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we are pleased we offer this book to make it clear philosophy that has been in light
construction of educational material and can be summarized as follows:

To emphasise that the main purpose of these books is to help the learner to solve problems and
make decisions in their daily lives, and help them to participate in society.

. Emphasis on the principle of continuity of life-long learning through work that students gain a

systematic scientipc thinking, and practice learning mixed with fun and suspense, relying on the
development of problem- solving skills and develop the skills of the conclusion and reasoning,
and the use of methods of self-learning, active learning and collaborative learning team spirit,
and discussion and dialogue, and accept the opinions of others, and objectivity in sentencing, in
addition to some depnition of national activities and accomplishments.

. Provide a comprehensive coherent visions of the relationship between science, technology and

society (STS) reyect the role scientipc progress in the development of the local community,
in addition to focusing on the practice of conscious students to act effectively about to use
technological instruments.

4. The development of positive attitudes towards the study of mathematics and aspect of its scientists.
5. To provide students with a comprehensive culture to use the available environmental resource.

6. Rely on the fundamentals of knowledge and develop methods of thinking, the development of

scientipc skills and stay away of the details and educational memaorization, thatis concern directed
to bring concepts and general principles and research methods, problem solving and methods of
thinking about the fundamental distinction mathematics from the others.

We have been especially cautions in this book the following:

The book has been divided into integrated and coherent units, for each one there is an
introduction shows its aims, lessons, a short, and key terms, it has been divided into lessons
explain the goal of study under the titleéyou will learno, each lesson starts with the main
idea to the content of the lesson .1t takes onto consideration, the presentation to the scientific
article from easy to difficult and includes a set of activities that integrated with other subjects
and to suit different abilities of students and take into consideration the individual differences
between them and emphasizes the collaborative work, and integrated with the subject.

Every lesson has been presented examples from easy to difficult, it include variety of levels
of thinking with drills on it under the title of 0 try to solve6 and the lesson ends with a title of
ocheck your understanding6

Each unit ends with a summary of the unit deals with concepts and instructions contained in
the unit.

Eventually, we hope getting the right track for the benepts of our students as well as for our

dearest Egypt hopping bright future to our dearest students. And the God of the intent
behind, with leads to either way.
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Unit objectives

By the end of this unit, the student should be able to:

|
|
|
|
|
|
|
|
|
|

Recognize the concept of the matrix and its order.

Recognize some special matrices (row - column
- square - zero - diagonal - unit - symmetric and
skew symmetric ) matrix.

Multiply a real number by a matrix .

Recognize the equality of two matrices.

Carry out the operations of addition, subtraction
and multiplication on matrices.

Verify the solutions of some problems including

matrices using the available programs.

Y Key - Terms

»

»

»

»

»

»

Matrix » Equal matrices
Element » Symmetric matrix

Row matrix » Skew-symmetric matrix
Column matrix » Unit matrix

Square matrix » Matrix equation

Zero matrix » Variable matrix

»

»

»

»

»

»

< Model some life problems using matrices .

< Use matrices in other domains.

< Recognize the determinant of a matrix of order 2 x 2
and 3 x 3.

< Find the value of the triangular determinant.

< Find the inverse of the square matrix of order 2 x 2.
< Solve two simultaneous equations using the

< inverse of a matrix.

< Solve the equations using Cramars rule

< Find the area of the triangle using determinants.

Constant matrix » Second order determinant
Adding matrices » Third order determinant
Subtracting matrices » Coefficient matrix

Matrix multiplication » Inverse matrix

Transpose of matrix

Determinant



Lessons of the Unit

Lesson (1 - 1): Organizing data in Matrices.
Lesson (1 - 2): Adding and subtracting Matrices.
Lesson (1 - 3): Matrix Multiplication .

Lesson (1 - 4): Determinants .

Lesson (1 - 5): Multiplicative inverse of a matrix

v Materials

Scientific calculator - Excel program-
Computer.

i iel » A

% Brief History

Matrices is the plural of the word matrix and is one of mathematical concepts commonly used in modern times.
It includes many branches of knowledge. We use it in science, statistics, economics, sociology, psychochology
and so on. Because it displays the data and stores them in the form of rectangular array and organizes the data
in this form to remember, compare and carry out the operations on them easily. Further more, matrices have an
important role in mathematics especially in the branch of linear algebra. Scientist Kelly was the first to observe
and use matrices in (18211895-)

Matrices

( Determinants
N\ )
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in matrices C Operations on matrices Find Area of the triangle

Definition of matrix
Addi Tsab - Determinant of triangular
Representing ( g andc su tractmg) CMultiplying matricea Aty
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Analyzing data : — equations using
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, matrices
Multiply a number
by a matrix L ¢
. C Solving matrix equations ) Transposition of the
Some special product of two matrices
matrices

q Solve a system of
| Terms of the matrix ‘ equations using matrices ' j

Multiplicative inverse
of a matrix




Organizing data in Matrices

1-1

You will Learn ‘
Think and discus®
What is the matrix?

Some special matrices | ndustry
(square - row -

columnzero - diagonal - A three-section factory for producing some

- unit) matrix.
, components of TV screens. Produces 4
Symmetric and skew

symmetric matrix principal parts of the screen A, B, C, and D

Equality of two as follows:

matrices. The first section produces 75 pieces from

Multiply a real . .
A, 135 pieces from B, 150 pieces from C,

number by a matrix.
and 215 pieces from D daily.
The second section produces 100 pieces from A, 168 pieces from B,

210 pieces from C, and 282 pieces from D daily.

Key - Terms The third section Produces 80 pieces from A, 100 pieces from B,
Matrix 144 pieces from C , and 64 pieces from D daily.

Element It is difficult to remember or compare these data on this form, in this
Row matrix way, so there is a question:

Col tri .
O At How can these data be arranged in order to analyse and benefit from

Square matrix

9
Zero matrix them?

Equal matrices To answer this question, we can record these data in a table to
Symmetric matrix know what each of the three sections in the factory produces from

Sk tri tri . . .
W SYMMETE MY the different parts quickly and clearly, and also easily compare the

production of the three sections of different parts.

Graphic calculator A B C D

Excel program First section 75 135 | 150 | 215

Computer

Sections

Second section 100 168 210 282

Scientific calculator

Third section 80 100 144 64

4 Mathematics - First form secondary



Organizing data in Matrices

If we know that the numbers in the first row represent the production of the first section
from parts A, B, C and D respectively, similarly, the numbers in the second row represent the
production of the second section respectively and the numbers in the third row represent the
production of the third section respectively, then we can write these data which recorded in

the previous table in a simple form as follows :

75 135 150 215

First row This form is called a «Matrix» , the numbers
Second row 100 168 210 282 enclosed by two parentheses( ) are called
: «elements
Third row 80 100 144 64

of the matrix»

First Second Third Fourth
column column column column

This matrix has 3 rows and 4 columns, thus it is said that it is a matrix of order 3 * 4
or simply «a 3 * 4 matrix». You always write the number of rows first, and the number of
columns second. We notice that : number of elements of the matrix = 3 *4 = 12 elements .
Now:
1-Is there another method to arrange these data to form another matrix? Explain your answer.
2- From the previous matrix, what is the element in the first row and second column? and
what is the element in the second row and first column?
3- Open question: Write an example of your own in which the data included are in the
form of a 2 * 3 matrix

sy

Organizing Data in Matrices
The matrix is an arrangement of a number of elements (variables or numbers) in rows and
columns enclosed by two parentheses as (). The elements in the matrix are arranged such
that the position of each element in the matrix has a meaning. Capital letters are used to
name the matrix or to symbolize it as A, B, C, X, Y, ... but small letters are used to name
the elements of the matrix as a, b, x, X, y, ...
If A is a matrix of order m* n then we can express it in the form ai j where 1 is the number
of rows and j is the number of columns.
For example, the element a , lies in the first row and in the second column also a32 lies in
the third row and in the second column.

-1 4 6 5

In the matrix A = 2 -1 2 4
3 5 2 -

The element -1 lies in the second row and in the second column, and is denoted by the
symbol a,,
The element 6 lies in the first row and in the third column and is denoted by the symbol a ,

Mathematics - First form secondary 5



Generally:

The matrix consists of « m» rows and «n» columns and is in the form of m x n or of order
m x n or of type m x n (and is read as «m» times «n») where m and n are positive integers.

< %Try to solve

15
@ Use the matrix B = g 3 to answer each of the following:
A What is the order of the matrix B? B 'What is the value of b, and b,,?

"I/’] J Representing of Matrcies

If A is a m x n matrix, then it is possible to write the matrix A in the form:

A=(a;), i=1,2,3,..,m
j=1,2,3,..,n
We will study only the cases of matrices that m <3 and n < 3

i

1) Write all the following elements of matrices:

A A=(a) , i=1,2 , j=1,2,3
B B=(®,) ., i=1,23 , j=1
€ c=() . i=1,2 , j=12
@ Solution
all alZ a'13 b“
A A=la, a, a, is a2 x 3 matrix B B B=| b
b3]

C a]] a]2
C= a, a, is a 2 x 2 matrix

{ Try to solve

@ Write all the following elements of matrices:
A A=(a) , i=1,23,j=12,3

B B=(blj) , 1=1,2,j=1

6 Student book - Second term
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— ; : Small | Medium | Large
2 ) Consumer; the table opposite shows the prices =
in pounds for 3 kinds of sandwiches in 3 different Fried 8 12 16
. . chicken
sizes 1n a fast food restaurant.
. . SE o 13 17
A ' Arrange these data in a matrix, such that the | shrimps
prices are arranged ascendingly. Fried 5 " 5
fish i

B ' Determine the order of this matrix.

C | What 1s the value ol the clement 33:?

ﬁ Solution
Small Medium Large i
Fried fish 7 1 15
Fried chicken 8 12 i6
Fried shrimps g 13 17

B | There are 3 rows and 3 columns, thus the matrix is of order 3 - 3

C | The value of the element a_ lies in the 3 row and in the 2™ column which is 13

i Try to solve

v :
(3  The coach of a team of the basket-ball in the school recorded the
scores of three plavers in the classes league, as follows:

Samir: played 10 games |, 20shots | 5 scores.
Hazem: plaved 16 games , 35shots |, 8 scores.

Karim: played 18 games , 41shots |, 10 scores.

A ' Arrange these data in a matrix such that the players are
arranged ascendingly according to their number of scores.

B | Determine the order of the matrix. What 1s the value ol a,ﬂ'?

/

Some special Matrices
A Square matrix: Itis a matrix in which the number of its rows equals the number of its

columns. For example: |: f 21 ) (a2 2 square matrix)

B Row matrix: It is a matrix contaiming one row and any number of columns. For
example : (2 4 6 8) (al 4 row matrix)

Student book - Second term 7



C Column matrix: It is a matrix containing one column and any number of rows. For

[ 2
example: (_5 ){n 3 1 column matrix)
1

D Zero matrix: [tis a matrix in which all of its elements are Zeros. It may be a square
matrix or not. For examples:

(Oyisal-1 zeromatrix, (0 Oyisa 1«2 zero matrix, (E) is a2+ 1 zero matrix,

( g 3 ] isa 2 2 square zero matrix and is denoted by O

E  Diagonal matrix: It 18 a square matrix in which all elements are zeros except the

elements of 1ts diagonal then at least one of them 1s not equal to zero. For example:

) 1 0 0 g g 5o :
the matrix: ( o A 0 ) (isa3 3 diagonal matrix)
0 0 2

F  Unit matrix: it is a diagonal matrix in which cach element on the main diagonal has
the numeral 1, whale O exasts i all other elements | 1t 1s denoted by 1 for example:
cach ol

[ 3 1 0 0 d i 4
(1, I[; ?]I 7 ( 0 1 0 ) is @ unit matrix.
0 0 1

4% Try to solve
@ Write the tvpe and the order of each of the following matrices.

A(D ) BI(1357) G(E)
P/ (50) € (s3) 24V 39

@ Write the 3 - 3 zero matrix

Equality of two Matrices
Two matnces A and B are equal 1l and only 11 they have the same order and the elements of
the matrix A are equal to the corresponding elements in the matnx Bie:a =b Vi and j.

e

@ A The m-'mnmriccs{ ‘!I g :li'll'ldl: 1 g g :I are not equal because they are dilferent in order:

- -1
1 x 2Yy_(1 -3 2 EFY T =
B G e J (_1 5 ) ifand only ifx=-3,y=5
C The two matrices |: 1 F_Il },( _ﬂl "_'l } can aol be egual becauwse the corresponding
% - =

elements are not equal

8 Student book - Second term



¢ 1 51 [0 1 B
(3] ( 1T 7 0 ] = { 1 70 ) The two matrices are equal because they have
\2 6 3 v2 6 3 the same order and the corresponding elements
are equal.
& Try to solve
(’ 075 1 1| (‘ .3 02 )
4 ; 5
= = A=R7 5 ; A
@ ARIIfA=| 1 2 | B=1 s 2 Is A= B? Explain your answer.
Blipx=(3 4 = (3 4 T, ¢ S —
If X —( 3 s ]l . G ( e } Is X =Y 7 Explain vour answer.

w Use the equal matrices to solve the equations
(@) 1r; [ 2xé5 i f - :| = { 235 _Tjw ] . Find the value of xand y.
6 Solution
( 2x-5 4 } o { 25 4 }

3 Jy +12 K] y+18

- The two matrices are equal = the corresponding elements are equal:

2% -5=25 ; 3y+12=y+18
2x =25+5 . 3y-y =18-12
2y =30 \ 2.}: =0
xr =15 = y: =3

the solutionis x = 15,y =3

£ Try to solve

@ It ( x+8 -5 ) = ( 38 -5 } . Find the value of each of x , ¥

3 ¥ 3 4y-10
Critical thinking: If 3x x+y x-z)=(9 4 -10). Find the values of x, y and z
(9) Critical thinking; If: ( Al s ) = (9 3 ). Find the values of a,b,c,d

a+h+c a-h+2d T

Multipling a Real Number by a Matrix

Multiplying a real number by a matrix means multplving each element of the elements of the
matrix by that rcal number i.e.:

Product of a real number K by the m ~ n matrix "A' is the matrix C = KA with the same
order m - n, cach clementinitas C - equals the corresponding clement 1o 1t the matnix A
multiplied by the real number K .

ie:C =Ka, wherei=1,2,...m,j=12,..n

Student book - Second term 9



& Try to solve

15 -12 19
A0) IfA=| 20 -10 7 |Find -5A
-2 1 3

Transpose of Matrix

In any matrix A of order m - n, il the rows are replaced by the columns and the columns are
replaced by the rows in the same order, then we get a matrix of order n - m which is called the
transpose of matrix A and is denoted by the symbol A" Itis clear that (A'y = A

o=t

@ Find the transpose of each of the following matrices:
1 2 1
AM=L 3 4 s B B=(1 -2 6) c C.‘:(';"
6 Solution

. 3
Al :( 2 ) is 2 matrix of order 3 - 2
-1

5

i
B RB= (.2) is a matrix of order 3 - 1
6

€)= { 43 2 } is a matrix of order 2 - 2

Symmetric and Skew Symmetric Matrices

If A is a square matrix, then it is called a symmetric if and only if A = A", and is called skew
symmetric if and only if A = -A'

@ Is the matrix B = (

0 ! : v
1 symmetric or skew symmetric?
b

do © =

10 Student book - Second term



Organizing data in Matrices

6. Solution
0 1 -1 -0 1 1
Bz( 4 0 3 ) B‘=( 1 o0 4
1 -3 0 -1 3 v}
e L 1 1 \__
iy ( 10 3 )‘ B
1 St 0

~B'=-Band B=-B"' then the matrix B is skew symmetric

& Try to solve

i 1 1
@ Is the matrix A= ( 1 a3
-1 5

9 Check your understanding

@ Find the value ol x, v, z in each ol the lollowing:

) Symmetric or skew symmetric?

[ B B

B 120 B(x 3 o)xls i 3)

@ Show which of the following matrices is symmetric and which is skew symmetric:

¢ 5
2
a1 4 8 s 1
E-126 2 0 3
4§ & & 1
l--z-ﬂ'

Student book - Second term




(1) A, B and C are three cities | if the distance in kilometres between any (wo cities is

Exercise (1-1)

shown in the table opposite,

A
B

?H What is the number of elements in cach of the following matrices:

A

C

Write a matrix represent these data.

Let X be the required matrix in "A" find the following:

1- What does 1t mean by X7

2- What does it mean by X_?

3- what is the relation between x,, x 7
Wite all elements of the second row 1 the matnx X,

Write all elements of the second colummn in the matrix X, What do vou deduce

from' € and ' D ?

Find X | when K = 1, 2, 3 What do you notice?

Complete each of the following:
1- X is a matrix of order
2- Xu — X}I lor all values

Matrix of order 2 <3
Matnx of order 2 < 2

Matnx of order 3 < 2

3 Find the values of a, b, ¢ and d if:

12

3 A - a-2 [
( a-3 ng]_( dc 2“;1

S I-RLC N

Student book - Second term
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@) ¥ind the value of each of aandbif (4 1 )= ( 4 1)

®wa=(7 7 ).B=(2 1 )wheea=B

then find the value of each of d and e

I 0 2 3 0 =2
@Ifﬂz( 2 1 -3 ).Bz -2 3 3 )
4 5 -l 4 -5 5
Find A+B ., A-B , A+2B

, B-3A

(@) critical.thinking: If A = (A) ¥ x, ¥ € { 1, 2,3 } Write the matrix A, given that
A_ =y X, then find A'

T m-



1-2

You will Learn

b Adding matrices,

F Subtracting matrices.

Key - Terms

F Adding matrices
b Subtracting matrices

b Graphic calculator

14

Ad_ding and subtracting Matrices

Statistics: Work with vour classmate and use the datain the followmg

table:
The arithmetic mean of marks
Science Mathematics
Year | Male | Female | Male | Female
201 428 420 502 457
2012 425 421 501 A6
2013 429 426 503 463
1- A Find the sum of marks of the two arithmetic means for male

5.

in each vear in the table.

B TFind the sum of marks of the two arithmetic means lor
female in each year in the table.

A Write a matrix representing the arithmetic mean for the marks
ol science for male and [emale. lable a ade Tor the matn x and
ils rows and columns.

B What is the order of the matrix?

A Write amatrix representing the mean of marks of mathematics
for male and lfemale. lable a titde for the matrix and its rows
and columns.

B What is the order of the matrix?

By checking your answer for question (1) and the matrices
that you wrote in questions (2) and (3) , write a third matrix
representing the sum of marks of the two arithmetic means for
male and females. Lable a title for the matrix and its rows and
columns. What 1s the order ol the matns?

Use your observations, and any patterns vou see to find a method

tor adding the matrices.

=

Adding Matrices

Sometimes, we need to add or subtract the matrices in order to get new

data. To find the matrix of addition, add the corresponding elements.
ie: IT A, B are two matrices of order m = n, then A + B is also a matrix

of order m - n and each element in it is the sum of the two comresponding

elements in A and B.

Student book - Second term



Adding and subtracting Matrices -

==

@ua=(2 2),B=(7 2 ). Find: A+ B,

1 3 1
6 Solution
A+B= ( ﬂ g ) - ( :‘ :3 ) (by substituting A and B)
= ( E: ':": g: E:E; ) (Add corresponding elements)
=il E f: ) (Simplify)

|l T_ry to solve

@Dua=(3 1)Bs(

3 o ': 'T )‘ C={( i ) . Iind each of the following "il possible™:

AA+B B A+C

"m Properties of Adding Matrices

Let A, B and C be three matrices of order m - nand O is a zero matrix of the same order,
then:

1- Closure property: A + B form a matrix of order m - n

If A:( ‘J g ]isamatﬂxnfﬂldchfZ,Bz{ j,; g }isamatrixﬂfordcr 2x2.

thenA+H=(g 2 )+(; 3 ):( 62 g ']isnm:mixafﬁrderz.-z

2- Commutativeproperty; A+ B =B +A

TTA:( 4 )1B: 6 5),Shnﬁ'thal A+B=B+A
0 -2 3

3- Associative property: (A + B) + C=A+ (B + )

[l'.r‘l:( 3 —‘; },Hz{:ﬁg g ),(Zz(ﬁ ‘;) .Show that (A+B)+C=A+(B+()

3
4

5- Additive inverse.propertic, A+ (-A)=(-A)+ A=

where (-A) 18 the additive inverse of the matrix A

st HEEIRE S N
e CHEIPLE 1

Student book - Second term




"m Subtracting matrices

Il each ol the two matrices A, B of order m - n, then the matrix C=A- B=A+ (-13) where C
15 a matnx of order m - nand (-B) is the inverse of the matrix B with respect to the addition
ol matrces.

Peemmples (2 200 DR 2 2= & &)

eEoluﬁnﬂ
ene( 0S8  BEREAR YA
RELINELE LN TESIREERIN
274 (2 523) "

from (1), (2}, we notice that: A - B £ B - A (subtraction of matrices is not commutative)

Think: 1s the subtraction of matrices associative?

W

'@IFA—( 2 5 4)B=(1 4 3)C=(6 -1 2) Findthematrix 2A-3 B+ 5C
3 .4 6 9 -2 5 3 5 4
Iﬁ'sll:nll.ath:m
2A =2({2 5 4 :(2-'2 2x5 2:*-1):(4 10 -:g}
(3-46) 2x3 2x-4 2x%B 6 -8 12
AT _{3%1 3x4 Ax3 N\ _ (.
33 _%{; ; g}“(ms 3% -2 3-5)*(2?? 1e2; 195-]
3B =( 8 12 9)
27 6 -15
v 6 1 2V_[ 546 5x-1 522\ _{30 -5 -10
3 “5(6 5 4)_{-5--3 5%5 5x4 -}_(-1525 zu)

L 2A-3B+5C= 10 -2)+{3 -12~9)+(:m -5 -w)

-8 12 27 B -15 15 26 20
4+3+30 10-12-5 -2-9-10 ):(3? -7 —21)
G-27-15 -B+6425 12-15420 -36 23 17

4
G
#& Try to solve

@ia=(2 1)B=(7 3).C=(! 3). Find the matrix 24 - 3B + 4C

1
0

1 6 Student book - Second term



9 Check your understanding

(1) Find the value of each of the following:

B(% 5 1)+ 8 1) 8

@ua=(3 3 P)m=(3 3 1)

‘A FindA-B,B - A. What do you notice? B Verify - (A + B) = (-A) + (-B)

T m-




Exercise (1-2)

'I ITA= ( -2 0 -1 ] and K, =2, K, = 1 then lind each of the following matrices:
5 0

.| 5

K, A and K A

s -7 D 5 8 4 i o o
2)IFT'A = ( } B = 7 | then find the result of the Tollowing operations il

- 4 T 3 o 0
6 —5
"possible" | give reasons in case of impossible solution,
A A-B B/ A:B C A'-B

2 51 2 —4
G ).Y :( 0 3). Z:(—_=: 2 )lliml"mdlhuumlrir.?r?{—‘f A

4 10 0

4 8B -6 f 4 =62
)_ B = ( ) then find the matrix X where X =2A -3 13
1 8 4

-5/ Critical thinking,: Find the values of a, b, ¢ and d which satisfy the equation:

o1 2)=3(2 4)-a( g )

Student book - Second term
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