% , -1 is: y-( -1) =2(x- % )
-T+1=2x-1 =2x+2 -1
y 2 y 2
ﬂ Try to solve

@ Find the equations of the tangent and normal to the curve of y = x sin2 x at point
T 7
Sy,

Q Example

(5) If the curve y = ax® + b x2 touches the straight line y = 8x +5 at point ( -1, -3), find the two

values of a and b.

©»> solution
point ( -1, -3) lies on the curve y =a x> + b x>
So3=a(-1)P+b(-1)? ie. a-b=3 (1)

the slope of the tangent to the curve at any point on it = %’ =3ax>+2bx
the straight line y = 8x + 5 is a tangent to the curve at point ( -1, -3)
Sl % 1y 5 =the slope of the straight line = 8

S 3a(-1)2+2b(-1)=8 ie. 3a-2b=8 (2
By solving the two equations (1) and (2) we find that: a=2,b=-1

ﬂ Try to solve

@ Find the value of the two constants a and b if the slope of the tangent to the curve of
y =x%+ax+ b at point (1, 3) lying on it equals 5

Q Example reas
4

@ If the tangent to the curve of y = — at point C at the first quadrant intersects the two

X
coordinate axes at the two points M and N, prove that the area of the triangle M O N is

constant and doesnot depend on the position of point C lying on the curve of the function.
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N\ Applications on Derivatives 3-5

)

(» Solution

y= 4x'1 yﬁj\:\
LetC(a, 4 dy _ -4
a,4) b= >
4 4 3
the slope of the tangent at C (a, £) equals = 9
a a
1 C
the equation of the tangentat Cis:y - 4-. 4 (x-a) i
a a? a1 2 3™ 5 6,

By multiplying x a> .. a’y-4a=-4x+4a
‘. the equation of MN isa’y+4x=8a

to find the intersection point of the straight line MN with x-axis, theny =0
Sox=2a i.e. O M = 2a of units

to find the intersection point of the straight line MN with y-axis, then x =0

. y=§ ie. ON =3 of units
a a
. AreaAMONz% X2ax§=8squareunits
a

it is a constant amount which doesnot depend on the coordinate of point C lying on the

curve.

ﬂ Try to solve
Areas:

@ Find the surface area of the triangle formed from x-axis , the tangent and the normal to the

curve of y = x% - 6x + 13 at point (4, 5) lying on it.

#\ Exercises 3-5 *\

\1%) \1%/

@ Complete each of the following:

a  The slope of the tangent to the curve of the function f where y = f (x) at any point on it

b ' The slope of tangent to the curve of y = cos x when x = % equals ...

¢ If the straight line y = 8 - 3 x is a tangent to the curve of the function f at point (3, -1)
thenf'(3)equals ... ...

d  The tangent to the curve of y = (3 x -5)° at point (1, 2) makes with the positive direction

of x-axis a positive angle of tangent equals ...
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Unit three: Calculus

e  The slope of the normal to the curve of y = sin 2 x at the point which lics on the curve
and its x-coordinate = jr equals
f ' The equation of the langcn[ to the curve of y=(x-1)*atpoint (2, 1) is
Answer the following:
(2} Find the measure of the positive angle, which the tangent to the curve of y = x* + LT -1

makes with the positive direction of x-axis when x = |

. . . . x+3
@ Find the measure of the positive angle, which the tangent (o the curve of y = 77 makes
_ o - _ ) x-2
with the positive direction of x-axis al point (3, 6)

\4 ) Find the point lying on the curve of y = x7 - 6x* - 15x + 20 at which the tangent is parallel to

X-axis .
\a/ Find the points on the curve of y = 3x7 - 11x + 5 at which the tangent
a  Parallel to the straight line 2x+y-5=0
b ' Perpendicular to the straight line 25y +x=6

¢ Makes a positive angle with the positive direction of x-axis whose tangent = -11

\&/ Find the equation of the tangent to the curve of the function y = (x- 2) (x + 1) at its two

intersection points with x-axis.

-1
2-x

<?> Find the equation of the normal on the tangent to the curve y = whenx =0

(B} Find the equation of the tangent to the curve of y = 2 sinx + cos x at point (0, 1).

\9 )/ Prove that the tangent drawn to the curve of y = x* + x -1 at point (1, 1) is perpendicular to the

tangent drawn to the curve of y =2 - ¢ x at the same point .
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(G &
Q@{} Explore ]

. . K is continous
You have already learned the differentiation
and now you are able to find the derivative k'
if you know the function k where k' (x) = % T dlk
k(x). In this lesson , we are going to learn the T odx
antidifferentiation operation. In other words, How | \
can we get the original function if the derivative k' (1)
k' is known? F
to find the original function whose derivative ge¢
with respect to x is 5x*, Let f(x) = 5x* T
Let's start with an inversed operation to the ¢
differentiation operation |
nx =54 s.n-1=4,n=5 54

then F(x) = x> or X4+3 or -2
the function f is called the antiderivative function or the original
function of the function f

‘r’uuﬂ? Learn 1 Antiderivative
Ify=x> then the first derivative is j—y =2x
X
But deducting the function y from the derivative function dy s
X

called the integration operation or the antiderivative .
For example x? is the antiderivative to the function 2x, notice that 2x
has several antiderivatives such as x> - 1 , x2+ 2, x>+ C where C € R,

.. and all its derivatives are 2 x.

" di (x?+ C) =2 x where (C) is a constant and the following figures
X

illustrate that.
=1/ (x)A y A
/ : fi) = x2+2
f,0x) = x?
fax) =x*-1
- X X
- 0 - <t >
0\/
f'(x) = 2x fx)=x2+C
v
L/
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It is said that the function F is antiderivative to the function f, if F\(x) = f(x) for each

Definition

x in the domain of f'.

Q Exam_ple

@ Prove that the function f where F (x) = % x* is an antiderivative to the function f where
f(x)=2x3.
©»> solution
Find the derivative of the function F , then F' (x) = % x4x3=2x3
- F X)) =f(x) i.e. the function(F) is antiderivative to the function f
ﬂ Try to solve

@ Show that the function F where F (x) = % x® is an antiderivative to the function f where
f(x) =32

Critical thinking

What is the relation between F, and F, if each of them is an antiderivative to the function f?

Indefinite Integral
The set of the antiderivatives to the function f is called an indefinite integral of this function and

is denoted by the symbol [ f(x) d x [and read: integral of f (x) with respect to x]

IfF' (x) =f(x), then [ f(x)fx = Fx)+ C

where C is an arbitrary constant.

Definition

ice: 4 (3+5)=322 S [3x%dx=x3+C
dx
%(x5—3)=5x4 5 de=x+C
%(m: 145 o[ 14x5de=24"+C

To identify the value of the constant C, it is necessary to know the value of integration at a

certain value of the independent variable x it is out side your study .

Q Example

@ Check the correctness for each of the following:

@fx7dx=%x8+c @ fﬁdx=4/l+x2 +C

1 OO Pure mathematics - Second form secondary - Scientific-section



W Integration 3-6 //E

(» Solution

.d (138 — 7 - Tdr=1,8
a .E(SX +C)=x" . [x dx—8x +C

b-.-%(ﬁ/1+x2+C)= 2 = «x

2«,/1+x2 4/1+x2

% dx=4{1+2 +C
J 1+x2

ﬂ Try to solve
@ Check the correctness for each of the following:

3
- 1 w- 1
a [x 4dx=?1x3+C b fx/1+x2dx=§(l+x2)2+c

Rule:

xn+1

+C where Cisaconstant,n is arational number and n # -1

(» Solution

5 v 07! _1l.s b 34, x31 __ 1.2
a [«x dx—ﬁ+c—6x +C J x?dx= 3 C= 5 X +C
% 1 1+ % i
C [xdx=— x"°>4C d f_1 dx=/x 5dx
% o
1 _ 1 a+3F .~ 53
=%x5 +C —?x > +C —Exs +C
5
ﬂTrytosolve
@Find:
2
a [x8dx bl fx 3 dx
7
c [V dx d [7x *dx
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Properties of Integration

If f and g are integrable functions on an interval , then:

1- faf(x)dx=a [ f(x) dx where a is a constant # 0
2- [[f)£r W]dx=[f)deE [r(x)dx

@) Exampie

(4) Find: @ [(4x+32%) dx b <x2+22>2 dx
©» Solution '
Al [(4x 432 dx b & g
= [dxdx+f32dx =f# dx
=4[ xdx+3 [x*dx = [ dx+ f4dv+ [4x2dx

B+dx-dxt+C

1]
><l\.)
+
w
X
+
@!
1l

W =

ﬂ Try to solve

@ Find:
al [+ x+

Jl_)dx @f( /x4 3)dx

X

Some rules of integration
1, (ax+ byn+!

n+1

n+1
2- [ @I f1(x) de= % + C, where C is a constant and n is a rational number # -1
n

Critical thinking:

1- Can you check the correctness of the two previous relations through the definition of the

1-f(ax+b)ndx +C,n#-1

antiderivative? Explain.

' 3
A [ ((3-205+3) dx b d
© [ (2-3x+ 57 (2x-3)dx d (322 2%+ DI (3x-1)dx
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W Integration 3-6 //=

(» Solution

a [((3-200+3))dx =/ (3-207dx+ 3 [dx

2(3-2)()6 +3x+C:i_;(3-2_Xf)6+3x+C

6x-2
x+3
b _r (x-2)+5 _ x-2 5
f 2 dx f 2t dx f—(x_2)4 dx+f(x_2)4 dx
=f(x-2)‘3dx+ 5f(x-2)‘4dx
@22 5a-2°7° o 5
= 5] 371 + C _—2(x-2)2'm+c
C [(x*-3x+5)7(2x-3)dx
) =x2-3x+5, v f'(0)=2x-3
2. -6
L f(2-3x45)T(2x-3)dx = %+ C
:%(x2-3x+ 56+ C
d [(3x*-2x+ 1) Bx-1)dx
) =3x%-2x+ 1,
W) =(6x-2)
1 5 1 1 (B -2x+ D
..2f(3x—2x+1) (6x—2)dx—zT+C
_ 1 202 12
—24(3x 2x+1)“+C
BTrytosolve
(5) Find:
a [(3x+57dx b f(x+1)(x+3)7dx
C [(xX®+3x-2)2(2x+ 3)dx d [ x(4x3-3x+4)P (2x-1)dx

1
Search: use the resources of knowledge and internet to find: | -~ dx
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Integration of Some Trignometric Functions

Idndefinite integration

fsinxdx:-cosx+c

fcosxdx:sinx+c

Jsec?xdx=tanx + ¢

Jese2xdx=-cotx +c

fsecxtanxdx: secx +cC

fcscxcotxdx: -Ccscx+cC

where C is an arbitrary constant

Q Example

@ Find the following integrations:
‘@ [(x-sinx)dx

©» Solution

@f(x—sinx)dx=% 2+ cosx+ C

relations

@ cos2x + sin2x=1

cosZx-sin2x

=cos2x

@ 1+ tan2x=sec? x

@Zsinxcosx

=sin2x

b f(4cosx+—Lt —+1)dx

cos? x

b f(4cosx+ L 4 1)dx=[(4cosx+sectx+1)dx

cos? x

ﬂ Try to solve

@ Find the following integrations:
@ J(6cosx-8sinx)dx

=4sinx+tanx+x+ C

b [ (G+4tanlx)dx
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O Example ) )
Table of integration

7 ) Find the following integrations:

a f(sinx+cosx)dx b fsecx(secx—tanx)dx
c /1 4x d J_cosx gy
1-cos?x 1-cos?x
©» Solution

a f(sinx+cosx) dx =Jsinxdx+ cosxdx 0

=-CcOoSX+SINnX+c¢C 5 .
Ccos“ X +sin“x = 1

b f(secx-tanx)secxdx:fseczxdx-f sec X tan x d X 2

1+ tan? x = sec?x

=tanXx-seCc X+ C

c f;dxzf

cot? x + 1=csc? x

dx=Jcsc?x dx=-cotx +c

1-cos?x sin? x
COS X COS X 1 COS X
d /% 4x =/ dx=/ X dx
1-cos?x sin? x sin x sin x

=fcscxcotxdx=—cscx+c

E) Try to solve

{?} Find:
a  J(sinx + sec?x) d x b J sec x (cos?x + tan x) dx
2
c fcscx(cotx—cscx)dx d J_% g4x

1-sin x

Important Corollaries.
1-/sin(ax+b)dx =—%-::uu{u.=:+b:|+C
2-_['::-.1::{;1_\:+b}d_r %sin{nx+b}+c

3- secax+b)dx = i tan(ax+b)+C

4- (csci(ax+b)dx :—imt{a_r+b}+c

S5-fsec(ax+b)tan(ax+b)dx :%S{‘.C{a_r+b}+c

6-_{ CsC(ax+b)cot(ax+b)dx =—.]—Icsc(ux+h::+f?

where C is an arbitrary constant
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N Integration 3-6 /;’_

Critical thinking:
1- Check the correctness of the previous relations by finding the antiderivative using the chain

rule.

Q) Example

8 Find:
a [cos(2x+3) dx b [ (sec? %-sin(%-x))dx

> Solution
a fcos(2x+3)dx = %sin (2x+3)+C

b [ sec? {% x)d x - [sin (.E} -x)dx

= mn%-['—_‘i cusﬂ%-r}]«i—{j

I:-.'I|-—~|-—-

=2tan X -cos (L -x)+C
2 4

ﬂ Try to solve
Fa ;
J} Find :

a [sin(3x-5)f dx b | ms{'__:-zm.r

(5) Example . .
The standard forms of the integration

9) Find :
a [sin (2x-5)d x b Jsec?(5-3x)dx
c Jesc2( x+3 yd x d | fsec 2x tan 2x d x

2
O» Solution

a fsin(2x—5)dx=—% cos 2x - 5) + ¢
b fsecz(S—3x)dx=—%tan(5—3x)+c

+3
c fcscz(% x+%)dx=—2<:ot(XT)+c

d fsechtaandx=% sec2x+c
E] Try to solve
(9) Find :
a J (sin 3x - sec2 2x) d x b J 6sec2 x (tan2x + cos? 2x) d x
¢ J[1+co2(3x-1)]dx g [ XD g
[-cos(2x3)
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Enrichmemd information
Definite integral

J’b f(x) dx =f(b) - f (a)

% Exercises 3-6 ﬂ:‘?

Complete each of the following:

@ The antiderivative of the function (33> - 2x + 5)is ...

OFj ((—5: + g) dg=..
=5

@ f(x+5°dx=.

. " o T »
@1[ (cos x cos 3 - sinxsin 4}1:].1'

(8) [2tanxsecixdx=

Calculate the following integrations :
(9) f9x8dx

D f5 Vo dx

43 f2032-5)dz

B 167 da

@ fx(x+3)dx

49 f(x-2)(x+2)dx

2D f(/x -1 dx

N 20743
@ (= dx
@ =L ax
x-1
3
Py +8
2 fo——— dx
bfxz—lrm

Student book - second term

@ [@x-sinDydx=_.
G) [ (x+2) (P+4x-T)'dx=

@ f-x qy=..

1 +sinx

@ f—% c?de
A9 3:2+x-2)dx

®1I(ax2+5x+c}dx

W [ Gr-—) d
X

Q0 [(x-5) (x+ 1) dx

@j‘(x+%}2dx
G Xdr g,
X
@IF—Z? d¢
x-3

DN

X - Sx46
x-2

dx

107



@9 [6(x-2)%dx

B1) [(8-30)*dx
@ § 12 dis

(2x - 5)*
B3 [(x-1)(2-2x+1)dx

@D J(2-2) dx

39 [x5 2 +2)y7dx

@ T (Tsinx-2cosx) dx
@3 [ 9(cos x - sec? 3x)d x
@5 fsin(5x-1)dx

G7) [sin -+ L x

@ f2cos’xdx
G V3 cosxdx

@f tan x cos x  x

1 08 Pure mathematics - Second form secondary - Scientific-section

30 f3(x+3)*dx
8 [@z-3}dz
7 dx
®f«m
G fVx-3 (x-3)dx

B8 [ x(3x2-57dx

x
®‘r (* +1)° &2

@2 [(sin2x-3cosx)dx
@9 (3 +5sec?y) dx
@6) feos(2-x) dx

@8 [(cosx - sinX) dx

@ J(4 -sin ydx
@j‘csc;2 (2x+3)dx

@fﬁ + tan? x) cos’x d x



\ General exercises

]

¥ o 2,
2%y General exercises 2y

Choose the correct answer:
@ 4 (cos?x +sin2x) =
dx
a 1 b 0 C x d  2(cos x + sin x)

@ Iff(x)=V/2+9 ,thenf'(-4) =

a -4 b 5 c L d - L
5 10 10
B) [ (2-3)dx=
a 2x b x3-3x c %x3-3x+C d 2x-3+C

@ lim _sinx-sina _
r.a x-a

a cosx b 1 C cosa d  sin (x - a)

@ The slope of the tangent to the curve of the function y = (2x - 3)° when x = 2 equals

1
a | b 1 c 5 d 10
d _ -2
@H(Z 3x)
a 12x2-27x4% (b %(2—3x)‘1 c 6(2-3x)3 d -2(2-3x3
d _
@fﬂ[f(x)]dx_ .......................
a f(x) b f(x)+C c %(f(x)) d [ f(x)dx

Discuss the differentiability of the following functions:

a) f ) x2-1 whenx>?2 N 5
X) = when x =
4x when x < 2

2+1 wh <1
bf(x)=[x WIS whenx =1

2x when x > 1

@ Find% for each of the following:

aly=x3-2 /3 b y=(4x2+1)(1-4x?
Cly= ¥ (2x+1)y d y=(3-3x2+2)
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@Hy:xsinx-?masxfmd_g_

Ay =(z-1Y . z=x>+3find _‘d‘x.‘*’_

@ Find the points lying on the curve of the function y = (x - 3)* - 1 at which the tangent is
parallel to the straight line 2v+y-3=0

@ If the slope of the tangent to the curve of the function vy = x*+ ax + b equals -1 at point
(2, -2), find the value of aandb .

Find the equation of the tangent to the curve in each of the following at the given

points:

@F=ﬁ+% at point (4, 4)
@' y=(2+ )+ 5) at point (-2, -6)
0y =11+5% at point (77 , 1)

Find the eqution of the normal on the tangent to the curve in each of the following

at the given points:
@y:[‘:';] at point (3, 5)
18y =tanx at point (£~ 1)

Find the following integrations:

@ [ (2-3x-1)dx @f{ﬁq- 2 )dx
2 Jx

@D [ (4-307dx ) [ (sinx+ cos )’ de

@ [ (cos x - sin X)(sin x + cos x)° dx @ I _{:: j}’! d

@ Find the following integrations:

al [+ Va)de b [+ )2 dy e [ (2-3)dy
- |

d 3 2_ 43 f

d [33x+1)% dx e [2c(x?-4) dx T)s e
9/ [ (cos 2x-x)dx h (%34 1) (4x- 6) d
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ﬁ,—'_-;_\ Unit introduction

Mohammed bin Jaber Bin Sinan Abu Abdullah Al-Battani (850 - 929) was onc of the most Famous astronomers
and mathematicians . He had cared much about trigonometry and had separated it as an independent science
[rom the astronomy. He had been the lirst o use algebra in trigonometry. Furthermore, he had oviginated the
cosine tables (cos) , sin angle (sin) , cotangent angle (cot), and tangent angle (1an) from zero to 0%, These tables
are still used up o now with little amendments. He had developed a lot of trigonometric identities. on the other
hand Mohammed Bin Yahya Bin Ismail Bin Abbas Abou El-Wata Al-Buzjani (940 - 998) leamed the works
of Al-Battani in trigonometry well and he had explained the mysterious points. He had invented the inverse of
cosine (sec) and inverse of sine(csc). He had originated tables for sin and tan for each 10 minutes and he had
known trisconomeltric identities named after him such as :

sinh—.?sin—;lmsi,lanh—ﬁ

2 Ccos AT sec A=1 +tan’A, csc? A = | + COt*A and others .

This vnit involves the study ol life applications including angles of elevation and depression as a practical
applications on the cosine and sine rules and also the study of the special trigonometric identities of the sum
and difference of the measures of two angles and the double angle.

—. Unit objectives

By the end of the unit and doing the  Identify and deduce the special
activities, students should be able to: trigonometric identitics of the double and
# Solve applications on solving the triangle hall - angle.

include angles of elevation and depression

) i o < Use the calculator to solve problems on
and cardinal points (main dircctions). the trigonometric identities.
% Deduce the special trigonometric identities

of sum and difference of the measures of

two angles.
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Key terms

Angle

Angle of Elevation
Angle of Depression
Trigenometric Function
Sine Function

Cosine Function

Trigenometric Functions of the sum of Measures of Two Angles

Unit Lessons

Lesson (4 - 1) Angles of elevation and depression

(Application on solving the triangle).

Lesson (4 - 2): Trigonometric functions of sum and

difference of the measures of two

angles.

Lesson (4 -3): The trigonometric functions of the

double-angle.

m Unit planning guide
ase

triangle of the measures of
two angles

#iv

Triganometric Function of the Difference Between the Measures of
Tiwo Angles
Trigonometric Functions of Double — Angle

Trigonometric Functions of Half = an Angle

- Materials

B

Scientific calculator- Internet

trigonometric
functions of the sum :
trigonometric
Angles nf elevation and difference uf the finctions of the double
and depression measures of two angles and half-angle
trigonometric trigonometric trigonometric  trigonometric
functions of functions of the
Solving the functions of the sum functions of the EEETER D

difference of the
measuresof two 4., €O

angles « A
9 2

2|

tan(A-B) cos(A+B) sin(A+B) cos(A B) sin(A B)

tan(A B)
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Unit Eour

Angles of elevatlon and depres—
Jlom (appllcatlons oniselvingithe
- (whagle)

1-4

i You will learn

» Concept of the angle of

elevation.

» Concept of the angle of
depression

» Solving applications on
solving the triangle in-
cluding angles of eleva-

tion and depression

ﬂ Key terms
» Angle

» Angle of Elevation

» Angle of Depression

— materials

» Scientific calculator

T nctiv )

You have previously learned the angles of elevation and depression as

an application to solve the right angled triangle. You can find the height
of a minaret of the ground surface while you stand far from it for a
known distance without measuring this minaret practically.

And now, after you learned the sine rule cosine rule and solving
the triangle in general using those two rules, you can learn deeper
applications on solving the triangle including the angles of elevation
and depression in general .

» Look up the mathematical refereces at your school library or log in
(Internet) for various situations using the angles of elevation and
depression to solve them as an application on solving the triangle
in general, Now, we are going to review the concept of the angles
of elevation and depression with you.

angles of elevation and depression

‘IJ(J’ Learn W

Angle of elevation

If person A observed point
C higher than his horizontal
eyesight level AB , then the O A
angle between AB and AC

is called the angle of elevation C of the horizontal eyesight of person A.

>
L

Horizontal line B

Observer's

Angle of depression eye Horizontal line

If person A observed point D lower ©A Angle of E
than his horizontal eyesight AB. then 4 4 \_depression

the angle between AB and AD is >, o"%
called the angle of depression D of the %e
horizontal eyesight of person A. o
9,;60 D
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Anglesofelevationanddepression(applicationsonsolvingthetriangle)

4-1

N\ Y o
Notes: Horizontal ray
1- In the opposite figure: 5 0
~ C A B is the angle of elevation of the balloon with respect to to the N _A_n_gl_e_o_f_ B/ "
the person at A. depressio

D B Ais the angle of depression of the person at A with respext to
the balloon.

in this case @ =3

where ¢ is the measurement of the angle of elevation and f3 is the l Horizontal ray
measurement of the angle of depression.

2- to locate a point with respect to the cardinal points (main directions) from a known point, we
find from the following figure that: erth

A lies East of O
B lies north of east of O

C lies in the direction of 70° north of west of O

D lies in the direction of 25° south of west of O

E lies South of O E, 0

I
Ca) Example If < the sine rule:
Sout :
1) From a point on the ground surface, a man observed the top of the s1d.e lengths
of a triangle are
propotional to
the sines of the

a tower of an angle of elevation of 25°, then he walked straight
a head for 57 m at the horizontal level toward the tower base to

find that the angle of elevation of the tower top is 52° 30'. Find the opposite angles.
height of the tower to the nearest meter. < the measurement
0> Solution of any exterior
from the opposite figure : angle of a triangle
m (/C A D)=52°30'-25° equals the sum
—97° 30 of non-adjacent
i1 AACD: interior angles.
AC  _ 57
sin 25° sin 27° 30'
. AC = 57xsin25° 1)
sin 27° 30'
in A ABC:
AB _ AC

sin 52° 30" in90°

4

[>2
I<

57 m C
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N\ Trigonometry i

*. AB=AC xsin 52° 30' (2)
By substituting from (1) in (2), then:

AB =7 Xsin 25" i 52° 30/
sin 27° 30'

A B ~ 41m, i.e. the height of the tower is approximately 41 meters.

— start (5] (7 (] (sin) (27 (5 (0 () (sin) (5 (2 ) G (37 L0 G OJ (&)
Gin) 2) @) G GBI )G E

B Try to solve
@ From a point on the ground surface a man observed the top of a tower at an angle of elevation

of 20°, He walked on a horizontal way in the direction of the tower base for 50 meters, the
measurement of the angle of elevation of the tower top is 42°. Find the height of the tower to the
nearest meter .

Cb Example

2 ) A tower of height 100 meters is constructed on a rock . From a point on the ground surface
in the horizontal level passing through the rock base, the measure of the angles of elevation
of the top and base of the tower were measured to give 76° and 46° respectively. Find the
hight of the rock to the nearest meter.

(» Solution
m (/ AD B)=76° - 46° = 30°
m (/A= 90°-76°=14°

In the triangle ABD: -BD = 100

sin 14°  sin 30° 100 m
BD= IOQ sin 14° 1)
sin 30°
In the triangle B C D: ,B C - ,B D
sin 46°  sin 90°
B C=B Dsin46° 2)

By substituting from (1) in (2) we deduce that

BC=100sin14"  in 46° ~ 35m
sin 30°

Use the calculator respectively as follows:

start—».@@@@-@-@@@@-
®6En G @OE

ﬂ Try to solve
@ A tower of height 12 meters is constructed on a hill. If the measures of the two angles of

elevation of the top and base of the tower from a point on the ground surface are 32° and 24°
respectively, find the height of the hill to the nearest meter.
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Q Example

@ From the top of a hill , a man observed the measures of the two angles of depression of the

©» Ssolution

top and the base of a tower to give 22° and 30° respectively. If the height of the tower is 50
meters, find the height of the hill to the nearest meter known that the two bases of the tower

and hill are in the same horizontal level .

From the opposite figure:
m (/DAC)=30°-22°=8"
m (LSCDA)=90°+22°=112°

In the triangle AC D _A C - ,50
sin 112°  sin &°
A C= 50 sin 112° (1)
sin 8°

In the triangle A C B

AB _ AC oo A B=A Csin30° (2)
sin30°  sin 90°

By substituting from (1) in (2), then:

A B = 30sin 112° xsin 30°
sin 8°

start (5 ) (0 ) (x)(sin) (17 (1727 0] (] (sin) (37 Co ) ) (+) (sin) (8 (0] (=)

~ 167 meters.

ﬂ Try to solve
@ From the top a rock of height 80 meters, the two angles of depression of the top and the base

of a tower were measured to give 24° and 35° respectively. Find the height of the tower to the
nearest meters known that the two bases of the rock and tower are in the same horizontal level.

Q Example

@ From the top of a building of height 8 meters, the measurement of the angle of elevation of

©» Ssolution

the top of a tree was 18° and the measurement of the angle of depression of its base was 29° ,
find to the nearest two decimals the distance
between the bases of the building and the
tree and the height of the tree known that
the two bases of the building and tree are in

the same horizontal level .

8 meters

m (/A)=90°- 18° =72°
m (/B DC)=90°-29"=61°

ImABCD: w8 = _BC
sin 29°  sin 61°
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y, Trigonometry 'l

: B C = Ex-ﬁi‘.ﬂ {'!b].:‘
sin 29
the distance between the two bases of the building and tree = 14.43 meters
In AAED:

o DPE - ED  iice that (ED =B Q)
sin 18°  sin72°

~AE = 3018 .pc¢ o AE=S018 1443~ 469m
sin 72° sin 72°

*. Height of the tree = 8 -+ 4.69 ~ 12.69 m

@ Example

(5) From point A on a riverbank, a man observed the position of a home at point B on
the other riverbank to find it in the direction of 20° North of the cast. As he walks
parallel to the riverbank in the direction of East lor a distance ol 300 meters to

=~ 14.43 melers.

reach point C, he found point B in the direction of 46° North of the east. Find the
width of the river to the nearest meter known that the two riverbanks are parallel
and points A, B and C are at the same horizontal level.

> Solution .
Let the width of the river is B D '
In the triangle AB C =
m(/ ABC) =46"-20" =26° =

Bc _ 300 2

sin 20 . 51.1126= West — Ao ll!-
B C = 300 sin 20 (1 - 300 meters D

sin 26 South South

In the triangle B D C

- BD _ BC BD=BCxsin46° . BD=3008in20", Gy 46° ~ 168 meters

sin 46" sin 907 sin 267

start 3] (0@ EGEn 2O OUEE) @ OEE 2 OE

@) Example

(7) Marine navigation: A ship sailed from a certain point in the direction of 68° 25' south of
the west at speed of 15 km/ h and at the same time , another ship sailed from the same point
in the direction of 53° 48' North of the west at speed of 8 km/ h. Find the distance between

the two ships alter 3 hours Lo the nearest two decimals.
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©> Solution
".* Uniform velocity =

Remember o

distance traveled (covered) Cosine rule

time taken to cover the distance A
Distance covered = uniform velocity = time taken to cover the distance

-, AB =15x3 =45km ’ .
AC =8x3 =24km c B
*m(2 BAD) =90°-68°25 =21° 35 North e ’
s m(/ BAC) =21°35'+53"48' ~ T
=75"23% then cos A =
In the triangle AB C b2 +c2-a?
By applying the cosine rule 2bc
(BC)? = (45) + (24)2 - 2x 45 x 24 and so on with respect
0s75°23 .. BC = 45.34km A3 totheothersidelengths
and measurements of
v angles.
B South
start - @ E@®H@E@EH@DHO@EXE @& C
@OEREEOEOasE)

ﬂ Try to solve

@ Marine navigation: A ship sailed from a certain point in the direction of 70° East of the
south at speed of 12 km/h and at the same time, another ship sailed from the same point in
the direction of 55 North of the east at speed of 5km/h. Find the distance between the two
ships after 2 hours to the nearest two decimals .
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A

E:g‘ Exercises 4 - 1 aj\?

(]) A man observed the angle of elevation ol a tower top {rom a point on the ground surface to
find its measurement is 20° 35", He walked on a horizontal road in the direction of the tower
base for a distance of 50m to find the measurement of the angle of elevation of the tower top
is 42°. Find the height of the tower to the nearest meter .

@ From a top ol a house ol height 15m . the measurement of the angle of elevation of a tower
top is 67" and the measurement of the angle of depression of a tower base is 35" . Find the
height of the tower to the nearest meter known that the tower base and the house base are at
the same horizontal level.

(2}) From a tower top of height 65 meters, the two angles of depression of points A and B at the
horizontal level are measured o give 32° and 217 12" respectively. I D represents the tower
basc and A € B D . find the length of A B to the nearest meter.

@ From a hill top, an observer found that the measurement of the two angles of depression of
a tower top and its base are 15° and 26° respectively. If the height of the tower is 50 meters,
calculate the height of the hill to the nearest meter known that the two bases of the hill and
tower are at the same horizontal level.

(5) A lighthouse of height 60 melers 1s constructed on a hill close to the seashore. The two angles
of elevation of the top and base of the lighthouse were measured from a boat on the sea o give
70% and 45° respectively. Find the height of the hill from the sea level to the nearest meter.
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- RENEEOMIVIEOnOmeNyY, = 0 0 0
@ In the opposite figure: two balloons A and E of height 100 2" and 50 meters. A body (C)

on the ground lying at the vertical level passing through the
balloons is observed . Il the measurement of the two angles
of depression of the body are 45° and 30°respectively, find
the distance between the two balloons 1o the nearest meter. 50

m

2

100

@ From the top of a rock 80 meter heigh, the two angles of p =i G
depression of the top and base ol a tower were measured 1o give 24%and 357 respectively. Find
the height of the tower known that the bases of the rock and tower are at the same horizontal level.

J

8, Fromatop ol a house, A man observed a car al rest at the same horizontal level of the house
to find the measure of the angle of depression is 70°, when the man descends vertically down for
a distance of 12 meters, he observed the measure of the angle of depression of the car was 30°.
Find the height of the house to the nearest meter and the distance between the car and house.

@ From a point on the ground surface , it is found that the measurement of the angle of elevation
ol a top of a tree is 50° and from another point distant 45 meters [rom the previous point and
above it exactly, it is found that the measurement of the angle of depression of the top of the
tree is 30°. Find the height of the tree to the nearest meter .

@ Irom the peak ol a mountain of height 100 meters above sca level, a man observed the angle of
depression of a rock top to find its measurement is 42° 37 Find the height of the rock above sea level
il it is distant from the mountain 22 meters known that both of them are at the same horizontal land .

@ Two people moved from the same point and at the same time. The first moved in the direction of
40° west of north at speed of 32 meter/ min and the second moved in the direction of 70° south of
west at speed of 38 m/min . Find the distance between them after 5 minutes to the nearest meter .
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Unit Four

4.2

< 4

D4 )Think and discuss
Use geogebra to graph the following functions :

f(x) =sinx ,y=sin (x

)

by b v

+%),m(x) =sin (x -

Wy

o - v w  a

3n/2

S
ER
S

R 0 /2 b 3l e & \(
-1

b b s

What do you notice from your learning to the concept of the geometric
transformation?

Notice that the second function shown in the second graph includes the
adding of the two angles x and %

and the third function shown in the third graph includes the subtration
of the two angles x and %

As a result, it was necessary to use the rules of the trigonometric ratios
of the sum or difference of two angles in order to find the trigonometric
functions of acertainangle. forexample, tofind the value of sin 75°, we can
putitinthe formofsin (30°+45°),and also cos 15° can be putin the form of
cos (60° - 45°) or cos (45° - 30°) and so on....

ilf" Learn
Trigonometric functions of sum and difference of the

measures of two angles

From the opposite figure :  (proof is not required)
Notice that m( A) =m (. Z L M). Why?

L
MX LM
sin(A+B) = Lx _ - -
LE LE LE
7Y LM 7
= =7
LE LE ¢
= X + %
LE “ZE TLE "Lz >
Y ZE LM LZ E X v
-y —— — . ) S
ZE LE LZ LE (notice that: ZY =M X

- why?)
=sin Axcos B +cos A xsinB

Student book - second term

You will learn

ric functions of sum and
difference of the meas-
ures of two angles.

» Solve various applica-
tions on the trigono-
metric functions of sum
and difference of the
measures of two angles.

» Use the identities of the
sum and difference to
prove the correctness of
some other identities.

Key terms

» Trigonometric function

» Sine function

» Cosine function

» Tangent function

» Trigonometric functions
of sum of the measures
of two angles

» Trigonometric func-

tions of difference of the
measures of two angles

Materials

» Deduce the trigonomet-

e

» Scientific calculator
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N\ Trigonometry i

Then | sin(A +B) =sinA cos B + cos Asin B

By putting (- B) instead of B, we get: 0

sin [ A + (- B)] =sin A cos (- B) + cos A sin (- B) sin (-A) = - sin A

sin (A - B) =sin A cos B - cos A sin B cos (-A) =cos A
tan (-A) =-tan A

Use the same figures to prove:

cos (A+B)=cos AcosB -sinAsin B

then , we deduce that: cos (A-B)=cos Acos B +sinAsin B

Cb Example

1) Find:
a sin75° b cos15° what do you notice?

C» Solution
a sin 75° = sin (30° + 45°) = sin30° cos 45° + cos 30° sin 45°
L+“/_?><L= 1+43 V2 = V246
V2o 2 V2 22 V2 4
b cos 15° =cos (45° - 30°) = cos 45° cos 30° + sin 45° sin 30°
_ 1.3 Lo 1+4/3 «/7= /2 /%

S
V22 /202 22 W2 4

we notice that: sin75° = cos 15°

ﬂ Try to solve

a cos 105° b sin 75° cos 15° + cos 75° sin 15° Q

€  cos 80° cos 20° + sin 80° sin 20°
sin (180-A) =sin A

Cb Example
cos (180-A) =- cos A

2) If sin A= % where 90° < A < 180° , cos B = 1—35 sin (180+A) = - sin A
cos (180+A)=-cos A

+

where 180° < B < 270°

find cos (A-B), sin (A+ B)
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©> Solution
' A e second quadrant .. sinA= cos A= N\A
3 A -
*.'B € third quadrant i B cos B =

I,

k J

..._.
"

e
-~
Fe
-—

then: |
L
cos(A-B)=cosAcos B +sinAsin B i 5 .B/"'\l
- -5 = = i
=ED(R)F I GR = 2R
sin(A + B) =sin A cos B + cosA sin B A
=D EIEH D=5

H Try to snl\m
/) IfcosA=¢ 3 and cos B = where Aand B are the measurement of two acute angles , find

without ubmg the LdlLI.l]d'lU]‘
a sin (A + B) b scc(A-B)

; -3
@ In the triangle AB C |, cosA= T and sinB = ]51 , Find sin C without using the calculator.

% Example

Electricity: If the electric current intensity is given by the relation : C = % sin 165° L
a Rewrite the previous relation using the sum of measures of two angles.
b Find the electric current intensity alter one second (without using the calculator)

> Solution

C= % sin 1657 t given relation
C= %51:1 (45° 1+120° 1) because 165° =45 + 120°
= -Esm (457 +1207) by substituting t =1 second
=2 { sin 45° cos 120° + cos 45° sin 120°] using the expansion of the sum of measures
of two angles
= % - (-%} + L x! ] ] by substituting the values of trigonometric ratios
2 2 2
s VT V7 o g
= =X X by multiplying both numerator and
2% a5 A5 ¥ plying

denominator = 4 2

= (ﬁ_i{_."’_i._z._l by simplilying
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ﬂ Try to solve

@ If the electric current intensity is given by the relation C = % cos 285° t

a  Rewrite the previous relation using the difference of measures of two angles.
b ' Find the electric current intensity after one second (without using the calculator)

Tangent function of sum and difference of the measures of two angles
sin (A+B) _ sinAcos B +cosAsin B

t A+B)=— " =
an ) cos (A+B) cosAcos B -sinAsinB

By dividing the nominator and denominator by cos A cos B # 0, then:

an(A+By= AT B | butting (B) instead of B, then:

o 1 _tanAtanB | Y RenPU ing (-B) instead of B, then:
tan A - tan B

@n(A-B) =1 anAwnB WhereAandB#%(2n+1)andneZ

Ca) Example

3 ) Without using the calculator , prove that:

1 +tan5’ COSA - sinA

a tan 50° = | - tan5’ b tan (45°-A) = cosA + sinA

(» Solution

a | The left side = tan50°

= tan(45° + 5°) = and> ftans  _ 1Hfand  _ ype righ side
1 - tan45 " tan5 1 - tan5

b ' The left side = tan(45° - A)

o O Remember
tan45 -tanA _ 1-tanA

1+ ta_n45 °tanA 1 *tanA tan A = sin A
sinA cos A

COSA  cosA _ cosA -sinA

1+ SIMA T cosA T cosA +sinA
COSA

= the right side

ﬂ Try to solve
12

@ If each of A and B are the measures of two positive acute angles where sin A = 13’ and
sin B = ‘g‘ , find the value of tan(A - B)

@ If A, B and C are the measures of the angles of a triangle where tan B = % , tanC =7, prove
that A = 45°

@ IftanA:% and tan B = ﬁ , prove that (A + B) =45°
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Q Example

@ Find the solution set for each of the following equations where 0° < x < 360 °
@ tan X + tan 20 °+ tan x tan 20° =1 @ sin (x +30°) =2 cos X
©» solution
@ *.* tan X + tan20 ° + tanx tan 20° = 1
s.tan x +tan20° =1 - tan x tan 20°

. M =1 (By dividing the two sides of the equation by: 1 - tan x tan 20°)
1 - tan x tan20

i.e.: tan (x + 20°) =1

Sox+20 lies in the first quadrant

*. tan (x + 20°) = tan 45° X +20° =45° x =25°

or x +20° lies in the third quadrant

tan (x +20° ) = tan 225° X +20° = 225° x =205°

Solution set is {25°, 205°}

@ *.osin (x +30°) =2 cos x
.. sin x cos 30 °+ cos x sin 30 °=2 cos X

V3 1

—— sinx+ 5 cos X=2cos X
2 2
Y3 sinx = 2 cosx
2 2
By dividing the two sides by cos x , where: cos x #0
sinx 3 , . _
cosx =5 % ﬁ_ﬁ ie. tanx = 43 >0

.. x lies in the first or third quadrant and
x=60"° or x=60°+180° =240 °
Solution set is { 60°, 240° }

ﬂ Try to solve
Find the solution set for each of the following equations where 0° < x < 360 °

4z

@sinxcosZO°-cosxsin20°= % @ COS 2 X COS X +sin2 X sin X =

Student book - second term 1 25



N\ Trigonometry i

\#\ Exercises 4 - 2 #\

4

Complete:

@ sin 40° cos 10° - cos 40° sin 10° =

tan 75° - tan 15°

1 +tan 75 tan 15°

@ cos 70° cos 20° - sin 70° sin 20° =

@ sin (X +Y)cosY-cos(X+Y)sinY=.....

@ IftanA:%,tanB:%,thentan (A+B)=.....

Choose the correct answer:

@sin 6 + %) =

a % (cosO +4/ 3 sinO) b

c % (v'3 cosO +sinb) d
@ sin75° cos15° + cos75° sinl5° equals

a_ zero b % c
sin 5x sin 3x + cos 5x cos 3x equals

a_ cos2x b cos8x c
@ tan 15° equals

a 2+y/3 b -/3-2 c

Iftan A= % ,tan B = % , then tan (A + B) equals

a 1 b -% c
@cot(2ﬂ-51—7zz=
a 2:/3 b 2-43 c

\1%7

% (cosO +sinf)

% (V'3 cosO +y 2 sinf)

1 d v 3
2

sing x d sin2x

V3 -2 d 2-/3

1 d 3

6 6

-2-4/3 d /3 -2
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2 cos(A - B) - cos(A + B) 3) sin(A + B) - sin(A - B)

. cosA cos(A + 1) + sinA sin(A + %) @ c0s40° cosx - sin40° sinx
. If you know that sinA = '— where 180° <A <270°, cosB= 1—; where 90° < B < 180°
Without using the calculator find the values of:

'a cos(A - B) ‘b sin(A + B) ‘¢ tan(A - B)

@ If tan(@ + 45°) = =, find the value of tan6.

It K that cos(A +B) 1
you know tha cos(A_B) =3

then prove that: 2tanA = cotB and if you know that tanA = %, find tan B , and then find
tan(A - B)

prove that 2sinA sinB = cosA cosB

If Aand B are two acute angles where tanA = % tan B =, prove that A + B =45°.

@ If cosA=0.6, cosB=0.8, where A and B are the measures of two acute angles,
Find without using the calculator the value for each of the following:

@ sin(A + B) @ cos(A - B) @ tan(A - B)

@ If A and B are two acute angles where cosA = § and tanB = % , Find without using the

calculator the value for each of the following:
'a sin(A +B) b tan(A - B) ‘¢ sec(A-B) 'd cot(A +B)

@ If sinA sinB = = and cosA cosB = § , where A and B are the measures of the acute angles ,
find the value of: cos(A + B) and cos(A - B)

@ If sinA = % where 0° <A <90° and tan B =-7 where 90° <B < 180°, prove that A +B = 135°

@Ifx+y+z=90°,provethattanxtany+tanytanz+tanztanx=1

@WIftanA——whereﬂ<A< 3 tanB:%whereo<A< %,

B 5T

find the value for each of: tan(A + B) , cos(A + B) , then prove that A + 4
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The Trlgonometrlc Eunction’s

A
4-3

i You will learn

» Deduce the trigono-

metric functions of the
double -angle.

» Deduce the trigono-
metric functions of the
half-angle.

» Solve various applica-
tions on the trigono-
metric functions of the
double -angle

» Use the identities of the
double-angle to prove
the correctness of other

identities

ﬂ Key terms

» Trigonometic function
» Double - angle

» Half - angle

» Sine function

» Cosine function

» Tangent function

oft {ne IDoulble-Amdgle

— materials

» Scientific calculator

128

&9

‘) Think and discuss ]

You have already learned the trigonometric functions of the sum and
difference of the measures of two angles. Now, we are going to raise a
question:

From what you learned in the previous lesson can you deduce the
trigonometric functions of the double-angle A if A is the measurement
of a given angle?

Discuss with your instructors the answers you reached.

‘ (_-l Learn 1

The trigonornetric functions of the double - angle

You know that:
sin (A + B) =sin A cos B + cos A sin B
(by putting B=A)
. sin (A+A) =sin A cos A+ cos Asin A

1 ]
C=IO

The basic

[ sin2 A=2sinAcos A foreachA e R

Similarly:
cos 2 A= cos? A - sin? A
foreach A e R

=2cos?A-1 relations among
+—=1-2si A the trigonometric
2 tan A _ functions:
tan 2 A =" "o, Where tan A is sin? C + cos2C =1
defined, tan®? A # 1 tan2 C + 1 = sec2 C
Verbal expression: s Ce L= ces’ €
1- Write the form of the previous rules if we double e (F =
the angle 2A to be 4A . sml €
sec C =
cos ((Z:
sin
Q Example 1 igonometricidentities of 1 C = ¢
the double -angle cot C =ta; C

@Ifyou know sinAz% where 0° <A <90°, tanC-= 1C
find the value for each of the following without —
using the calculator:

@ sin 2A @ cos 2A @ tan 2A
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The Trigonometric Functions of the Double-Angle 4 -3

N\ Vi
(» Solution
" sinA = % A lies in the first quadrant
5
. CoOsA = % (positive because A is an acute angle) 4
. - 4 3 _24 A
a = = — X === <% >
sin2 A 2sin A cos A 2><5><5 %5 3
b —1-2gin2A =1-2x46_-7 \]
cos2 C 1-2sin“A =1 2><25 s
(you can use the other forms of the cosine rule of the double-angle)
c tan2 A — Sln2 A 24 ( ) -24

cos2A 25
B Try to solve

@ If cos A = % , 0° <A <90°, find the values for each of the following without using the
calculator:

a | sin 2A b cos2A C tan 2A

Cb Example 1 igonometricidentities of the double-angle

2 ) Find the value for each of the following, without using the calculator , :
a 2sin15°cos 15 b 2cos?22°30'-1

(> Solution
a 2sin 15°cos 15° =sin 2 x 15° =sin 30° = %
b 2c0s?22°30-1=cos (2x22°30") =cos 45° = —

ﬂ Try to solve

@ Find the value for each of the following, without using the calculator:

a 2sin 22°30'cos22°30'" b 2cos?275°-1 ¢ cos?67.5° - sin? 67.5°
2tan 22° 30! o 2c0s2 165°-1
1- tan2 22° 30" sin 75° cos 75°

The trigonornetric functions of the half-angle

4;:,-' ) Learn

You have previously learned that: cos A=1 - 2 sin? % (identity of double-angle)

Le.: 2 sin? 2 =1-cosA (from the properties of algebraic expressions)
sng = # (By dividing the two sides by 2)

Student book - second term 1 29



N\ Trigonometry i

sin% =t # and similarly , the trigonometric functions can be found for each of: cos % and tan%

. _ 1- A
sm%:i 4/%, cos%zi q/% tan A = 4/ "B Ghere cosA#-1

2 1 +c SA
the sign is determined according to the quadrant at which the angle == > A lies in

Ca) Example 1iigonometric identities of half-angle
3 ) Find the value for each of the following Without using the calculator :

a sh1%%knownth&gsh19==—g,180°<19<1270° b cos75°

c tan 22° 30'

(» Solution

a 6 _ 4 [1-cos® 0
WMy TET 3 /N
R Bl U 3
csin =k A =4 4 (
0 _4 2 _42
sin 2-=+ =5 V5
* 180° < 6 < 270° by dividing by 2, then 90° < % < 135°
" sin %: 2 v'5 (the sign is positive because it lies in the second quadrant)
b cos75° =cos 1520 (because 75° = % )

= J1rcoslS0 +°05150 (0 < 75° < 90°) lies in the first quadrant so the value is positive

=/ —2 A-5 by multiplying numenator and denominator x 2
2- ﬁ

2
2 2 2

(v 3 -1 _ J647
2/ 2 4

€ tan 22° 30'=tan 4;

by simplifying

o

(because 22.5°= 4;

/1 - cos45’
= ﬁ 0 < (22.5°<90°%) it lies in the first quadrant so the value is positive

= 1-5 «l by multiplying by the conjugate of

1 +_?, denominator (2-+2)
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242 242 4-2

=J3-2/2 =J22/2 -1 = J G2-1)?=y2 -1

ﬂ Try to solve
@ Find the value for each of the following without using the calculator:

=/2-¢7 2 v/2 _ [@ai2

@) cos iz known that sin = - % 180° < 0 < 270°
@ cos 22° 30" @ tan 15°.

Q Example b oving the correctness of a trigonometric identity
@ Prove the correctness of the identity: csc2 x + cot 2 x = cot X , then use the previous identity
to find the value of cot 15°.

©» Ssolution
The left side =L S982% _ 1+cos 2x
sin 2x  sin 2x sin 2 X
1 +(2 cosx-1 2 cos 2x ) _
= (. cosxl) - = SBX _cotx (the right side)
2 sin X coS X 2 sin X cOSX sin X

By putting x = 15°  in the identity: csc 2 x + cot 2 X = cot X
socot 15°=csc 30° +cot30 °=2+ /3

ﬂ Try to solve

1 - tan’x 1-tan?15°
@ Prove that: cos 2 x = _

then find the value of |+ tan? 15°

1 + tan“x

Q Example Linding the value of a trigonometric ratio
@ If 4 cos 2 C + 3 sin 2 C =0, find without using the calculator the value of tan C , where C
is the measurement of a positive acute angle.

©» solution
o 4cos2C+3sin2C=0 c.4cos2C=-3sin2C
sin2 C _4 . _4
© w0s2C =3 c. tan2C—_3
2tan C 4 2
) s.6tanC =-4+4tan” C
s2tan?C-3tan?C-2 =0
2tanC+1)(tanC-2)=0 .'.tanC=—% (refused ) or tan C =2

Think: Use the trigonometric functions of half-angle to find the value of tan C.
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ﬂ Try to solve

@ If 4 sin E + 3 cos E = 3, prove without using the calculator that tan % = % , Where E is the
measurement of a positive acute angle.

CEJ Example  ¢5lving the trigonometric equations

6 ) Find the values of x included between 0 and 2 77 which satisfy the following equations:

a sin2x=sinx b coszx-sinzxz-% c tan2%+2tan%=1
(» Solution
a ‘- sin2x=sinx b coszx-sjnzxz_%
2 sin x cos x = sin x 0052x=—%
(because: sin2x = 2 sin x cos x) (because: cos2x = cos x - sin_ x)

sinx (2cos x-1)=0 either cos 2x = cos (% +2n7T)

sin x =0 cosre L Or COS X = COS (% +2n7T)
"2 here n €
=7 7[ sz | ’
X=- or x=-"- _
the values of x which satisfy 3 3 2x= 3 w207
the equation are: dx= AL o
T3
Z Zor ST” By dividing by (2)
- T - 27
X = 3 +7Tn X 3 +n 7T

. o
think: Do you have other solutions? Find one of by putting n= 0.1 .

them. - .
x= -4t . x=2£
c - tan2t37n+2tan§=l 3 3
.'.2tan3=1—tan2§ 3 3
otan X the values of x which satisfy the equation
—=1 Sotanx =1 are:
1- tan> X
2 L 2w, AT 5T
(positive tangent in both the first and third 373 37 3
quadrants)
in the first quadrant: x = Tﬂ
in the third quadrant: x =7 + Zﬂ = %
.". the values of x which satisfy the equation are -2 or %

ﬂ Try to solve
@ Find the values of x included between 0 and 2 77 which satisfy the equation cos x +cos 2x =0

@ Geometry: X Y Z is a triangle in which x = 12cm, y = 18cm, z = 15cm, prove that m( Y) =2
m(/ X).
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#‘\ b
\#? Exercises 4 - 3 \3%

L4

Choose the correct answer:

(l_) IfcosC= % then cos 2 C equals

a 0 b ._111 c ?7 d %

@ sinA cos A equals
‘a lsin2a b sin2A ¢ cos2A ) Lcos2a

@ cos? C - cos 2 C equals

a sinC b cosC ¢ sin?C d tanC
(4) 1 - 2 sin? 50 equals

a  sin 100° b cos 50° ¢ cos 100° d  sin 50°
@ I +cos 4A equals

a 2cos*4A b cos®2A € cost4A d 2cos’2A

@ Find without using the calculator the values ol : sin 20 . cos 2 0, tan 20 if:

a sinl‘?:%,ﬂ'{ﬁ'{gﬂ“ b cusﬁ:%,ﬂ"{ﬂ-{%
¢) cscf = m<0< & d/ cotf =2,180° < 0 <270°
(7) Find without using the calculator the values of: sin 20 , cos 2 0, sin -g- . COS —g—:
a cos0 = 10°<6<90° b sinf = £,90° <0 <180°
= 4 kY (d) sing =12 3%
¢ tanf =3, 7<O< 5 d)sinf =3, 5-<0<2n
@) I{ you know that cos A = ﬁ- ., where A is measure of a positive acule angle, lind

without using the calculator the value of:

sin 2A , cos 2A, tan 2A cus%

@ It A is the measurement of an acute angle and cos 2A =
find the value ol: sinA | cosA . an2A

119

169 .without using the calculator,

@ Ir ﬁm A=l without using the calculator, find the value of: cos 3, sin A, cosA

A
3 2
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sin2 B
2 cos 2B

@ If cos B = % , t<B< 3? « without using the calculator, find the value of

@ Express each of the following in the form of an only trigonometric ratio:

) tan 40° ) )
a  sin 35° cos 35° b — C | sin 25° cos 35° - cos25° sin35°
1 - tan? 40

tan 50° - tan 40° . 295 G205 1 - cos O+ sinO
1 +tan 50° tan 40° cos - s 1 + cosO + sinO

@ Find the values of X included between 0° and 277 which satisfy each of the following

equation:
a sin2x=sinx b sin?2x+2sin2x+1=0 c cosx—2sin2%x=0
Prove the correctness for each of the following identities:
1 -cos 2A sin2 A " cotO -1 cos2 O
3+cos2A 1 +cos’A cot@+1 = 1+sin26
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- T
E;_? General exercises H}%

First : problems on Angles of elevation and depression

(‘l) A man observed the angle of elevation of a tower peak from a point on the ground surface to find its
measurement is 22° | then he walked on a horizontal road towards the tower base for a distance of 50
meters to observe the angle of elevation of the tower peak once more to find its measurement is 36°.
Find the height of the tower to the nearest meter.

’{2}‘ From a hill peak, an observer [ound the measurement of the two angles ol depression of a
tower peak and its base are 15° 18" and 26° 42' respectively. If the height of the tower is 20
melers, find the height of the hill to the nearest meter .

<3> From tower peak of 10 meters high, a man measured the two angles of elevation and
depression of the highest and the lowest poinis of a minaret on the ground surface to [ind
them 147 28" and 42° respectively. If the height of the tower and minaret were founded at the
same horizontal level, calculate the height of the minaret to the nearest meters.

(4} Marine navigation A ship sails Northeast at velocity of 24km/h. A passenger observed two
constant points 25° in the direction of west of the North and after four hours, he found that one
of those two points became 23 in the direction of South of the west while the other point became
17° 1in the direction of North of the west. Find the distance between the two points to the nearest
kilometer known that the two points and the passenger are at the same horizontal level.

<5} Marine navigation A stecam boat sails on water in a straight line in the direction ol a rock
al a unilorm velocity of 300 m/min. At a certain time, the angle of elevation of the rock peak
was observed o be measured 35° and after two minutes and from the same boat, the angle
ol elevation was observed once again (o be measured 60°. Calculate the height ol the rock.

{ﬁ_} Marine navigation A ship salied from a certain point in the direction of 12° south of the
East at velocity of 11 km/h and at the same time, another ship sailed from the same point in
the direction of 68° North of the east al velocity of 6.5 km/h. Find the distance between the
two ships after two hours from the time of their sailing together .

{?} From a horizontal point on the ground surface, a man observed the angle of elevation ol an
airship moves vertically at auniform velocity ol a magnitude of 20m/min to find its measurement

to be35° and after three minutes, he observed the airship once again at the same point to lind the
measure of the angle of elevation of the airship is 15° . Find the distance between the man and

the projection of the airship to the nearest meter .
Second: problems on the trigonometric functions of the sum and

difference of measures of two angles and the double - angle
(1} Without using the calculator | prove the correctness for each of the following:

a (=] s L . [+]
8)tan 75" =2+v3 b Cos 40 cos HZ: : :,:ndi} sinli =2 '.-"_%
s sin 15 cos 15
¢lcos75°=Y6 -4 2 ;" 2
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@ Prove the correctness for each of the following:

a cos’A= 1 (1+ cos 2A), then [ind the value of cos 15°

2sinA-cos2 A A i C
b —gec2 B (e) _SM2X _ianx d)l-cosC-s5inC _ap £
sin® A 2 l+cos2x ~ l-eosC+sinC 2
@ Find the value for cach of the following , without using the calculator:
asin 2 ws% cos 2 bm% b sin25" cos 20° - cos25”sin20°
= ¥ sin 80 cos 35 + cosB0 sin35
@ Ifsin A= f—g where % < A < 277 without using the calculator find the value of sin 2A |
cos 2A
1 T ... : . 1 +sin2A
@ Iltan A = —-where 0 < A <-5- without using the calculator find the value of —————
3 1+cos2A
O If sin C = H wilere— <A< .cosB= 2 where 7 < B < 321 without using the

calculator find the wlue ol tan 2A, sin (B - A}

@ IfcosC=2 where Ce 10, [, tan B=-*where Be | £, 7 [, without using the
calculator [i nd the value of: cos {A +B), tan ZB

@ If tan 2A = ? , without using the calculator lind the value of tan A

O IflanA--:r tan B —--where A.Be]O: —[
without using the calculamr find the value of: tan (A + 2B) =

@ IfﬁmA-—whereAE]ﬂ; o [ mtB-—whereBE | 7T TE |
without using the calculator fmd the value of tan (A-B).sin2B
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