Student’s Book
Flrell fodriy scsoiiicalsy  SECOND TERM




Arabic Republic of Egypt
Ministry of Education
Book Sector

Student’s Book

First form secondary Second term

Mathematics has Practical applications in various fields including
road construction, bridges and urban planning and preparing their
maps which depend on parallel lines and their transversals according
to the proportion between the real length and the drawing length.

Elsalam bridge connecting between the two shores of the Suez canel

2025-2026



Authors

mr. Omar Fouad Gaballa
prof.Dr. Afaf Abo-ElFoutoh Saleh  prof.Dr. Nabil Tawfik Eldhabai
pr. Essam Wasfy Rouphaiel mr. Serafiem Elias Skander

Mr. Kamal yones kabsha

Revision, Perparing And Modifications
Mrs. Manal Azkool
Dr. Mohamed Mohy Ebrahim Abd Elsalam Mr. Sherif Atif EL Borhamy
Dr. George yuhanna Meikheil Mr. Samer Mohamed Seadawy
Mr. Amr Farouk Mahmoud

Pedagogical Supervision

Dr. Akram Hassan

2025-2026

?&JI palnly eulmally du il 8)l39 zyls VLS s Jglits o pas pé



INTRODUCTION 1
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we are pleased we offer this book to make it clear philosophy that has been in light
construction of educational material and can be summarized as follows:

1. To emphasise that the main purpose of these books is to help the learner to solve problems and
make decisions in their daily lives, and help them to participate in society.

2. Emphasis on the principle of continuity of life-long learning through work that students gain a
systematic scientific thinking, and practice learning mixed with fun and suspense, relying on the
development of problem- solving skills and develop the skills of the conclusion and reasoning,
and the use of methods of self-learning, active learning and collaborative learning team spirit,
and discussion and dialogue, and accept the opinions of others, and objectivity in sentencing, in
addition to some definition of national activities and accomplishments.

3. Provide a comprehensive coherent visions of the relationship between science, technology and
society (STS) reflect the role scientific progress in the development of the local community,
in addition to focusing on the practice of conscious students to act effectively about to use
technological instruments.

4. The development of positive attitudes towards the study of mathematics and aspect of its scientists.
5. To provide students with a comprehensive culture to use the available environmental resource.

6. Rely on the fundamentals of knowledge and develop methods of thinking, the development of
scientific skills and stay away of the details and educational memorization, that’s concern directed
to bring concepts and general principles and research methods, problem solving and methods of
thinking about the fundamental distinction mathematics from the others.

We have been especially cautions in this book the following:

KX The book has been divided into integrated and coherent units, for each one there is an
introduction shows its aims, lessons, a short, and key terms, it has been divided into lessons
explain the goal of study under the title”you will learn”, each lesson starts with the main
idea to the content of the lesson .It takes onto consideration, the presentation to the scientific
article from easy to difficult and includes a set of activities that integrated with other subjects
and to suit different abilities of students and take into consideration the individual differences
between them and emphasizes the collaborative work, and integrated with the subject.

* Every lesson has been presented examples from easy to difficult, it include variety of levels
of thinking with drills on it under the title of * try to solve” and the lesson ends with a title of
“check your understanding”

X Each unit ends with a summary of the unit deals with concepts and instructions contained in
the unit.
Eventually, we hope getting the right track for the benefits of our students as well as for our
dearest Egypt hopping bright future to our dearest students. And the God of the intent
behind, with leads to either way.
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Unit objectives

By the end of this unit, the student should be able to:

|
|
|
|
|
|
|
|
|
|

Recognize the concept of the matrix and its order.

Recognize some special matrices (row - column
- square - zero - diagonal - unit - symmetric and
skew symmetric ) matrix.

Multiply a real number by a matrix .

Recognize the equality of two matrices.

Carry out the operations of addition, subtraction
and multiplication on matrices.

Verify the solutions of some problems including

matrices using the available programs.

Y Key - Terms

»

»

»

»

»

»

Matrix » Equal matrices
Element » Symmetric matrix

Row matrix » Skew-symmetric matrix
Column matrix » Unit matrix

Square matrix » Matrix equation

Zero matrix » Variable matrix

»

»

»

»

»

»

< Model some life problems using matrices .

< Use matrices in other domains.

< Recognize the determinant of a matrix of order 2 x 2
and 3 x 3.

< Find the value of the triangular determinant.

< Find the inverse of the square matrix of order 2 x 2.
< Solve two simultaneous equations using the

< inverse of a matrix.

< Solve the equations using Cramars rule

< Find the area of the triangle using determinants.

Constant matrix » Second order determinant
Adding matrices » Third order determinant
Subtracting matrices » Coefficient matrix

Matrix multiplication » Inverse matrix

Transpose of matrix

Determinant



Lessons of the Unit

Lesson (1 - 1): Organizing data in Matrices.
Lesson (1 - 2): Adding and subtracting Matrices.
Lesson (1 - 3): Matrix Multiplication .

Lesson (1 - 4): Determinants .

Lesson (1 - 5): Multiplicative inverse of a matrix

v Materials

Scientific calculator - Excel program-
Computer.

i iel » A

% Brief History

Matrices is the plural of the word matrix and is one of mathematical concepts commonly used in modern times.
It includes many branches of knowledge. We use it in science, statistics, economics, sociology, psychochology
and so on. Because it displays the data and stores them in the form of rectangular array and organizes the data
in this form to remember, compare and carry out the operations on them easily. Further more, matrices have an
important role in mathematics especially in the branch of linear algebra. Scientist Kelly was the first to observe
and use matrices in (18211895-)

Matrices

( Determinants
N\ )

Organizing data \
in matrices C Operations on matrices Find Area of the triangle

Definition of matrix
Addi Tsab - Determinant of triangular
Representing ( g andc su tractmg) CMultiplying matricea Aty
a matrices
matrices
* * Solve systems of
Analyzing data : — equations using
Properties of adding matrices Properties of multiplying Cramar's rule
, matrices
Multiply a number
by a matrix L ¢
. C Solving matrix equations ) Transposition of the
Some special product of two matrices
matrices

q Solve a system of
| Terms of the matrix ‘ equations using matrices ' j

Multiplicative inverse
of a matrix




1-1

Youwill Learn

What is the matrix?
Some special matrices
(square - row -
columnzero - diagonal
- unit) matrix.
Symmetric and skew
symmetric matrix
Equality of two
matrices.

Multiply a real

number by a matrix.

Key - Terms

Matrix

Element

Row matrix
Column matrix
Square matrix
Zero matrix
Equal matrices
Symmetric matrix

Skew symmetric matrix

Materials

Graphic calculator
Excel program
Computer

Scientific calculator

Organizing data in Matrices

‘ Think and discuss

Industry

A three-section factory for producing some

components of TV screens. Produces 4

principal parts of the screen A, B, C, and D

as follows:

The first section produces 75 pieces from

A, 135 pieces from B, 150 pieces from C,

and 215 pieces from D daily.

The second section produces 100 pieces from A, 168 pieces from B,
210 pieces from C, and 282 pieces from D daily.

The third section Produces 80 pieces from A, 100 pieces from B,
144 pieces from C , and 64 pieces from D daily.

It is difficult to remember or compare these data on this form, in this
way, so there is a question:

How can these data be arranged in order to analyse and benefit from
them?

To answer this question, we can record these data in a table to

know what each of the three sections in the factory produces from
the different parts quickly and clearly, and also easily compare the

production of the three sections of different parts.

Parts
A B C D
First section 75 135 150 215

Sections

Second section 100 168 210 282

Third section 80 100 144 64

4 Mathematics - First form secondary



Organizing data in Matrices

If we know that the numbers in the first row represent the production of the first section
from parts A, B, C and D respectively, similarly, the numbers in the second row represent the
production of the second section respectively and the numbers in the third row represent the
production of the third section respectively, then we can write these data which recorded in

the previous table in a simple form as follows :

75 135 150 215

First row This form is called a «Matrix» , the numbers
Second row 100 168 210 282 enclosed by two parentheses( ) are called
: «elements
Third row 80 100 144 64

of the matrix»

T 1T 1T 1

First Second Third Fourth
column column column column

This matrix has 3 rows and 4 columns, thus it is said that it is a matrix of order 3 * 4
or simply «a 3 * 4 matrix». You always write the number of rows first, and the number of
columns second. We notice that : number of elements of the matrix = 3 *4 = 12 elements .
Now:
1-Is there another method to arrange these data to form another matrix? Explain your answer.
2- From the previous matrix, what is the element in the first row and second column? and
what is the element in the second row and first column?
3- Open question: Write an example of your own in which the data included are in the
form of a 2 * 3 matrix

sy

Organizing Data in Matrices
The matrix is an arrangement of a number of elements (variables or numbers) in rows and
columns enclosed by two parentheses as (). The elements in the matrix are arranged such
that the position of each element in the matrix has a meaning. Capital letters are used to
name the matrix or to symbolize it as A, B, C, X, Y, ... but small letters are used to name
the elements of the matrix as a, b, x, X, y, ...
If A is a matrix of order m* n then we can express it in the form ai j where 1 is the number
of rows and j is the number of columns.
For example, the element a , lies in the first row and in the second column also a32 lies in
the third row and in the second column.

-1 4 6 5

In the matrix A = 2 -1 2 4
3 5 2 -

The element -1 lies in the second row and in the second column, and is denoted by the
symbol a,,
The element 6 lies in the first row and in the third column and is denoted by the symbol a ,

Mathematics - First form secondary 5



Generally:

The matrix consists of « m» rows and «n» columns and is in the form of m x n or of order

m x n or of type m x n (and is read as «m» times «n») where m and n are positive integers.

< %Try to solve

|
. 3
@ Use the matrix B = s

~ o WD

to answer each of the following:

A What is the order of the matrix B? B What is the value of b, and b,,?

/J J Representing of Matrcies

If A is a m x n matrix, then it is possible to write the matrix A in the form:

A=(a;), i=1,2,3,..,m
j=1,2,3,..,n
We will study only the cases of matrices that m <3 and n < 3

i

1 ) Write all the following elements of matrices:

A A=() . i=1,2 . j=123
B B=(b) . i=1,23 , j=1
€ C=(,) . i=1.2 . j=12
@ Solution
all a12 a13 b“
A A=la, a, a, is a2 x 3 matrix B B B=| b
b3]

C a]] a]2
C= a, a, is a 2 x 2 matrix

{ Try to solve

@ Write all the following elements of matrices:
A A=(y) , i=1,23,j=1,2,3

B B=(b”) , 1=1,2,j=1

6 Student book - Second term
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— ; : Small | Medium | Large
2 ) Consumer; the table opposite shows the prices =
in pounds for 3 Kinds of sandwiches in 3 different Fried 8 12 16
. . chicken
sizes 1n a fast food restaurant.
. . St 13 17
A ' Arrange these data in a matrix, such that the | shrimps
prices are arranged ascendingly. Fried 5 " 5
fish i

B ' Determine the order of this matrix.

C | What 1s the value ol the clement HT?

ﬁ Solution
Small Medium Large i
Fried fish 7 1 15
Fried chicken 8 12 i6
Fried shrimps g 13 17

B | There are 3 rows and 3 columns, thus the matrix is of order 3 - 3

C | The value of the element a_ lies in the 3 row and in the 2™ column which is 13

& Try to solve '

v :
(3  The coach of a team of the basket-ball in the school recorded the
scores of three plavers in the classes league, as follows:

Samir: playved 10 games |, 20shots | 5 scores.
Hazem: plaved 16 games , 35shots |, 8 scores.

Karim: played 18 games  , 41shots |, 10 scores.

A ' Arrange these data in a matrix such that the players are
arranged ascendingly according to their number of scores.

B | Determine the order of the matrix. What 1s the value ol a,ﬂ'?

/

Some special Matrices
A Square matrix: Itis a matrix in which the number of its rows equals the number of its

columns. For example: |: f 21 ) (a2 2 square matrix)

B Row matrix: It is a matrix containing one row and any number of columns. For
example : (2 4 6 8) (al 4 row matrix)

Student book - Second term 7



C Column matrix: It is a matrix containing one column and any number of rows. For

[ 2
example: (_5 ){n 3 1 column matrix)
1

D Zero matrix: [tis a matrix in which all of its elements are Zeros. It may be a square
matrix or not. For examples:

(Oyisal-1 zeromatrix, (0 Oyisa 1«2 zero matrix, (g

( g g ] isa 2 2 square zero matrix and is denoted by O

) is a2+ 1 zero matrix,

E  Diagonal matrix: It 18 a square matrix in which all elements are zeros except the

elements of its diagonal then at least one of them 1s not equal to zero. For example:

) 1 0 0 g g 5o :
the matrix: ( o A 0 ) (isa3 3 diagonal matrix)
0 0 2

F Unit matrix: it is a diagonal matrix in which each element on the main diagonal has
the numeral 1, while 0 exists in all other elements | it 1s denoted by L for example:
cach ol

[ 3 1 0 0 d i 4
(1, I[; ?]I 7 ( 0 1 0 ) is @ unit matrix.
0 0 1

4% Try to solve
@ Write the tvpe and the order of each of the following matrices.

A(D ) BI(1357) c(i)
\ 5 J
P/ (50) € (s3) 24v %1

@ Write the 3 - 3 zero matrix

Equality of two Matrices
Two matnces A and B are equal 1l and only 11 they have the same order and the elements of
the matrix A are equal to the corresponding elements in the matnx Bie:a =b Vi and j.

e

@ A The m-'mnmriccs{ ‘!I g :li'll'ld |: 1 g g :I are not equal because they are dilferent in order:

- -1
1 x 2Y_(1 -3 2 Y o =
B G e ] (ﬂ‘l 5 ) ifand only ifx=-3,y=5
C The two matrices ( 1 F_Il },( _ﬂl "_'l } can aol be egual becauwse the corresponding
% - =

elements are not equal

8 Student book - Second term



01 5} (0 1 &
(3] ( 1 7 0 ] - { 1 7 0 ) The two maltrices are equal becanse they have
.2 8 3 2 6 3

the same order and the corresponding elements

are equal.

& Try to solve

F .75 % i ( ) % 0.2 )
@ AlIfA= ( LV J ’ B=1 s 2 Is A = B? Explain your answer.
B IfX :( 3 :; ]l . Y = |{ 'S '; } Is X =Y ? Explain your answer.

w Use the equal matrices to solve the equations
If: [ 2xé5 5 412 ) = { 235 415 ] . Find the value of xand v.
| v + ¥+
6 Solution
(2x-5 4 )=( = 4 )

3 Jy +12 K] y+18

- The two matrices are equal = the corresponding elements are equal:

2x-5=25 2 3yv+12=y+ 18
2vr  =25+5 i 3y-y =18-12
2y =30 ) 2_}: =0
xr =15 . y: =3

the solutionis x = 15,y =3

£ Try to solve

T > < i : X,y
@Ii( ;a f )_( : 4}._10}' Find the value of each of x , y

Critical thinking: If 3x x+y x-z)=(9 4 -10). Find the values of x, y and z
(9) Critical thinking: If: ( Y L ) = (9 3 ).Tind the values of a,b,c,d

a+b+c a-hb+2d
. Multipling a Real Number by a Matrix

Multiplying a real number by a matrix means multplving each element of the elements of the
matrix by that rcal number i.e.:

Product of a real number K by the m ~ n matrix "A' is the matrix C = KA with the same
order m - n, cach clementinitas C - equals the corresponding clement 1o 1t the matnix A
multiplied by the real number K .

ie:C =Ka, wherei=1,2,...m,j=12,..n

Student book - Second term 9
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’ A k= k \
h[: f )_{ kz I-c::: )

For example: 2(‘; ~II ):[ 274 —:.‘__}*’-_3‘.-_11 }:1‘ -8

# Try to solve

15 -12 10
IfA=| 20 10 7 |Find -5A
3

Transpose of Matrix

In any matrix A of order m - n, il the rows are replaced by the columns and the columns are
replaced by the rows in the same order, then we get a matrix of order n - m which is called the
transposc of matrix A and is denoted by the symbol A, Itis clear that (A = A

o=t

@ Find the transpose of each of the following matrices:

1 2 1

A) A= ( i ) BIB=(1 -2 6 Clo=(9®4)
3 4 s B=(1 -2 6) c=(22)

@ Ssolution

.

Al :( 2 ) is 2 matrix of order 3 - 2

-1 5

T ; E_ e
?) is a matrix of order 3 - 1
=

ClCct=( 3 is atri 2x2

C { 4 .9 } is a matrix of order

Symmetric and Skew Symmetric Matrices

If A is a square matrix, then it is called a symmetric if and only if A = A", and is called skew
symmetric if and only if A = -A'

@ Is the matrix B = (

0 ! . .
1 sviminetric or skew symmetric?
b

do © =

10 Student book - Second term



Organizing data in Matrices

A

O.Eﬂlutinn
0 1 -1 0 1 1
Bz( 4 0 3 ) B'=( 1 0 4
1 -3 0 -1 3 V]
e 0 1 -1 _—
Bi=-1 ( -1 Q 3 )_ B
1 3 0

~B'=-Band B=-B"' then the matrix B is skew symmetric

& Try to solve

i 1 1
@ Is the matrix A= ( 1 a3
-1 5

9 Check your understanding

@ Find the value ol x, v, z in each ol the lollowing:

) Symmetric or skew symmetric?

[ B B

By 1FIED) B(% % skle 1 o)

@ Show which of the following matrices is symmetric and which is skew symmetric:

¢ 5
2
A 1 -1 4 B 5 1
E-1 > 6 2 0 3
4§ & & 1
1 & 0

Student book - Second term




Exercise (1-1)

(1) A, B and C are three cities , if the distance in Kilometres between any two cities is
shown in the table opposite,

A Write a matrix represent these data.

B Let X be the required matrix in "A" [ind the following:

1- What does it mean by X7

B | 35 O |56

2- What does it mean by X7

clg|se!| 0

3- what is the relation between x,,, sz'? i
C Write all elements of the second row in the matrix X,
D Write all elements of the second column in the matrix X. What do vou deduce

from'C and' D 7

E Find X |, whenK = 1, 2, 3 What do you notice?
F  Complete each of the following:
1- X is a matrix of order
2- X” — X“ Tor all values
?: What is the number of elements in cach of the following matrices:
A Matrix of order 2 < 3
B Matrix of order 2 < 2

C Matrix of order 3 < 2

3HI Find the values of a, b, ¢ and d if:

A ( :.33 Hdiz J :( &cz zh“;1 }
: 2 3 i
= ( l.; E:EC ]I ‘( 2h-.d 10 }

l 2 Student book - Second term



e

(@) Find the value of cach of a and bif (

4 = _ -
a1 ShT-l)_( ; 11 )

Gra=(2 3 ).B=(2 1 \whereA=H
et B ]

3c 4
then find the value of each of d and e,

3

@If.ﬁ:( s 7 5 ).B=( 2

4

4 & =1
Find A+B ., A-B , A+2B

*

a -2
3 3
-5 5

B-3A

(@) critical.thinking: If A = (A) ¥ x, ¥ € { 1, 2,3 } Write the matrix A, given that

A_ =y X, then find A'

Student book - Second term




1-2

You will Learn

b Adding matrices,

F Subtracting matrices.

Key - Terms

F Adding matrices
b Subtracting matrices

b Graphic calculator

14

Ad_ding and subtracting Matrices

Statistics: Work with vour classmate and use the datain the followmg

table:
The arithmetic mean of marks
Science Mathematics
Year | Male | Female | Male | Female
201 428 420 502 457
2012 425 421 501 A6
2013 429 426 503 463
1- A Find the sum of marks of the two arithmetic means for male

5.

in each vear in the table.

B TFind the sum of marks of the two arithmetic means lor
female in each year in the table.

A Write a matrix representing the arithmetic mean for the marks
ol science for male and [emale. lable a ade Tor the matn x and
ils rows and columns.

B What is the order of the matrix?

A Write amatrix representing the mean of marks of mathematics
for male and lfemale. lable a titde for the matrix and its rows
and columns.

B What is the order of the matrix?

By checking your answer for question (1) and the matrices
that you wrote in questions (2) and (3) , write a third matrix
representing the sum of marks of the two arithmetic means for
male and females. Lable a title for the matrix and its rows and
columns. What 1s the order ol the matns?

Use your observations, and any patterns vou see to find a method

tor adding the matrices.

=

Adding Matrices

Sometimes, we need to add or subtract the matrices in order to get new

data. To find the matrix of addition, add the corresponding elements.
ie: IT A, B are two matrices of order m = n, then A + B is also a matrix

of order m - n and each element in it is the sum of the two comresponding

elements in A and B.

Student book - Second term



Adding and subtracting Matrices -

==

@ua=(2 2),B=(7 2 ). Find: A+ B,

1 3 1
6 Solution
A+B= ( ﬂ g ) - ( :‘ :3 ) (by substituting A and B)
= ( E: ':": g: E:E; ) (Add corresponding elements)
=il E f: ) (Simplify)

|l T_ry to solve

@Dua=(3 1)Bs(

3 o ': 'T )‘ C={( i ) . Iind each of the following "il possible™:

AA+B B A+C

"m Properties of Adding Matrices

Let A, B and C be three matrices of order m -~ nand O is a zero matrix of the same order,
then:

1- Closure property: A + B form a matrix of order m - n

If A:( ‘J g ]isamatﬂxnfﬂldchfZ,Bz{ j,; g }isamatrixﬂfordcr 2x2.

thenA+H=(g 2 )+(; 3 ):( 62 g ']isnm:mixafﬁrderz.-z

2- Commutativeproperty; A+ B =B +A

TTA:( 4 )1B: 6 5),Shnﬁ'thal A+B=B+A
0 -2 3

3- Associative property: (A + B) + C=A+ (B + )

[l'.r‘l:( 3 —(: },H:{ 6 5 ),(3:( 21 43) .Show that (A+B)+C=A+(B+()

3
4

5- Additive inverse.propertic, A+ (-A)=(-A)+ A=

where (-A) 18 the additive inverse of the matrix A

st HEEIRE S N
e CHEIPLE 1

Student book - Second term




"m Subtracting matrices

Il each ol the two matrices A, B of order m - n, then the matrix C=A- B=A+ (-13) where C
15 a matnx of order m - nand (-B) is the inverse of the matrix B with respect to the addition
ol matrces.

Peemmples (2 200 DR 2 2= & &)

eEoluﬁnﬂ
ene( 0S8  BEREAR YA
RELINELE LN TESIREERIN
274 (2 523) "

from (1), (2}, we notice that: A - B £ B - A (subtraction of matrices is not commutative)

Think: 1s the subtraction of matrices associative?

W

'@IFA—( 2 5 4)B=(1 4 3)C=(6 -1 2) Findthematrix 2A-3 B+ 5C
3 .4 6 9 -2 5 3 5 4
Iﬁ'sll:nll.ath:m
2A =2({2 5 4 :(2-'2 2x5 2:*-1):(4 10 -:g}
(3-46) 2x3 2x-4 2x%B 6 -8 12
AT _{3%1 3x4 Ax3 N\ _ (.
33 _%{; ; g}“(ms 3% -2 3-5)*(2?? 1e2; 195-]
3B =( 8 12 9)
27 6 -15
v 6 1 2V_[ 546 5x-1 522\ _{30 -5 -10
3 “5(6 5 4)_{-5--3 5%5 5x4 -}_(-1525 zu)

L 2A-3B+5C= 10 -2)+{3 -12~9)+(:m -5 -w)

-8 12 27 B -15 15 26 20
4+3+30 10-12-5 -2-9-10 ):(3? -7 —21)
G-27-15 -B+6425 12-15420 -36 23 17

4
G
#& Try to solve

@ia=(2 1)B=(7 3).C=(! 3). Find the matrix 24 - 3B + 4C

1
0

1 6 Student book - Second term



9 Check your understanding

(1) Find the value of each of the following:

B(% 5 1)+ 8 1) 8

@ua=(3 3 P)m=(3 3 1)

‘A FindA-B,B - A. What do you notice? B Verify - (A + B) = (-A) + (-B)

T m-




Exercise (1-2)

:'lj ITA= ( -2 0 -1 }| and K, =2, K, = 1 then lind cach of the lollowing matnces:
5 0

.| 5
K Aand KA
_ 7 0 -5 o = - g
(2 ITA = ( £ T 5 } B=1{ o 7 |then find the result of the following operations il
& -5
"possible" | give reasons in case of impossible solution.
A A+B B A:B ClA+B
. 4 -2 501 2 -4
'-é,'l.l'xz( - ).Y:( 0 3).Z=(—3 2 )lhmﬂudlhumuhirﬁ?i—‘frZ
0 4 4 -3 6 0
== 4 8 6 f 2 —6E
-.jl) IFA= ( 2 -4 8 ) B = ( 4 -10 0 ) then find the matrix X where X =2A -3 13
.6 12 0 I B 4

:‘_:5) Critical thinking, : Find the values of a, b, ¢ and d which satisfy the equation:
a 33 _ a d ¢ 3
2(2 2)=3(22)-4 5 1)

Student book - Second term
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1-3
You will Learn

F Multiplying matrices,
b Properties of multiplying
rratrices.

b Transpose of product of two
rratrices.

Key - Terms

F Multiplying matrices

b Transpose of matrix

b Sciemtific calculator

Multiplying matrices

Work with your classmate Meal | Meal | Meal
and use the data in the table ] @ | o
uppusite: Price of meal in pounds | 3,50 | 2.75 2

1- What is the price of |Numberofsoldmels | 50 | 100 | 75

lunches (1)? lunches(2)?
lunches (3)7
2- A What's the total price of all sold units of the three meals?

B Show how to use the data in the table to find the solution.

3- A Wrile the matrix of order | ~ 3 to represent the price ol each
sold meal.

B Write the matrix of order 3 - 1 to represent the number of
sold meals.

C  Writing: Use the words: "row - column- element” to describe
the steps of using the matrices which you got to find how
much the three meals are sold.

Now: To multiply matrices, multiply the elements of each row in the
[irst matrix by the elements of ecach column in the second matrix, then
add the products.

g 27
For example, to find the product of: .-'*,_( 2 .3 )ﬂll{l B _{ 5; ? ]
1 4/ rhlls

We multiply a, by b, then multiply a , by b, and add the

(?2%){ : ?}:(; _) (0) %542 (-1) =-2

The result is the element in the first row and the first column. Repeat

the same steps with the rows and columns left.

(2 })( F0)=(Bg) ocorom=2

0 2 2 2
@3 (8 2)=(2 ) DO+EBKD=7
1 4/ ek 1 ] |
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Multiplying matrices 3

0 2 (2 2 0 2 I
& M Y= o B Y=
(=5 @)= &) 2 (3 8)=(7 2)
(-2)(O) + (-3)(1) =-3 (DO)+(H)(1)=4
o 2 [ 2 2 0o 2 : -2 2 )
(23) (@ 2)=(7 s) (23)(59)-(7 )
(34 ? ) 1 4 : 1 4

(1)(3) + H)-D=1

4- Describe a model for coloured rows and columns.
5- A What is the order of the original matrices in the previous example and what is the
order of the matrix of the product?
B Critical thinking: How can we compare the order of the matnix of the product and
the onginal matrees?

Matrix A Matrix B

Multiplying matrices
; i i i (-1 2 ,
Youcan multiply twomatrices il andonly il the 3 yus (3 _4) gy { 'g ]
number of columns of the first matrix equals \5 0

] 2
© h

the number of rows of the second matrix. 4 colmimms 3 colunmm
When multiplying the matrix A of orderm <n _—

by the matrix B ol order n < ¢ then the product

15 the matrix AB of order m = ¢ for example: Order of the matrix of the product 3 <3

-

/1_\: Determine whether the matrix of the product A B is defined or not in each case.
A 11 the matrix A of order 3 - 4 and the matrix B of order 4 - 2

B If the matrix A ol order 5+ 3 and the matix B of order 5 - 2

ﬁ Solution

A . B = AB

A The number of columns of the matrix A equal the 34 A5 3 %2
T Ao 4+ I .

number of rows of the matrix B, then matrnx ol the T Equal 1 j
product AB 1s defined and ol order 3 - 2 - 3x2-

B The number of columns of the matrix A is not equal to the number of rows of the matrix
B, then matrix of the product AB s undefined.

& Try to solve

fl:: Determine whether the matrix of the product AB 1s defined or not in each case. Give a reason.
A If the matrix A of order 3 - 2 and the matrix B of order 2 - 3.
B If the matrix A of order 1 - 3 and the matrix B of order 1 - 3.

From the defimtion of multiplying matrices, it 1s possible that AB 15 delined while BA 1s

undefined. Generally, if each of AB and BA are defined, then AB is not necessarily equal BA,
even if they have the same order.
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ere

— 1 <1 2} - T T T
2)fA=| 4 0 3 ) y D= ( 3 4 1 )  Find each of A B, B A. What do you notice?
1 4 5 0

0
s Solution
== Ais a matnx of order 3 - 3 and B of order 3 - 3, then A B is defined (because the
number of columns of A equals the number of rows of B)
then the matnx of the product 1s of order 3 - 3
(1 1 2 {2 1 @)
AB=| 41 o 3){3 4 1)
L0 1 4/ V5 o -1
( 1%2+(-1)%x3+2x5 1x1+{-1)x4+2x0 1 x0+{Dx1+2x(-1)

9 -3 -3
Ax2+ 0 %xB+3%x5 Ax1+ 0 x4+1%x0 -1 x0+ 0 x1+3x[1) ):(13_1 _3)
0x2+ 1 xB+4x5 0xT+ 1 x4+4x0 0x0+ 1 x1+4x{-1) / 128 4 -3
- Bois a matrix of order 3 <3 and A is of order 3 < 3, B A is defined (because the number of

columns of B equals the number of rows of A) then, the matrix of the product is of order 3 <3
-~ I T
Bf-‘a:(adi)(-*.ua)
5 0 -1 ¢ 1 4
2x1+1%-1+0 %0 2x-1+412040x1 2x2+1x3+ 0x4 T
—(3 T+dx-1+1 %0 3x-1+4%0+0%x1 3x2+4x3+ 1-4)‘;(-1 -322)
551+0%-14+(-1)x0 5x-1+0%x0+0x%1 5x24+0%x3+-1x4 \ 5 56
Notice that AB # B A Itis pessible to use the multiplication of matrices in some life sitnations.

w | 1-bed | 2-bed

. Hotel Suite
3 Tourism: A tourist company has 3 hotels in Hurghada, LEGUIU | IO
; . Venus | 28 6d =
the table oppozgite shows the number of different
PR ; A JErer Pearl 35 | 95 | 20

rooms in each hotel. If the daily fare of I- bed room 18 | pigmond | 20 | 80 15

250 pounds, 2-bed room is 450 pounds and the suite is 600 pounds.
A Write a matrix representing the number of different rooms in the three hotels, then
write a matrix of prices of rooms,
B Write a matrix representing the daily income for the company. Assuming that all the
rooms have been filled.

C What is the daily income for the company , assuming that all the rooms have been filled?

ﬁ Solution

= z ; ; 28 64 8
A Write the matrix of number of rooms A as folows: A= ( a5 95 20 )
20 80 15
2 . . 250
and write the matrix of prices of rooms B as follows: B= ( 450 ]
600

Notice that the matrices were written such that the number of rows in the matrix A equals the
number of columns in the matrix B in order to do the multplication operation and find the

required in (B) and () .
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. . I . . . 250
B The matnix of the daily income lor the company 1s the matrix A B = ( a5 95 20 ) ( A50 )

35 < 250 + 95 = 450 + 20~ 600

(23 <250 + 64~ 450 + 8 ~© BOO
20 = 250 + 80 = 450 + 15 = 600 !

Multiplying matrices

28 64 8

20 80 15 800

- 40600
)=( 63500 )

. 50000

C ' The daily income for the company = 40600 + 63500 + 30000 = 154100 pounds

e
g "~ Properties of multiplying matrices

From the definition of adding and multiplying matrices. Assuming the necessary conditions are
met for definitions : It is possible to deduce the following properties:

(AB)C=ABC) |Now,if:

'! G 1
A=( 2 2).B=(2 9 L)c=(5 2 |.Find(AB)C, A(BC). What do you
2 -1

notice? Is the multuplicanon operation of matrices associative?

2- Multiplicative identity property AL=TA=A

where 1 is the unit matix

where I 15 the unit matrix

Nuw,if.-‘k:(; E),H:[; f)’(j:(i é )

Prove that: A/ A(B+ C)=AB + AC

Transpose of the product of two matrices

AB+C)=AB+AC
(A+B)C=AC+BC

B(B+OA=BA+CA

From the delinition of the transpose ol the matrix and the delimtion of multplying of matrices,

il is possible to deduce the following property:

(AB) =B A

(=1 2

Nuw,il‘.f'*,_-( ; f '5: ),H—( ! 'I}, Prove that: (AB)'=B'A"

4 3

¥l Check your understanding

Determine whether the matrix of the product AB is defined or not in each of the following
,if it is defined, find the order of the resulted matrix;

A The matrix A 1s of order 3 - 1, and the matrix B is of order 2 - 3

B ' The matrix Ais of order 3 + 3, and the matrix B is of order 2 ~ 2
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Exercise (1-3)

@ua=(3 ! ).B=( 3 g ). then find each of the following:

A AB A S A T e

@ ( : g ) 2 7 )=(17l 183 ) find the value of cach of x, y:

@WHAMBmmomtﬁmsand,Oisﬂmzmmatrix.ﬁﬂ:@l)msit
awaysmeanthath=00rB=O.TakeA=( '; _33 ).B=( i i ),ﬂmnshﬂwm
Opinioi.

T m-




1-4

You will Learn

k Determinant of the square
matrix of the second order,

b Determinant of the sguare
matrix of the third order,
b Determinant of the triangular

miatrix.

¥ Finding the area of the triangle

using the determinants .

b Solve the system of linear
equatians using the

determinants.

¥ Solve the system of linear

ecjuatians using Crarmar's rule

Key - Terms

F Determinan

b Second order determinant
¥ Third order determinant

¥ Principle ar kading diagonal
b Cther diagonal

¥ Coefficient matrix

F Scientific caloulator .

¥ Graphic papers.

Determinants

1- What is the square matrix?

2- Write a square matrix of order 2~ 2 and of order 3 - 3

3- Il Ais a square matrix of order 2 - 2 where: A = { < @ ) then
the determinant of the matrix A is the number defined as follows:
Al =2xT7-5x1=14-5=9
What 15 the determinant of each ol the lollowing matrices?

B=(33) - c=(3 %)

IT A is a square matrix of order 2 « 2 where:
A= { g g }l, then the determinant of the matrix A is denoted by
[Al and is called determinant of the second order and is the number

defined as follows:
Other diagonal

Al = | ‘/{

Principle diagonal

=ad-be

We notice that: the value of the determinant of the second order equals
the product of the two elements of the principle diagonal minus the

product of the two elements of the other diagonal.

e

‘I | Find the value of each of the following determinants:

4 5 05 10 10

@ solution

]

4 5 1 0
=28-15=13 =1-0=1
0 5
B I |_ﬂ-1_?-*~‘+ 10
73 . 2 D | =17 -2%0
=0-35=-35 2 7 |‘ -
=T7.2=5
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Determinants -

£ Try to solve

@ Find the value of each of the following determinants :
o o [ § 5] c

o
O o

5 -

i

The determinant of the matrix ol order 3 < 3 is called a third order determinant. To lind the value

Third order determinant

a b c
ol the third order determinant , | 4 & f | then:
g h i
a b ¢
def=aﬁf|—h|df|+cld3|
g h i no q | g h

=a(ci-fh)-b(di-fg)+c(dh-eg)

e

7 2 B
‘2 ) To find the value the determinant | 3 4 1 |, then
1 2 6

r o= .},|4 1|,}|:31| _ :54|
Bl R R T et B
42 8

=7(4%6-2x1) 2@ x6-1x(-1))+5(3x2-4x(-1))
=7%22-2:19+5+10
=154 -38 + 50 = 166

~ Minor determinant corresponding to any element of a matrix
a'll a'li' a'FH-.
If the matrix A is a matnix of order 3 « 3 wherce A= a, a, a, )
By By By
al! aﬂ:i |
A,y Ay

Notice that we get this deternunant by elemenating the row and the column imtersected at the

Then: the minor determinant corresponding to the element a, is denoted by la | which is l

clement a, as follows:

o P

—_—
o
£

Student book - Second term 25



Similarly:
> The minor determinant corresponding to the elementa , and s denoted by la | whichis 31 a
x ¥ 3l

> The minor determinant corresponding to the clementa , and is denoted by la, | whichis | ;= 4

> The minor determinant corresponding to the element a, andis denoted by la, | whichis | , = 4

and so on. All these determinants are determinants of the second order:

1- I As a square matrix of order 3 -3 in the form:

a 4., 4a

o e Hy ) 2 A
A =|a, a, a, ) , and the determinant A is denoted by the symbol |Al where:
\ By By, Ay
1Al =a, a, a, -a, a, a, +a, a, a, |
ﬂ'.*-: R.L'i a.i-l a.i.ﬁ a:‘-'. a.ﬂ

= aII Ialil - H]E |ﬂl:l + ﬂl.{lalii|

2- Notice that, we multiply each element in the minor detenminant corresponding 1o it
preceeding by the signs +, -, +, ... respectively and the sign of the minor determinant
corresponding to the element, a is determined by the rule:

Sign of |a ”] is the same as the sign of (-1) '

For example: the sign of la | is the same as the sign of (-1) ' which is negative
The sign of la | 1s the same as the signof (1) 'F which is positive

To determine the sign of each minor determinant corresponding to an element |, we add the
two orders of row and column which intersect at the element:

> If the sum of the two orders is even, then the sign is positive .

> If the sum of the two orders is odd, then the sign is negative |

We notice that, the rule of signs of the minor determinant 1s as follows: | - +

3- Itis possible to expand the determinant in terms of the elements of any row or column
and its minor determinant but with a suitable sign.

. 1 2 3

?j% To find the value of the determinant | 4 0 5 | using the elements of the second column.
T 2 -

Notice that the signs of the minor determinant corresponding to the elements of the
second column s - | + , - respectively, then the determinant:
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4 5 1 3 1.3
e ) )
—-lf -1|+“|r -1| ['}|4 5|

- 7 fd_1% IS _1D vou  can  expand  the
=-2(-4-30)+0+2(5-12) determinant using amy
=T78-14=64 row ar column in which

the greatest number of
vy fogel iy value
& Try to solve easily after taking the

o _ . sutitalle sign
2, Find the value of each of the following determinants:

<1 7 5 2 3 7 3 4 2 0 -3
Alla o 1 B/ |o 4 5 Cl2 a 1 D |s -1 a4
4 0 & o 0 -3 5 0 -2 =2 0 3

@ In any determinant if the rows replace the columns in the same order,
the value of the determinant is unchanged

ajr a1 a3 ajr b ¢3

A = = this can be proved by expanding the two determinants.
bj; by b3 ap; by €3
Ci3 €3 €33 az; b3 ¢33

CS) Example

Prove that | 1 0 4 (=3

\S}
1
W
1
—
\S]
—_
1
\S]

1
[\®)
()]
[\o]
1
.
A O©
Y

(> Solution

2 3 -
o 4| |1 4 |1 0|_ _
1 0 4 _2‘5 ) +3 2ol 1as =20-20)+32+8)-(5-0)=-15
2 5 2
2 b2 05 35 30
3 0 5 =2| 4 o ||1 5 |-2|_1 A |=2(0-20)-(-6+5)-2(-12,-0)=-15
d 4 2
2 3 - 2 1 2
So:l 1 o 4 |=|3 0 5
2 5 2 1 4 2
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ﬂ Try to solve

1 2 3 1 5 -
@ Prove that | 5 4 1 |=| 2 4 3
-1 3 2 -3 1 2

@ The value of the determinant vanishes in each of the following two cases

First: if all the elements of any row (column) in any determinant equal zero, then the value of
the determinant = 0

air a1 asl
The value of the determinant | zero zero zero [=0
a;3 a3 as3
This can be proved by expanding the determinant using the elements of second row, then: A =0

Second: If the corresponding elements of any two rows (columns) in any determinant are equal,
then the value of the determinant = zero

a b C
i.e. N b . | 0
X y z

Since the corresponding elements of the first and second rows are equal (prove that).

6) Example

@ Without expanding the determinant, prove that 3 7 9 [=0

1 -5 8
() Solution
In the determinant, we find R; =R, .. The value of the determinant =0
ﬂ Try to solve 3 1 3

@ Without expanding the determinant, prove that | 2 5 2 |=0
-1 7 -1

If there is a common factor in all the elements of any row (column) in a determinant, then this
@ factor can be taken outside the determinant
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6) Example
3 2 -7

@ Without expanding the determinant, find the value of 4 6 )

10 15 5

(> Solution

Take 2 as a common factor of R, and 5 as a common factor of R;

3 2 7 3 2 7
4 6 2 |FES ., 530 g |F10x0=0
0 15 5 2 31

Since the corresponding elements in R, and R5 are equal"Try to prove that by another method".

ﬂ Try to solve

a d m 2a 2d  2m
@ If =10 find the value of

b e n b e n

C f z -4¢  -Af -4z

In any determinant, if the positions of two rows (columns) are interchanged. The value of the

@ resulting determinant equals the additive inverse of the value of the original determinant

a b c a b c
d e f = - X y V4
X y z d e f

by interchanging the second and the third rows

CSD Example

@ Without expanding the determinant, prove that: | 3 3 4 |+| 2 -1 2 |=0
5

2 -1 2 3

W
n

BN
(@)}
9}
-
[®)}

(» Solution

By interchanging the first and the second rows in the first determinant

3 3 4 3 3 4
S 1 ) + ’ 1 ) =-A+ A =zero
5 7 6 5 7 6
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- Determinant of triangular Matrix

The triangular matrix is a matrix in which all its elements above or below the principal diagonal
arc Zeros as:

1 2 3y (-1 0 0
(33){0 4 5),(2“)
o 0o 8/ 5 -1 2

and We notice that: the value of the determinant of the triangular matrix equals the product of
the elements of its principal diagonal .

i.e:

a, ¢ 0

e —

y & 0 |l =a a,a,

By A Ay
To prove that, expand the determinant using the elements of the first row:
g TR [ T G B O Vog w5 R S
he determinant = a | a a, =% (a, a,-a. 0)=a a,.a,

=

What 15 the value of the determinant
6 Solution

We notice that the determinant is the determinant of the triangular matrix, then
the value of the determinant =1« -3« 6= -18

=D =
O
o L L2

& Try to solve
@ Find the value of cach of the following determinant:

4 2 B 3 2 5
Allo 3 -4 B |o 4 4
0 0 2 0 0 0
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"m Finding area of a triangle by using Determinants

You can use the determinant to find the surface area of the riangle in terms of the coordinates

ol the vertices ol the tnangle as follows:

Area of the triangle in which its vertices are: X (a, b), Y (¢, d), Z Remambee
(e, f) equals |Al where: Afsaiaaa e podtive]
gt [ 2 ‘ valueof A .
A= 5 ¢ d 1

e T 1

<

@ Find the arca of the triangle in which the coordinates of its vertices are (-1, 3), (2, 4), (-3, 5)

6 Solution i 1!‘“ "5“ 1
T V{3,
o & [
A=1]2 a 1 \ i
351 7
| B e
_l|1|41|{3}|21|+1|2 4|| 17
=3l s 1|2 ]38 3 5 - e
bl -_-4-52‘5111pr31.
:%[-I{4—5)+3{2+3)+l{lﬂ+12)] \ E
ol
= % (1 + 15+ 22) = 19 square units
& Try to solve
@ Find the arca of the triangle ABC in which A(-2,-2), B (3, 1), C (-4, 3)
Geometry: il the coordinates ol the three points in the A
lattice are (0, 2) (3, 5), (-3, 2), measured in metres. f 3. 5)
Find the area of the triangle in which its vertices are :
that points. I+
PEENTE
.1‘_
- ERN >
Yy
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1] o 2 1
A=313 5 1
3 2 1
9 5 1 2 1 2 1 ]
—E[ﬂl 2 1|'3| 2 1 [+ s o
—'|r.] 0 1(7’§]|—41 ) ¢
== = -3 (2-2)| =4 zsquare metres 5
2 2 TN
& Try to solve - —,q*.:ﬁa kT
Find the arca of the tinangle shown n the ligure opposite. . f -h"‘““-xii -
EEERR EEEA
1.3 L
2

Solving a system of linear equations by Cramer s rule

1- Solving a system of Linear equations in two variables
If we have a system of linear equations in two variables as follows:
ax+ by =m
¢cx+dy =n
Then the matrix whose elements are the cocllicients ol the two vanables alter arranging the
svstem by a matnx of the cocflicients ( : : ] and vou can use the determinant to solve

svstems of the linear equations, if the value of the determinant of the matrix of coefficients

: 3 I and denoted by the symbol A (is read as delta) 1s not equal to zero, then the system
has a unique solution. If the value of the determinant equals zero, either the svstem has an
infinite number of solution or has no solution.

We notice that the two coefficients of the variable x form the first column to the determinant
A and the two coellicients of the variable v form the second column to the determinant 4.

r: g is called the determinant of the variable x and is denoted by the symbol Ax (is
read as delta x), and we get it from the determinant A after changing the elements of the first

column (coefficients of x) by the constants m and n.

a m , i , . »
also | , | | 15 called the determinant ol the variable y and is denoted by the symbol Ay
(is read as delta v), and we get it from the determinant A alter changing the elements of the
second column (coefficients of y) by the constants m and n.

Mow: Let A#0 , then the solution of the system is:

|m 7] | a m
b n an-bm
oo bx 10 91 md-nb v Dy T B
Fad a b ad-chb ® : iy a b ad-c b

c d c d
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@ Solve the system of the following equations using Cramar's rle.

x-3y=-4 2x+y=2
@Eniutiun
1 3
A= g |={1 1)-(2%-3)=1+6=7#0

ki
coDx 12 1] caxn-@xa_ 446 _2 Check:

s 2 -28 _
x-=é‘£=|2 2|:“'2}"~'4 2 _2+8 _10 - =+ (V)
iR 7 7 7 7 2, 10

*2(+ 512
The solution set = {(f-” 1?—“}} 2 = (V)

& Try to solve

@ Solve the system of the following equations using Cramar's rule:
x+2y=0 2x-3y=1

2- Solving systems of Linear equations in three variables
If we have a system of linear equations in three variables as follows:
ax+b y+cz=m ax+hy+c,z=n ax+by+cz=Kk

Then, by a similar way as we did in case of system of linear equations in two variables:

a b ¢

L =|a b, ¢ |=determmant ol the cocllicients
a, b, ¢
m b ¢

Ax = | n b, ¢, | =determinant ol the variable x
k b, ¢

we get it by changing the elements of the first column (coefficients of x) by the constants
m.n, k

B, MG
] n o - .

Ly =|-® * | = determnpant of the vanable y
8, k ¢

we get it by changing the elements of the second column (coefficients of v) by the
constants m, n, k
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a b m

Ahe=|48 b n

aﬂ. b!‘l k

= determinant of the variable z

we get it by changing the elements of the third column (coefficients of 7) by the constants

m,n, k

fat ] Loy ¥

2 Y=TAN2Eg

Now | If A £ rero, then: x =

pe=

@ Solve the system of the following linear equations nsing Cramar's rule.

-Xx+3y+z2=0

6 Solution

x-2y-7z =1

X + v +22=0

; (- T | _
A =|3 3= 1ED36-D+1(3+2)
1 1 2| =3-15-1=-13
0 3 1 10 1
H = A =-1(6-1V=-5 A=]3 1 -1 =1(-1=2-1=131=-3
Ed 1 g | e A R I
<1 3 0
A = 3 2 1 = 1(1x1-1x3)=4 —
-4
e () +3(=)+ (1320

= _ 5 _ 5 = _ B3 _ 3 =
RER a3t YETA TmETwe _FD UB % )

B *3{ﬁ}+2{ﬁ} (53 +1

S =T 1 =1 (V)

olution set = {{-3 . & <48 - d o
The solution set {(ﬁ‘ 35 73 )} o 1( 13 }+I{13)+2{13}éﬂ
. 0 =0 {(v)
& Try to solve
Solve the system of the following hinear equations

using Cramar's rule:

X+ y-z2=2 x+2y+z="7 Ix-vy+ z=10
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Exercise (1-4)

(1) Find the value of each of the following determinants:

. v -3
A T 2 B 1 2 C o 2
3 2 3 -1 19 -7
D a+x & | E x+1  x*+1 | F 1, 2 3
bty b y+l ¥+ L
0 7 8B
0 42 3 3 4 3 13 3 23
G'l2 18 7 Hil2 o -3 bils0 7 s
22 3 5 0 2 o 0 1
fENJ Solve the Tollowing linear equations by Cramar's rule:
A 2x-3y=5 Blx+y=5 Clx+3y=5
Ixedy=-1 2x+5y=10 2x+5y=8
D' 3x+2y=35 El3x=1-4y Fl2x=3+7y
2x+y=3 Sx+12=Ty v=5-%

G 2x1y-22=10
3x+ 2y +22=1
Sx+4y - 3e=4

(@ ) Geometry: Find the area of the triangle A B O in which A2, 4), B ( 2, 4), and {0, - 2).

4 Find the arca of mangle X Y Zin which X (3,3).Y (-4, 2),and 7. ( 1, 4.

ré Use the determinants to prove that the points (3, 5). (4, 1), (5, 7). are collinear
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a b C VA X y
©1| 4y o ¢ |=12then| .
X y z C a b
a -12 b -6 c 6
a b C a b c
@u| . | = 15then| y 2
X y z d e f
a -30 b -15 C  zero
) a a a
a b C =
c c c
a  zero b ac € bc
1 3 0 9
@Ifn: ) 3 s | m= 4 6 10 then m =
1 4 2 5 20 10
a n b 10n ¢ 20n

Without expanding the determinant , find the value:

5 -1 10 1 2
s 2 g ay 2 3
5 2 -10 4 6
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1-5

k Finding the muktiplicative
Irwerse of a matrix of order
%2

k Solve a system of Two linear
equations using the inverse

matrix,

Key - Terms

F Multiplicative inverse of a

matrix
k Mdentity mateix
F Matrix equation
k Variable matrix

b Comstant matrix

k Scientifc Calculator

Multiplicative inverse of a matrix

Group work

Work with your classmate
1- Find each of the following products:

A 56)10 5(10)(-56

( 4 2 ( o 1 ] 0 1 4 2]

2= Describe any patterns you see in your answer in number (1),
Find each of the following products:

3 5 2 -5 2 -5 3 5
A(12‘)(-1ﬂ] H(—13)(12]
4- Describe any patterns you sec in your answer in number (3).
5- Critical thinking: How can you join vour answers in No (1) (3)?

L
i

"’ " The multiplicative inverse of a 2 - 2 matrix:
I

Remember

1- Identity matrix in the
multiplication  operation
is the unit matrix I which
is the sguare matrix, all
elements af its principal
diagonal are I and the
rest elements are zeros.
2- For any two real
numbers then each of
them is the multiplicative
inverse of fhe ofher
i their product is the
identity  element  of
mwltiplication (1)

we have two square matrices A and
B, and each of them is of order 2 < 2 and
A B=BA =1 (unit matrix)
then the matrix B is called multiplicative
mmverse of the matrix A and also the matrix A s

the multiplicative inverse of the matrix B,

If the matrix A has a multiplicative inverse,
then we denoted it by the symbol A’

where: AA'=ATA=1]

Some matrices do not have multiphcative

inverse. We will help vou deduce if the matrix

of order 2 - 2 has a multiplicative inverse or not, and how to find this
inverse if existed. f A=( 2 P} then the multiplicative inverse of
the matrix A existed when the deternunant of A equals A # 0

let the matrix A™ be the multiplicative inverse of the matix A, and the

determinant of A equals & # 0 then:

Student book - Second term 37



=i

11 A :[ _E: _O ) Prove that for the matrix A, there is a
multiplicative mverse, then find it
a Solution

i 10
Determunant of A= |

8 _2|=-1 -2-8x0=2

S8 #F Ore lor the matnx A, there 15 a mulupheative mverse.
1 1 10
A = 1 /d by _1/(-2 0) -
o e A R 8
&> Try to solve

2 0 . 2
<1> I A = ( g ) Prove that for the matrix A, there is a

multiplicative inverse, then find it.

@} [s there a multiplicative inverse for the matrix B = ( 435 2 )
Explam your answer

Remember

If o5 0, chen for the mairiz |

A, there is o muliiplicaiive |

inverse determined as follaws: |

a) exchange the elemenis |
of the principal diagonal |
af the mairix A,

B) Change the sign of
each element of the
ather dingonal of the .
matrix A '

C) multiply the resulted
matriy afler carrying |
aut the stepes in (a), (b) |

by the number L then |

-1 \
we will gef A =

P . . (8 2 S A B
‘2 Find the values of a which make the umm.\'( 8 a ) have a muluplicative inverse.

e Solution
The matrix has no multiplicative inverse when the determinant of the matrix equals zero.
. a 2 | _
1e | g =0
a-8x2=0
a-16 =0

There are two values of a which are 4, -4 ( roots of the equation a* - 16 = 0)

Make the given matrix has no multiplicative iverse.

sowhena e R- {4, 43, there 1s a multiphicative mverse for the given matrix.

i Try to solve

) has no multiplicative inverse.

@) Find the values of x which make the matrix ( &
- 4 %
é“ If X = ( 1 x ) Provethat X '=X
0 -
e Solution
1 x _ oA Pd X
&_|”'1|_I%ﬂ f -1(0 1
& Try to solve
1
@i :( 0 -xi ] EXOVE (et B l:( E 1_ ) given that x y # 0
\ ¥
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Activity
o T
Cryptography
You can use any matrix and its multiplicative inverse (o code the message. Use the inverse ol
amatrix to decode the message. We write the message "on trip" as matrices of order 2 - 1 to

become the numbers present consequently.

15 204, (9 &
ﬂn[m)“(m)'p[w) 1) a | h &8 |o 15 |v 22
When matrix multiplication is used and the matrixfor |b 2 |1 9 |p 16 |w 23
example c 3 j 10 (g 17 [x 24
D= ( g f ] 15 used, then the message will become d 4 |k 11 ir 18 |y 25
these matrices: € . I 12 |s 19 |z 26
f 6 |m 13 [t 20

118 156 86 " 7 |n 14 n 21

(44)(53)(34) (<} 8

Notice that: the cryptography matrix C' could be
found as follows:

2 C=( 8 ?),a=| s = |=6-4:2¥0

ThunC":é—( ,1;; :)z[ _%1 -; )

when multiplving the matrix C' by the matrices in (2), vou get the matrices in (1) and voun
can decode the message .

Now:
1- Write the message "on time" and code it using multiplication of matrices and the matrix
5 =( g @ )
2 1

2- Write a message of your own and code it using multiplication of matrices.
(use a cryptography matrix of your own).

Solving two simultaneous equations by using Inverse Matrix
if we have two linear equations as follows:

ax+by=k a,x+by=k,
then we can write them in the following form:

(& e)(5)=(%)
If we suppose that:

A={ & :;)=K‘( y o 6=(¢)

2

Then we can write the two equations in the form of only matrix equation as follows:

\X = C where A s the matnx coelhicients, X 1s the matnx ol vanables, and C 15
Faa the matrix of constants.

Student book - Second term

39




Multiplicative inverse of a matrix -

It the determinant A £ 0 ie. A=a h - n:hﬁiﬂ
Then_lit is possil:r_llc to solve the equation A X = C as follows: .
A_l (AX)= A ’ 2 (multiply both sides of the eguation from the left by A )
A AYX=A | C (associative property)
IX =AC (multiplicative inverse of the malrix A)
X =A'C

It is clear that we can find the two variables X, v in terms of the numerical constants
B B B, 05 Ko K

==

@ Solve the system of the following simultancous equations using the matrices:
3x+2y=5 2x+y =3

6 Solution
The matrix equation A X = C is written where

A=($ 2).x=(y).c=(3)

the determinamt A=A = 3 2 =3 ~f=-1£0

2 1
then , for the matrix A, there 15 a muluphcatve mverse and the soluton 1s K X = A
C where:
L 1 -2 1 -2 2
A =— — k :
w2 5)=7(25)=(% o) Check: 3 (1)+2(1)25
e o G o e _ 5 =5 (V)
(.!i'] [ )( ) ( ) 2(D+ 1 %3
ie x=1,y=1 3 =3 (v)
The solution set {(1, 13}

oy Try to solve

5 Solve each system of the following linear equations nsing the matrices.

Al3x+7y=

2x+ Sy= i (Check yvour answer)
B x+3y- ‘5 ﬁ

2x=8- (Check your answer)

e Check your understanding

@WuB=(2 4 ) AB=L Find the mawix A.

@) 1A =(2 2)AB=( 2 2 ) Find the matix B
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Exercise (1-5)

T A i ’ i 7 i i 7
{1 Show the matrices which have inverses, and the matrices which have not inverses in the

following. il there is an inverse [md it

D2 1) B(53) ©(; ) B, o)

\\2, What are the values of a which make to each of the following matrices a multiplicative

inverse.
B o) B 2) @5 %) B (#1 2 )
@ 1x=( 2 7 ) then prove that X ' = ( % E,)
@) Find the marin Aita (7 7 )=( 2 7))
&) 1rx =( f} ,3},\':( [, 3' ) . Prove that = (XY) "' = Y'X"'

-

(6 Solve the following linear equations using matrices, then check vour answer:

Aldx+3y=26,5x-v=4

B 2x=3+7y,y=5-x
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General Exercises

First: Complete each of the following:

2
-2
2 If( i i ><J3 _Xl )zI,thenx: ..............................................................................................................................................
1
3

1 IfA:( ),B:(z S) then (BA) = oo

3) 1A=

Second: Multiple choice questions:

3 -1
4 s > then B'A'=

Ay 8 (7 7) c(37) o (1)

2-x 2
-3 x+2

4) If A and B are two matrices where AB = (

5 If: =1 then X @qQUALS

A -3 B 3 C +3 D +4

®ra= (75,

A What is the order of the matrix A? o

B | Write the elements of the first row in the matrix A,

C | Write the elements of the third column in the matriX A. ..o

D Write the elements: A , A, A

A

1> =722 " "3
@ What is the number of elements in each of the following matrices?

A matrix of order 3 X 2

B Square matrix of order 2 x 2.

Solve each of the following equations:

A(“5)=(Z) _______________________________________

x-y
B <a—3bb)=(0 1) ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
b+a 2 4 2
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General Exercises
Find a, b, ¢ and d where

A (—13 —52)+(a b>=<—2 1>

e d /TN 4 B

B<§l>_(§)=(f) ........................................................................................................................

1 2 3 1 2 3
@If:X=(6 4 2>,Y=(2 -3 1),thenfind:

0 -1 -6

=)
[\
—

A 2X+3Y-21

B X-(Y-51I)

. 3 2 X 0
@ Find the values of x and y where: ( | 4 ) < y ) = < X )
@ Show which of the following matrices has a multiplicative inverse , then find it

a(li) ey ) el ) (5 ¢)

30 a b

Solve each system of the following linear equations using matrices
A x+y=3 B 2x-3y-3=0

Xx-y=5 S5x+4y-19=0
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¥ Unit objectives

By the end of this unit, the student should be able to:
it Solve first degree inequalities in one variable and
represent the solution graphically.

3053

Solve first degree inequalities in two variables and
determine the region of solution graphically.
Solve the system of linear inequalities graphically.

H

Solve life problems on systems of linear
inequalities.

Lise linear programming to solve life mathematical
problems.

Record the data of a mathematical life problem in

§ois

§ois

¥ Key - Terms

2 Linear Inequality

Z Boundary line

S Dashed boundary lne
2 Solid boundary line

= Linear Inequality in bwo variables

5 System of linear Inequalities

a suitable table, and transfer these data in the form
of linear inequalities, then determine the region of
solution graphically.

Determine the objective function in terms of the
coordinates and determine the points which belong
to the solution set, giving the optimum solution to
the objective function.

2 Feadble Teglon

= Graph

= Linear prooraming
= Constrains

= Dptimum solution




Y Lessons of the Unit

Lesson (2- 1): Linear Inequalities.

Lesson (2 - 2): SolvingSystemsof
Linear Inequalities
Graphically.

Lesson (2 - 3): LinearPrograming
and Optimization.

Y/ Materials
Lattice 10« 10
squared papers - coloured pencils
electronic sites

such as www.phschool.com

J

When the analysis of a problem leads to find the

Brief Histor
- - T—

~

maximum or minimum value of a linear expression,

it should be subject to its vanables to the set of linear r(lmcar lnﬂ]uallllt‘.‘i)—;
inequalities. We may get the solution by using the Y

techniques of the linear programming. Historically, solving a first solving a first degree|  [Solving a system o
] e : . degree Inequality In Imequality Im twao linear inequalities
it has appeared problems of the linear programming
i I PrOg 2] ene varlable varlables graphically
as a result of the need to solve problems related to
the salaries of members of the armed forces duning
r_snl'.lln.g a system of ) Salving a system

of more than bwo
inear inequalities

method, for the linear programming there are

World War Two, George Dantzig is one of those two linear inequalitles
who worked in the solution of such problems and i raphically
reached to the general formula to solve the problems w m

and show a method of selving it called Simplex

Limear programming and

apphications n each of the industry, trade, business
[ opimum solution

administration, agneulture, health and others. For

example, success requires in business administration

that using the lingar programming to achieve the

maximum possible profit or to achieve the least Business
administration

possible cost. In thas umit, we will leam methods

of solving problems for linear programming which [ it J [ P j
contain only two variables and its applications are in

different life situations.




2-1

You will learn

k Solving first degres inequality in
a variable.

k Solving first degree inequality in
e variables and determining
the regicn of sclution graphi

calby.

Key-terms

F Linear inequality

¥ Boundary line

¥ Dashed boundary line

b Solil bowndary line

F Linear inequality in one variable

F Limear inequality in two variables

Materials

¥ Lattice 100 = 10

F Squared papers.

F Coloured pencils.

Linear Inequalities

b Group work

Materials: lattice 10 - 10
1- With vour classmate, play the game"What is the point?”

Play objective:

Determmmng the positon of a point on the coordinate plane by askmg

the least number of guestions.

How to play?

Is x greater
than or equal 2

to zero?__/ . \:
does not The player "B" know : a ]
it (secret point) , each of it ['8 y greater than

, y . . equal to Jero?
coordinates 1s an integer from

7 The player "A" chooses a
point on the coordinate plane,

\__%/

|

|

1]

L[
— )\

55 [ 4 'ﬁ.: b
7 The player "B" askes questions 2l
containing the words "less [T loxiess YT T 8
than" or " greater than" the [ than3? f— -—---( esj
i |
player A answers cach question # +

only by "ves "or" no" .
# The player A records the number of questions while the player B
names the secret point.
# The plavers exchange ther rules o complete only one game
from the play.
How to win?
The plaver who determine the point by asking of questions less is the
wimmer of the game, and the player who win by the lirst three games
1s lhe winner.
2- How many questions do vou need to determine the position of the
seeret point?

3- I you are lucky, how many questions do vou need (o ask to
determine the position of the secret point? Explain your answer
by giving examples.

4- How do the inequalities help you to determine the secret point?

5- Suggest a strategy to win this game.
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"@ Solving linear inequalities in two variables

The first degree inequality in two variables 1s similar to the first degree equation in two
variables and the difference between them is placing the symbol of the inequality instead of
the symhbol of the equality for example: v > 2x + 2 is a linear inequality and vy = 2x + 215 a

linear equation related to 1L

Grraphical representation of the inequality y > 2x+ 2 T I
A
15 shown by the shaded region in the figure opposite. _@ > 2% 2) “
. P c v g ! -
Notice that each pointin the coloured region satishes : y=2x+2 )
the mequality, and the graphical representation of no
1
the straight line v = 2x + 2 is the boundary of the 1 " .
region which represents the solution and the strmght |~ 5 5 = 4 N
. i § . -1
line is drawn dashed because it does not satisty the "';
mequality. If the mequality contains the symbol = 3
or = then the points which lie on the boundary line / 3
; : : . G 3| 4
will satisfy the inequality, then the representation of f’i, 4
the straight line 1s a solid line. ¥ YE 5
| Represent graphically the solution set of the ineguality: v < 2x 1 3 | Note
@ P grap * 4 ¥y The boundary line
e Solution divides the plane into
Step (1): Draw the boundary line v=2x+3 three sets of points.
" . 1= Set of points of the
2 the points -, P
N_Q‘U%L{Lﬂi c po ; T W | boundary line.
of the boundary line -1 2-Set of the points of
are not  solutons  of . | the plane which lie
the mequality, thus the | 4 on one side of the
- s y=2x+3 N boundary line and
stranght  lhine 15 drawn E
= ; ; is called half plane
dashed. - Fi i and is denoted by
- e T T the symbol (8 ).
O|-1]-2 kS J 3-Set of points of the
A 3 1 1 ! plane which lie on
!‘r = the other side of the
Step (2): choose one of r = poundery 15s: and
5 f 0 g g is called hall’ plane
the points in one side 2, 2 ! and is denoted by
of the drawn line and g ¥ ¥ the symbol(S,).

substitute in the nght
hand side, if 1t satisfies the inequality, we colour this side ( the solution set), and if 1t does
not satsly the mequality, we colour the other side and 1s then the solution set.
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Choose the point (0, 0) and which does not lie on the boundary line but lies on one side.

y<2x+3 (the ariginal inequalily)

v
0 <23 (substitute the point (0, 0))
0 <3 {true)

Check:

Shade the region which contains the point (0, 0), : .
Graphical representation shows

where the solution set 1s half the plain at which the
that the point (2, 3) lies in the

region of solution.

point (0, () belongs.

y<2x+3 ({the ariginal inequality)

ra
3<2(2)+3 {substitute the point (2, 3))
3 <2 7 (true) then the solution is true.

Example

@ Represent graphically the solution set of the inequality: 2x — 5y = 10

&
@ solution 2
Step (1) represent graphically the boundary line (1.). "
2x — 5y = 10 by a solid line (because the inequality
relation =), -
1
X 0 5 ) ';_ ‘1 M-d
y ) 0 ) 4 |3 2 ILI | 4 ‘!"',. I
-

' s . o e }4: Sy=10 )
You can draw the boundary line, write the straight line: . LA =)
2x — 5y = 10 in the form: v =mx + ¢ P -
where m 15 the slop and ¢ is the y - mtercept from 4
the y-axis. "y

then: -5y =-2x+10 .. }f:%x—ﬁ

Step (2): test the point (0,0) which lies on one side of the boundary line.
2x-5y= 10 {the original inequality)

¢
200 -5 =10 {substitute the peint (0, 0))

0= 10 (True)

Colour the region which contains the point (0, 0), where the solution set is hall the plane
which the pont (0, 0) lies U the sct of points on the boundary hne L.

ﬂ Try to solve
@ Represent graphically the solution set of cach ol the following inequalitics

A 2x-v=6 Bly<5x-5 Cly-2x<2

48 Student book - Second term



e

(3) Life_applications: Food shopping: Suppose you
decided not to spend more than 48 pounds to buy peas

and peanuts necessary for your trip for you and your 16 pounds
family 1o the zo0 in Giza. How many kilograms can

vou buy from every kind?

6 Solution
Define: let x be the Number of kilograms you can buy [rom chick  peas.
v be the Number of kilograms you can buy from peanut.
Connect: Price of buyving chick peas + Price ol buying peanut = the maximum purchase
(see the figure).
Write: 8x + 16y < 48
Diraw the boundary line 8x + 16y =48, and is represented by the solid straight line (because
the inequality relation <).
Use the first guadrant only from the coordinate plane, where that yvou can not buy a
negative quantity of roasted peanuts.

Roasted trip
X [ 0]6]2 )
Al 3 | O N
Test the point {ﬂ 0 %’ 4
ﬁ(m-lﬁ[mﬂi-ﬁi Ell
0 < 48  (True) -2
Colour the region which contains the point (0, 0). !
The graphic representation shows all possible ] .
solutions. For example, it you buy 2 kg of L 3 ¢ F 2T T
peas, then vou can not buy more than 2 ke of peas in kg

peanuts. Now, are 2 kg of peas and | kg of peanut a solution to example ?

Check your understanding

’T‘ Criticalthinking: When we represent the inequality y =2 E x - 2 graphically, do you shade

the region up or down the straight line, y = % x - 27 How did you know that?

(2\' Consumer: A library sclls two kinds of notebooks, the price of the first kind 15 6.25
pounds. The price of the second kind is 7.5 pounds. Il Ahmed wanted (o buy some

notehooks such that he can not pay more than 25 pounds. How many notebook can he
buy from cach kind?
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Exercise (2-1)

lfﬁ Join each inequality with the graph which represents its solution set (test the point
(0, 0) in each inequality).

A B c D
| 4y 4y 4y y
| .!' Jf
| ‘f" f'
x T | P T belx x[x] | X
- - < | - 14—
L 2 T v ¥
1- y<x-1 2- y<x+1 3- y>x+1 4- y=x -1

@ Test which of the points is the solution of the inequality:
Aly=2x+3 [©1, G399, L0 ]
Bly<2x-3 [0, 3.9, <LO)]

@ Find the solution set of each of the following inequalities:
Alysx+2 B y>2x-3 C x+3v=6
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Solving Systems of Linear Inequalities Graphically 2 - 2

You will learn

Work with your classmate. l Sawm_a B
: ; . ; . . inequality graphically.
1- Represent graphically the solution set of the inequality x 2 2 in
the orthogonal coordinate plane, and colour the leasible region in
yellow.

2- Represent graphically the solution set of the inequality v < -1 in
the same orthogonal coordinate plane, then colour the feasible
TeCion in green.

3- Determine the common area which contains yellow and green
together.

4- What docs the region you determined in (3) represent?

9- Choose three distinct points, each of which represents a solution
for the two inequalities together. Explain vour answer.

Learm
"'_‘ - _sstem of linear inequalities

Two or maore lincar mequalities form together a system of linear |, rocpie region

k Solving life problems on systems

of linear inequalities.

Key-terms

F System of linear inequalities

inequalitics, and the ordered pair (x,, y,) is a solution for this system gupn
if it satisfies all its inequalities.

& Try to solve

(1) You can describe cach of the four quadrants in the orthogonal
coordinate plane by using a svstem ol the linear mequahities.
I'rom the figure opposite, determine the number of the quadrant
which represents the solution set of each of the following systems

= [ ul v A
Ax>0, y>0 | - Materials
B x>0, y<0 - T s
¥ Graph papers.
Cilx<o0 s Y= 0 vl ¥ ¥ Coloured pencils
Dl x<0, ¥<0
v x|
.‘:\ U s.’: -_;‘ 0 !l.h
3 4
vy Yy
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" Solving a system of liner inequalities graphically

Solving a system ol linear inequalitics means [inding all ordered pairs which sausfy the
mequalities in this svstem. To determine all points (ordered pairs) which form a solution
of the system, colour (shade) the feasible region, cach one of the mequalitics in the same
coordinate plane, then the conunon region among the regions of solution of the inequalitics 1s
a feasible region of this system.

=S

Kj‘\ Solve the system of the following linear inequatities graphically: v 22x+6, y+3x<-1

6 Solution

Step (1) Represent the solution set of each inequality in the system graphically, and
colour the feasible region.

For the first inequality: v = 2x + 6 :{{}:’f ; )CIJ'.:! f:} :”{ : Wi
Draw the boundary line vy =2x 16 (solid line) :r*%‘% WWAOORON/ /1,
CAVARROON /L
222 L XX, W
AT U, 104 40 4
WAL
The point (0, 0) does not sausly the inequality :Q(l A ?X&E&?W"ﬁl‘f X
.. The solution set X is hall the plane at which the KZ": Y ﬁ%‘ N Ay 5
origin point L 1, 1 z{ LR 11:*'*1}‘" i
ARA NN
For the second inequality: v+ 3x < -1 X‘ tm‘:‘a MRV X
: : _ \ AL AT ARR AR AN
Draw the boundary line v +3x =-1  (dashed ling) {‘;i;;l{ \ ky AN h\'u\". WAE
¥ 'I.I"'-. ARLBALE I"'II" "li AR
X i 1 ] i :f/ r"..l"l.ll" "{'l.:‘ ?{: : "1:5:&:" II'-.1".,1|' '
J’ I 2 5 .égri:l ﬁ:\ III'L:‘I.:" IlI'LII 'L:"' I"l:'ll'l Ilﬁ\lll'l:llll :'-'}: L] Ilﬁ:l lll'n.:.-
I'ulll'lll'-. I'Llll'llll' III'; II'|. II" IIII. ‘I"III II'|. II" ll'l.j'- \ III'|. Ill'u

The point (0, 0) does not satisfy the inequality
.~ The solution set X | is half the plane at which the origin (0, 0) doces not lic.

Step (2): Determine the common region among the regions of solution of the system
of inequalities, which is the common coloured region, and also represents the feasible
region of the system then the solution set of the two inequalitics together is X, 11X,

Check: Notice that the point (- 4. 2) belongs to the feasible region of the system, thus you
can use a test point and check the solution by substituting |, (x, v) by the point (-4, 2) in

both inequalitics:

y=22x16 y+3x < -1
2;2(4}4 243 (4) < -1
2 =-2 (True) -10 < -1 ( True)
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& Try to solve

@:} Solve the following system graphically: 3x 1 5y= 15, v <x |

=

Ii,! Solve the following linear inequalities graphically: 4y = 6x
3x+2y<-6

'e Solution

Step (1): Represent the solution set ol each inequality in the svstem graphically and colour
the feasible region for the first inequality.

IFor the first inequality: 4y = 6x i
Draw the boundary line 4y = 6x (salid line) 5 /|
1 4{
Ml o | 2 | 2 AE /
¥lo|3|-s ; /|
B s ¥ & & 1 jf }{'L'
I'he point (0, 0y lies on the boundary line, thus it = -/ / .
15 tested by using another point on one ol the two == lf /! =T
sides of the boundary line, for example ( 3, 2) 4 7
then: 4 (2) =2 6 ( 3) e i
i.c. 5=-12 {True} /
The solution set X, which is hall the plane at which - .f/ v X
the point (-3, 2) lies UL, _;/) A .
For the second inequality: - 3x + 2y < -6 / -
Draw the boundary line -3x 2y =-6  (solid ling) nf v 3

X 0| 2 2
3101 6

The point (0, ) does not satisl’y the inequality
.~ The solution set X, which 1s half the plane of which the point (0, 0) does not hie UL,

Step (2): Determine the common region among the regions ol solution of the system of’
inequalities , which represents the feasible region of the system .

Notice that the two straight lines L, 1, are parallel and there is no common region
between the coloured regions as in the hgure.

.+ The solution set of the two inequalities together = ¢

& Try to solve

@ Find the solution of the following system of linear inequalities graphically: v < x
yZxXt]
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Exercise (2-2)

(1) Which of the following systems has the shown shaded region as a solution in the figure

opposite: 44 24
ak
Alx+y<3 B x+y>3 T
4 s
y>x-3 y=x-3 ~ e % %
2| -, Y EEDRS
Cx+y23 D x+y<3 - o8
=2 M
y<Ix-3 y=x-3 3 v T

@) Solve each system of the following linear inequalities graphically:

A x=4 Bly-x>0
y>x+2 2x+2v=212
X+2y=-2 y<6+2x
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2-3

You will learn

F Finding the maximum and
rinimum value ta a function in
a cefain region.

F Use the Enear programing to
solve some problems,

b Record the data of mathematical
lfe problem in a sutable table
and transfer these data in the
farm of linear inequality then
determine the region of solution
ard determining the objec-
tive function and its optimum

solution

¥ linear programing
b Aonstrains

b Bounded

¥ Unbounded

F Optimum solution

Materials

b Graphic papers.

b Coloured pencils,

Linear programing and Optimization

‘ Group wor

Suppose that you are offered a job for some

time, and you think about the time that you
can customize for this work. You can use
mathematics to help you organize your
thinking and take the nght decision.
Work with your classmate:
1- A Wrie a list of ways that you
spend your ime duning the week.

B Oreanize yvour list so that it is not more than 10 ways.
2- Make a personal assessment of last week.

A Select the time for the ways yvou determined in (1).

B What is the suitable time vou see for work in a job some time?

C Discuss: What can you quit or not quit in your schedule?

"’ S Linear Programing

You can answer questions such as the questions discussed above,
using a process called the lincar programing,

then the hirst step 1s o wnte the limear program of the problem and
consists of:

1- Objective function (which the problem under study aims to
calculate the maximum or mimimum value) and it is lincar
funcuon in the form:

I’ = ax + by where a, b are real numbers not equal o zero together.

2- Set of restrictions imposed by the nature of the problem, which
15 1 the form ol hncar mequalities in two varables represent the
upper or lower limits ol the factors that control variables of the
problem.

3- Restricuons imposed by the scientific fact of the problem on the
variables when you can not take these variables negative values.
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(‘! Use the hinear programing to find the values of x, v which make the value of the function

P=3x+ 2v the maxunum value then nununumn value under restnicuons

x=z0, y20, x+ysB8B, y=23

6 Solution
Step (1): Draw the restrictions (represent the inequalities

graphically)

Step (2): Find the coordinates of the vertices of the feasible

region.

From the figure, we notice that the vertices ol the feasible

region are:
A(0,8), B (5,3),C(0,3)

L1}
Step (3): Find the value of the function P = 3x + 2y at cach vertex

Form the following table:

The point | x | ¥ 3x + 2y | value of the function P
A8 | 0] 8 [3(Mi2(8) 16
B(5,3) | 5|3 [3(5+2(3) 21
CG.3) 103 (30M+2(3) 6

b
H*'
A
bt
]
a
1t I
-
C B
o
N D \
i
4 5 6 8

——  NMaximum value

R

Minimum value

The maximum value of the function equals 21 at the point (5, 3), and the minimum value

of the functuon equals 6 at the point (0, 3)

Think: Why does the maximum value or the minimum value of the objective Tunction satisly

at one of the vertices of the feasible region?

To know the answer of this question:

1-

2-

Put PP =01n the objective lunction P=3x + 2y then we get
3x + 2y = 0 represents a straight line passes through the
origin point and the point, (2, 3).

If vou draw a set of straight lines intersect the feasible
region and parallel to the straight line passing through the
origin point, then:

the first of these lines passes through the point C (0, 3)
and its equation is 3x+ 2y =06 1e. P=06

The value of P at all points which belong 1o the second
straight line passing through the point A (0, 8) equals 16,
and P continue in increasing tell it reaches to the last line

- 5
A
O
[ ; _'*
L] =
\k:-,
™
y S| 15030
3 o
LI @ Bl
%l
NEINENEN
I;\ b by \'1. x
; s b 9
1 4 b
n .'| v 3
2 v - o
3 - N
L I H

which intersects the feasible region of the system and passing through the point B (5, 3)

, thenwegetthat P=3-5+2-3=21

Thus, the mmmum value to the objective lunctuon equals 6 at the point (0, 3) which 15 one
of the vertices of the feasible region, and also the maximum value to the objective function

equals 21 at the pont (5, 3}, which 1s one of the vertices of the feasible region also.

Eromthe previous, we deduce that : the maximum value and the minmum value if there exist
to the objective function, then they satisty at the vertices of the polveon which surrounded the

reoion of possible solutions to the inequalities which form the set of restrictions of problem or

at the points of mtersection of lines which determine the region of possible solutions.
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4 Try to solve
flj Use the linear programing, find each of the minimum value and the maximum value for
the function P = x + y under restrictions: X =0 , y20, y=22x-2, y=-x+§

<2> In the figure opposite: Find the values of X and y 5 ¥
Which make the value ol the function P = 2X + 5y mimmum.

f
" 5
RS :
4 h
Real life applications of linear programing p \
I

Y

The linear programing is a mathematical method to give the best N :
decision of solving a problem or it is the optimal solution to satisfy | N r

1 2 3 4 5 6
a certain object as satisfying least cost or greatest profit for a

certain project, to bound by the terms and constraints of production and market mechanisms
or problem under study, it is possible to satisfy that as follows:

1- Analysis of the situation or the problem to determine the variables, and to identfy
constraints and put it in the form of a system of linear inequalities.

2- Write objective function to be achieved in the problem under study (which is a linear
function).

3- Represent the system of lincar inegualitics graphically.

4- Determining the vertices of the feasible region.

5- Substituting by coordinates of the vertices in the objective function, then test the maximum
value or minimum value according to the required in the problem.

o=

(2) Business Administration One of the sea food shop sells two
types of cooked fish A and B, and the requests from the shop
owner are nol less than 30 (ish, as he does not consume more
than 30 fish from the type (A) , or more than 35 fish from the
type (B). If the price of a fish from type A is 4 pounds and 3
pounds from type B. lHow much fish from cach of the two
types A and BB must be used to achieve the lowest cost possible
1o buy?

@ Solution

1- et the number of fish from type (A) be x and the number of fish from type (B) be y

andx = 0 (He will buy fish from tvpe A)
v 0 {He will buy fish from type B)
x+y= 50 (He needs at least 50 [ish) First | Second | Maximum
x =30 (He uses not more than 30 fish from type A) | type | Type
v =35 (He uses not more than 35 fish from type B) | « y 30
The purchase price| 4 3 4x + 3y
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2- Write the objective function : the purchase price is minimum : P=4x+3 y
3- Represent the system of the inequalitics graphically as in the kG
ligure opposite. %
4- Determine the vertices of the feasible region which are:
A (30, 20}, B (30, 35), C (15, 35). [¥; B
5- Substitute by the coordinates of the vertices i the objective ¥
function to determine the minimum possible price of
purchase, as shown in the following table: )

Y

The point | x | ¥ 4x + 3y Value of the
function P
A(30,20) | 30 | 20 |4 30)+3(20) 180

B (30,35) | 30 | 35 [4(30)+ 3 (35) 225
C(15,35 | 15|35 |4(15)+3(35) 165 : Least possible value of
purchase price

10 0 30

The shop owner must buy 15 fish from tvpe A and 35 fish from type B such that the purchase

price be minimum.

i Try to solve

<3> Industry: A small factory produces metal furniture 20 cupboard weekly at most of two
different kinds A and 13. It the profit from kind "A' 1s 80 pounds, and profit from kind B 1s
100 pounds. the factory sells from kind A at least 3 times what it sells from the second kind.
Find number of cupboard from each kind to satisfy sreatest possible profit to the factory.

=

‘3 ) Health baby food factory produces two types of food with special specifications.
" If the first type contains 2 units of vitamin (A), 3 units of vitamin (B), and the
second contains 3 units of vitamin A and 2 units of vitamin (A), 2 units of vitamin

B. If the child in its own food if the child needs at least 120 units of vitamin (A),

100 units of vitamin (B), and the cost of the type (A) is 5 pounds, and the cost

of type (B) is 4 pounds. What quantity to be purchased from each of the two
types to achieve what the child needs in own food at the lowest possible cost?

@ solution

1- Let: x be the number of
goods ol the hirst type and Item
v be the number of goods

No of goods of | No of goods of | minimum
the first type | the second type | of units

of the second type: Vitamin A 2x 3y 120
x=20 , v=20 Vitamin B 3x 2y 100
2x+3 }':‘}# 120 Costs | 5 pounds 4 pounds

3x+ 2y =2 100
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2- Objective function is the lowest possible cost:

3- Represent the system of the linear inequalities as in the figure ™

opposile.

4- The vertices of the feasible region are:

A (60, 0, B (12, 32), C (0, 50).

5- Subsutte by the
coordinates in the
objective function
to determine the
least possible cost:

P=5x+4y &

5 K

30 £

{1

0 10

i Value of the
Point X Sx + 4y function P

AE0,0) |60 0 | 5(60)+4(0) 300
B(12,32)| 12 |32 |5(12) + 4 (32) 188
C(0,50) | O |50 5(0)+4(50) 200

— Least possible cost

then the costis to be minimum at B, the number of goods of the first type is 12 and the number
of goods of the second tvpe is 32.
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Exercise (2-3)

\:'\ Choose the correct amswer [rom the given amswers:
A The point which belongs to the solution of the enqualities: x > 2, v > 1,
Xy =3is : : i
(3.1, (L2, 3.,2), (1,3)]
B The point at which the function P = 40x + 20y has a maximum valuoe is
[(0,0) (0, 4) , (15, 10) , (25,0)]
C  The point at which the function I = 35x + 10y has a minimum value is:
[0, 0, (0, 10) , (0, 40) , (20, 1))

(2) Use the graph opposite to find the values of x, y which o 18 o
make the value of the objective lunction p = 3x - 2y has /
a mumimum value | then (ind this value 4
AT ;"‘
-
2 .
i
_x- ¥
(3) Represent each of the following systems graphically, then | i ? 4 T 5
find the maximum or minimum value to the ohjective Yy

function according to the given.

A X+¥YES B 2x+y=06

v=1 x=

x=2 y=2
has minimum value to the objective  has maximum value lo the objective

(unction F = 2x + 3y function P = 2x + 3y

-.-'i- Industry: Suppose you manufacture and sell skin moisturizer, il manulacturing a unit of
the normal moisturizer requires 2em® of oil, lem? of cocoa butter, and manulacluning a
unit of the excellent moisturizer requires lem” of oil, 2em’ of coca butter. You will gain
10} pounds for every unit of the normal kind, 8 pounds for every unit of the excellent kind.
If vou had 24 cm® of oil, 18cm® of cocoa butter, What is the number of units you can

manufacture from each kind to get a maximum possible profit and what is this profit?

@ Tourism: One of the tounsm companies set up an air bridge (o transport 1600 tournists
and 90 wons of luggage with the least cost. I5 there are two types of acroplanes A and
B and the number of available acroplanes from the first type was 12 acroplanes, and 9
acroplanes from the second tvpe and the [ull load 1o the acroplane of the first type A was
200 persons, 6 tons of Juggage and the Tull load to the acroplane of the second type B
was 100 persons, 15 tons of luggage, The rent of the acroplane of the type A was 320000
pounds, and the rent of the type B was 150000 pounds. How many acroplanes from cach
tvpe could the company rent?
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General Exercises

@ Represent graphically the solution set of each of the following inequalities:

A ys2x+1 B y=-x-4 C y<-2x+3
@ Mulipl choice: z
4
Choose the inequality which represents the shaded region - ¥
as its solution: X ! X
b 32 > 3 4
Ay> Ly B y> Ly - <14
2 2 D)
Cluc 1 D I il 2
yS 5X y < 5 X :
Hy

@ Solve each system of the following linear inequalities graphically:
A 3y>4x, 2x-3y>-6
B x+y>6, y<-5x+12, y<5x+12

@ Find the maximum value of the function P =2 x +y where:
x20, y=20 , 2x+3y<18 , -4x+y=-8.

@ Represent the solution set of each of the following inequalities graphically:

A x+y=2 B x+3y<6 c %er%y?%
D 4y >6x+2 E 2x+3y<6 F 4x-2y>8
@ Solve each system of the following linear inequalities graphically:
Ay=22x-1 B 3x+2y<12 C y>4x-1
Xx=2 X-y<3 y<-x+4
D x>0 E x>0 F x>0
y=0 y=0 y=0
X+2y >4 y-xs1 x+y<38
4x+y>9 4x +3y < 12 x+2y <11
@ In the figure opposite: find the values of x, y which 8] 4
make the function P = % X +y has a minimum value. ’
6
5
4
3
2
1 X
0 >

12345678
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E Unit objectives
i

By the end of the unit, the student should be able to:

 Recognize the scalar quantity, the vector quantity, it Recogrize the unit vector and expresses 1t in terms
and the directed line segment and expresses itin of the fundamental urut vectors.
terms of its two ends in the coordinate plane. 1 Recogmze parallel and perpendicular vectors.

% Recognize the position vector and putitin the polar & Multiply a vector by a real number.

form. # Add two vectors using the tnangle rule (coordinates

Find the norm of the vector and zero vector. . parallelogram rule) - subtract two vectors.

£ Recognize and solve exercises on equivalent i Prove some geometric theorems using vectors.

vectors. o T
i Solve applications in the plane geometry on vectors

v Key - Terms

= Scalar Quandities S Ciwclerd Fair 2 parallelogram Rule
2 wector Quantities 5 Absolute valle = Sapltractiog Vi ims
= Vectar = Momm

3 Distanc = Equivalent Visctor

2 Displagement 2 Adding vectors

= Position Viecton = The triangie Fube
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Lessnns of the Unit

Lesson (3 - 1) Scalars, Vectors and
Directed Line Segment.

Lesson (3 - 2): Vectors.

L.esson (3 - 3): Operations on Vectors.

Computer - Data show - Graphic program
- squared papers - Geometric instruments -
threads - weights - pins

Arabs put the first building block of analytic

geometry, They used Algebra in solving some
geometric problems and also used Geometry /

M Chart of the unit

.

in solving Algebraic equations. Thabit Ibn ————r—

Qorra (835 - 900AD) presented geometrical —( Quantities )—
solutions to some equations and the Kenedy Y ¥
in his writings linked between algebra and | [ satar ) Vector
geometry.

With the beginning of the seventeenth @-—[ vectors | Algebraically )
¥

century, Fermat (1601 - 1665 AD) and Rene
Descartes (1596 - 1650 AD) contributed +
in simplifying algebraic methods to solve [ Directed line L

seometric problems due to the plane geometry gggmn-@;rd palr
having two dimensions. They expressed almost
every thing in any geometric figure in lerms

of two variabled lengths. They denoted them T e C,.,.,.m .m e
by %, 3. In addition to some constant quantities LI_) Ll_jﬂ“" g “"‘ e
contained in the figure which give a new shape

to geometry known as the analytic geometry
{coordinate). It used deduction theorems, facts,
and prove its correctness algebraically. Also it
was one of the factors to help the appearance
of calculus by Newton (1642 — 1727 ADD) and
Leibinz (1646 - 1716AD), and innovation of \ /
Gibbs (1839 - 1903 AD) to analy ze the vectors

in three dimensions.

Fundamental

unit vectors

l!!pgbcnmr Pfrrnﬂ
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3-1

You will learn

8]
£

C

kb Classifying and discriminating
scalar and veclor guantities.

F Concept of directed line
seqment, its direction and its
nerm.

b Recogrize the equivalent
directed line segments,

¥ Constructiing of a directed line
segment equivalent to another
one ina coordinate plane.

F Expressing a directed line
segment in terms of its ends in
the coordinate plans.

Key-terms

F Scalar quantity

o

Introduction

There are quantities that vou do not require to know the number
expressing therr value such as length, arca, volume, mass, density,
population and so on. On the contrary, there are other quantitics to
describe them menuoning the number expressing their value 1s not
enough. For example, to know the wind speed is not enough for air
traffic, but wind direction is to be determined. As yvou know that wind
movement 15 measured by its magnitude, direction and the affecting
force acted on an object which its effect differs on it not only by its
magnitude but also by its direction, too. As a result we can conclude
that we have two types of quantities.

Scalar quantities
Scalar quantities are determined completely by their magnitude only
such as length, area ...

Vector quantities
Vector quantities are determined completely by their magmtude and

go their dircction such as velocity, foree. ...

C
b Vector quantity m North __,-'
¥ Distance w:u* T Bast
-
 Displacement Il a body moved from point A a distance 3 v,
% . x Soudik
b Direction metres east, then changed 1ts direction and i H
moved 4 metres north and stopped at point C . ¢
5 . E
# What is the distance covered by the body -
during its movement? 3
Materials A= »
3 melres B

b Geonwetric tools .
b Compater

¥ Graphic programs
¥ Projector

;D # What 15 the distance between the body and

the point A which is the starting point of its movement?

Notice that:

» Distance is a scalar quantity which is the result of AB + BC or CB + BA.

# Displacement is the distance between the starting and ending points
only and in direction from A to €. i.¢ (o describe the displacement,
its nagnitude AC and its direction from A to C must be determined.

Displacement is a vector quantity which is the distance covered in a
certain direction.
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& Try to solve

{]} In the figure opposite: Calculate the distance

and displacement covered when a body moves A i} C
from the point A to the point C, then returns to
point 1.

Direction
1- Eachray in the plane determines a direction. In the figure
opposile:

S— * r - —_— *
Ox determines the east direction, gy determines the

A

west direction,

=

OV determines the north direction and Oy determine
the south direction.

What are the directions determined by:

— e — —_—
OA, OB, oC and oD?

— . —

2- If AB// cD ,E & AB then:

(" — — = - a . .

+ EA and BE have the same direction and are carmed on one straight line.
I — — & . . . a

» EA and DC have the same direction and are carried on two parallel straight lines.
» EA and EB have opposite directions and arc carried on one straight line.

> EA and CD have opposite directions and are carried on two parallel straight lines.

Generally:
# The two rays which have the same or opposite directions are carried on one straight line
or two parallel straight lines and vice versa.

# The two rayvs different in direction are not carmied on one straight line or two parallel
straight lines.

# Try to solve

® In the figure opposite: "AB and CD are parallel and each is not

c A

parallel 1o W Ee aB,FecD,Ze XY.
Show whether the two rays have the same, opposite or * E
different direction in each of the following.

— et — — — —
Al pB. DF B AB., XY C cD. EB D B

— — — — S —
D! zv, zX E CF, X F) 2x., 2Y
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The Directed Line Segment
The points A and B are the two ending points of AB or BA.

I we determine one of these two paoints as a starting point B

1o the segment and the other one as an ending point to it, &

then for the line seoment, there is a direction which is the

same direction ol the ray that carries this line segment i5E
and its starting point 1s the same as the starting point of il @
the line segment. (ﬁ.;._n; g B

Il we determine the point A as a starting point to AB and P

A
the point I3 as its ending point, then we describe this

. . . s —
segment as a directed line segment from A to B and is denoted by the symbol AB .

- P— = —_— —_— . a
» Is AB = BA 7is AB = BA 7 Explain your answer.

» Arc AB and BA different or opposite in direction? Why?

-

Pefinition  The directed line segment: is a line segment which has a starting point, an
r ending point and a direction.

& Try to solve

7 ; , e . . :
\3: A, B and C are three pomnts on a plane. Write all directed line segments deternuned by
these pomnts.

j -

Definitic - . . —_—, —_—
; tfm , The norm of the directed line segment: norm of AB is the length of AB

2 P
\ “ andis denoted by the svmbol I"AE II.

Notice that: | 2B Il = I BA Il = AB

Definition . . . . )
3.» » Equivalent directed line segments: Two directed line segments are

r said to be equivalent il they have the same norm and same direction.
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1' In the figure opposite: ABCD is a rectangle,
its diagonals are intersecting at M. E € AD

™

then: T T
M

AB//CD .AB=CD,BC /! AD , BC=AD and

MA=MC = MDB =MD C < 2]

AlIABI=IDCI , AB and DC have the same direction

" AB is equivalent to BC

B " IIAM Il = IMC |l . Arﬁ and ME have the same direction

— 4 i,
. AM 1s cquivalent o MC

C o IMAl=IITVE I, MA and WMB have different direction
p— . —_—
S MA I8 not equivalent lo MB

D - IAE Il + I|ﬁ|[ . AE and BC have the same direction
— & P
. AE 1s not equivalent lo BC

& Try to solve

<4> ABCD 15 a parallelogram, 11s diagonals are intersccting at M.
First: Determine the directed line segments (il existed) which are equivalent Lo

A AB B/ TD C BC D AM E WD

Second: Show why the lollowing directed line segments are not equivalent?

Al AM , AC B BA , DC C BM , DM
Logical thinking:

, — . ity r B
1- I AB is equivalent to CD . What do you deduce?
2- How many dirccted line segments could be drawn on the plane such that cach of them is
‘ e
equivalent to AB 7
3- From point C on the plane, How many directed line segments could be drawn and each is
equivalent to AB 7
Notice that:
here 15 a umque directed hine segment which can be drawn from point C (for example: €D )

— b ——e
such that CD 15 equivalent to AB .

=

2 ! The directed line segments in the orthogonal coordinate plane:

In an orthogonal coordinate plane, determine the points A( 2, 1), B(2, 3), C(1, 3),
D(-1,4), thendraw CE and DL each of whichis equivalentto A8 . Find the coordinates
of Eand L.
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@ solution 7 ) |
. — . > > > -
lo draw CE equivalent o AB ., CEand AB
" " 5
should have the same direction the same norm. |
i.e. EC//AB. I 'CEIl = I'AB Il = length of AB. SRR -
i — — ——— Ce— 1 .
# Draw CE/ AB (slope of AB =slopeof CE = E} H
2.1 f
# Use the compasses to determine the length of | D 2
EC = length of AB or by calculating the number (€7 =
ol honzontal and vertical squares, then we gel : =
E (5, -1). similarly, draw DL .then we get: L (3, 6) ?
=4
. 1 ‘Y Clawm

Translation preserves parallelism of straight lines and lengths of line segments. Consider

point C 18 the image of point A by the translation (1 - (-2), 3 - 1) =3, -4)

. To draw TE is equivalent to AB, we find that TE is the image of AB by the translation
(3, -4) and the coordinates of E=(2+ 3,3 + (-4)) = (5, -1)

Use the translation: Determine the coordinates of point R which make OR equivalent to AB

!] ¥4 Check your understanding

In the figure opposite: ABC 15 a triangle in which AB = AC 7 //\\ W
X, Y and 7 are midpoints of AB. BC ., CA respectively /\/\,\

: o : ; : ¢ - ; ’ B
First: Which of the following statements are true? !
ALY I=1IZYI B XY is equivalent to ZY |

—e v —_—
C "BY is equivalent to ZX .

Second: Write all directed line segments (if found) which are equivalent to:

A BX B A&7 cC Xz
D Ty E Xv FZY
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Exercise (3-1)

'| Complete the following statements to be true:
A | To defined Scalor quantity completely vou should know
B | To defined Vector quantity completely you should know
C | The directed line segment is a line segment which has g »

D ' Two directed line segments are equivalent if they have

I_,..___I = -— - o
(2 In the figure opposite: AB is parallel o CE and each of X o A
them is not parallel to Xy . Join each of the following
statements with a suitable one . D
F
Al AiD,AB 1-have thesame B FX, Xy E
direetion 8
—_— —_— [ n —T P % Y H
C DA .ER 2-have different D T . An
direetion
— — k] F E
E BD,YF 3-have opposile F rﬁ T
direction

/3 In the figure opposite ABCDEF, is a regular hexagon, its centre is M, a

Complete the following:

C B
A | AR isequivalent to and equivalent to and equivalent to
B | MD is equivalent to and equivalent to and equivalent to
— ¥ 5 I
C ' D is equivalent 1o and equivalent o and equivalent o

4 ABCD is a square , its diagonals are intersecting at M, write all directed equivalent line

segments determined in the Hgure.

@ In a coordinate orthogonal plane ; IEACE, -3), B (4, 4), C (-3, -1}, BA . D (T“\], NO
are equivalent dirccted line scgments , where O is the orgin. Find the coordinates of
each ol D, M |, and N.
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(6) On the lattice: A(2,3), B (-3, 1),C (5, -1)

70

A

e P a e . s
Draw 13, such that it 1s equivalent to AB and determine the coordinates of 1.

Determine the coordinates of the point M which is the mid-point of BC, then

determine the directed line segments which are equivalent to cach ol

First: Bal Second: AN Third: a0 Fourth: DI

Is the figure ACDE a parallelogram? Explain vour answer.
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Introduction

It is possible 1o determine VA
the position of point A in the
orthogonal coordinate plane by /"‘#
knowing the ordered pair (x, v) =
corresponding to it, where each < Or

point in the coordinate plane has A ]
a unigue position with respect to the origin point O,

o |

Position Vector

i

Definit
‘/ point is the directed line segment which its starting point
L is the origin point and the given point is its ending ]}ﬂil‘llfy

The position vector of a given point with respect to the Gl'igi;\'

3-2

You will learn

@ In the figure opposite:

;?-‘L_

A(5,3),B(d,-3),C (-2, 4) then:
» OA is the position vector of the
point A with respect to the origin

X
>

vy

point O, and corresponding to

the ordered pair (5, 3) and is

written as OA = (5, 3).

L 2% B -3

* Find the position vector of a
giwen paint with respect to
the origin in the orthogonal
coordinate plane,

F Put a vecter in the polar form.

¥ Find the norm of a vector and
recagnize the zera vectar.

k Concept of equivalent two
vectors and solving exercises
on it.

¥ Multipkcation operation of
a real number on B,

¥ Express the vector in terms of
the fundamental unit vector,

¥ Condition of two parallel
wectors.

¥ Condition of two perpendicular
wrhors

¥ Multiply a vector by a real
number and geometric
reprasentation to it

Key - Terms

» 0B is the position vector of point B with respeet to the origin
point where OB = (4, -3) and also OC = (-2,4)

Nate: All position vectors have the same starting point (O) then it is

possible to denote the position vector OA by the symbol A and the

position vector OB by the symbol B and so on, then:
A =(53).B=4-3),T =(2,49.

MNorm of the vector:
Is the length of the line segment representing to the veetor.
If: _Hh =(xY)

Then: IRl =431 y2
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F Vector

¥ Fosition Wector

¥ Orderd Pair

k Absolute Value

¥ Norm

* Equivalent Vectors
¥ Addition of Vectons
F Multipbcation

¥ Palar Form

* Unit Vector

¥ Magnitude




& Try to solve

f];‘ In the orthogonal coordinate plane, it A(2, 1), B{5, 0), C( 2, 3). Find the position vector
of cach of them with respect to the ongin point O, and draw the directed line segment
representing it in the coordinate plane.

ﬁ"l‘hinﬁ'ﬁ-d@

- - A *
The figure opposite shows a directed line segment QA | its norm
equals 4em, and its direction makes 60° with the positive direction
of the x-axis.

How could you find the position vector of point A with respect to

the origin point () in the orthogonal coordinate plane? X
Polar form of position Vector
In the figure opposite; the vector OA makes € with the positive ;C e
direction of the x-axis and its norm equals I'OA LIt is possible to
cxpress 1t as follows: ‘qi\ o
Eﬁ: = l:”mh”, ) Polar form of the vector. Q_IEH E;&}
the coordinates of point A in the orthogonal coordinate plane are:

x=lGAllcosd , y=IOAlsinG , tan6=—— N

X

fg In the orthogonal coordinate plane, If A(6, 64/3). Find the polar form of the position
vector of pomt A with respect to the origin point O |

ﬁ Solution
_ - —— T A (6.64T)
* OA =(6,643) . IOA | = length of OA = J(6)° + (643)* = 12 3

,tallﬂz%:ﬁ’grﬁ.Ee]ﬂ.%{
20 = tan! {ﬁ)— a0° —% - OA —{]2,%) .

' Try to solve

{%: A If DA = (842, 8), lind the polar form ol the vector OA .
B If OC = (1242, %} 15 a position vector of the point C with respect to the origin point

O, find the coordinates of the poin C.

Think: What 15 the posiion vector of the origin point O (0, 0) in the orthogonal coordinate
plane?

- —_— . . — | — —

I'he zero vector: the vector © = (00, 0y is defined as the rerovector 0 andlloll=01ao ll =0,

and the zero vector has no direction.

72 Student book - Second term



Equivalent Vectors
Let a body move from A to B after covering 4 units
to the right and 3 units up, then 2B represents the &

e
-
-

displacement vector to the body from A to B. + v

It 15 possible to represent AB in the orthogonal A,f"f &
coordinate plane by an infinite number ol parallel D

s 4 5 e
directed hine segments equivalent to AB and one K

o " - —_—
ol them is the position vector ON .

—

i.e: AB = DE :..___.=Eﬁ:[4,ii}
Then: I ABIl = BEll =...... - IoN I

A=
Y

=J (47 + (37 =5 length units.

& Try to solve

(3) In the figure opposite; L ?1‘ N*-..
A | Determine the position vector of point Hh‘l\ [
with respect to the origin point O | then find

. L 4 M
s norm. SN N N A S | S U — — — —

B | Determine all vectors such that each of
which is equivalent to OC .

e
tadl |

-

clements of the set of ordered pars (x, v) where

You noticed that the vectors are related to the K ~ c
~< T
[ —
F‘

(x, v) € R?, then we can define the vectors as follows:

vy

Definition
5 . 1+ The vectors: The elements of the set R* with the addition and multiplication

by a real number defined on it are called vectors.

N w

The vectors are denoted by the symbols ™ . N . F . - as:

_Mh =(2,3 |, _I'wlL =(-7,2) , _FL =(0,5) ... and so on

Adding two Vectors Algebraically

For every _f: (x,y)eR, _Bk =(x, ¥, € R® We denote the

Cartesian product
Then: A+E = XXy, +) e R R - R by the symbol
Rl

Forexample: (3,-2)+(5,7)=(3+5,-2+7)=(8, 5 and is read as: R two
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Properties of addition operation on vectors:
Enclosure property for every _A‘, TEL e R? then _,,E: I _E‘L e R?
e —_— —

Commulative property ¢, every _A‘,JEL e R*  then T&: +B'=B 3

e e - i o
forevery A. B, C € R*

Associative property I e e
then a4 +(B + C)=(A+B)+ C =4 +B+ C

Identity element for every A € R there exists © = (0, 0) € R?

property where: ? t EL ‘_A‘L = _'C!L I _Ah

Additive inverse for ever_'r_,.ar (%, v) € R* there exists T =(-x,-y) e R?

property where: T;' - _A‘] = TJ‘ =, _A‘] 1

Elimination property forevery A, B, C eR*if A +

Multiplying a vectore by a real number
for every A= x,y)eR*, , KeR: Ka=K x,.¥)=(Kx,Ky) eR?

for example: 3(2,-5)=(6,-15) , 1{4, M=(2, g} . HO =0, 0y, 23, -4 =(-6,8)

Properties of multiplication operation on vectors:

First: forevery A, B € R?, KeR
Distributive then: K( A + _Bh} =K 2+K®
property Second: forevery A €R? K.K,eR

then: {_KJ i K:} T&T = K] T-"n.h ' [{: T’:

Association for every A € R? , K,K eR
property then: (K, K,) A= K (K, _.ﬂ:.]
Elemination for every _Ak, B eR? : KeR
i IfK A=K B then: A = B and vice versa

—

Notice that : I’ "M
Then: X, =X, ¥, =

= (X, .y,) 1s equivalent (o N = (X, ¥.)

v, (equality of two ordered pairs), then we can say that the two vectors
— e G

M and N are equal.

@) IfA=06.-2,B=3)

A Find 2A - 38 B Lxpress B =(11,5) interms of A ,and B
@ Solution
Alopa-3B=2(6,-2)-343)=(12, 4+ (12, 9 =(0,-13)
Bl letT = K]_; ‘KB ,where K, K, e R
=K, (6,-2) 1 K,(4,3) = (6K,, 2K )+ (4K,, 3K))
- (6K, + 4K, 2K 13K)
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From the property of equality of two ordered pairs we get:

oK, + 4K, =11 (1 . -2K+3K,=5 (2)

e

from (1), (2) we get: K = % » K, =2 S =

—_— el

1
— 2
EAI_.B

% Try to solve

@I =(2-6),B =(-25),T =(6,14)
A | Find: 2A . B . %T:‘ 8 T e 2 B L’xpmssf in terms -::-f_; and B
Unit vector: the unit vector is a vector whose norm is unity.

Expressing the vector in terms of the fundamental unit vectors.

Deﬂnilin_l: i — y
6 » » ~ The fundamental wnit vector j : it is the 4
7 directed line segment with a starting point
to the origin point and its norm is the unity ! —( _I?:,\’
and its direction is the positive direction of \\ﬂ[ 1, 0) 1 i
the x-axis. : tie B @
i =010
% —_— . " Yﬂ.
# The fundamental unit vector j : it Is the 5
directed line segment with a starting point -
to the origin point and it is the unity '{3';*
: -gll'l Iilﬂlll- anda 1ts I!ﬂ.l‘l’l'l I% E-l.llll ¥ P on
and its direction is the positive direction of j—C— b
the y-axis. A-Il — (0. 1)
IF M =(x,y)
E o= (x.0) + (0, v) from definition of addition
=x(L0)+ w(O, 1} from definition multiplication
=34 + ¥ )
Then: W11 =4 %1y
:4 I'xpress each of the following vectors in terms of the fundamental unit vectors:
AWM =27 B W=@3) CT=(50 ©D7F=0%

e Solution
—

AW =2TW+771 B N=47 37
Bt 0 F-27
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&, Try to solve

N S 2 : : : : i
2, Fixpress each of the following vectors in terms of the [undamental unit vectors, then find
its norm:

AWM =034 B N=(5-12) C T =(3,-6) D/ Z =(-7.0)

(9 Findin terms of the two fundamental unit vectors. The vector which expresses each ol the
following:
A The uniform speed of a car covered 90 km per hour in the east direction.

B aforce of magnitude 50 newtons acts on a particle in the direction 30° north of east.

6‘ Solution
‘e . . — ¥
A 1 et the position vector of the speed of the car be OB = (X, ¥).
+_.x:m i }":ﬂ ) l‘.H'Ik:'lm h-x
-~ ity
e —ll L
B =90 i l
g . . —
B Let the posttion vector of the given foree be OC = (%, V)
Y A
o X =50 cos 30° = 25/3, G
S
, ¥y=50s5in30" =25 :
e i e, _— - 3 - .‘-5_
C=25%8 1 7+357 0 5 =
L )

& Try to solve

A . . . .
B ind in terms of the two lundamental unit vectors the vector which expresses each of the
following:

A The displacement of a body a distance 60 cm 1 the south direction.

B A force of magnitude 30 kg. wt acts on a particle in the direction 60" north of west.

Parallel and Perpendicular Vectors
[ e
Forevery M and N are two non zero vectors

where W = (X505 N = (%,,¥,)

— el
1-1tM /N 8
v, Y : o
then: tan @ =tan @, , L =% = 4] }'
! - 1 x:) / : A ﬁ. ) _\: .
5 '
and X, v, - X, ¥, = Oand vice versa
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2-0 M LN

then: tan O, ~ tan 0, = - 1
Y, Y,
XX

=-1

N 3

i
’
’

and X, X, +v, ¥, = 0 and vice versa

-

-+
=
=

Notice that:
If p =(2,4), B =(-6,3), C =(4,8)

then: ? 1B because:2 «-6+4+3=-12+12=0.

—_— T

becanse: 2 -8 - 4-4=16 - 16=10.

L O

A
e,
B

-

I.TE\J If_; =(2,5), B = (K., —4), find the value of K when:
AlA /B, B AlB.

a Solution

A When _A‘ B Athen the condition of parallelismis: 2 - 4 5K =0

1l C becauser-6=4 +3x8=-24+24=0,

S B-5K=0 ,1{.:-%

B T LB . then the condition of perpendicularity 1s: 2 - K+ 54 =10

2R -20=0 yEK=10

& Try to solve

@A =(4,6), B =(6,9,C=(3,2).Provethat 5 / B, BLCT.C L
M =(x,v),KeR
them: KM =K (x,vi=(Kx,Ky)
If ﬁ 1% & non zero vector, K £0 then: ﬁ K E‘I'h

and: IK M1l = KL I M
—

- . - - . - — »
where the direction of K M is the same as the direction of M for every K > 0

the direction of K M 1s opposite o the direction of M for every K < 0
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For example:

M =(2,1)

then: A =2M=2(2,1)=(42)
B=3M =32.1)=(6,3)
T=-M=-21)=(2-1)
D=32M=32n=(3d

as in the ligure opposite.

i.- Try to solve

@ The lattice opposite represents congruent parallelograms.

First: express each of the lollowing directed line

# il el
scgments m terms of M and N

A 7B B TB
D BC E BA
G) DL H DE

l‘-?é',(

Ay
-
‘i—f—"“ .
4%
o 1 L~
-~ oo
x #ﬁ - :, X
- 2L -
0
-
e
vy
|
d{ b
. / J / /
N f

Second: deduce that AB = BA and interpret that geometrically.

? Check your understanding

The following figure shows a representation of some vectors in the orthogonal coordinate
plane. Write each vector in terms ol the two lundamental unit vectors.

[

I

o)

[
g
L4
mf

g /A

|
/
<

V
=
< A

™
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Exercise (3-2)

1 On the lattice : A( 3, -4, B ( -12,5), C ( -3, -6), Find the position vector for each of
the points A, B, C with respeet to the origin O (00, 0), then find the norm of each of
them.

(2 Express cach of the following vectors in terms of the fundamental unit vectors. Then

find the norm of each of them:

AT = (-4, -3) BN =(8, -6)
C)F =(5,-12) DIA=(0,2/7)
E B =(343,0) FIT =(4/2,34/7)

3 Find the polar form of each of the following vectors:
AN =843 7 +87
BIN =342 73427

@A =3,2.7 =(2,5,C =(0,11)

A | Write each of the following vectors in terms of the fundamental unit vectors
— - P S | - —
2B 3¢ A+B-C ,~2—{I1—(:]

-, R —_
B Express ¢ imtermsofl A and B

(5 Find in terms of the fundamental unit vectors, the vector which expresses:
A | A uniform speed of magnitude 60 kim'h in west direction.

B ' A force of magnitude 20 kgm wt . acts on a body in the dircction 30° south of cast

C ' Adisplacement of a body a distance 40cm in the direction north west

Student book - Second term 79




(6) IFM=(5.1), N = (4, 20), T =( 10, 2) Prove that:

AN LN BIM/T EHALT
@ UM=37+47 , N=67-87

T:EIT E_i‘ i —I;=4_T‘-|}_j"

A Prove that M // N

B FindacR.ifM/T
C FindbeR T LN
D IsT LN ?explain your answer

kﬂ} The lattice opposite of congruent parallelograms. Express each of the following directed

" ¥ — e
line segments in terms of M and N.

Al B B By
OB i D D
E XF F) Xy
G T H' D
I Bm JTr
K| T L D
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First : Adding vectors geomitricaly

3-3

You will learn

R

T

If AB represents the vector ™ and BC ]

represents the vector || where: 1]

2l

™M=04,-2),N=(5

Write what equal to ™ + N, e X

Write the vector which represents AC o

What do vou notice? What do vou deduce?

Triangle Rule of Adding two vectors

— — —_— —e
It AB represents the vector M and BC represents the vector N
Where point B is the end point of the veetor =~

M and is the starting point ol the vector . 2 X

Then: the vector M + N is represented by
i : R
the dirccted line segment AC ppts—n B3

—

ie.: _Mh + N

AB +BC = AC

= A ,

This relation 15 known as "shal relation”

==

® A ship covers 300 metres east, then 400 metres north o exit [rom
the port. Calculate the displacement of the ship until it exits from

the port.
e Solution
1= Take a suitable drawing scale: every | cm represents 100 metres.
23 em represents 300 metres, 4 cm represents 400 metres.
2- Draw the path way of the trip by the drawing scale using
vour geomelric instruments | then the displacement vector

—_—

AC =AB ' BC -

Student book - Second term

¥ Adding vectors and their
grometric representation.

¥ Triangle rule of adding vectors.

¥ Farallelogram rule of adding
WeCtors.

¥ Subtracting vectors and their
graphic representation,

b Expressing the directed line
segmient in terms of the
posttion vectors of its ends.

k Adding of Vectors
F Subtracting Vectors
b Triangle Rule

¥ Faralielogram Rule

¥ Geometric instruments .

¥ Squared papers for drawing




3- Measure the length of "AC using the ruler (AC = 5 cm)

4- Norm of the displacement = length of drawing - drawing
scale = 5« 100 = 500 metres.

5- Direction of the displacement : 8 = tan™’ {%] ~ 53° to the
nearest degree.

. The ship is at 500 metres from the point of sailing in the
direction 53° north of East.

& Try to solve

fj; A truck moved [rom site A a distance 80 km in the west direction, then 120 km in the
direction 60" north of west to reach site B. Find the magnitude and direction of the
displacement 2B.

e Any two vectors ™ and N could be added (finding ™ N
their resultant) by constructing two consecutive vectors =
equivalent to the two vectors W and N as in the figure N
opposite . s
M ‘ﬁk
2- Shal rule of adding two vectors is true if the points A, B A TR C
and C belone to a straight line,
5 did : , A——— B
In the three figures opposite , then AB + BC = AC ) ) w
L] C —% = 5 B
- AB + BA = AA = {]h (Identity element of addition
operation ol vectors) A . B
*. BA is the additive inverse of the vector AB
F —T —_—
Le. BA =- AB
Think: Deduce that the following statements are true: G

—

1-InAABC: AB + BC 1CA = 0

2- In the figure ABCDE: AB + BC + CD + DE = AE
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Parallelogram Rule of Adding Two Vectors

— T — R
II' AB represents the vector M and AD represents the veclor N D G

% e —_— - . -
i.e. for the two vectors M and N , the same starting point to find _o

™M+N, complete the parallelogram ABCD, draw its diagonal

— el 2 " e
AC then AD is equivalent to BC. (why?) A

=AB+BC = AC ie. AB + AD = AC

This rule 1s known as parallelogram rule ol adding two vectors.

Think: Deduce that the following statements are true:

—— — e, U n»-v--*-nn»-*-qur-‘

2- In A ABD, if Fis the midpoint of BD then: AB + AD =2 AE

& Try to solve

—_— = —

\g] In any quadrilateral ABCD, prove that: AB + DC = AC + DB

6 Solution G
In AABC: AB = AC +CB {1 D
- axsmiin, m——— T
InADCB: DC = DB+ BC i2)

From (1}, (2) We get:

B O — . 5 5 A B
AB + DC = AC +CB+ DB + BC
= A(S i D]i qcé i E.(E (Commutative property).
= NE + DET] +1 C§+ ?C‘} (Associalive property)
— — i
= AC + DB + O {Additive inverse)
— —
= AC + DB (Identity element property).
& Try to solve
<2> ABCID 15 a quadrilateral in which BC =3 D . Prove that:
A ABCD is a trapezium. B/ AC + DB =4 AD .

peece

(3 ABCD is a parallelogram , its diagonals arc intersecting at M. N is a point in the same
plane. Prove that:

e

JR— — i N L L% B i
Al pAB+ AD+2CM = O B NA + NC = NB + ND
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@ solution N

Al - AB + AD = AC {1 parallelogram rule. n A
T — T
2CM = CA (2) {CM = MA).
add (1) and (2), we get
el ¢ il p——— el il G B
AB + AD +2 CM = AC + CA
pe—— e p— p—— T pe— —
*AC+CA =0 " AB + AD +2 CM = 0
B Draw NM
In A NAC: *.* M is the midpoint of AC . NA + NC =2 NM (3)
In & NBD: *.* M is the midpoint of BD . HNB + WD =2 M (4).

———— P pEe— T
From (3) , (4) we get: NA + NC = NB + ND .

i, Try to solve

/o™ . . e _— —
3, ABCD is a parallelogram in which E is the midpoint of CB . Prove that:

S S S — —_—
AB + AD + DC=2 AE

Seconad : Subtracting Vectors geometricaly

In the figure opposite , ABC 18 a tnangle:

AB - AC = AB H AC ) (Definition of subtaction)
—, —
= AB + CA (Additive inverse).
RS —
= CA + AB (commutative property).
p———
= CB (Triangle rule).
e,

AB - AC = CB

e ety ot e
If  AB represents the vector M and AC represents the vector N

—_— — —_— —_— —_— —_—
then: CB represents 1 -~ N as BC represents N -~ M

Expressing the directed line segment AB in terms of the position vectors of
its ends: v A
IfFA(x,Y), B(x,¥)

— — —
then: AB = OB- OA {subtraction rule}.

—_— —_— 5 om . =
where OB and OA are the two position vectors of the points I3

and A respectively.
e et el
AB =B - A

For example: If A(7,-1),B(2,5)then AB=B - A =(2.

h
S
|
—
-~
|
[
o
I
T
L
[
R
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@ ABCD is a parallelogram where A( 2, 1), B (7, 1), C (4, 4). Find the coordinates of the

point D.

6 Solution

‘*AD // CB,AD=BC

— .
andd D A= & B

e D =(2,-1)+@.D-(7,D=(-1,2)

# Try to solve

S R — S
. AD = BC
_ s

D=2 +T B

. the coordinates ol the point 1 are (-1, 2)

@} ABCD 15 a quadrilateral in which A(-1, -2), B (9, 0, C(&, 4), D (0, 2).

Provethat: (A 7B = DC.
B)If3 N 27AB=3TB+5AB

& Try to solve

(B) 2B 1L BE.

. Prove that W =TCA.

{add 2 AB to bolh sides).
{additive inverse of vectors),
{subtraclion operation).

S
<« N =CA.

@HZ_ML+3 AB =2TB - BA Provethat M = CA.

e Check your understanding

In the figure opposite: ABCDEF is a regular hexagon. Prove that:

RN, " — O — S —. pr—-
AB + AC + AE + AF =2 AD.

Student book - Second term

= o]
A B




Exercise (3-3)

1 In the figure opposite: ABCD is a parallelogram , M is the intersection point of ils

diagonals. Complete:
A) AB = B [C=
CIAB+BC= D) A+ TD =
E BD+ DC = F)CA+AD =
G| AB +AD = H BC + BC =
I DA+ DC = JAM ¢ MC =
AB ‘AD= 2 LIAD+TD= 2
M STA + NB = N/ AR +28M =
ii [In any trnangle XY, Prove that: XY Y2 7X =10

6

) In the figure opposite: ABCD is a quadrilateral, E & AB,Fen.

-

' , —
! In any quadnlateral ABCD, prove that: ap

prove tha

A ¢
BC + CD

B S S —
I: EB + BC + CF = EA + AD + DF

MR e
Prove that : AE + CD = EB + DA.

B Y R
reprectively .Prove that : AE + BF = DC

1 ABCD is

86

=Tt

a trapezinm in which AD /!l BC 3
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AD 2

BC  3°

M

= AD.

C

) In the triangle ABC: D, Eand F are the mid points of AB , BC

—
Prove that: AC

5

ABCD is a quadrilateral, if AC - OB = 271 prove that : ABCI) is a parallelogram.

ABC is a triangle in which D is the mid-point of AR , E is the mid-point of AC.

CA

—— 5-4-
f BD:'E_«‘ILD



of the point C.

(11) ABCD is a trapezium in which A -2, 3) ,B (&, -1),C(2,5),D( 1,k).
A If XB // DC, find the value of k.
@ Prove that: Th L 3B,
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General Exercises

1) On the lattice O (0, 0)is the origin point. Determine the points A(-4,0) , B (0, -3),
C(@3,1), D(2,8), then find:

A ' The position vector of the points A, B, C in terms of the fundamental unit vectors .
B ' The position vector of the point D with respect to the origin point O in the polar form.
C  The norm of the directed line segment AB .
D | The value of K which makes AD =K BC .

2 ) Find in terms of the fundamental unit vectors the vector which expresses:

A ' A force of magnitude 20 newtons acts at a particle vertically in the north direction

B ' A displacement of a body moves a distance 50 cm in 30° north of the west direction

C  The uniform velocity of a car covers a distance 70 km/h in the west direction.........

3)IfA =(@4,6) , B =(6,9) , C =(-3,-2)

A Provethat: A /B , B
B Find:2A+B , B-2

4 ) In the figure opposite: All the following statements express AC Except the statement:

D A
A 2aAM B AD+ DC
C AB +BD D BC + DC
C B
5) The vector M = (12¢/2 , Z) in terms of the fundamental unit vectors expresses the

A1 1 ) S
AG6T +67 B 127 -127

C 6i-127 D 127 +127
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Short answer questions:

6) In the figure opposite: DE// BC
Find the numerical values of K, L, M, N if :
A BD=K DA oo
B CE =L CA oo
CIBC=MED oo & 3
D AD + DE= N AC oo

(7) 1f ABCD is a parallelogram, in which A (2, -2) , B (4, -2) , C (2, 3) Find the
coordinates of the point D.

On the lattice , AB = (-2, 3), CB = (-6, -4),2 B + AC = (6, 11). Find:
First: the coordinates of each of the points A , B and C
Second: Area of the triangle ABC (using vectors).
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Analytic
Geometry

¥ Unit objectives

o

B\' the end of this unit, the student should bhe able to:

4 Find the coordinates of the division point of a line
seament internally or externally if the ratio of the
chivision s known.

Find the ratio by which the hine segment is divided
internally or externally if the coordinates of the
division point is known.,

i Recognize the different forms of the equation of the

B

5]

straight line.

Find the vector equation, parametric equations and
cartesian equation of the straigth line.

Find the general form of the equation of the straight

¥ Key - Terms

= pointof diviston

= direction vectorof a Straight line

= Vector equation

= parametric Equation

#

=

F

line.

® Find the equation of the straight line in terms of the

intercepted parts of the two axes.

& Find the measure of the acule angle between two

straight lines.

= Find the length of a perpendicular drawn from a

point to a straight line,

Cartsian Equation
Gemeral Equation
Angle between o straight lines

Length of a per pendicifar



N Brief History

Analytic Geometry is one of the basic
branches of mathematics because of its great
importance when studying mathematical
sciences, physical applications and technical
sciences. It helped the study of space and its
engineering properties to the modern era
and it is related to evervthing that is new, as
it is the key to interpret images in computer
science.

Analytic Geometry is considered a gateway
to the study of differential geometry (motion
engineering) and algebraic geometry where
the differential geometry specializes the
study of properties of geometric shapes as
curves and surfaces by applying differential
and integral calculus. Scientists innovated
coordinate system consisting of the two
orthogonal intersecting axes (x-axis, y-axis)
by which we can express each point in the
plane by two real number (X, ¥) using the
coordinate system, proved the properties
of the Euclidean geometry expressing
the straight lines and curves by algebraic
equations which are paths to general points
moving under conditions of the relation
between (x, y), the analytic geometry has
facilitated a lot of treatment in various
branches of mathematics as it was one of the
factors of development and handle them

o

programs

/ ¥ Chart of the unit

¥ Lessonsofthe Unit

of the

length  of

a straight line .

Scientific calculator - Computer - Graphic

Lesson (4 - 1): Division of a line segment.
Lesson (4 - 2): Equation of the straight line.
Lesson (4 - 3): Measure
between two straight lines,
Lesson (4 - 4): The
perpendicular from a point
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4-1

You will learn ]
G
o

¥ Concept of division internally.
b Concept of division externally.

k Finding the ratic of division,

Key-terms 0
ey }C:

¥ Internal Division
b External Division

¥ Ratio of Division

Materials )
0
o)

F Scientific calculator
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You have studied belore how to lind the coordinates ol the midpoint
of a line segment. Can you lind the coordinates of the division point
of a line segment internally or externally given that the ratio of the
division?

First: Finding the Coordinates of the point of division of a

line segment by a certain ratio:
1- Internal division
1fCe 2B , then point C

divides AB internally by the ratiom, : m,

. m, AC _m,
where ™ = O then T8~ m,
and for the two directed segments AC.TB

The same directioni.e:.m - AC =m, - CB

Let A(x, v,), B(x,, ¥,) and C(x, ¥)

Nigure (1)

then T: ; T; T are vectors representing the directed line segments

OA. OB. OC respectively where O is the origin point for the
coordinate orthogonal system.

s - — . — e
Using subtracting vectors:  m, (OC - OA )= m, (OB - OC)

m (T T =m (T, T)

. . . —
By distribution m r-m f =mF -mr
pee- e e e
m roem, r =mro+tmf
. —_ —_= —_—
I'hen r(m+m) =mr +m,r,

; o~ m, T, +m, 1, |whichiscalled the
Le. =

Ll vector form

Second term
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) IfA 2, 1),B( 3,4), find the coordinates of point C which divides AB internally by
the ratio 3 : 2 in the vector form.

@ solution
Let C(x,y)
" AQR,-1) A=) s wB(3A4) LT =639
ml:m[:,’.r:?,
| — ml_rllhrm,,T_J:IL
r =
|'|'I‘-i-l"|'l.d
L= 2(2,-1)+8(-3,4) _ (4,-2+(912) _ (510) _
Lor o= 53 = 3 = =(-1,2)

. The coordinates of pomnt C are (-1, 2)

Cartesian form:
rT’"I::xl‘ FF} + r"'ﬁ'{x?' }I'?} " {ml xf T n"? x?" mi y‘l +m? y?'}

m, +m, m, + m,
m X, +m,x, m, ¥, +m.Y, )
m+m,  m+m,

(X, ¥)=

From that we get: [(X.¥) =(

Example

o " & " .
(2 Solve the previous example using the Cartesian form.

@ solution

2 33 “-1 4+ 3% 4
(y)=(22 8 28 4,2

i'_, Try to solve
ﬁ_} A (4, 2), B (8, 6), lind the coordinates of point C which divides Err internally by the
ration 1 : 3

2- External diviaion

: - — N s : m, _
IrCe AB,C¢ BA, then Cdivides AB externally by the ratio m, : m where T: < () then
one of the two values m or m_ is positive and the other is negative, then the following figure
illustrates that there are two probabilities:

CE?B’,CEE CEE,CQE
Bix,y) A (X ¥) C(x.y) C (x.y) B (x ¥,) A ()
T vy
— —
T \/ w g J 7
o Fugure (23 0 Figure (1)
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3, IFA(2, 00 B (1, 1), find the coordinates of point C which divides 7B externally by the
ratio 5 : 4.
s Solution

ST =(2,0),7T, =L, 1)

. m. i =
,m,:m=5:-4 ., F’ < 0 negative by substituting © .9
il —
& m, rl hm, I'2
= m, +m, mathematical formuta for the rule
L=~ 420)+5(1,-1) b distribut
« F = A+5 1y distributing
r =(-8+5,0-5=(-3,-5 by adding and simplitying

.. The coordinates of point C are ( 3, 3)

Cartesian form: e, A (2, 0)

N=(24%24+5%1 Ax0+5x-1
x,y)=( -4+5 ' -4+5 )

=(-3,-5) Gy

Notice that:
I1'C 15 the midpoint of AB where A (X ¥ ) Blx; ¥,
then: m =m,=m then

— —

r = 5 Yector form
I|+12 y’a+]|"? .
X yis=l— —— Cartesian form
(X, ¥) ( 5 2 )

4 Try to solve

@> If C (2, 4) is the midpoint of AB where A (x,4), B (1, y) find the value of x and y
Second : Finding the ratio of Division

If point C divides 2B by the ratio m_ : m and:

1= The ratio of division % > 0 then the division 1s inlernal.

2- The ratio of division % < () then the division is external.
/&J ITA(S,2), B(2,- 1), lind the ratio by which 2B is divided by the points ol intersection of

— - - Al - L) - bl 13
AB with the two axes, showing the type of division in each case, then find the coordinates
of the division pomt.
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e Solution

First: let the s—axis intersects TE;' at pomt C (x, 0) R
; AC_ M e MY LY, 3 L
“' hEl'e GB — m| lhE.“.. } - Im: = mg i {51 2}
co=" (2)+m, (1) _ 2m -m, ] m},
m, +m, m, +m, m,Ci /| %
L 2m :mI ey {ratio of division) T 'D 1 2 4 fl g
S | 3 EE, = L 5 et
el 1@
. The division 1s internal by the ratuo 2 ¢ | 1
¥
- . m X +m
.. The coordinates are (M—, D) ( 5+2-2 D)
m, +m, 1+2
=(3,0)
Second: The stranght hne miersects the y-axis at pomnt D
' | |
Let the coordinates of D be (0, v) L
o |
where Loc =5y then x = o o Bl 50 3 2 {‘? 20y
DB m, m, +m, | L. 1A
*_{]:m' <5 4m,x2 3 #C %
m, +m, i 5 E-ENEEZEEENE
S 2m, = -5m, v F.? - fratio of division) le '-:‘[:‘ B (2, ’l )
. m, & i
S, < () ; D |
2 The division 1s external by therano 5:2 : Y |
The coordinates of the point D are (0, y) = [U . %%J)
S(0,-3)

Think: In the previous example , use the vector form to find the ratio by which 2B is divided
by the two axes, then find the coordinates of the point of division.

# Try to solve

B)IfA(-4.3), B(8,6),C e AB where C (x, 0), find the ratio by which B is divided by
point (" showing the type ol division, then lind the value of x.

9 Check your understanding

(:IE:,‘ IfA (D, - 3), B (3, 6), find the coordinates of point C which divides BA internally by the
ratio 1 : 2

N

(2) Distance:
A bus moves from city A to city B where A(5, - 6), B(- 1, 0), it stopped twice during its
movement. Find the coordinates of the two points at which the bus has been stopped il
A It stopped at the middle of the road.

B It stopped at two thirds of the road Irom city A.
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Exercise (4-1)

First : complete each of the following

{1 In the figure opposite: AD is a median in &4 ABC, M is the (0. 8)
intersection point of the medians, where A(Q, 8), B(3, 2), C{(-3, 5)
A The coordinates ol the point 1D is ( . N E
B The coordinates ol the point Mis (..., .....) [_g 5 E 3,2
ij\ In the figure opposite; IFA(2,3), B (-1, 7), Cand D e * y
points on the coordinate ases B{-1,7}
gy — i E (0. v}
A Cdivides AB by the ratio
B D divides A by the ratio
C The s of the boint C i A2, 3)
I'he coordinates of the point C is ( = ) = . Cx.0)
D The coordinates of the point D is ( A )] Dl “h___* ®

Second : Answer the following questions

@) 1f A8, 4, B 1, 2), find the coordinates of the points which divide B into 3 coual

pans 5

4 IFA3, 1), BO 2, 5), find the coordinates of the point C which divides Tﬁ internally by

the ratio 2 : 3.

5 JTICA(L, 3), B(-4, -2). lind the coordinates of the point C where C & AB where 3AC = 2CB

(6) I A(2, 5), B(7, 1), find the coordinates of the point C which divides AB externall y by

the rano 3 : 2

(F)IfCe Ba, Cg AB and A3, 1), B4, 2), AC = 2AR. find the coordinates of the point C.

8 A, B and C are three collinear points where A(2, 5), B(5, 2), C(4, v). Find the ratio by
which the point C divides the directed line segment AB showing the tvpe ol division,

then find the value of y.
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4-2

You will learn o

O
O

T

F Finding the equation of the z S 3 4
stralght fine in terms of 2 gien 10U have studied before the general equation of the straight line

paint and a direction vector, which 1s:

b Finding the general form of the  aX + by + ¢ = (0 where a, b # 0 and represented it graphically by
wqquation of the straight line a straight line,

¥ Finding the squation of the Which of the following relations represents a straight line?

straight line in terms of the pa— p— —
intercepted parts from the two Al 3x - 2y=5 (B) y= I x i1 c. =3
anes =) 1 = %
= = | —_— | L A
Dlx-/f2=0 Ely+ == Z Ll T |

Netice that the equation ax + by + ¢ = 0 where a, b are not equal
to zero together is called the general form of the equation of the

i Naii 0, straight line.
O 1- fb=0,a#0 then: ax +¢c=0

¥ vector direction of Straight ine e X=- -g— which is an equation of a straight line parallel (o the
b Vector equation }' axiﬁ pﬂﬂﬁﬂﬂ- 'hm“gh [he pﬂi“t ': % 4 n)
b Parametric equation 2. Ha=0,b#0 then: by +¢c=0
* P fin eation ie.s v = - 1 is an equation of a straight line parallel to the x-axis
¥ General equation and passes through the point (0, £)

3- Ifc=0 themax+by=0

which is an equation of a straight line passes through the origin.

& Try to solve

ﬂ) Which ol the following straight lines is parallel to the y-axis,
Materials O

o which of them is parallel 0 the x-axis and which ol them passes

through the origin point, then find the coordinates of the points of

¥ Scientific calculator

Ii_p_p._trseclinn with the (WO axes (if found).

A 2x+3=0 Blx+3y=0

Cl2x+3y=12 [(Dly-5=0
Critical thinking: If L is a straight line, F is a point in
the plane and F 2 L. How many straight lines pass through F
point F and parallel to the straight line 1?7
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Slope of a straight line

You have known before that to determine a straight line

(x. %)

completely there are two conditions such as: a given point , and
the slope of the line. As vou know also the slope of the straight
line (m) which passes through the points (x,v) . (x,. ¥,) {:quals%

v ]
Note (1) IfL, /L, then m = m,
e 1l two strmght lines are paratlel, then they have the same slope and vice versa.
& KL 1L, thenm, ~m,= 1
i.e. the product of slopes of two perpendicular straight ines equals -1 and vice versa.

!L Try to solve

@ Find the slope of the straight line passing through each pair of the following points and
show which of these lines are parallel and which are perpendicular:

A3, 1,02, 5 B (4,0),(2, 1)
C (7.-1).3,-3) B (-5, -2) (-1.3)

N Direction vector of a straight line

Definitiof \ Every non zero vector can be represented by a directed line segment on
3
'k P a straight line is called a direction vector of the straight line L

If the points A, B,Ce L then ﬁ Bi{f i Ea? are direction vectors of the straight line.

j— ok = A A £
For example: If u = (2, 1)1s a direction vector to a strarght line, 8 A :
then each of the vectors (4, 2), (-2, -1), (1, %},, *_’E/’-”H '
is a direction vector to this line.

— . . . . .
In general If u ={(a, b) is a direction veclor (o a straight line,

et ¥ e i a 5 e
then K u where K € R = {0} 15 a direction vector to the same straight line. Why?

i Try to solve

e = . o . . . : . S
S, If u = (2, 3)is a direction vector to a straight line, then which of the following is
a direction vector to the same straight line?

Al(2,3) Bl (2, 3)

Cl (2,3). D) (6,-9).
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Equaltion of the straight line given a point belonging to it and a direction
vector to it
First: Vector form

To detenmmne the equaton of the stranght hine  passing through the pomnt A and the vector
— X i .
u 15 a direction vector to it,

Let point B belong to the straight line L and the vectors.

r, A are represented to the two directed line segments
il el ; . . .
OB, OA respectively, where O is any point in the plane.

. g — — — e
then, there is anumber K € R—= {0} where AB=T7 - A =K ¢

P iy —
'hen: r=A+Ky

This form is called the vector equation of the straight line I which passes through point A and

— » " 7
u 15 1ts direction vector.

s

1 © Write the vector equation of the straight line which passes through point (2, -3) and 1ts
direcuon vector 1s (1, 2).

ﬁ Solution

Let the stranght Line pass through point A (2, -3) and duh =(1.2)

—h r‘4 . . -
r = A+YK 4 vectar form of the equation of the straight line.

v The vector equation of the straight line is T =(2, 3+ K(1,2).

£ Try to solve _
(4}‘ Write the vector equation of the straight line which passes through the point (- 4, 3) and
the vector (2, 5) 18 ils direction vector,

. . B 5.5

Second: The parametric equations

g : o — — —
I'he vector equationis r = A +K u

IrA(x,¥,), B (x,y) are two points in the orthogonal

coordinate system, O is the origin point and u = (a, b)

then the equation of the straight lineis (x , y)=(x ,y)+K(a,b)

Then: X=X+ ka , yc= ¥, * kb

which are the parametric equations of the straight line passing through point (x, y,)

and the vector U = (a. b) is 118 direction vector where, K € B — {0,
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e

\2_ Wirite the parametric equations of the straight line passing through point (4, 3) and its
direction vector is (2, 3).
ﬁ Solution
LetA@, -3)el, U =(2,3)
.. The vector equation of the line L.is (x, ¥) = (4,- 3) + K(2, 3) vector form
thenx=4+2K , yv=-3+3K are the parametric equations

i. > _1'; to solve

<5> write the parametric equations to the line passing through the point (0, 5) and its direction

vectoris (-1, 4).

Third : Cartesian Equation

Eliminating K from the parametric equations : x=x +ka , y=y +kb
H-xl_!"‘!!"| & b U

We get the equation: - b L& — =k

1
Pul%: m (where min the slope ol the line), then the equation becomes i the lorm: m = ok

\F@\ Find the Cartesian equation of the straight line which passes through the point (3, 4) and
its direction vector 1s (2, -1)

O Solution

- b

m= ?l Slopa of the line m = a

= ¥-v . 4 , o ’ ; ’
W= equation of the line given its slope and a point belonging to it
A _y-(4) g9,
5 = =3 m.g.x,.ﬁ.y,--*i
2y+8=-x+3 Product of means = product of extrems.
x+2y+5=0 general form,

# Try to solve
<E> Find the cartesian equation of the strarght line passing through the pomnt (3, -4) and makes
45" with the positive direction of the x -axis.

Critical thinking: Find the vector equation and cartesian equation

to the straight line passing through the point (x,, y¥,) and its Pieeticil seotor o the
direction vector u = (a,b) in each of the following cases: line passing through

the origin point and

the point (x, y,) is

u =x,¥)

First: if the line is parallel to the yv-axis.
Second: if the line is parallel to the x axis.

Third: il the line passes through the origin. and its slope is 22
1
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e
— The perependicular direction vector of a straight line

If u = (a, b) is a dircction vector of a straight line  then which vt : WJ'_
of the family vectors are in the form K (b, -a) uErc KeR-{0} A ;."

15 a ]x:r[x:udiculirhdimctim] vector to the vector u . 5/ L
Conversely if N = (a, b) 15 perpendicular to the strarght line | 5

/
then which of the family vectors are in the form K (b, -a) where K s L %f[”—g x‘,
e R - {0} is a direction vector of the line. 0 '
For example: If o= (3, 2) 15 a direction vector of the straght line | then 1ts perpendicular
direction vectoris ( 2, 3), (2, 30, (4,0), ...

# Try to solve

kj Y= [%, 1)is adirection vector to the line, then all the following vectors are perpendicular
to the line exceplt the vector:
Al(l,-3) B/ (2, 1) C (1 D (4, 2)

=meie

4H‘ If the stranght line passing through the point A (- 3, 5) and the vector (- 1, 2)1s perpendicular
to 1t then hnd :
A The vector equation of the straight line.
B The Cartesian equation of the straight line.

e Solution
A . The line passes through the point A (-3, 5) and is perpendicular to the vector (-1, 2).
. The direction vector of the lineis 0 = (2, 1)
. The vector equation of the lineis: 7 = A +K U

T o=(3,5+K2, 1)

B . The equation of the line whose slope "m" and passes through the point (x, ¥ )is:

m=X%
X-X,
L 1_Y¥-5 - .
i ey X3 =2y-10

Then x —2 v+ 13 = 01s the Cartesian equation ol the line.
Think: Find the Cartesian equation ol the same straight line by eliminating k from the two
parametric equations.
& Try to solve
<B> LL]'IE straight hine passes through the point A (2, - 3) 18 perpendicular o the vector
u =1 1,2)then find:

A The veetor equation of the line. B The parametric equations of the line.
C 'The Cartesian equation of the line.
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MN The Equation of the straight line in terms of the two intercepted parts

from the two axes
We know that the equation ol the line whose slope (m) and intersects a part from the y-axis
of lengthbis y =mx 1 ¢

IFrom the figure opposite , we get

The slope of the line passing through the points (a, 0), (0, b) 1s: m = f (why?)

y-¥ ) . . .
72 x1 =1m equation of a line given the slope and a point
: A
y-0 b . . . .
a - g substituling the coordinates of the intersection points
3 (0. b
ay=-bx+ab product of means = product of extrems
bx +ay =ab Divide both sides bya b b
ga. 0
L
=== ] - >
a_ b
L a8 \

@:J Find the intercepted parts from the two axes by the straight line whose equation 1s :
Ix+4y-12=0

@ solution

Put the equation in the form i : % =1
O IR o T —_
s I (Why?)
. The lengths of the intercepted parts from the x-axis and from the y-axis are 4 and 3
respectively

& Try to solve

(9) Find the intercepted parts from the two axes by the straight line whose equation is:

5x-3y=15

9 Check your understanding

Find the general equation of the straight line in the following cases:
A Ttintersects the two axes at the points (3, 0), (0, - 4).

B [t passes through the point (3, 1) and is parallel o the straight line whose cquation
2x-3y+7=0

Cl It passes through the point (0, - 1) and its direction vector is (2, -3)
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Exercise (4-2)

First: Complete each of the following

1 If the straight line passes through the points (3, 0), (0, 2) is parallel 1o the straight line

whose equation v = ax — 3, then a equals

The vector equation of the straight line passes through the point (3, 5) and parallel to

the x-axis 1s

(3] The cartesian equation of the stranght lime passes through the point (-2, 7) and parallel

lo the y-axis is

4) The vector equation ol the straght line passes through the orgin point and the point

(1,2)1s

( 5 The equaton of the stranght hne wluch makes 457 with the positive direction of the

x-axis and cuts 5 units Irom the positive part of the v axis is

E The cartesian equation of the striaight line which cuts the positive parts of the x axis

and the y-axis with magmtudes 2, 3 respectively 1s

? Area of the tnangle enclosed by the x-axis and the v - axis and the striaight line

2x - 3y = 6 equals
Second : Answer the following questions

!_3 IMA (3, 2), B (5 0),C(1, 2) Find the slope of each of the following straight lines:

U s o TR it S0 L i

9 If the equations of the straight lines ., T, are 2x -3y a=0and 3x + by -6=0
respectively |, Find:
A The slope of the straight line 1.,
B The value of b which makes the two lines 1., 1., parallel equals
€ The value of b which makes the two lines 1., L, perpendicular equals.
D

Il the stranght line passes through the point (1, 3), then find the value of a.

1'-'1'; Il the stranght line whose equation ax — 4y + 5= 0 makes an angle whose tangent 1s 0.75

with the positive direction of the x axis, then lind the value ol a .
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12

18

Find the vector equation of the siraight line whose slope % and passes through the point
(2; -1).

Find the parametric equations of the straifht line which makes 45°with the positive

direction of the x-axis and passes through the point (3, -5).

Find the vector equation of the straight line which passes through the points (2, 3), (3, 1)

| Find the general equation of the straight line which passes through the points (5, 0), (0, - 7)

CIPAQD, 2), B(2, 1), C(-2, 3) are three points i the plane, [ind the vector equation ol the

straight line AR, then prove that the points A, B and C are collinear

VI A(S, -6), B(3,7), C(1, -3), find the equation of the straight line which passes through

the point A and biscets BC.

J Find the cartesian equation of the straight line which passing through the point (3, -5}

and parallel to the straight line whose equation is x + 2y = 7=0

Find the vector equation of the straight line which passing throngh the point (5, 7) and

is perpendicular to the strmght line whose equation is T = 3.0-K{4.,3

Geometry: B is a diameter in the circle M, if B(- 7, 11), M(- 2, 3), find the equation

of the tangent to the circle at the point A,

Geometry: If the straight line whose equation 3x + 4y — 12 = 0 intersects the x-axis and

the y-axis at A and B respectively. Find:
A Areaof A OAB where O is the origin point.
B The equation of the straight line which is perpendicular to AR and passes through

its midpoint.
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4-3

You will learn [.}0 w
o

Measure of the acute angle between two

F Finding the measurs of the sh‘aight Iines
acute angle between twa If @ is the measure of the acute angle between the two straight lines
straight lines. L., L, whose slopes m , m, respectively then: v 4

tmﬂ:l%‘ where mm, # |

. X
- -
L
W A \
(‘D Find the measure of the acute angle between the two straight

lines whose equations are
Ix—4y-11=0, x+Tv+5=0

Key-terms ﬂo G Solution
o We find the slope of each straight line: N
b Anagle between two straight ;! 3 ) _ | Mm“
lines Wy === slope of the first line Slope of the straight
m, = % slope of tha second line How whotw aqustiin
m, - m, ax+by+ec=10
lan @ =13 _,_Iml m, Formula equals
8 (1
4 I T‘r
tan 0 = 14968 substituting the values of m, m,
4 7
3.1 l 21+ 4
= 4 7 = 28 =1
1 _%l gﬁgﬂﬁ |
Materials HG 0 =45°
O H .
 Scientific calculator Mention the relation between the two straight lines ., 1., in the

following cases:
A If the tangent of the angle between them equals zero.

( _E, If the tangent of the angle between them is undefined.

C If the slope of the first is m and the slope of the second is m,,
mention the relation between m , m_in A and B .
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i Try to solve

@ Find the measure of the acute angle between each of the following pairs of straight lines:
AT =(0,-2)+KG,-1) , T =(0,5)+K(,?2).

B x+2y+3=0, x-3y+1=0 Cl2y=3, 2x+y=4

i

(2) Geometry: ABC is a triangle in which A (0, 5), B (2, -1) and C (6, 3). Prove that the
triangle 18 isosceles, then find the measure ol angle A.

6 Solution

The distance between two points —...F‘ (%, = X, B+ (¥, - ¥,)? formula

AB=4©0-22+(5-(-1)2 =2/70
Ac=J(0-e2+(E-32 =2/10
BC=J(2-8F+(-1-3¢ =443

~ Note
The triangle 1s 1sosceles because AB = AC When using  the
We notice that (RCY? < (AB) 1 (AC) formula of the angle
between two lines Lo
i.c 2 Ais acule find the measure of
m = 5 - ;:1} -3 Siope of Eﬁ the interior angle of a
1 0-2 triangle , you have (o
_5-3_ 1 B,
m=s—=-3 Slopeof AC find first the type of
m, - m, this angle (acute- right
an H — !m' Formula 2 nhiu:-u-.}
3.3 4
tan A = I—-E'T~I =3 Substituting the values of m, m,
1408 (3
m(~ A)= 53" 7" 49" Use the calculator

Check your understanding

j"" Find the measure of the acute angle included between the two straight lines
T SRONSEEADT =3 DY EG Y

@j’ Find the measure of the acute angle included between the straight line x - 2y + 3 =0
and the straight line passing through the points (4, -1). (2, 1).

@ A B Cis atrangle in which A (0, 2), B(3, 1), C( 2, 1). Find the measure of angle A
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Exercise (4-3)

First : Complete each of the following

(1) Measure of the angle between the straight lines whose slopes 2, %mumls

(2 Measure of the angle between the straight lines whose equation x = 3 | v = 4 equals

(3) Measure of the acute angle between the straight line whose equation

and the straight line whose equation x = {0 equals

—_—

r =(2,2)+1(1,1)

‘} Il the two stranght lines whose equations ax + 3y — 7 = 0and 2x — 3v - 5 = 0 are parallel,

then a equals

5/ If the two straight lines whose equations ax + 7y —9=0and 7x — 2y = 12 = O are

perpendicular then a equals

Second : Activity ?u;l
The figure opposite shows a triangular piece of land, its vertices are <
Ao, B (6,00, C (0,6} Complete cach ol the following: : -‘j‘*: ——
—, — s i &
(8) Measure of the acute angle between Ac 2 s x—axis cauals B - ¥l
6 ) Mecasure of the acute angle between AC and the x-axis equals e TS AMEEEER o

.7 Measure of the angle between the straight lines AC and BC equals

3 The vector equation of the straight line AC s

19 The vector equation of the straight line BC is

(10) The cartesian equation of the straight line which passes through the point C and parallel

—
o AR 1S

11, Area of the triangle ABC equals

Third : Choose the correct answer from the given answers

12 Measure of the acute angle between the straight line which passes through the points

(0, 1, ¢ 1, 0y and the postive direction of the x axis equals:
A zero B 45° C ar

D

o0"

i . . . —_—
13) Measure of the acute angle between the straight line whose equation ¢+ = (0,3) + (1, 1)

and the strmght line whose equation x = 0 equals:

Al 30 B 45° C o0 D o0°
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(14 Measure of the acute angle between the straight lines whose equation 3 x—y =4 and

v =23 equals
A 308 B 45 C ol D 90°

15 The straight line perperpendicular to the straight line whose equation
— = i A
r =(0,5)  Uy3 . 1)and makes an angle of measure with the posilive

direction ol the x-axis
A 300 B 60" C 1200 D 150°

Fourth : Answer the following questions

(16 T'ind the measure of the acute angle between each of the following pairs of the straight
lines whose equations are:
A T =(50),x-v-4=0
B/ T =(0,1)+1,1),2x=y=3=0
Cy J3x-5=0,x 3 y—0=0

@ If @ is the measure of the acute angle between the straight lines whose equations

x-6y+6=0,ax-2y+4=0and tan 0 = _—J; then find the value of a.

; = A S
fL:ax-3y+7=0,L,:4x+6y-5=0,1,:73 -i— = 3, then find the value of a
which makes:
&L IE,
BIL. 11,
It the measure of the acute angle between the straight lines whose equations

X+ky-8=0,2x -y -3=0c¢quals {‘L then find the value of K.
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4-4

You will learn

F Finding the length of a
perpendicular from a given
paink to a straight line.

")
o
9]

Key-terms O
o
C
¥ Perpendicular
¥ Straight Line
Materials o]
)
C

F Srientific calculator

Student book - Second term
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Finding the length of the perpendicular from a point to
a straight line

If the point (x, v,) does not belong to the straight %03,
line whose equation is ax + by + ¢ =0
then length of perpendicular (1.) drawn from this

point to the straight line is determined by the relation:
]a X +by + ¢l

§at+ b’

e

(‘D Find the length of the perpendicular from the point (4, 5) to the
straight line r = (0, 2)+ K(4, 3).

@ solution
Let(x,¥)=(0,2) + K4, 3)

S x=4K , y=243K (parametric equations to the veclor equation)

x _y-2 =
3-8 by eliminating K
3x=4y-8 Product of means = product of exterems
3X=4y+8=0 Cartesian equation

lax +by +cl
[ =— =t = Formula

¥ a2+ b?
Substituting: a=3 , b=-4 , ¢=8 , x;=4, y,=-5
1= 3=4-4x%-5+8l
o 344
12 +20 + 8l .
= e = '4;;=%=Sumwf]ength

4 Try to solve

@ Find the length of a perpendicular drawn from the point (2, 5)
to the straight line:

To=(1,0)+ K(12, 5).




@) QOral exercises: Write the length of the perpendicular from the point A to the straight
line M in each of the following cases:

AJAO,0) ,M:ax+by+c=0

B A(X,.y).M:y=0 CAKX,y), M:x=0
e o
ey x . —
I\_} In the figure opposite: Find the length of the perpendicular drawn 4
[rom the point A (6,-2) to the straight line passing through the points 3 i
B (4, 4), C(1,0), then lind the area ol the tnangle ABC. f //
He v
a Solution "'-2-|I T34 354 ]
'!,fE ™ y! ﬁ 12\
m= Formula =
X, - X, —17 g
SC(1,0),B &, 4) R
LIm= : ? -g Substituting the point (4, 4), (1, Q)
m= : : equation of the line given the slope and a point belonging to it
1
% == - ? substiluting m = %
Then: 4x -3y —-4=0 Carlesian equation
lax, + by, +cl
L=t formula
o 8+ b*

length of the perpendicular from the point A (6, 2) to the line : 4x - 3y 4=0
4=§-G=-2-4 24+ 6 -4 .EE.._'E

J7rw 4 » 5

Consider BC is the base of the triangle ABC

is: 1=

= unit of length

' BC= J{}'{E =X+ =y formula
=J@ 174 0% =5 units substituting the points (4, 4), (1, 0)
a of the triangle ABC = % length of base - height formula
1 = 26 _
=g Xr = 13 square unit

lt. Try to solve

@ Find the length of the perpendicular drawn from the point (5, 2) to the straight line which
passes through the points (0, 3), (4, ()

Fd Check your understanding

@ Heoads Two adjacent roads, the path of the first road is represented by the equation
3x — 4v — 7 = 0 and the path of the second road is represented by the equation
Ix—4y+ 11 =0.

Prove that the two roads are parallel, then [ind the shortest distance between them.
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Exercise (4-4)

First : Complete each of the following: Yl c
‘I The figure opposite shows karim's house A (2, 0) and the j ,-’
school B (7, 0) and the mosque O (4, 6): Complete each of 3
the following: f ‘ff
A The equation of B is :' A B
Oy | 32 3 4 % % Tx

B The length of AB equals
C  Shortest distacnee between the Mosque C and the road from the house to the school

couals
- - - —r -
D Measure of the acute angle between the straight lines AC and Y = 0 equals

E  Areaof (A ABC) equals

Second ¢ Multiple choice
{ 2 Length of perpendicular from the point (- 3, 5) on the v-axis cquals
A 2 B 3 Cl 5 D g8

(3) The distance between the straight lines whose equations y =3 =0,y « 2 = 0 equals
Al B 2 C)3 D)5

4 Length of perpendicular from the point (1 ,1) to the straight line whose equation x - y =0

equals

Al B /7 cl2 D)2/7

5 If the length of perpendicular drawn fron (3, 1) to the straght line whose cquation

3x —dy + ¢ = 0cquals 2 unit of length, then C equals
A Zero B 3 C's D 7

ﬁ Find the length of the perpendicular drawn from A to the straight line L in exercises

A)-[D
A A(0,0) . LT =0.9+t3.49
BIA(2,-4) . Lil2x+5y-43=0
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ClA(5,2) ., L:8x+15vy-19=0
o S o Iy =i, P8

'?’ Find the length of the radius of the cirele whose centre (- 2, 5), and touches the straight
line whose equation 3x -4y + 1 =0

’:3 ) Find the distance between (1, 5) and the straight line passing through the points (5, -3), (1, 0}

(9) Prove that the straight lines whose equations 3x — 4y — 12 = 0 and 6x — 8y + 21 =0 are

parallel . then hind the distance between them.

:]ﬁ; If A(4,3),B(2.5).C( 1, 2)are vertices of the triangle ABC , Draw BD L AcC.
A | Prove that A ABC is an isosceles triangle
B | Find the equation of BD

C | Tind the length of BD

11» ABCD 1s a parallelogram, if A(-3 , 2), B(2 . 3), C(5, 7). Find the coordinates of the

vertex 1, then find the arca of the parallelogram |

':12 Geometry: Acircle of centre the origin point in which two chords whose equations

4x—3v 1 10 =0, 5x — 12y + 26 = (. Prove that the two chords are equal in length.
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General Exercises

First : Complete each of the following:
1) The slope of the line whose equation 2x -3y +5=0equals ...

2 ) The direction vector perpendicular to the line whose equation T o= 2,-1)+t(3,-5)is .

3 The equation of the line which makes an angle of measure 135° with the positive

direction of the x-axis and passes through the point (4, 0) 1S ...
4 ) The line whose equation 3x + 4y — 12 = 0 intersects the two axes at the points ...

5 ) Measure of the acute angle between the line passes through (0, 2), (-2, 0) and the line

whose equation Y = 0 @qQUALS ..

Second; Multiple choice:

6 ) Measure of the acute angle between the two lines whose equations: x - 3y + 5 =0,
XA 2Y =T =0 @QUALS .
A 15° B 30° C 45° D 60°

7 ) The equation of the line which passes through the point (2, -3) and parallel to the
X AXIS T8
A x+3=0 B y+3=0 C x-2=0 D y-3=0

8  Length of perpendicular drawn from the origin to the line whose equation 3x -4y - 15=0

9 All the following equations represent the equation of the line which passes through the

points (3, 0), (0, 2) except the €qQUALION: ...
A T =3,0)+t(3,-2) B T =(0,2)+t(3,-2)
C T=3,0)+t(2,3) D T =(0,2)+t(-6,4)

10 Length of perpendicular drawn from the point (0, -5) to the straight line whose equation
X A7 =0 @QUALS
A2 B 5 c 7 D 12

Third:
11) If A(5, 2), B(-3, 1), find the ratio by which AB is divided by the x-axis, showing the

LYPE Of dIVISION. e

12) Find the length of perpendicular drawn from A(2, 5) to the line whose eqaution
= (L, =2) By ) o

13) Prove that the triangle ABC is right at B where A(S, 2), B(2, -2), C(-2, 1)

THEN CAICULALE TES ATECA ...
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Bj-’ the end of this unit, the student should be able to:

£ Deduce the basic relations among trigonometric
functions .

% Prove that the validity of the identities on

trigonometric functions .

Solve simple trigonometric equations in the general

form in the interval [0, 27T[

“ Recognize the general solution for the
trigonometric equation

# Solve the right angled triangle.

' Solve applications that involve angles of elevation
and depression

£ Recognize the circular sector and how to find its area.

£

¥ Key-Terms

= Trgonometric ldentities
= Trigonomelric equation

2 Ange of elevation

i

=

2

Recogmize the circular segment and how to find its
ared.

Fitul the area of the triangle, the area of the
quadnlateral and the area of the regular polygon,

Solve miscellaneous exercises on trigonometry.

Use the information technology to recognize
the various applications of the basic concepts of

rigonometry.
Meoedel some physical and biclogical phenomena
which are represented by trigonometnic functions.

Use activities for computer programs

Angle of depression

3 Circular sector

Circular Segment



¥ Lessons of the Unit

Lesson (5- 1): Trigonometric Identities.

Lesson (5 - 2): Solving Trigonometric
Equations.

Lesson (5 - 3): Solvingthe Right Angled
Trnangle.

Lesson (5 - 4): Angles of Elevation and
Angles of Depression.

Lesson (5 - 5): Circular Sector

Lesson (5 - 6): Circular Segment.

Lesson (5§ - 7): Areas.

. @ Materials

' Scientific calculator - squared paper - computer
- connected with internet - Graphic programs

Y Chartof the unit \
(

""\p' Brief History

Trigonometry is a branch of (_ Trigonometry )

mathematics. It is clear from its

name that it deals with the special v i
calculations of angles and sides of the (ieigonometric identities ) (( Salve the right angled triangle |
triangle. Some historians say that the

i

mathematician Nosir Aldin Altusi is Trigoriommitric squations swm-fdma .
the first to separate trigonometry and ¥ ¥ [ R J (‘3‘"“‘“"‘“”“‘)
astronomy. Historians say that Talis Emmmmmj [amalmam-mj A L)
(600 BC) used trigonometry when he (e the equation

could measure the height of the pyramid
by comparing between the length of the
shadow of a vertical stick and the length

of his shadow at the same moment.. m
Trigonometry has had a share of the J
mterests of the Arabs. The terminology

( the tangent) was described by the Arab

scientist Abu al waffa albozgany in the | ! i ! l
t:::i:kg;ﬁf;%:ﬁ:g:;?ggj;ﬁ l:c-}whrseclwra [ﬂrclﬁarsegma@] [ “Triangle j @mdn‘-h‘lmﬂ {B.egularpohg:u;
which formed as a result of the path /
of light emitted by the sun in straight
lines. Arabs have several additions in the plane and spherical (according to the surface of the
sphere) trigonometry, Westerners took from Arabs important information and they added to them
a lot until the trigonometry became included in several mathematical researches. Its applications
became in various scientific and practical aspects and has contributed in pushing forward the
wheel of progress and civilization.

elevation I Depression angle ]
angle

Life applications




5-1

You will learn

b Concept of tigonometric
identivy.

F Simplify the trigonometric
EXPIEssions.

F Prove the validity of
trigonometnic identity.

Key-terms

¥ Equation

b Identity

Materials

¥ Scientific calculator

Basic Relations Among Trigonometric Functions

T

You have studied in the first term some
properties ol trigonometric  functions
and s graphic. In this unit you will use
the trigonometric 1dentities, to simplily
the expressions and solve (rigonometric
equation.

You have studied the wnmit circle, and known that the directed
angle .~ AOB is in the standard position and its terminal side OB
intersects the unit circle at the point B(x, y) where m(.~ AOB) = 8,
B(cosf, sinf). Is it possible to deduce some basic relations among the
trigonometric functions?

HW Trigonometric Identities and Equations

The identity: is an equality, and it is true for all real values of the
vanable , which cach of the two sides of the equality 1s known

For example: sin (%‘ - 0)=cos @ 1s a true inequality for all real
values of 0.

The equation: is a true equality for some real numbers which sausly
this equality, and it is not true for some others which are not satisfy il
For example: sinf = % , 0e]0,2a]

We get that: the value ol @ which satisly this equation and belong 10
the interval [0, 277] are %, %’I only.

& Try to solve
@ Which of the following relations represents an equation and

which of them represents an identity.

A cosO= —":’ B tan ( .32£ +8)=-cot 8

C coto= L D sin (7 — 6) = sin 0
+ (x-0)
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Basic Trigonometric Identities
1- You have studied the basic trigonometric functions and their reciprocals and known that:

sinf=—1_, cosf@=—1_, tan@ =1
csc 6 sec col 8

s o 7 = i
-:.s-::iEl_—nEir . smﬂ_—msg ., cot@ =

2- Trigonometric function of two complementary angles:

sin(% -8) = cosB mﬂ{%- ) = sind

lan(-g‘ NH=cold L'.*K:{‘g‘ G) = secO

se—::('g— ) =csch u}l('g— 6) =tan® ¥
From congruency of the triangles:
OARB, B'CO We find that: ¥/ =x,x/ =y

3- Identity the two angles 0, -0
We notice that from the figure opposite:
» Xx=cos8,x=cos(-0)

¥
!

1.‘lll""“'--...-
Identities  of  angles
6, -0 are called identities

# y=sin80 ,-y =sin(-8)

Lk
\

thus: of even and odd functions,
you will study in the
Y " ,
sin(-@)=-sm@ , cos(-8)=cosB second form secondary. |
cse( @)= csc® , sec( 0) =sech ' v '
tan(-0)=-tan@ , cot(-8) = cotP A

4- Pythagorian identities:
We know that from the unit circle: 3
x2+y2=1 (1) Substituting x =cosf , y =sinf

then: |cos®6 i sin®6 = |

!f‘l
Divide both sides of the relation (1) | Divide both sides of the relation (1) by
by x” then: v then:
ey E I el B
x2 xR w2 Y ¥ ¥
i |14+tan*P =sec’ B e |1+ col®0=csc’ B
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5- Expressing tan 0 = %, cot 0 = i, in terms of sin 0, cos O:

. tan @ = S0 . ;. cot@=28

cos @ sin 8

Simplifying the trigonometric expressions:
We mean by simplifying the trigonometric expressions is to put it in simplest form, by using
the basic tngonometric identitics.

W  Notice that

CL\ Write the simplest form: (sin @ + cos 0)° — 2 sin 0 cos 6 MnR X200 = lsin6)? = sin’0

—

6 Solution
A The expression (sin @ + cos 8)° — 2 sin 6 cos 0
=sin*0+cos’0+2sinBcos @ -2sinOcos & remove the parentheses

=sin’@ + cos” @ Simplify
=1 apply phythagorian identity:
You can check the result by using one of the graphic programs shown below:
L IaT:] Lo
B 00 o F

[= dinprteny T h e

v
& Wl = ] ¢ el - 2 e e (s

—

o " . 1+ tané@
Write in the simplest form: ——
@ ' P 1+cot2@
6 Solution
the expression : istans
- €Xl T 1 +col2@

apply pythagorian identity

T esc?@
1 1
A
sin@ 5
o2l T tan”6

& Try to solve
@ Put each of the following expressions in the simplest form, then check the result:

: F/
A 1 1 S'"{E_BJ

cos® @ coi?@

B e (L s 2 o
cos (5 0) 5"1":2 0) cos (2i1- &)
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Trigonometric |dentities

To prove the validity of the trigonometric identity, we prove that the two functions

determining its both sides are equal
Tao verily that the statement : cos2 8 = 2sin @ cos 8 15 not trme

We draw the graph of each of the two functions: Y a

fix)y=cos28 , g(x)=2sin8cosh /)i\\ K\\
]

AN,
N

Refer to the graph opposite 1 7—:% \: 4 /_‘ *;1\ \( jfﬂ
We get two functions that are not congruent: Y
e [(x) # g(x), thus tus relation 1s not wdentity. .
¥
We can check algebraically by putting 8 = (), 7 #
then (0} = 1, 2(0) = O then the two functions are £ ”\
= in J- ¥ 1 E
not equal. \ /_ | A‘ 3 \\. ol

While in the equality : sin2 8 = 2sin 8 cos 0 ¥

by putting f(x) = sin2 6, g(x) =2 sin @ cos 6

We find that the graphic representation to the figure 18 congruent to the curve of the two

functions: i.e. f(x) = 2(x)
Thus this equality is identity.
Remember

W sin® 0 + cos’@ =1
sin @ = 1- cos’0
@ Prove the validity of the identity: cos’ @ = 1- sin’0

6 Solution

LHS =

mzlmiuﬂ

costd 1-gin? @
1-sin@  1-sind

_ (1 +sin6)(1-5sin6) _

=1+sm0=R.ILS
P + 5l

@ Prove the validity of the identity : tan 0 + col 8 = sec 6 csc O

a Solution
L.HS =tan@+cot 8

~ sin@ . cosB  sin?@ 4+ cos?H

Teos B sin® T osOsnf
1
T cosBsing

=secBcscB=R.HS
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# Try to solve

<3; Prove the validity of the identity:

@ Prove the validity of the identity:
ﬁ' Solution
1-cot?@

~H.5 =
At 1+cot2f :
cost @

1-_ =
o, n:;t; L - sin? 6 change to sin 0, cos 0
cse

(1-sin? )1 - cos?0)
tan@

= cos*t O

= 2 Iy
1-cot8 _ 2500 |
1 4 cot?

1-==—7  &inf@ ; -
- sinf @ . = =5in* @ - cos 6
1 sin® @

sin*@

=sin" 0 - (1 - sin° Q)

=2sin°6 - 1 = R.H.8

Think: Are there other solutions Tor the example?

4 Try to solve

(4) Prove the validity of each of the following identities:
1+ cot?f 2 tan @+ cot @
. o0 o
1+ taneg — o010 sec B csc O !

C (secB mnzﬁ}_-:—*"-if’—%
+ =N

¢ ? Check your understanding

(1) Discover the wrong answer:
sin® 6 + cos” 8 equals:
Al B/2cos’f-1 € | 2sin’@ D 1+2sin6cos

(2) Prove the validity of the following identities:

sin @ cos O tan &
" w1 B
tan & secl csc O

sin @ +cos®0 _sin®f-cos _
sin@+cos® sin@-cos®

A
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Exercise (5-1)

First: Multiple choice

1 ) % equals:

A sinB B cosB c

\2 sin @ cos @ 1an 0 equals
A sin® 0 B cos’0 c

:_i sin(20° - @) cse(90° - 0) equals :

Al B sin' 0 c
(q) Locos'B equals :
= sin’ff - |
A qan’ 3 B/ cot*f3 c

Second: Answer the following questions

(5) Prove the validity of the following identities:

A tanfl - cot { = sec fd ese fd B
C co’t cos® 4 = cot® il cos* U D
E sin'0r - tan"@ sin'gr = lano F

§ Prove the validity of the following identities:

A) c=8 (1 - sin’0) = cot0
cos 8
- ! —1.__ 053X - ¢ .:ﬁ D
|+l 1 +tawif o con o 008
E v 1 sing
(sec ¢ tan @) T sing
G cos’ B — sin'@ — .

sind cos’@ + cosd sin’d

Student book - Second term

in the simplest form:

sec @ D csc@
in the simplest form
tan’@ D 1-sin"0

in the simplest form

cos” 0 D sin® cos O
in the simplest form
tan’ 3 D coi®f

csel - sind = cos ¢ col o

ante - sinte = ani sinto

sin (90° — W) cospd = 1-sin’ 4

1

or—g 0=
1 +an* 9 =
_— =] -5in%
R | 1
I tan®

| ~eold =1+ tan@
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Solving trigonometric equation by real solutions

o

We have previously studied before solving linear and quadratic
cquations (algebrancally and graplucally) In thos lesson, we will
solve the trigonometric equations using the basic identities. s
there a sumlarity between solving algebraic equations and solving
ngonometric equations?

‘ Group work

Work with vour classmate to draw the trigonometiic function y = cos €

and the function y =% and notice their common points of intersection.

1- Draw the cirve of the function ¥, = cosd, ¥, = -;- and notice their
common points of intersection.

2- How many solutions for the equation cos@ = % in the interval [0, 2a(?
3~ Are there other solutions for the equation cos@ = %in the graph?

The following graph represents the solution of the equation cos@ =

15 we get the equation has two solutions % -5;5 when 6 [0, 2a[, by

adding 21 or 2 i we will get other solutions for the equation.

VA
s Pl f/’“ ey
‘1.'1 3 H d A b kL | }
T i | E T
fr

General solution of the trigonometric equations

e

@ Find the general solution of each of the following equations :

A sin@= % B cosO= —;— C tan0=y/3
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You will learn

¥ Finding the general solution for
the brigonometric equations

¥ Salving equations in the interval
[0, 27]

Key-terms

* Trigomometric equation

¥ General salution

Materials

¥ Scientific caloulator

¥ Graphic caloulator



ﬁ Solution

A g — l X = i
S sin @ = S0 =
1.e. the general solution for the equation 1s —g— F2n or —g" LT or %: m2na
nez
,,*y
i .
i \\ : v "\\ [
ot 05 | w ]y
. p 3 - 1 }\:_’/
Ik N En <L
'Jf Iﬁ':. |
B ' cos@=Y2 =2
2 4
i.e. the general solution of the equation is 2n 7 = ‘E- . Mnez
iy
1
s i a0
X 3
» o7l / . \
n %ﬂ # : g o b el %
Vg
C ' tanf=y/3 .:E':%
i.e. the general solution of the equation is -g— rml , mNeEZ

& Try to solve

(‘l) Find the general solution of each of the following equations:

A sinﬂ:% B 2cos8=1 _Ghn&:—?

e

:2: I'ind the general solution of the equation: sin @ cos 6 = i sin @

2
é Solution

sin @ cos 6 - gsiu{?:(] sin @ (cos 0 §}=U‘
Zero factor property sin@=0 O cosf ,.E=ﬂ
2
cost :E
2
e=0, _
6 B
0 =n7 ,nez 0 =tFi20m,nez
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The following graph represents a part of the solution of the equation.

y A
X |(< 9 /g X
Bl | %ﬂ A -'_-‘1] A .I!I i_.-[
A 4

Critical thinking: Is it necessary that all trigonometric functions have real solutions? Explain
this by giving examples.

# Try to solve

@ Find the general solution of each of the following equations:

A cos’@ cosB=0 B 2sin’@=sind C /2 sinBcos® sinB=0

Solve the trigonometric equations in the interval [0, 2]

g

:@ Solve the equation: sin 8 cos 0 ::,_—m:a 0=0 where 0° <0 < 180

e Solution

cos B(sin 6 15 1=0 by factorization
cos0= 6 or sin 0 = %

@ =90’ or =30 or 150°

Solution of the equation is: 30" or 90" or 150°

4 Try to solve
@j If 0° << 8 = 360" Find the solution set of each of the following equations:

AlZ2sinBeosB+3cosf=0 B 4sm*0-3smBcos@=0

@ Find the general solution of each of the following equations in radian:

Al tano=1 B | cos @ = sin 26 C 2:in6-4/3=0
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Exercise (5-2)

First : Complete each of the following

‘I The general solution of the equation cos @ = 1 for all values of 0 is

2 ) The general solution of the equation sin @ = | where 0 e [, 27 is
3 The general solution of the equation sin @ = cos 0 for all values of 0 is

4 The solution set of the equation cot € =43 where 0 € |7, 27| 1s

Second : Multiple choice
(5)1f0° <0 < 360° ,sin 0 1 =0, then @ equals

A B 90° C 1807 D 270°

E IF0° <0 < 360°, cos@ + 1 = 0, then @ cquals
A 00° B 180 C 2708 D 3607

(T)IM0° <0 < 180° 43 1an© - 1 = 0, then @ equals
A3y B o C 1200 D 1507

B If 1807 < 0 < 360° , 2 cosf + 1 =0, then O cquals
Al210° B 240° C 300° D 3307

Third: Answer the following questions

9 Find the general solution for each of the following equations.
A sinf=1
sin@ 5
Bl 2cos@ 43 =0
C V3 tan@-1=0

e : ; 4 i : 3T
10/ Solve each of the following equations in the mterval [0, =5~ [

Al @ -1l =0
B 2sinB@cos@-cosB=0

C 25in° 0@ -3sin@-2=0
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5-3

You will learn

™
L

=
¥ Salving the right angled triangle

T We know that the triangle has six elements ( three sides and three

» Salving the right angled triangte  ANElES). The solution of the triangle means finding the measures of its

given length of a side and six elements. To solve the right angled tnangle, we must be given the

measure of its acute angles. length of twao sides or the length of one ol 1ts sides and the measure of
one of ils acute angles.

Solving the right angled triangle given the lengths of two

sides:

e

Key-terms ® Solve the triangle ABC right angled at B, in which AB = 39
o em, BC = 62em

¥ Solution of a tringle i Solution
First: we find m (.~ C):

s tan O = AB
: tanC-Bc

coan C = g ~ (.6290322581

A9 em

Use the calculator:
m(/~ C)=32°1017"
—— (3 (e
We find m(.~ A):
m{~ A)=90"-32° 10'17" = 57° 49'43"

Materials

¥ Scientific calcualtor

Use the calculator:
— O WEOGE@C@WOE)WG)E)
Second: we find length of: AC

sy — BB v e 980

d mnC—m Sein 3271017 e
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39

then AC= A0

= 7324581124 em

Think
# Are there other trigonometric functions you can use (o find the length of AC 7 Mention
these functions if they exist.

» Can you use the pythagorian theorem to find the length of AC? Write the steps of the
solutions if possible .

# Which do vou prefer: the use of the pythagonan theorem to lind the length of aC or the
use of one of the tngonometric functions? Why?

- Try to solve

@ Solve the triangle ABRC, right angled at 13 in each of the following cases :
ACB=8cm , BC=12cm B BC=5cm , AC=13c¢m
Solving the right angled triangle given the length of its sides and the

measure of one of its acute angles

igl Solvethe triangle ABC right angled at B, where m (. C)=62", AR = l6cm, approximating
the result to the nearest hundredth.

@ solution
We find m(.~ A):
m(~ A)=9 —62° =28°

we find the length BC:

+ qan € =AB j.e.: tan 62° =18 the
z ldu(,_BC e tan 62 =3 then

BC tin 62" = 16

16 em

BC = —&— — 8507350007 ~ 8.51 em
tan 62 ; - 5
We find the length of AC :
v gin V= AR Lo o ¢ A8
SosinC= AC Lessin 62 = AC

ACxsin62" =16

AC=_16 = 1812112081 =~ 18.12 cm
sin 62°

# Try to solve

(2:) Solve the mangle ABC, right angled at B in each ol the lollowing cases:
AAB=8cm , m(/ C)=34 B AC=26cm , m(/ A)=53"12
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Can vou solve the right angled triangle eiven the measures of its acute angles? Explain vour

ANSWeL

e

3 Geometry: A circle of radius 7 em, a chord was drawn in it opposite to a central angle of
measure 110°, Caleulate the length of this chord to the nearest thousandth.
i Solution

In the figure opposite: We draw MDL AB

From the properties of the circle: D is the midpoint of AB

m(~ AMD) = 110° - 2= 55° ‘

We find the length of AD in the right triangle ADM: B ﬁ.
sin (AMD) = % from the definition of "sine function"
AD

ie: sin 35 = =

product of means = product of extremes :
AD =7 xsin 55" = 573406431 cm

Finding the length of AB:AB=2:AD
i.e: AB=2x573406431 = 1146812862 = 11.468 cm

€ Try to solve

<3> Geometry: The figure opposite shows the circle of centre M,
AB is a diameter in it ,
if AC =12 em, m(.~ A) =37 find the length of the radius of
the circle,
to the nearest hundredth.

1 2 8 Student book - Second term



B . AR

e =<
L eee——

Exercise (5-3)

(‘D Find the value of x, y in each of the following figures

A (@)

@ Find the value of cach of the angles &, 3 in degree measure in cach of the following
figures:

A B - e
g o
3
Ecm L
6 cm

3cm

@ Solve the tnangle ABC right at B approximating the angles to the nearest degree and
the length to the nearest cm where:

(A) AB=4cm, BC=6¢m (B) AB=12.5cm, BC=17.6cm
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“4 Solve the trangle ABC right at B approximating the angles o the nearest thousandth in

radian measure, and the length to the nearest thousandth em where:

A m(/A)=0925 BC=8cm B m(/A)= 1169 AB=18cm

5\ ABC is a triangle, draw AR 1 BC,if AD=6cm, m(~ B)=52" ,m (/) =28, find

the length of BC to the nearest centimetre.

@ Geometry: Apicce of land 15 in the shape of a rhombus ABCD of side length 12 metres,
m (. ABC) = 100°, find the length of each of its diagonals AC and BD 1o the nearest

metre,

@ Geometry: ABCD is an isosceles trapezium in which Ap // BC, AB = CD = 5cm,
AD = 4em, BC = 10em. Find the measure of each of its four angles.
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You will learn

ry

e

B
¥ Concept of angles of elevation

Can you find the height of a minaret from the ground when you are and depression.

at a given distance from it without measuring the actual length of this  , yang the gt angled tisngle

minaret? to solve problems including
anghes of elevation and

W depression.
Angles of Elevation and Angles of Depression

1- If aperson A observed point o
& above: his  horizontal Mﬁ““‘
sight a8 then the augle #@s"‘a ¥
between AB and AC is ‘ﬁ?‘wﬁ;#
called elevation angle of C P o
of the borizontal Tevel of #9% AP Keyterms ‘
the sight of person A. =
* Angle of Elevation
oot A sl g 2-1If a person A observed point  » Angle of Depression

D down his horizontal sight
AB then the angle between
AB and AD is called the
depression angle of D of the
horizontal level of the sight of

person A,

3- In the figure opposite: By s o g
» ./ CAB is the elevation angle of the =777 NS

balloon with respect to the person at A.

Materials

o

¥ Scientific caloualor

» ./ DBAis the depression angle of the
person at A with respect to the balloon,
in this case , then: =0
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i Try to solve
{:IJ In the figure opposite

First: determine the type of each angle (y), (3), (9),
() in terms of being an elevation angle or a depression * 2
angle with respect to the observer at A. '
Second: Write the pairs of equal angles.

@ From the top of a tower 60 metres high, the angle
of depression of a body located in a horizontal
level which passes through the base ol the wower
equals 28" 36" Find how [lar was the body from
the base of the tower to the nearest metres.

'ﬁ Solution
Let A be the top of the tower AB
then .~ DAC is the depression angle of the body
then: m(~ C) = m(.~ DAC)

Definition of tangent function : tan(’ = -‘g%
Substituting AB = 60: tan 28° 36' =20
BC x tan 28" 36'= 060

VI . TPy s O b
BC= —tme = 125.22966 = 125 metres

4 Try to solve

, — ; ; ; ;
{2, A person observed the top of a lall 2.56 km [rom the point on the ground. He found its
depression anele was 63°. Find the distance between the top and the observer to the
P £ P
nearcst metre.

=

@ A light pole of height 7.2 metres gives a shade on the ground
ol length 4.8 metres. Find 1o radian the measure ol the clevaton
angle of the sun at that moment.

A

ﬁ Solution

Let A be the top of the light pole AB, BC be the length of the shade
of the pole, and € be the elevation angle of the sun

G 4Em B
" «_ AB ik i =
: l,unt._—Bc Colan @ e = 1.5

m(/ 8) = 56°1836"

. the eleveation angle of the sun in radian = 56" 1836" 1—:!%: ~ 0.9827937232™
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Note:

It 18 possible to use the calculator to find @ in radian directly without hinding 1t in degree as

follows:
1- Turn the calculator on the radian system  (Radian): (4: Ract) (L4 (Mtode) (Shin) «——
2- Fnter data (pata): (tan-1) (tan ) (smin} (5 . ) (1)
R MATH
3- Recall outputs (call cutputs): n98ang3n3z @

& Try to solve

<3> From the top of a rock 180 metres high from sea level, the depression angle of a boat 300
metres apart [rom the base of the rock was measured. What 1s the radian measure of the
depression angle?
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Exercise (5-4)

! The length of the thread of a kite is 42 metres, if the angle which the thread makes with
the horzontal ground equals 63°, Find to the nearest metre the height of the kite from

the surface of the ground.

' A man found that the angle of elevation of the top of a minaret 42m distance from its

base was 52°, What is the height of the minaret to the nearest metre?

A mountain of height 1820 metres, [Lis observed (rom its top that the measure of
depression angle of a point on the ground was 68", What is the distance between the

point and the observer 1o the nearest metre?

! The wpper end of a ladder rests on a vertical wall, it is 3.8m from the surface of the

b

ground, the lower end rests on a horizontal ground. If the angle of inclination ol the
ladder to the ground is 64°, Find to the nearest hundredth each of:

A | The distance between the lower end and the wall ‘B The length of the ladder

(5) From the top surface ol a house 8 metres high, a person found that the elevation angle

of the top of an opposite building was of measure 63°, and observed the depression

angle of its basc, it was 287, Find the height of the building to the nearest metre.
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You will learn

0

o
F Concept of the cirouar sactor

¥ Finding the area of the circular The circular sector:
o— You have previously siudied the relation between
the length of the arc (/) from a circle of radius (r)
and measure ol the central angle opposile to this
arc (0) and known that: [ = ™ .« r.
Can you lind the area ol this shaded part of the
I

circle in the ligure opposite?

The circular sector: is a part of the surface of the circle bounded by
two radii and an arc .

In the figure opposite, MA and MB divide the -
Key-terms - grcle mto two creular sectors, the minor Major sector
~ sector MACH and the major sector MADB. M
b Circular Sector Z AMB 1s called the angle of the minor -
B Minor sector A
C

scetor and the rellex angle, .~ AMB is called
the angle of the major sector,

Area of the Circular sector

NG CISC

The figure shown above represents a number of congruent cireles:
1- Are the increase ol Areas of the circular sectors caused by the
increase of the radius length of the circle?

¥ Scientific Calculator

2- Arc the increase of Arcas ol the circular sectors caused by the
increase in measure of the angle of the circular sector?

3- Il it continues 1o increase in measure of the angle of the sector
until the terminal side MB congruent to the initial side MA, then

what do you expect to be the area of the sector?
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Ase Area of the circular sector given measure of its central angle and the
length of the radius

Area of the sector represents a part of the area of a circle whose
central angle equals 2.

From the previous activity, we deduce that:

Area of the sector G
Area of the circle 27

. L .
ie. area of the sector = E.E arca of the circle L
=0 arelpe
of 2
Area of the circular sector = - 2 @ | (Where 6 is the angle of the sector, ris the radius of
] ’ 2

the circle)
Critical thinking: Do vou consider the circle a circular sector? Explain.

g

(1) Find the area of the circular sector in which the length of the radius of its circle is 10cm
and the measure of its angle i1s 1,2

s Solution

Formula: Area of the circular sector = % - grad
Substituting r = 10, 874 = ].2m™ = % (10)* - 1.2 = 60 cm?

# Try to solve

il:} Area of a cireular sector is 270 ecm?” and the length of the radius of its circle equals 15 em,
find in radian the measure of its angle.

Second: Area of the circular sector given its degree angle:

1
.. Areaof the sector _ 5 2 . gras Remember
" areaof its circle ai Helation between the
but [l X degree measure and
1 ——
2 80 the radian measure is:
\ 3 ®° % ; e »
.. Area of the sector = —— « area of the circle =T80°
360° x_1 J

-

fEJ A circular sector in which the length of the radius of its circle equals 16em, and the
measure of its angle equals 1207, find its area to the nearest square centimetre .

ﬁ' Solution

Formula: arca of the sector = - 77 12
3607
Substituting r = 16, x"= 120°: = E I (16)° = 208 em”
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4 Try to solve

(2: A circular sector in which the measure of its angle equals 60° and the length of the radius
of 1ts circle equals 12 em. Find its arca to the nearest tenth.

_ ) . . Remember |
Third: Area of the circular sector given the length of its arc Length of the 4re
You know that: Area of the circular sector =% P g which is oppusite to

g T o4 a ceniral angle of

=3 = = =32 Ir measure & in a circle of

(by substituting : 07/ =1) EHONE IRt
f by the relation:

w [=68™ xr

o A ; g : 5
'3 Find the area of the circular sector whose perimeter equals 28cm, and the length of the
radius of its circle equals 8cm. :

Sol
6 olution B
g ; Merimeter of the sector
Perimeter of the sector = 2r + ie 2r+/=28 whose length of the
Substituting r = 8 cm: 2-8+[=28 are ! and length of the
radius of its circle r
Simplify: [=28-16=12cm is determined by the
Formula: Area of the sector=~+/r refation:
2 perimeter of the seclor
Substituting : /=12 em, r=8 cm: =2r +!/
Area of the sector = JQ— <12« 8 =48 cm* i

& Try to solve

@) Geography: I’ vou know that the equator is a circle of radius !
6380 km, find the distance between two cities on the equator, if the arc between them is
opposite to an angle of measure 30° at the centre of the Earth.

A B
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Exercise (5-5)

First : Complete each of the following
1 ) Area of the cireular sector, in which / = 6 ¢m, T = 4 cm equals

(2) Area of the circular sector, in which r = 4 em, and its perimeter 20 em cquals cm’,

(3) Perimeter of the circular sector in which | its area 24 cm?, length of its arc & cm equals

Second : Multiple choice
1 ! Area of the circular sector in which , measure of its angle 1.2 and length of the radius
of its circle 4 em equals
A48 cm’ B 9.6cm’ C 128 em?® D 19.6 cm®
2 Perimeter of the circular sector in which length of its are 4 em and length of the
diameter of its circle 10 cm equals
A 14 cem B 20cm C 30cm D 40 cm
3 Arca of the circular sector in which, measure of its angle 120°, length of the radius of its
circle 3 em equals
A 3T em? B 60 cem? C 9mem? D127 em?
4 Area of the circular sector in which, its perimeter 12 em, length of its arc 6 cm equals
Al 6em? B 9cm® C 12em? D/ 18 cm?
\5 If the area of the circular sector equals 110 em?, measure of its angle equals 2.2, then
length of the radius of its circle equals:

Al 2cm B sem C I0em D 200 cm

Third : Answer the following questions

'I Find the area of the circular sector in which, length of the diameter of its arele 1s 20 cm
and measure of 1s angle is 1207,

2 ) Find the area of the circular sector in which length of its arc is 16em, and length of the
raclius of its circle is 9em.

31 Find the area of the cireular sector in which | length of its arc is Tem and its perimeter
equals 25cm.

4 Agriculture: Abasin [lowers is in the shape of a circular sector, its area equals 48 m- |

length of its arc equals 6m. Find its perimeter and the length of the radius of its circle.

5 | The perimeter of a circular sector equals 24 cm and length of its arc equals 10 cm. Find

the area of 1ts surlace.
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5-6
W You will learn
[ The circular segment

The circnlar segment is a part of the surface of the circle bounded by ¥ The circular segment.
an arc and a chord passing by the ends of this arc.

The chord AB divides the circle into two
circular segments: The minor segment ACB
and the major segment ADB, .~ AMB is called
angle of the minor segment, while the reflex
angle .~ AMB is called the angle of the major
segment.

¥ Finding the area of the circular

Finding the area of the circular segment:

Key-terms

()]

=%rxllwhere:

sinf="
r T r
h=rsin0

Area of the triangle =

1E=< P rsind

¥ Circular Segment

Area of the minor segment ACB
= area of the minor sector MAB  area of the triangle MAB
=20 Zorxrsing Materials

Areacd'thecircularsegment:%rz{ﬂm—sinﬂj

¥ Scientific Calculator

Where ris the length ol the radius of 1ts cirele | 8 1s the measure ol the
angle of the segment.

Think: Can you find the area of the major segment given the area of
the minor segment? Explain.
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1 Find the area of the circular segment whose length of the radius of its circle equals 8cm,
and the measure of its angle equals 1507,

6‘ Solution

o™ =150" « L~ 50
180" ~ g

sin = sinlS0°

Area of the circular segment = %F (0™ sind)
Area of the circular segment = % 0o (% —sinl50%) ~ 67.7758 cm?

i - Try to solve

<| _ Find the area of the circular segment whose length of the radius of 11s circle equals 10cm
and the measure of its circle equals 2.2 approximating the result the nearest hundredth.

# Try to solve
{__2) Find the arca ol the major segment i wlich the length of its chord
equals 12 em and 1ts height equals 2 em approximating the result to
the nearest square centimetre. M

. height of the
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Exercise (5-6)

(1) In the figure drawn:
M is a cirele of radius 6 cm, MCL AR, M C = 3 cm complete:
A The height of the circular segment ADB = cm

The height of the major circular segment AR = cm

B

C Measure of the angle of the minor circular segment ADB =
D Measure of the angle ol the major circular segment AFB = &
E Areaof the trangle MAB=__ cm®

F ' Area of the circular sector M A D B in terms of 7 equals

G

. em’,

Area of the minor circular segment in terms of 7 equals | cm’,

2 Find the area of the circular segment in which,
A | Length of the radius of its circle is 12 em and measure of its angle equals 1.4,

B ' The length of the radius of its circle equals 8 cm, and measure of its angle equals 135°.
C . The length of the radius of its circle equals 14 cm and the length of its arc equals 22 cm.

3 In the figure drawn:
ABC is an equilateral triangle drawn in the circle M in which,
the length of its radivus equals 8 cm. find the area ol each shaded
circular scements. ; C B
-:_":I'-l_.__‘i Find the area of the major circular segment in which the length of '

its chord equals the length of the radius of its cirele equals 12 cm.
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The Area of aTriangle

You have previously studied the area ol the triangle , and known that

its area is determined as lollows:
Area ol the tnangle = %-1engtll ol the base - height

A

In the figure opposite:
Area of the trangle = % BC x AD

B

Think: Can vou apply this relation on the nght angled triangle and the

obtuse angled triangle?

The Area of a triangle in terms of the lengths of two sides and
the included angle

From the figure opposite:
sin B = % je: AD=ABsinB

From the area of the triangle:
Area of the triangle =% BC xAD

=2 BC-ABsin B
Oral exercizses: Iind the area of the triangle in terms of each of:
Al CA,CB, /C (B) AB,AC, Z A

In general:

°2-7

You will learn

¥ Ares of the triangle,
¥ Area of the quadrilateral .

b Area of the reqular palygon

Key-terms

()

¥ regular polygen

Materials

Area ol the tnangle = hall the product of the lengths of two
sides = sine the included angle between them.
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(1) Find the area of the triangle ABC in which AB = 9 ¢m, AC = 12 em, m(/ A) = 48°

approximating the result to the nearest hundredth.

'ﬁ Solution
Area ol the tnangle ABC = —12— AB=<ACsinA

Substituting AB = 9em , AC = 12 em, m(~ A) = 48°

Areca of the tnangle ABC :% <9212 < sin 48 = 40.13 cm?

£ Try to solve
@: Find the arca of the triangle ABC in which BC = 16 cm, BA=22cm, m(/B)=63"
approximating the result to the nearest thousandth.

Finding the surface area of the triangle in terms of its side

lengths ( Heron's formula )

The surface area of the triangle whose side lengths are a, b and c is:

A={  pp- AP (P-¢)  where Pis half of the triangle perimeter

——

@ Find the surface area ol the triangle whose side lengths are 6, 8 and 10 centimetres using
Heron's formula

> Solution
v 2P=6+8+10=24cm P=12¢cm
P-a=12-6=6cm , p-b=12-8=4em , p-c=12-10=2cm

SCAreaol A= -.-Jr p(p- a}p-a}{p-c)
= J12 %624 %2 = 24 cm?

ﬂ Try to sclve
(2?} Find the surface arca of the inangle A B C in which:
a=5cm,b=12cm, ¢ = 13cm using Heron's formula.
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The Area of a Convex Quadrilateral

In the figure opposite:
ABCD is a quadrilateral in which AC N BD ={M}

AE L BD, CF L BD, @ is the included angle between the

two diagonals.

Area of the quadnilateral = area AABD + ACBD
g <AE x (CF
_;_BD AE + 5 BD«Ck
= % BD (AE + CF) - % BD (AM sin@ + CM siné)
= % BD = sin@ (AM + CM) = %Hl) AC -~ sind

In general : Area of the quadrilateral in terms of the lengths of its diagonals and the
included angle between them is:

Area of the quadnlateral = % product of the lengths of 1ts diagonals - sme the

included angle between them

Think: Does the area of the quadrilateral change if we replace the angle 8 by 1ts complementary
angle? Explain vour answer.

pe-ere

@ Find the area of the quadrilateral in which the lengths of its diagonals are 12 em. 16 cm
and the measure of the included angle between them is 687 approximating the result to
the nearest square centimetre.

O Solution
Formula of the area is:

Area of the quadrilateral = % product of the lengths of its diagonals -« sine the included
angle between them

. Area of the quadrilateral =1 12+ 16 - sin 68° ~ 89 cm?

E =

o Try to solve

@ Find the area of the gquadrilateral in which the lengths of 1ts diagonals are 32 em, 46 cm
and the measure of the included angle between them is 122° approximating the result o
the nearest tenth.
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@ Critical thinking: Calculate using the previous formula area of each ol the lollowing:

A | A square of diagonal length is 10 cm
B ' A rhombus of diagonals lengths are 8 cm, 12 cm. What do you notice?

The area of a regular polygon

Figure (1) represents a regular polygon, i which n is A
the number of 11s sides, and x 15 the length of
its side.
Figure (2) represents one of the tnangle which i1s taken
[rom higure (1). o} D B
— 5 —
“+m(/ BAC) = % (why)? figure (1) figure (2)

vootE=2 e AD=BD x cot &
n BDO n

AD = %.r cot % (where x 1s the length of its polygon)
1 T

=X ool —
n

T TTITRIL |
Arca of the nangle = 2 BC - AD = 5. >

Arca of the polygon whose number of sides is n, and x 1s the length

==

@! Find the area of the regular octagon in which the length of s side equals 6 cm
approximating the result o the nearest hundredth.

of its side = L nx? « cot L
4 n

e Solution
Formula Area of the regular polygon = i nx* - cot %
Substituting n = 8, x =6 cm:
aten=1 % B (6P xoop Io%
The area 1 R (6)° « cot 5
=77 1 s a2
| =72 ey 1738 cin
Oral exercises:
Use the previous formula to find the area of each of the following:
1- Equilateral triangle 2- square 3= regular hexagon

# Try to solve
@) Find the area of the regular pentagon in which the length of 1ts side 1s 16 cm approximating
the results of the nearest thousandih.
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C Arhombus in which AB = 8cm, and measure of the included angle between two

adjacent sides in it equal§S%ercise (5 -7 )

.................................................................................................................................................................................................................

4\ Find @g&ﬁe’qﬂﬁe_ag]glgf the follpwing regular polygons approximating the result to the

nearest tenth ) _ ) -
C= IZu:lf!. length ol ]‘u:lt]u;Htil ular drawn from B o ac equals 7 cm.
S1

A
A A regular pentagon o e length equals 16cm. —  ~
B A regular hexagon of side length equals 12cm.

C AB=16em, BC=20cm,. m(~ B) =46 3 metres

3 Cohstriwtiohs! thediguke Oppblita.represents a set of bicycles

Finif 39, the epgance of the resjdential corppound is ;e.}gime of
A PSSR STRCRAT A Cogt barp s g an s fgpsthypauals

7 metres, its smaller base is up and its length equals 3 metres, each

Qe
leg inclines by an angle of measure 75 to the larger base. Find:

75° 75°
. . 7 metres
A Length of its base at the middle. - o
B Trapezium in which, length of its parallel bases Al and B are equals to Tem ,

€ Area of the trapezium to the nearest metre. o
@ Find the area of each of the following regular polygons approximating the result to the

A A regular pentagon ol side length equals 16cm.

68 Basinaldeborations!: Basinngdesignéd tddish decoration , its base is in the shape of
AFRMAE REBIASR: R isnatefitulizsnpatsgealys"2 cm. Find to the nearest square

centimetre the area of its base.

@ a =32Cm,b=36cm,c=30cm .......................................................................................................................................................................

7 Folowers: Karim designs a Garden to his house, and hope to determine a special part for
3 m? Find the length of its side.

flowers, is in the form of a regular hexagon of area 54

60 e
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General Exercises
1) Simplify each of the following:

A sin(-0)csc (0) o B (sinB + cosO)*— 2
secB cscO
2 ) Prove the validity of the following identities:
A cos(180°+6) csc (90°+60) =-1 B sec O - sinB tanB = cos O

C  tan?0 + cot®0 — (sec?0 + csc?0) = -2 D (sin@ + cosO)? + (sinO - cosO)?> =2

3 Find the solution set of each of the following equation in [0, 277[
A 2sin6-1=0 B V3 cotB=1 C  2¢0s%0 + cosO =0

4 ) Find the general solution of each of the following equations :

A tanf-y/3 =0 B cos5 60 = sin46 C sec40 = csc20

5 Solve the triangle A B C right at B in which:
A m(/A)=43°,BC=12cm B AB=128cm , BC=192cm

First : Multiple choice:

@ 1 —sin?6 1 in the si 1 f .
T eosp €quals .. i} i} i} i} i} R in the simplest form:
A 1 B 1 C tan? 0 D cot2O

@ The solution set of the equation /3 tan@ = 1 where 0° < 0 < 270°is: ...
A 30° B 150° C 210° D 240°

If the area of a circular sector equals 48cm? and the length of its arc equals 12cm, then
the length of the radius of its circle equals: :
A 4cm B 8cm C 12cm D 16¢cm

@ Area of DABC in whicha= 6 cm,b=9cm, c=13 cm equals ... cm? (ta the nearest tenth)

A 157 B 213 c 273 D 353

Find in the form of a rational number the value of each of:

A sineifcose=§, 0° < 0 < 90°

B tan0 if cscO = 15—3 , 90° <6< 180° S
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@ From the top of a rock 40 metres high , two ships were observed in one ray on the sea
with the rock and were measured to be 35° 12' and 53° 6'. Find the distance between the

two ships.

(12) A circle M of radius length 7.5 cm, MA, MB are radii where
A B = 12cm . Find the area of the minor circular sector M A B to the nearest square
centimetres .

@ Find the area of the circular segment in which the length of the radius of its circle
equals 10cm and the length of its arc equals 26.19 cm.

ABC is an equilateral triangle of side length 24 cm , A circle is drawn passing through
its vertices. Find the length of the radius of the circle , then Find the area of the minor
circular segment in which its chord is BC .

@ Find the area of the quadrilateral AB C D in which AC =14 cm , BD =18 cm and
measure of the angle between its diagonals is 78° approximating the result to the
nearest hundredth.

Find the area of a regular polygon of 8-sides of side length 10cm approximating the
result to the nearest tenth.

@ From a point 8 metres apart of the base of a tree, it
was found that measure of elevation angle of the
top of the tree 22°, find the height of the tree to the nearest hundredth.

A circular sector of area 270cm?, the length of the radius of its circle equals 15¢m, find

the length of the arc of the sector and measure of its central angle in radian measure.

Find the area of the major circular segment in which the length of the radius of its circle
equals Scm, and the length of its chord equals 8cm.

Analytic geometry:
First: Find the area of the figure opposite.

[}
Second: Find to the nearest tenth the area of each 5 —
of the following figures: 4 —]
A | an isosceles triangle, the length of one of 3
its legs equals 12cm and the measure of the 2
included angle between them equals 64°. !
B | A regular figure of 12 sides and the length of o0 1 23 4 5 6 7 8 9

its side equals 19cm.
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